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Ústav teorie informace a automatizace

Academy of Sciences of the Czech Republic
Institute of Information Theory and Automation

RESEARCH REPORT

Li He

Bayesian Modelling and Estimation of ARMAX

Model and Its Finite Mixtures

No. 2080 June 2003
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A Thesis
Submitted in Partial Fulfillment of the Requirements

for the Degree of Doctor of Philosophy
At West Bohemia University

Czech Republic



Contents

Abstract V

Acknowledgements VI

Symbols and Notations VII

1 Introduction 1
1.1 State of the Art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Aims and Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Thesis Layout . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Preliminaries 6
2.1 Bayesian Paradigm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Uncertainty and Probability . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1.2 Bayesian Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 General Bayesian Estimation and Prediction . . . . . . . . . . . . . . . . 10

2.2 Mixture Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.1 Description of Static Mixtures . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.2 Related Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Direct Search Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.1 Nelder-Mead Simplex Method . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.2 Multidirectional Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Stochastic Models of Dynamic Systems 22
3.1 Dynamic Mixture Modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 ARX Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 ARMAX Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4 ARX Mixtures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.5 MARMAX Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.6 ARMMAX Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Bayesian Estimation and Prediction 30
4.1 Common Tools . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Estimation with Forgetting . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.1.2 Algorithm of Dyadic Reduction . . . . . . . . . . . . . . . . . . . . . . . . 32
4.1.3 Exponential Family . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.2 Bayesian Solution to ARX Models . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.2.1 GiW Conjugate Prior Pdf . . . . . . . . . . . . . . . . . . . . . . . . . . 34

II



4.2.2 L′DL Decomposition of Extended Information Matrix . . . . . . . . . . . 35
4.2.3 Estimation and prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.3 Mixture Estimation and Numerical Approximation . . . . . . . . . . . . . . . . . 39
4.3.1 Alternative Description of Mixtures . . . . . . . . . . . . . . . . . . . . . 39
4.3.2 Dirichlet Conjugate Prior Pdf of Mixing Weights . . . . . . . . . . . . . . 39
4.3.3 Approximate QB Estimation . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.3.4 Iterative Construction of Prior Pdf with Flattening . . . . . . . . . . . . . 42
4.3.5 Iterative and Batch QB Estimations of ARX Mixtures . . . . . . . . . . . 43

5 Bayesian Solution to ARMAX Models with Known MA Part 49
5.1 Known MA Part up to Noise Covariances . . . . . . . . . . . . . . . . . . . . . . 50

5.1.1 LD Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.1.2 Estimation and Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.2 Known MA Part up to C-parameters . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2.1 Extended LD Filter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
5.2.2 Estimation and Prediction . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.3 Some Properties of LD type Filters . . . . . . . . . . . . . . . . . . . . . . . . . . 55

6 Bayesain Solutions and Modelling Properties of ARMAX Mixtures 57
6.1 Relationships to ARMAX models . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
6.2 Estimation and Prediction of ARMAX Mixtures with Known C-parameters . . . 58

6.2.1 QB Estimation and Prediction of MARMAX Models . . . . . . . . . . . . 59
6.2.2 QB Estimation and Prediction of ARMMAX Models . . . . . . . . . . . . 62

6.3 Approximate Parallelism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

7 Improved Bayesian Solutions to ARMAX Models 70
7.1 MMQ and MAQ Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

7.1.1 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
7.1.2 Choices of MDS method and ARMAX Mixtures . . . . . . . . . . . . . . 71
7.1.3 Description of MMQ/MAQ Estimation . . . . . . . . . . . . . . . . . . . 72
7.1.4 Implementation Aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7.2 PEB Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

8 Illustrative Examples 80
8.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

8.1.1 Software Aspects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
8.1.2 Measures of Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

8.2 Basic Properties of MMQ and MAQ . . . . . . . . . . . . . . . . . . . . . . . . . 83
8.2.1 Estimating Simulated ARMA . . . . . . . . . . . . . . . . . . . . . . . . . 83
8.2.2 Estimating Simulated OE . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

8.3 Comparisons of MMQ, MAQ and PEB Methods . . . . . . . . . . . . . . . . . . 87
8.3.1 Simulated ARMAX Process . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
8.3.2 Estimated Model and Implementation . . . . . . . . . . . . . . . . . . . . 88
8.3.3 Result and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

8.4 Transportation Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
8.4.1 Data Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
8.4.2 Estimated Model and Implementation . . . . . . . . . . . . . . . . . . . . 90
8.4.3 Results and Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

8.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

III



9 Conclusions and Future Work 93
9.1 Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
9.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

A Mixtures at Factor Level 99

B QB Estimation at Factor Level 101

IV



Abstract

Exploiting probabilistic finite mixtures, the dissertation examines Bayesian modelling and esti-
mation in the presence of colored stochastic disturbances. Focused on ARMAX model and two
types of its finite mixtures:

We discuss a feasible dynamic mixture modelling and reexamine classical LD pre-whitening
filters that impose no constraint on the MA noise part of an ARMAX model so that the roots of
the C-polynomial are allowed to be even at the stability boundary.

Two types ARMAX mixtures were then studied: One is so-called MARMAX model, a natural
mixture generalization of ARMAX model. The other one is ARMMAX model, a novel system
description tool introduced by the thesis. It is a special finite mixture with a common ARX part in
all its ARMAX components. The ARMMAX model structure depicts well the situations when there
is a fixed deterministic input-output relationship described by the common ARX part while the
characteristics of the stochastic disturbance part may vary. Based on the reexamined LD filter,
the proposed MARMAX-QB and ARMMAX-QB algorithms provide efficient estimations for these
mixtures with given C-parameters. Some properties of these two mixtures have also been studied.
Especially, we show that they could provide certain approximate ”algorithmic” parallelism, since
their estimations provide a quantitative measure of descriptive quality of ARMAX components
in parallel.

For on-line use, the ARMAX mixtures offer the flexibility in system description. The flexibility
gained is paid at a relatively low price with the required computation load close to several
recursive least-squares estimations.

For off-line use, the ARMAX mixtures offer the possibility to improve Bayesian estimation
and prediction of single ARMAX model by dealing with unknown C-parameters in a novel way.
While preserving Bayesian estimation setting up to the ARX part, the presented MMQ and
MAQ estimation algorithms are able to cope with the unknown C-parameters not only in high
dimensions (≥ 2) but also in the case with the roots of C-polynomial near/on the stability
boundary. The main idea behind is to apply the selected multi-directional search (MDS) in the
approximate ”algorithmic parallel environment” of the ARMAX mixtures to generate a sequence
of points that convergence to a critical point, ideally the ”true” C-parameters of the studied
ARMAX model. The algorithmic parallelism provided by the mixtures makes the parallel function
evaluations of the MDS accessible to a single-processor machine. With the C-parameters of the
used mixtures specified by the MDS procedure, the rest of estimation relies on the proposed
ARMMAX-QB or MARMAX-QB algorithms.

Promising properties of the underlying theory and algorithms are illustrated on simulated
and real data sets. Besides some sensitive testings, the comparisons between the MMQ and MAQ

estimations with another proposed PE-related estimation are also provided.
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Symbols and Notations

Conventions

If x denotes a quantity, generally
x∗ the range of x
nx the number of elements in the set x∗

xt the value of x at discrete time instant t
xi;t the i-th entry of xt

x(t) a sequence up to time t, x(t) ≡ {x1, ... , xt}∫
f(x)dx integral of function f(x) over the range of x, i.e.,∫

f(x)dx ≡ ∫
x∗ f(x)dx.

Notations

f reserved letter for probability (density) function
| conditioning symbol
f(·|·) conditional probability (density) function
t̊ horizon of discrete time instants, t̊ < ∞
et white noise at discrete time instant t
ut input variable at discrete time instant t
yt output variable at discrete time instant t
dt observed data at discrete time t, dt ≡ (yt, ut)

particularly, d(0) is the fixed prior input-output information
d(t) observed data sequence up to time t, d(t) ≡ {d1, ... , dt}
ψt regression vector, consisting of the past history of data d(t− 1) and

the current input ut
′ transposition symbol
Ψt observed data vector Ψt = [yt, ψ

′
t]
′

pt the value of the unmeasured pointer at discrete time instant t, the
pointer labels the active component of a mixture at each time instant

p(t) pointers sequence up to time t, p(t) ≡ {p1, ... , pt}
p∗ the range of pt, p∗ ≡ {1, · · · , np}, where np is identical to the number

of mixture components
α mixing probabilities of mixture α = [α1, ... , αnp ]
θ regression coefficients
Θ overall unknown parameter set of a model, its precise meaning varies

with the local context
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ˆ denote point estimates, such as Θ̂, θ̂, α̂. In particular, ŷ(t|t− 1) is one step
prediction of output

[o] denote true description of a system, such as true pdf [o]f(·) or true parameter
value of parameter [o]Θ

x ∼ f x is distributed accorded to f
Nx(µ, r) Gaussian (normal) distribution of x with mean µ and variance r
GiWθ,r(V, ν) Gauss-inverse-Wishart probability density function of θ and r, which owns

sufficient statistics V and ν, where V is called extended information matrix
and ν is the degrees of freedom

Diα(κ) Dirichlet probability density function of α, which is shaped by a positive
vector statistic κ

L,D matrices determining L′DL or LDL′ decomposition, L is a lower triangular
matrix with unit diagonal elements and D is a diagonal matrix with positive
diagonal elements

L(d(t), Θ) likelihood function, i.e., joint probability density function of observed data
sequence d(t), which is taken as a function of the parameter Θ

D (·||·) Kullback-Leibler distance of a pair of densities
Γ(·) gamma function
B(·, ·) beta function
δ·,· Kronecker delta
supp [ g(x)] the support of nonnegative function g(x), i.e., the subset of x∗ on which

g(x) > 0
arg maxx g(x) the value of x that maximizes function g(x)
λ forgetting factor in stabilized forgetting, λ ∈ (0, 1]
Λ flattening rate in iterative construction of prior probability density function,

Λ ∈ (0, 1)
E [·] expectation operator
tr(A) trace of a matrix A
A−1 inverse of a matrix A
|A| determinant of a square matrix A
ln(x) natural logarithm of x, i.e., ln(x) = loge(x)
exp(x) exponential of x
∝ proportionality, i.e., equality up to a normalizing factor
≡ define as
1p unit coordinate vector

Abbreviations

pf probability function
pdf probability density function
a.s. almost surely
KL Kullback-Leibler distance
SISO single-input single-output
MIMO multi-input multi-output
AR(X) AutoRegressive model with/without exogenous input
ARMA(X) AutoRegressive moving average model with/without exogenous input
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MA moving average part of a ARMA(X) model
ARMAX (na, nb, nc) ARMAX model with input part, output part, MA part having orders

na, nb and nc, respectively
OE output error model
MARMA(X) a general finite mixture of ARMA(X)

ARMMA(X) a special finite mixture of ARMA(X), with all its ARMA(X) components
having a common AR(X) part

PE prediction error method
PEB PEB estimation of ARMAX, i.e., a coupling of the PE method with

Bayesian estimation
LS least-squares method
EM expectation and maximization algorithm
QB Quasi-Bayes estimation algorithm
MARMAX-QB QB estimation of MARMAX with known MA parts
ARMMAX-QB QB estimation of ARMMAX with known MA parts
NM Nelder-Mead simplex method
MDS multidirectional search method
MAQ MAQ estimation of ARMAX, i.e., a coupling of the ARMMAX-QB

estimation with the MDS search
MMQ MAQ estimation of ARMAX, i.e., a coupling of the MARMAX-QB

estimation with the MDS search.
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Chapter 1

Introduction

In the study of dynamic systems, a problem frequently encountered is that, in addition to
possibly being excited by known inputs, the systems may also be driven by some unmeasured
stochastic disturbances. ARMA(X) model (AutoRegressive Moving-Average with/without eX-
ternal input) has been one of general tools to describe such systems in the presence of colored
disturbances.

Exploiting Bayesian inference and finite mixture analysis, the thesis studies this standard
model and investigates two types of its finite mixtures with emphasis on both theoretical and
algorithmic aspects.

1.1 State of the Art

After being apparently first used in a statistical framework by Cochrane and Orcutt in 1949, the
ARMAX model was introduced into system identification by Åström and Bohlin in 1965. Then
Clarke introduced it into control literature in 1967. Since then, the ideas and techniques related
to this model have played more and more important role in such diverse areas of science and
technology as signal processing, adaptive control, communication, and biomedical engineering.
It is also known to be equivalent to the linear state-space model that forms the corner stone of
modern estimation and control theory, see [1] or [2].

Describing stochastic disturbances as a moving average (MA), the ARMAX model gains certain
flexibility. It, however, also results in a nonlinear problem in its estimation with the product of
two unknown quantities, namely the MA coefficients and the noise term, presenting in the cost
function. Therefore, actually in many situations, such as adaptive control, to avoid the associated
convergence and computational difficulties of ARMAX, people often still have to use another
simpler AR(X) model (Auto-Regression with/without the eXogenous input). The popularity of
the ARX model is mainly because that its estimation is simple and can be performed exactly by
Least Squares (LS) method. Despite its usefulness, however, ARX has limited applicability since
it copes only with uncorrelated process noise.

Among the multitude of estimation variants of ARMAX models, it seems that approximate
minimization of the sample variance of the Prediction Error (PE) method, [1] or [2], and Extended
Least Squares (ELS), see for example, [3], have become two popular options. Especially, the PE

method has become something like a golden standard. These methods are, however, oriented
only to point estimation. Consequently, only asymptotic information on precision of estimates
is available. It implies that other tasks, for instance structure estimation, are weakly supported.
Moreover, these methods impose the restrictive constraint on MA part by requiring its strict
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stability and may face a range of problems when this assumption is (almost) violated.
From Bayesian viewpoint, the difficulty in estimation of ARMA(X) stems from the lack of

sufficient statistic with the dimension smaller than the number of data samples. In 1981, Pe-
terka [4] relaxed the stability restriction on the MA part and proposed a real-time Bayesian
estimation of AR(X) part when its noise covariances are known. Essentially, he showed that
LD factorization of the known covariance/correlation matrix acts as an optimal, time-varying,
pre-whitening filter on the observed data. The LD type filtering does not impose any constraint
on the MA part and allows its roots to be even at stability boundary. What’s more, the resulting
estimation with a chosen canonical state representation was proved to be algorithmically simpler
and numerically more robust than the standard Kalman filter. The filtered data are then used
in standard Bayesian estimation of its ARX part. Consequently, the uncertainties are under the
control, Bayesian structure estimation can be used [5], etc.

Since it is rarely met in practice that the noise covariances of the model are known, Pe-
terka [6] then extended the idea in 1986 to real-time estimation of ARMA(X) model under a
weaker condition that the MA part is known only up to its C-parameters. Unfortunately, further
attempts, such as to estimate the unknown C-parameters recursively, are hindered by the time-
varying evolution of the LD filtering. To be at least able to select the most suitable one among
finite prior candidates of the C-parameters, Peterka [7] proposed one improvement in 1989 based
on a Bayesian comparison of hypothesis. He considered all chosen C-parameters simultaneously
and evaluated a posteriori probabilities on hypotheses that specific C-parameters in the given
set is the most suitable alternative. This improvement gives, however, no general rule how to
generate such candidates. Moreover, regardless of the quality of the candidates, a posteriori
probabilities converge to a zero-one vector in a generic case.

Thus, the extensive Bayesian use of ARMAX model is hindered mainly by the difficult estima-
tion of its C-parameters. One of motivations of the thesis is to prolong the line of Peterka and to
address improved Bayesian estimation of this model by dealing with its unknown C-parameters.

Meanwhile, the literature review and practical applications have indicated that a single
model cannot deal with some complex problems, for instance, modelling non-homogeneous data
in econometrics. Here non-homogeneous means that the data of interest arises from two or more
sources. As a result, some more comprehensive models are called for combining the features of
different models to describe and learn the behavior of complex systems. As one of such options,
probabilistic finite mixtures have become a popular modelling tool with a widespread practical
use [8]. To explore possible improvements on Bayesian approach by means of probabilistic
mixtures is the other motivation of this work.

Bayesian inference simply considers finite mixtures as a special case of a multi-parameter
estimation problem. Consequently, it is not difficult to obtain formal Bayesian solutions for
mixtures, as long as estimation of individual components can be made. The problem is that nu-
merical implementation of the formal solution is plagued with computational difficulties. For this
reason, the formal solutions have to be complemented by some feasible approximations. With the
developments of numerical analysis and increasing power of computers, there are several numer-
ical methods currently available to provide such approximation with certain efficiency. Among
them, Expectation-Maximization (EM) algorithm has become the most often used method, see
for example [9]. Generally, this method is used in parameter estimation problem when the data
are incomplete or have missing (hidden, unmeasurable) values [10]. Estimation of mixtures is one
of its well-known applications. The EM algorithm provides a local maximum with a monotonic
but rather slow convergence. Another classical method worth to be inspected is Markov Chain
Monte Carlo (MCMC) technique. The MCMC technique can be easily combined with Bayesian
approach to fit mixtures, but its known applications mainly deal with low dimensions [11]. The
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thesis is mainly interested in and shall further study a relatively new method, Quasi-Bayes (QB)
estimation method [12]. As an extension of a known algorithm [8], it has good properties, a
Bayesian motivation as well as predictable and feasible computational complexity. Our interest
in the QB method has been driven by these reasons.

Encouraged by these progress in mixture estimation and the success in estimation of single
ARX model, estimation of ARX mixtures can be used extensively. Naturally, it is desirable to
extend the existing mixture scheme of ARX to the case of ARMAX.

The thesis investigates the properties and the estimations on two types of ARMAX mixtures:
One is MARMAX model, a general finite mixtures with ARMAX components. It is a natural
mixture generalization of the ARMAX model. The other one is so called ARMMAX model, which
is a novel system description tool introduced by the thesis. The ARMMAX model is a special finite
mixture of ARMAX with the common ARX part in all its ARMAX components. Obviously, such
a model structure depicts well the situations when there is a fixed deterministic input-output
relationship described by the common ARX part while characteristics of the noise parts vary.

1.2 Aims and Ideas

The thesis generally attempts to improve Bayesian modelling and parameter estimation in the
presence of stochastic colored disturbances. More specifically, we attempt to achieve the follow-
ing aims:

1. To reexamine Bayesian modelling from the view of probabilistic dynamic mixtures.

Although Bayesian approach can be easily taken to fit mixture models, a consistent mix-
ture overview of Bayesian modelling [4] so far has not been well built yet. There are several
possible ways to introduce mixtures into Bayesian modelling. Since mixtures can be in-
terpreted as universal approximators of probability density functions [8, 13], the simplest
and the most natural way is to make use such a property.

However, facing our inability in estimation of general dynamic mixtures, we introduce and
interpret a restricted description of dynamic mixtures in a feasible way.

2. To reexamine the LD type filters. The emphasis is put on the extended LD filter where
the MA part is known only up to its C-parameters [6].

This helps to clarify a few its implementation issues for efficient practical use of this type
filters. It will also make a basis for us to address the case when the MA part is unknown.
The whole remaining study will rest on these two reexaminations.

3. To investigate the two types of ARMAX mixtures, namely the MARMAX model and the
ARMMAX model. Specifically, to study and compare their modelling properties, to explore
their feasible estimation algorithms and their possible applications.

The extended LD filter and the QB estimation, especially QB estimation of normal ARX

mixture, throw light on how to efficiently estimate ARMAX mixtures when the MA parts
are given.

The developed MARMAX-QB and ARMMAX-QB estimations provide a quantitative measure
of descriptive quality of ARMAX components in parallel. In this sense, the two ARMAX

mixtures actually provide certain approximate ”algorithmic parallelism” to inspect several
ARMAX’s in parallel.
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4. To improve Bayesian parameter estimation of ARMAX model by dealing with its unknown
C-parameters. Our improvement is to reduce the uncertainty of the MA part by a point
estimation of the C-parameters and preserve Bayesian setting up to the ARX part.

Since only a point estimate of the C-parameters is sought for, a natural idea is to use the
existing point estimation methods, such as PE and ELS, for this task and then combine it
with Bayesian method for the rest estimation. Following this idea, we consider a PE-related
method, so-called PEB method. The nice properties of the PE method enable the hybrid
PEB method to deal efficiently with the unknown C-parameters in high dimension (≥ 2).
However, the PEB method inherits the requirements on the stability of the C-polynomial
as well from the PE method.

As pointed out by Peterka, the C-polynomial with its roots lying close to/on the unit
circle is often a rule rather than an exception, especially in case of fast sampling. Thus,
the potential difficulties in the stability requirements on the C-polynomial motivated us
to adopt the idea of the extended LD filter rather than the other often used filters, such as
stable inverse. This also encourages us to follow the line of Peterka to seek for approaches
with their applicability not being limited by such stability requirements and the dimension
(≥ 2) of the problem.

We shall show that estimation of the C-parameters can be formulated as an unconstraint
maximization problem and how the use of the extended LD filter restricts greatly our
choices to deal with such a problem. With its simplicity, robustness and guaranteed
convergence properties [14], a derivative-free multi-directional search (MDS) method [15]
has finally been selected. As this method is generally more suitable to be executed in
parallel, it is of our interest to make its parallel computing easier to be accessible to a single-
processor machine. The approximate ”algorithmic” parallelism of the ARMAX mixtures
suggests us one interesting way to tackle this issue. The trick is to combine the MDS

method with the ARMMAX-QB/MARMAX-QB estimation in the approximate ”algorithmic
parallel environment” of ARMMAX/MARMAX model for the parallel evaluations of objective
function in the MDS. It finally leads to so-called MAQ and MMQ estimation algorithms.

1.3 Thesis Layout

After the introduction of this chapter, the remaining eight chapters of the thesis are organized in
the following way: The reviews of Chapter 2 and Chapter 4 form the theoretical and algorithmic
basis. The reexaminations of Chapter 3 and Chapter 5 present a restricted dynamic mixture
modelling and the mechanism of the LD type filters. Aided by them, the four chapters followed
are devote to the core issues and the conclusions. Specifically, the individual chapters are
characterized as follows.

As a preliminary, Bayesian Paradigm together with finite mixtures and simplex-based direct
search methods are briefly recalled in Chapter 2.

In Chapter 3, we reexamine Bayesian modelling from the view of probabilistic finite mixtures.
The reexamination enables us to consider the standard classes of models, such as ARX, ARMAX,
together with mixture of ARX, MARMAX, ARMMAX models within a unifying modelling frame-
work. Our rest discussion actually is devoted to the exploration of the relationships between
these models and their Bayesian estimations.

The existing Bayesian solutions: estimation of ARX models, approximate QB estimation of
mixtures and QB estimation of ARX mixtures are recalled in Chapter 4. To provide the main
schemes and principles necessary for achieving satisfactory estimation results, the essences of
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several important related techniques are included as well. Chapter 5 revises the estimation of
the ARMAX with known MA part, more exactly, LD type filters. These two chapters serve as
an algorithmic basis, especially the extended LD filter plays important role in the estimation
algorithms developed later.

Chapter 6 focuses on the investigation of the MARMAX and the ARMMAX mixtures. We
shall discuss some of their modelling properties and propose the MARMAX-QB/ARMMAX-QB

estimations method to address the estimation and prediction of these mixtures with given C-
parameters of the MA parts.

Three hybrid methods, the MAQ and MMQ methods together with the PEB method, are
then presented to improve Bayesian estimation on an ARMAX model. This gives the content of
Chapter 7.

The effectiveness of the proposed estimations are illustrated on some simulated and real data
sets, which goes to Chapter 8. It demonstrates the promising properties of the MAQ and MMQ

algorithms and confirms the underlying theory. Besides some sensitive tests, we present the
comparisons between these two estimations and the PEB method as well.

In the concluding chapter, 9, we summarize the main results and outline some directions of
future work.

Some notes on the scopes

It is also fair to point out several restrictions of our discussion:

• The discussion focuses mainly on single-output (SO) normal (Gaussian) type models.

majority of estimations presented can be easily extended to the multi-output (MO) case.

For the estimation of ARMAX model, when the assumption that the MA part is known can
be made, the majority results of Chapter 5 are directly applicable on its MO extension,
see [6]. When such an assumption cannot be made, MO extension of Chapter 6 may not so
straightforward. The approach studied in [16], where a MO linear system was described by
a collection of SO models and thereafter the identification based on such kind of entry-wise
models, provides one possible way to deal with the problem.

To show the main idea how to extend the various SO QB mixture estimations to the
corresponding MO cases, we present the factors level description of mixtures and the
corresponding QB mixture estimation in Appendices at the end of the thesis.

• The proposed estimations are applicable on the the processes with external input. However,
the problem of designing control strategy is not included. A detailed treatment related to
the ARMAX models can be found in [17].

• The important structure estimation is not treated at all. Bayesian structure estima-
tion [5], [18] can directly be used to relax this restriction.



Chapter 2

Preliminaries

The Bayesian modelling and estimation are used throughout the thesis. We shall briefly review
its philosophy here together with some other relevant material which we need for the later
discussion, such as finite mixture distributions and simplex-based direct search methods. Since
the complete discussion of these issues are beyond the scope of the thesis, only the main ideas
and principles behind are included here.

2.1 Bayesian Paradigm

The Bayesian methodology is one of techniques developed to cope with uncertainties and to solve
statistical problems [4]. Generally, its final purpose is to provide a rational basis for some kind
of decision-making by providing probability distributions of unknown quantities conditioned on
the available knowledge.

2.1.1 Uncertainty and Probability

In Bayesian view, random means uncertain rather than a sole description of a process of observing
a repeatable event. According to it, all forms of uncertainty can be inherently quantified by
means of probability. Not only input-output data but also some unknown quantities such as
model parameters and hypotheses are taken as random. Instead of being interpreted in terms
of limits of relative frequencies or other objective ways, the concept of probability in Bayesian
inference is used to describe uncertainty about the unknown random quantities.

Numerical values of probability of a random variable are described by probability density
function (pdf) or probability function (pf) according to the type of the argument. The manip-
ulation with the pdfs relies on a few properties and relations, we summarize some of the most
important ones as follows.

Proposition 2.1.1 (Calculus with pdfs) For any random variables α, β, γ, the following
properties and relations hold for their pdf/pf:

• Nonnegativity
f(α, β|γ), f(α|β, γ), f(β|α, γ), f(α|γ) ≥ 0.

• Normalization ∫
f(α, β|γ)dαdβ =

∫
f(α|β, γ)dα =

∫
f(α)dα = 1.
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• Independence

If α does not depend on β, then they are mutually (unconditionally) independent.

f(α|β) = f(α) ⇔ f(β|α) = f(β) ⇔ f(α, β) = f(α)f(β). (2.1)

If α, β are conditionally independent under the condition γ, then

f(α|β, γ) = f(α|γ) ⇔ f(β|α, γ) = f(β|γ). (2.2)

Note that conditional independence does not imply unconditional independence.

• Marginalization

f(α|γ) =
∫

f(α, β|γ)dβ, f(β|γ) =
∫

f(α, β|γ)dα. (2.3)

This relation determines the marginal distribution from the corresponding joint probability
distribution.

• Chain rule

f(α, β|γ) = f(α|β, γ)f(β|γ) = f(β|α, γ)f(α|γ). (2.4)

This relation gives the rule how a joint probability distribution can be decomposed. It
together with the marginalization operation determine the structure of the Bayesian rea-
soning.

If we rewrite (2.4) as

f(α|β, γ) =
f(α, β|γ)
f(β|γ)

. (2.5)

then, it describes the conditioning operation.

• Bayes rule

f(β|α, γ) =
f(α|β, γ)f(β|γ)

f(α|γ)
=

f(α|β, γ)f(β|γ)∫
f(α|β, γ)f(β|γ)dβ

. (2.6)

This famous rule shows how a prior pdf f(β|γ) can be corrected in the light of new infor-
mation brought by the quantity α. This rule plays a critical role in the updating the prior
pdf into a posteriori one when dealing with Bayesian estimation and prediction. Note that
the integral in the denominator is just a normalizing factor which does not depend on β.

Note that the above relations are described only for the continuous case for simplification
of the formulas. However it has to be kept in mind that the integration has to be replaced by
summation whenever the argument of pdfs is discrete. In addition, for simplification on notation
of pdfs, we do not explicitly and repeatedly state the conditions which are fixed when solving
a given problem, we also omit the conditions which shall not create confusions when not stated
explicitly.

In the analysis and design, Kullback-Leibler (KL) distance [19] is often used as a convenient
tool to measure the proximity (distance) of a pair of pdfs.
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Proposition 2.1.2 (KL distance) Let f, g be a pair of pdfs acting on a common set x∗. Then,
the Kullback-Leibler distance D(f ||g) is defined as

D(f ||g) ≡
∫

x∗
f(x) ln

(
f(x)
g(x)

)
dx, (2.7)

and it has the following basic properties

1. D(f ||g) ≥ 0, i.e., nonnegativity holds.

2. D(f ||g) = 0 if and only if f = g almost everywhere on x∗.

3. D(f ||g) = ∞ if and only if g = 0 and f > 0 on a set of positive measure.

4. D(f ||g) 6≡ D(g||f), i.e., symmetry doesn’t hold.

5. Triangle inequality doesn’t hold.

2.1.2 Bayesian Modelling

To interact with a system, a description of the system properties, a model is needed. Modelling
of relationships among a sequence of observations is to provide a means to help us to get better
understanding about the inspected complex systems. This section is devoted to a brief review
of Bayesian modelling. It shall be reexamined from the view of finite dynamic mixtures in the
next chapter.

System Models in General

Consider a stochastic system on which a time-oriented discrete data sequence d1, d2, · · · , dt, · · ·
is observed at discrete time instant t = 1, 2, · · · . The sequence of data observed on the system
up to time t is denoted by

d(t) = (d1, · · · , dt),

where data record dt is composed of a pair of variables

dt = (ut, yt),

with ut defining a directly manipulated input to the system at time t and yt defining the output,
i.e., the observed response of the system at time t to the past history of data d(t − 1) and the
current input ut. If yt is a scalar value, one speaks of a SO (single-output) system, otherwise, it
is a MO (multi-outputs) system. The discussion of the thesis is based on SO models.

Adopting Bayesian viewpoint, a complete description of the stochastic behavior of data at
time instant t is given by a joint conditional pdf

f(dt|d(t− 1)) = f(ut|d(t− 1))f(yt|ut, d(t− 1)). (2.8)

The set of the first factor in the right hand of the equation

f(ut|d(t− 1)) (2.9)

gives actually the control strategy. They describe the transformation, in general stochastic, by
which the input ut is determined on the basis of the known past history of the process. The
collection of the remaining factor

f(yt|ut, d(t− 1)) (2.10)
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gives a general description of system, a system model, in the form of a set of probability densities
conditioned on data. It models the dependence of the output yt on the known past history of
input-output data, including the current input.

In practice, we usually have just partial knowledge of the system because of the existence of
the unknown parameter Θ. Therefore, only a parametric system model is available as a set of
conditional probability densities

f(yt|ut, d(t− 1), Θ). (2.11)

It is parameterized by a finite dimensional parameter Θ and describes the dependence of the
output yt not only on the data but also on the unknown parameter Θ.

A model is called linear, if the expected value of output yt conditioned on the past history
of the input-output process depends on the past data linearly and if the variance of yt does not
depend on these data.

Modelling of Continuous Output

To make the general parametric system model (2.11) practical, it is necessary to express it
through a finite number of parameters. The parametrization can be done in many ways differing
in underlying assumptions.

Usually, if the output yt is a continuous random variable, it may be useful to introduce a re-
lated random variable et as a difference between the output yt and its expected value conditioned
on the past history of the input-output process

et = yt − ŷt(ut, d(t− 1),Θ), (2.12)

where the conditional expected value of output is

ŷt(ut, d(t− 1), Θ) ≡ E [yt|ut, d(t− 1), Θ] =
∫

ytf(yt|ut, d(t− 1),Θ)dyt. (2.13)

One of important properties of the sequence et, t = 1, 2, · · · is its whiteness:

• these random variables have zero unconditional expectation, E [et] = 0

• they are mutually uncorrelated, E [ete
′
t−i] = 0, i 6= 0, i < t.

If we assume that the entire form of the distribution of et is independent of the past input-
output data

f(et|ut, d(t− 1)) = f(et) (2.14)

with the one-to-one mapping between yt and et, the system model then can be given in the form
of a stochastic equation

yt = ŷt(ut, d(t− 1), Θ) + et (2.15)

If further on, the normality (Gaussian type) of et is assumed and the conditional expected
value ŷt ≡ ŷt(ut, d(t− 1), , Θ) is expressed as a function of the past history of the input-output
data through a finite set of parameter, parametric system model (2.11) can be specified as

f(yt|ut, d(t− 1), Θ) = Ny(ŷt, re) (2.16)

Here re is the time-invariant noise variance, when it is unknown, it should be included into the
parameter collection and estimated as well.
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Thus, under the above assumptions, the modelling problem for the problems of continuous
output can be greatly reduced. Supposing various approximations of the ŷt(ut, d(t − 1)), we
can arrive at different type models classes such as classic linear ARX model and ARMAX model.
The detail derivation of some selective models go to the next chapter together with the mixture
models under a mixture modelling framework.

2.1.3 General Bayesian Estimation and Prediction

In this section, we shall give an overview of general Bayesian estimation and prediction. The
majority discussion of the rest thesis inspects how to apply this general theorem to provide
specific parameter estimation and prediction for several dynamic processes driven by stochastic
disturbances.

In the classical approach, the parameter is assumed to be deterministic but unknown con-
stant, therefore a point estimate is mostly used.

Unlike it, the principle of the Bayesian approach is to take the uncertainty of the unknown
parameters into account and consider the parameter itself as a random variable to which a cer-
tain prior pdf is assigned, even though it is actually a fixed unknown constant. Thus, Bayesian
paradigm is known to lead to conceptually consistent treatment, since expectation in a cost
function is taken with respect to both the stochastic behavior of the system and the uncertainty
of parameter. However, the price for this is that it meanwhile increases enormously the cor-
responding ”information state”, given by the conditional probability of the original state and
the parameter. Consequently, only the cases where the conditional probability can be speci-
fied through a finite-dimensional sufficient statistic, recursive updating of the full ”information
state” is practicable. For instance, the difficulty of the parameter estimation of ARMAX is due
to the lack of such kind of sufficient statistic whose dimension is smaller than the number of
data used for estimation.

Given a parameterized model, based on observations of other random variables that are
correlated with the parameter Θ, Bayesian inference explores the relations among three types
of pdfs:

• a priori pdf f(Θ|d(0)).

It expresses the preliminary (expert) knowledge of the unknown parameter or uncertain
events and has to be assigned by analysis of the certain system or by the experience before
the observed data are incorporated. Specification of a proper prior distribution has not
been completely solved yet, especially in the context of mixtures. We shall review the
iterative construction of prior pdf with flattening, one of most advanced techniques, in
Chapter 4.3.4.

• predictive pdf f(yt|ut, d(t− 1)).

It is used to predict the next output yt based on the known past history of the input-output
data.

• a posteriori pdf f(Θ|d(t)).

It characterizes the uncertainty of unknown parameters or other events in light of the data.

Meanwhile, the existence of unknown parameter Θ generally leads to the conditional pdfs
describing control strategy depend on the parameter, i.e.,

f(ut|d(t− 1), Θ). (2.17)
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However, to be able to deal with the possible applications in adaptive control with a closed
control loop allowed, a so-called natural conditions of control have to be used to excluded this
dependence.

Definition 2.1.1 (Natural Conditions of Control) Under natural conditions of control, the
input ut may depend on the unknown parameter Θ only through the past observed data d(t− 1).
It means

f(ut|d(t− 1),Θ) = f(ut|d(t− 1)),

or equivalently the sole external signal ut brings no information on the unknown parameters Θ,

f(Θ|ut, d(t− 1)) = f(Θ|d(t− 1)).

With the informative knowledge provided by input-output data and a given prior, the Bayes
rule (2.6) immediately gives us a tool for the sequential updating of parameter Θ.

Proposition 2.1.3 (General Bayesian estimation and prediction) Under natural con-
ditions of control, Definition (2.1.1), consider a parameterized model (2.11) of the studied sys-
tem. then

i) the evolution of a posteriori pdf f(Θ|d(t)) of unknown parameter is given by the recursion

f(Θ|d(t)) =
f(yt|ut, d(t− 1), Θ)f(Θ|d(t− 1))

f(yt|ut, d(t− 1))
=
L(d(t), Θ)f(Θ)

I(d(t))
, (2.18)

where the given prior pdf is written in the form f(Θ|d(0)) ≡ f(Θ), since we have no data
available at time t = 0. The product L(d(t), Θ) with the inserted observations d(t), called
likelihood function,

L(d(t), Θ) =
t∏

τ=1

f(d(τ)|d(τ − 1), uτ , Θ), (2.19)

contains all information about Θ which can be extracted from data d(t). I(d(t)) is a normaliza-
tion factor, which is independent of Θ,

I(d(t)) =
∫
L(d(t), Θ)f(Θ)dΘ.

ii) the predictive pdf is

f(yt|ut, d(t− 1)) =
∫

f(yt|ut, d(t− 1),Θ)f(Θ|d(t− 1))dΘ, (2.20)

or alternatively it can be expressed in terms of I(·) as follows

f(yt|ut, d(t− 1)) =
I(d(t + 1))
I(d(t))

. (2.21)

Remarks 2.1.1

1. Note that it is often not easy to apply the above analytical Bayesian solution to a given
particular case, for example in mixture estimation. But formal solution shows clearly the
essence of the estimation and helps to construct reasonable approximations. In the later
chapters, we shall return to this issue for some detail discussion.
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2. The recursive evolution of the pdf f(Θ|d(t)) allows us to interpret a posteriori pdf as a
prior one before processing the new observations.

3. Let M be the set of models, which are considered as candidates to represent the system
under study, label its elements by a ”structural” pointer s and consider it as a part of
parameters of system. Then, when it is unknown, the uncertainties we have to face are
not only the uncertainty of model parameters Θ but also that of the structure of model.
Bayesian approach treat also the latter uncertainty. The resulting structure estimation is
solved elegantly as a special case of estimation [5]. For simplicity, throughout the thesis,
we assume the structures of the studied models are given as prior information.

2.2 Mixture Distributions

In order to describe and learn the behavior of complex systems, probabilistic mixtures together
with multiple models, neural networks and cluster analysis are widely used to combine the
features of different models. In practical applications, mixtures often also serve for describing
a system with some unmeasurable data. In another words, mixtures have the ability to learn
complex topologies. A finite mixture model describes the observed data by a convex combination
of a finite number of probability density functions [8].

2.2.1 Description of Static Mixtures

Static mixtures with time-independent components and mixing weights are described here in
this section. The thesis is mainly devoted to the discussion on dynamic processes, therefore a
description of dynamic mixtures is needed. This will be considered in the next chapter when we
address mixture modelling.

Suppose that a random variable or vector x takes values in a sample space, x∗, its distribution
can be represented by probability density functions in the form

f(x) =
np∑

p=1

αpfp(x), x ∈ x∗ (2.22)

where
αp ≥ 0, p = 1, · · · , np,

np∑

p=1

αp = 1. (2.23)

With a finite number of components, i.e., np < ∞, then we shall say x admits a finite mixture
distribution and f(x) is a finite mixture density function. The parameters α = [α1, · · · , αnp ]
are called mixing weights. Individual pdfs, fp(x), i = 1, · · · , np, describe the components of the
mixture.

Component densities often have specified parametric forms, so that the corresponding finite
parametric mixture has the following description

f(x|Θ) =
np∑

p=1

αpfp(x|Θp) (2.24)

where each component fp(x|Θp) is parameterized by the associated unknown parameters Θp.
The complete parameters set of the mixture is the collection of all component parameters and
mixing weights,

Θ ≡ {αp, Θp}np

p=1 .
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Here if the number of components in mixture, np, is unknown, then it may has to be included
into Θ to take this uncertainty into accounts.

Note that in the above descriptions, components are denoted in a way consistent with [8].
Another notation

f(x|Θp, p) ≡ fp(x|Θp).

is actually adopted in our later discussion
Components need not to come from the same distribution, but most often they do. Different

kinds of mixtures are formed, with the corresponding components modelled in a variety of dis-
tributions, like Gaussian (normal), Poisson, Gamma, log-Normal, Multinomial/Binomial, etc..
Normal mixtures, with an unspecified number of components, provide a flexible class of models
which is widely used in statistical modelling. As remarked by Ferguson (1983) [8]:

An arbitrary density on the real line can closely be approximated by a normal mixture.

2.2.2 Related Issues

Universal Approximation Property

Mixtures can be interpreted as universal approximators of probability density functions or ap-
proximators based on radial basis functions. It means [8]:

Provided the number of component densities is not bounded, certain forms of mix-
ture can be used to provide arbitrarily close approximations to a given probability
distribution.

Meanwhile, the insight could be also brought to universal approximation property of mixtures
from universal approximation theorem of neural networks [13]. In the neural networks context,
the hidden units provide a set of ”functions” that constitute an arbitrary ”basis” for the input
patterns when they are expanded into the hidden-unit space. These function are called radial
basis functions. Based on them, mixture models are closely related to neural networks. For
example, Gaussian mixture models can be viewed as a form of generalized radial basis function
network in which each Gaussian component is a basis function or ‘hidden’ unit.

The above universal approximation property of mixtures is important by providing necessary
theoretical support for the approximations. It plays a critical role when we build a mixture-
based Bayesian modelling framework later on. Nevertheless, from practical viewpoint, both
universal approximation theorem of neural networks and the universal approximation property
of mixtures have their corresponding limited practical value. In the mixture Bayesian modelling,
Chapter 3, we shall return to this issue for finite dynamic mixtures.

Mixture Estimation

Efficient mixture estimation is one of most general statistical problems related to mixtures.
In earlier period, Graphical method and Moments method were used for parameter estimation
of mixtures. However, graphical method can only provide crude estimation of the underlying
parameters while moments methods suffer from that it is not practical for a large number of
parameters. Compared to them, Maximum Likelihood Estimation, Bayesian Estimation have
got more and more attention for their convenient statistical properties.

By Bayesian inference, a finite mixture is simply a special case of a multi-parameter estima-
tion problem. There is little additional note needed to be said to apply Bayesian paradigm to
finite mixtures and obtain their formal Bayesian solutions. However, the implementation of these
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formal Bayesian solutions are plagued with computational difficulties. The difficulties essentially
stem from the complex analytical expression of a posteriori probability density function. The
calculation of likelihood function and its integral would be the main computational burden.
Consequently, the number of terms that need to be stored and handled blows up exponentially
and cannot be handled exactly.

Fortunately, with the developments from numerical analysis field and increasing power of
computers, there are many numerical methods available to provide certain efficient approximate
estimation of mixtures, such as EM (Expectation- Maximization) algorithm [9], MCMC (Markov
Chain Monte Carlo) techniques [11], and QB (Quasi-Bayes) estimations [12], to name some of
them. The thesis adopts the QB mixture estimations: the existing estimation of normal ARX

mixture is recalled in the next chapter, then we extend the QB estimation to the estimations of
ARMA(X) mixtures in the Chapter 6.

The number of components

Another problem often encountered in mixture analysis is that the number of components in
mixture, np, is unknown so that we need to take this uncertainty into accounts as well. How
to decide the number of components is an important but difficult issue in many mixture appli-
cations. It often leads to the problems closely related to cluster analysis, see for example [20].
Together with the structure of individual parametric components, it is consider under structure
estimation by Bayesian inference.

For the mixtures used in the thesis, in the case of mixture of ARX, this issue is well solved
as a part of structure estimation, see [18]. The idea could be well extended to ARMAX mixtures
cases. In particular, when employing ARMAX mixtures to estimation single ARMAX, the number
of components in the mixtures coincides with the number of vertices in the simplex of the MDS
algorithm and can be determined by the order of the MA part, see Chapter 6.

2.3 Direct Search Methods

When dealing with the estimation on the C-parameters of an ARMAX model later in Chapter 7,
a general unconstrained optimization problem is encountered,

min
x∈Rn

g(x) (2.25)

to minimize the scalar-valued nonlinear function g(x) of n-dimensional x, x ∈ Rn, g : Rn → R.
Here, the information about the gradient of the objective function g(x) is unavailable.

To solve the above problem, although there are many methods potentially can be exploited,
we have focused on two important examples of direct search methods or more exactly simplex-
based direct search methods. A direct search method does not use numerical or analytic gradients
and use only function values to minimize the nonlinear function g(x). A detailed discussion of
direct search methods can be found in [21] or [22]. Simplex-based methods are a large subclass
of direct search methods. Note that it should not be confused with the simplex algorithm of
Dantzig for linear programming.

Essentially, simplex-based methods evolve simplex, an pattern with the evolving n+1 vertices
in Rn,

S =< x1, · · · , xn+1 >

Thus, in two-dimensional space, a simplex is a triangle; in three-dimensional space, it is a pyra-
mid, etc. Generally, non-degenerate simplex is needed. A simplex is said to be non-degenerate,
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if the n edges adjacent to any given vertex in the simplex span the space Rn. Two types of
non-degenerate simplex are most often used:

• A regular simplex. It has all edges in the same length with the specified orientation. It
can be created by a simple procedure described in the book [23].

• A right-angled simplex. With a given initial guess x1, the rest vertices of a right-angled
simplex is defined to be of some fixed distance in each of n coordinate directions from the
initial guess point.

xp = x1 + βp1p, p = 2, · · · , n + 1, (2.26)

where 1p denotes the unit coordinate vector and the scalar βp is non-zero.

Some other kinds of non-degenerate simplex are also possible to be used. For example, the
routine of the Nelder-Mead (NM) simplex method in Matlab toolboxes adopts a different type
initial simplex.

Each iteration of a simplex-based direct search begins with a simplex from previous iteration.
Next, one or more trial points are generated by some operations from the current simplex. Then
the function values of the generated trial points are compared with the function values of the
vertices in the current simplex. After each operation, if at least one trial vertex has a better
function value than that of the current best vertex, the operation is called successful. To accept
one operation, we replace the vertices of current simplex by the trial points after the operation.
The iteration is terminated as a new simplex with its vertices function values satisfying some
termination conditions.

The following two subsections reviews two of the most popular simplex-based direct search
methods, respectively.

2.3.1 Nelder-Mead Simplex Method

As the most famous simplex-based direct search method, Nelder-Mead (NM) simplex method,
was proposed by Nelder and Mead in 1965 [24], based on the idea of Spendley, Hext, and
Himsworth [25]. Despite of its popularity in practice, this method has been perceived as com-
pletely ”heuristic”, since it is often plagued with a weak convergence analysis and some other
troubles [21]. A recent progress has been reported in [26] that: In R1, it is robust and conver-
gence to a stationary point is guaranteed under the standard assumptions. In higher dimension
Rn, n > 1, some general properties can also be proven, but no property can be provided to
guarantee global convergence even for R2.

The NM method creates a sequence simplex and modifies them to adopt the local landscape
by five possible operations: reflection, expansion, inside contraction, outside contraction, shrink-
age, each associated with a scalar of the operation. A nearly universal choice of these scalars
are

ρ = 1, χ = 2, ξ = 1/2, σ = 1/2

where ρ, χ and σ are used for reflection, expansion and shrinkage, respectively. ξ is for both
inside contraction and outside contraction. In Figure 2.1 and Figure 2.2, the effects of the
possible operations are shown for the case of two dimensions in one iteration of the search..
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Figure 2.1: NM simplices after a reflection step and an expansion step. The original simplex is
shown in dash with the best point denoted as x1 and the worst one as x3
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Figure 2.2: NM simplices after an outside contraction, an inside contraction and a shrink step.

One of advantages of this method is that it requires only one or two function evaluations
in each iteration to construct a new simplex while the other methods may need much more
function evaluations. It searches a strict improvement over the worst point. There are two
possible outcomes of the NM method at each iteration: A single new test point shall be accepted
and replace the worse vertex for the next iteration; or if a shrink is performed, a set of n new
points, containing the best point, forms the new simplex for next iteration.

To perform the NM search, a routine is available in Matlab optimization toolbox [27] and
the following basic description shows its principles.

Algorithm 2.3.1 (NM algorithm)

Initial phase

• Select an initial guess x0
1 and define a non-degenerate initial simplex formed by n + 1

vertices
< x0

1, · · · , x0
n+1 >

• Select the scalars, ρ, χ, σ and ξ, for reflection, expansion, contraction, shrink operations.
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• Select stopping rules and set the counter j := 0.

• Evaluate the function values g(x0
i ), for i = 1, · · · , n + 1.

• Order labels so that g(x0
1) ≤ g(x0

2) ≤ · · · ≤ g(x0
n+1), i = 1, · · · , n + 1, using some given

tie-breaking rule, see [26].

Iterative phase
Do while stopping rule is not met, set j := j + 1.

1. Reflection

• Define a reflected point xr

xr = x̄ + ρ(x̄− xj−1
n+1),

where x̄ =
∑n

i=1 xj−1
i /n is centroid of the best points (i.e., all vertices except the worst

point xj−1
n+1).

• Evaluate the function value g(xr).

• Accept the reflected point xr and terminate the iteration, if g(xj−1
1 ) < g(xr) < g(xj−1

n ).

2. Expansion

If g(xj−1
1 ) > g(xr),

• Define expanded point xe

xe = x̄ + χ(xr − x̄) = x̄ + ρχ(x̄− xj−1
n+1).

• Evaluate the function value g(xe).

• Accept the expanded point xe and terminate the iteration, if g(xe) < g(xr). Otherwise,
accept the reflected point xr and terminate the iteration.

• Go to step 5.

3. Contraction If g(xr) > g(xj−1
n ), perform a contraction between x̄ and the better one

between xj−1
n+1 and xr.

a. outside if g(xj−1
n ) ≤ g(xr) < g(xj−1

n+1), i.e. xr is strictly better than xj−1
n+1.

• Define outside contracted point
xc = x̄ + ξ(xr − x̄).

• Evaluate the function value g(xc).

• Accept the outside contracted point xc and terminate the iteration, if g(xc) ≤ g(xr).
Otherwise, go to shrink step 4.

b. inside if g(xr) ≥ g(xj−1
n+1),

• Define inside contracted point
xcc = x̄− ξ(x̄− xj−1

n+1).

• Evaluate the function value g(xcc).

• Accept the inside contracted point xcc and terminate the iteration, if g(xcc) ≤ g(xn+1).
Otherwise, go to shrink step 4.
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4. Shrink

• Define and accept n new shrink points, for i = 2, · · · , n + 1

xs
i = xj−1

1 + σ(xj−1
i − xj−1

1 )

• Evaluate the function values g(xs
i ), for i = 2, · · · , n + 1

5. Order
Order the labels so that g(xj

1) ≤ g(xj
2) ≤ · · · ≤ g(xj

n+1)), i = 1, · · · , n + 1, using some given
tie-breaking rule [26].

2.3.2 Multidirectional Search

Inspired by the NM simplex method, multidirectional search (MDS) [15] has brought a new
interest in direct search methods since 1989. It offers the following favorite features:

• It can be executed in parallel to take advantage of the computational parallelism.

• It does not require the information about the derivative of the objective function.

• It has strong proved convergence properties and robustness.

• It works well with ”noisy” function values.

A great advantage of the MDS is its strong convergence analysis [14]. However the guaranteed
property is paid by a rather slow convergence.

The basic idea of multidirectional search algorithm is to perform concurrent searches in
multiple directions. Its goal is to construct a sequence of points, denoted as the best vertices of
the simplex, that convergence to a critical point, ideally a maximizer of the objective function.

In contrast to the NM method, the MDS method searches a point strictly improving over the
best vertex instead over the worst point as the NM does. Meanwhile, it requires 2n function
evaluations in each iteration which is higher than that needed in the NM. But the acceptance
criteria used in both methods is simple decrease rather than sufficient decrease.

There are three possible operations used in the MDS method: reflection, expansion, contrac-
tion with the associated operation scalars: ρ, χ and ξ, where unit reflection factor ρ = 1 is
almost always used so that we shall not explicitly denote it later on. Although these operations
are defined in the same way as the corresponding ones of the NM, they now involve the n edges
of the simplex emanating from the best vertex so that the entire simplex is reflected, expanded,
contracted. Figure 2.3 shows these three possible operations in the j-th iteration of search:

Firstly, a reflection step takes place. Through the best vertex x1 of the current simplex, the
remaining vertices are reflected to give the trial reflected points

xr
i = 2xj−1

1 − xj−1
i , for i = 2, · · · , n + 1

If at least one reflected vertices has a better function value than the best vertex, the reflection
is called successful and then one expansion step is followed. In this operation, reflected edges
are further expanded to generate the new expanded vertices and check if any improvement can
be made by increasing the searching step length,

xe
i = xj−1

1 + χ(xj−1
1 − xj−1

i ), for i = 2, · · · , n + 1

with expansion factor χ.
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Figure 2.3: Three possible trial steps of the MDS method at the j-th iteration, where the current
simplex is < xj

1, x
j
2, x

j
3 > with x1 denoting the best point while x3 denoting the worst one. The

trial points of the three operations are distinguished by the upper index.

Only when some expanded vertex is better than all the reflected vertices, we would accept
the expansion simplex, otherwise we accept the reflection. Thus when reflection is successful,
the final accepted simplex would be either a expansion simplex or a reflection one.

If a reflection is unsuccessful, i.e., none of reflected vertices gives a better function value than
the best vertex, then a natural response is try to restart the search with a smaller simplex. It
means that one contraction step is taken and accepted to contract the current original simplex
by halving its every edge.

xc
i = xj−1

1 + ξ(xj−1
1 − xj−1

i ), for i = 2, · · · , n + 1

with the contraction factor ξ.
The MDS method preserves all information about the relative scaling elements across all

iterations of the search, while the same cannot be said for the NM simplex algorithm. In
contrast to the NM, the shape (angle) always remains the same as that of the original one in
the MDS, although the size of the simplex is also modified all the time. The expansion and
contraction steps automatically adjust the size of simplex by re-scaling the lengths of all the
edges in the simplex. So that if the initial simplex is either too small or too big, the algorithm
can rescale accordingly. But it, particularly in the case of too big initial simplex, may prove to
be quite costly to spend a significant number of iterations to expand or contract simplex before
any real progress can be made.

For implementation, the MDS needs to specify

• An initial simplex S0 =< x0
1, · · · , x0

n+1 > to start the search procedure.
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If the problem is scale dependent so that the variable may differ signifcantly in scale, the
use of right-angled simplex would be advantageous, otherwise, the use of a regular simplex
is a ”safer” choice.

• Scaling scalars associated with the operations.

Formally, the MDS only requires the rational expansion factor χ is strictly greater than
1, i.e., χ > 1, while the contraction factor ξ is a rational number between 0 and 1, i.e.,
0 < ξ < 1. But they are usually assigned the following values

χ = 2, ξ = 1/2

and unit reflection factor.

• Stopping criteria.

The following two rules are often used:

– To limit the number of iterations j by an upper bound J .

– To inspect the relative size of simplex measured by the length of the longest edge
adjacent to the best vertex xj

1

1
∆

max
1≤i≤n

||xj
i − xj

1|| ≤ ε, ε ∈ (0, 1), j ≤ J.

Where ∆ = max(1, ||xj
1||).

The multidirectional search algorithm described here shall help us to understand the specific
features of its tailored versions MMQ and MAQ in Chapter 7.

Algorithm 2.3.2 (MDS algorithm)

Initial phase

• Select an initial guess x0
1.

• Define a non-degenerate initial simplex
〈
x0

1, · · · , x0
n+1

〉

formed by n + 1 vertices.

• Select expansion χ ∈ (1,∞) and contraction ξ ∈ (0, 1) factors

• Select stopping rules.

• Set j, the counter of the total number of iterations used in the search, to zero.

• Evaluate the function values g(x0
i ), for i = 1, · · · , n + 1.

• Swap the labels so that g(x0
1) = arg mini g(x0

i ), i = 1, · · · , n + 1.
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Iterative phase
Do while stopping rule is not met, set j := j + 1.

1. Reflection

• Define n reflected vertices

xr
i = 2xj−1

1 − xj−1
i , i = 2, · · · , n + 1.

• Evaluate the function values g(xr
i ), for i = 2, · · · , n + 1.

• Go to the step 2 if min g(xr
i ) < g(xj−1

1 ). Otherwise, go to the step 3.

2. Expansion

• Define n expanded vertices

xe
i = xj−1

1 + χ(xj−1
1 − xj−1

i ), i = 2, · · · , n + 1.

• Evaluate the function values g(xe
i ), for i = 2, · · · , n + 1.

• Accept the expanded simplex, if min g(xe
i ) < min g(xr

i ), i.e., replace xj
i by the expanded

trial points xe
i , for i = 2, · · · , n + 1. Otherwise, accept the reflected simplex, i.e.,

replace xj
i by the reflected trial points xr

i , for i = 2, · · · , n + 1.

• Go to step 4.

3. Contraction

• Define n contracted vertices

xc
i = xj−1

1 + ξ(xj−1
1 − xj−1

i ), i = 2, · · · , n + 1.

• Evaluate the function values g(xc
i ), for i = 2, · · · , n + 1.

• Accept the contracted simplex, i.e., replace xj
i by the contracted points xe

i , for i =
2, · · · , n + 1.

4. Swap
Swap the labels so that g(xj

1) = arg mini g(xj
i ), i = 1, · · · , n + 1.



Chapter 3

Stochastic Models of Dynamic
Systems

Although finite probabilistic mixtures have become a fruitful application branch of Bayesian
approach, a consistent mixture view of Bayesian modelling so far has not been well built yet.

First section of this chapter is devoted to the discussion on one possible dynamic mixture
modelling. In particular, a restricted description of dynamic mixtures is introduced and inter-
preted.

The remaining sections present the descriptions of some specified parametric models within
a unifying modelling framework.

3.1 Dynamic Mixture Modelling

Recall that to provide a parametric system model by Bayesian modelling is to define a family of
conditional probability density functions, see Chapter 2.1.2

f(yt|ut, d(t− 1), Θ), for t ∈ t∗

We then face a problem of approximating such probability density functions.
The universal approximation property of mixtures discussed in Chapter 2.2.2 is applicable to

dynamic cases as well. Thus, dynamic mixtures can be interpreted as universal approximators
of probability density functions or approximators based on radial basis functions.

Based on these two facts, it is conceptually straightforward to extend dynamic mixtures to
the Bayesian modelling as follows

f(yt|ut, d(t− 1), Θ) =
np∑

p=1

αp(ut, d(t− 1), Θ)f(yt|ut, d(t− 1),Θp, p), (3.1)

with its dynamic mixing weights satisfying

αp(ut, d(t− 1), Θ) ≥ 0, p = 1, · · · , np,

np∑

p=1

αp(ut, d(t− 1), Θ) = 1. (3.2)

and its p-th dynamic component being described by the density f(yt|ut, d(t− 1),Θp, p) with its
associated component parameter set Θp.
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To interpret the dynamic mixture description (3.1), let us consider a sequence of discrete
random variables {pt}t∈t∗ , each variable pt has np possible values {1, · · · , np} ≡ p∗. Then, the
operations of marginalization (2.3) and chain rule (2.4) imply the following relations

f(yt|ut, d(t− 1), Θ) =
np∑

p=1

f(yt, pt = p|ut, d(t− 1), Θ)

=
np∑

p=1

f(yt|ut, d(t− 1), Θp, p)f(pt = p|ut, d(t− 1), Θ). (3.3)

Note that here an assumption that the output yt and the variable pt at time t are conditionally
independent of the past history of the variables p(t− 1) = {p1, · · · , pt−1} has to be used.

Similarly to the natural conditions of control, Definition 2.1.1, if we assume that a sole
external signal ut brings no information on the unknown variable pt, such that

f(pt = p|ut, d(t− 1),Θ) = f(pt = p|d(t− 1), Θ), (3.4)

and represent it by means of a data-dependent variable

αp(d(t− 1), Θ) = f(pt = p|d(t− 1), Θ). (3.5)

Thus, the discrete random variables {pt}t∈t∗ can actually be considered as pointers which label
the active component at each discrete time instance t.

Obviously, using (3.4) – (3.5) to rewrite (3.3), we then obtain the general description of
dynamic mixtures (3.1) under the condition that a sole external signal ut brings no information
on the unknown variable pt.

Unfortunately, the complexity associated with the general description limits our ability to
handle the corresponding estimation. Therefore, a restricted description of dynamic mixtures
with constant mixing weights αp(Θ) and dynamic component f(yt|ut, d(t− 1), Θp, p)

f(yt|ut, d(t− 1),Θ) =
np∑

p=1

αp(Θ)f(yt|ut, d(t− 1), Θp, p), (3.6)

is actually used in the thesis. Note that in the later discussion, the notation αp = αp(Θ) is often
used for the sake of simplicity.

The possibility to use such a restricted description is supported by a fact revealed by the
proposition below.

Proposition 3.1.1 (Asymptotic convergence of mixing weights) If we assume that a sole
external signal ut brings no information on the unknown variable pt, i.e., (3.4), the stochastic
process with random variables {αp(d(t− 1), Θ), t ∈ t∗} is almost surely a convergent martingale.

Proof: For a fixed Θ and p, using the definition (3.5) and the definition of expectation, we have

E [αp(d(t), Θ)|d1, ...., dt−1, Θ] =
∫

f(pt = p|d(t), Θ)f(dt|d(t− 1),Θ) ddt. (3.7)

Meanwhile, using chain rule (2.4), the following relation holds

f(pt = p|d(t),Θ) =
f(pt = p, dt|d(t− 1), Θ)

f(dt|d(t− 1), Θ)
. (3.8)
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Substitute (3.8) into (3.7). After a cancellation, it follows

E [αp(d(t),Θ)|d1, ...., dt−1,Θ] =
∫

f(pt = p, dt|d(t− 1), Θ) ddt (3.9)

Applying marginalization (2.3) and the definition (3.5) into (3.9), we finally obtain

E [αp(d(t), Θ)|d1, ...., dt−1, Θ] = αp(d(t− 1), Θ). (3.10)

Thus, according to [28], the process with random variables {αp(d(t− 1), Θ), t ∈ t∗} is a martingale.
On the other hand, it is non-negative and bounded, since it corresponds to the probability (3.5).
According to martingale convergence theorem [29], it is then straightforward that αp(d(t−1),Θ)

convergent almost surly to a constant probability.

Clearly, this fact allows us to interpret our restricted dynamic mixtures (3.6) as an asymptotic
limit of the general dynamic description (3.1).

Remarks 3.1.1

1. It is easy to verify that the description of static mixtures with time-independent components
and mixing weights, which is given in Chapter 2.2.1, corresponds to the general description
(3.1) restricted by the assumptions,

Not only α(ut, d(t − 1), Θ) is assumed to be constant and a sole external signal ut brings
no information on it

α(ut, d(t− 1), Θ) = α(Θ), (3.11)

or in another words, the variable pt at time t is conditionally independent of the past
history of the data and the variables p(t− 1),

f(pt|ut, d(t− 1), p(t− 1), Θ) = f(pt|Θ),

but also the output yt at time t is conditionally independent of the past history of the data
and the variables p(t− 1), such that

f(yt|ut, d(t− 1), p(t− 1), Θ) = f(yt|Θ). (3.12)

2. Note that, with the condition on the number of components, i.e., np < ∞, finite mixtures
may be not always able to arbitrarily closely approximate a probability density functions by
means of finite mixtures. In this sense, the finite mixture view of Bayesian modelling can
not substitute the general Bayesian modelling as long as finite mixtures are in use.

3. The discussion of the thesis shall focus on the above component level description of SO mix-
tures. A brief discussion of the description of MO mixtures is given in the Appendix, where
each component is further decomposed into a product of factors for predicting individual
scalar output entries.

4. To design estimation method for the mixtures, it is convenient to adopt alternative de-
scriptions of mixtures (3.6) using the introduced discrete random pointer pt. We leave
the detailed discussion on this issue to Chapter 4 and Chapter 6 when we discuss mixture
estimations for specific models.
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5. Structure of a parameterized mixture is determined by the number of components and
structures of parameterized components. Structure of a parameterized normal regression
component is determined by the structure of the corresponding regression vector. In the
case of ARMA(X), the structure of the MA term has to be taken into account as well.

To allow single-component mixture, np = 1, some general model classes, such as ARX, AR-

MAX, can be derived similarly to the traditional way [4] and [17].
With more than one components, 1 < np < ∞, some more comprehensive model properties

could be introduced, for example non-linearity. At present, the most research of the mixture
field is focused on extending the basic models classes to the corresponding mixtures.

Selectively, some parametric models are described and introduced in the remaining sections.
All of them are used in the thesis.

3.2 ARX Models

Consider the mixture description of dynamics (3.6), and assume that:
i) There is only one component;
ii) The older input-output data cannot bring any additional information about the expected

value of output. Or in other words, only a finite and fixed length of the past input-output
history is significant for the prediction of the output.
iii) The expected value of output depends on the past data linearly and its variance does not
depend on these data.

The last two assumptions imply the expected value of output ŷ = ŷt(ut, d(t − 1), θ) =
E [yt|utd(t − 1), θ] is a linear function of the finite number, say n, of foregoing input-output
history

ŷt(ut, d(t− 1), θ) = θ′ψt, (3.13)

where ′ denotes transposition. The data dt = [yt, ut] are observed at time instance t < ∞.
The nψt-dimensional vector ψt = [ut, yt−1, ut−1, · · · , yt−n, ut−n]′ is often called regression vector,
it is a known function of the finite past data. The vector θ = [b0, a1, b1, · · · , an, bn]′ contains
regression coefficients. It is a vector of unknown parameters with its dimension identical to nψ.
Note that for the sake of simplicity, a constant term is missing here and in the model description
given below, although such a constant term usually can not be eliminated if the parameters are
unknown.

Applying it into the reduced system description (2.15), i.e.,

yt = ŷt(ut, d(t− 1), θ) + et, t ∈ t∗

we come to the input-output relation of ARX model (Auto-Regression with eXogenous input),
which is also often called as linear regression

yt = θ′ψt + et. (3.14)

If it is assumed to be Gaussian type, then the ARX model is determined in terms of conditional
pdfs as

f(yt|ut, d(t− 1), Θ) = Ny(θ′ψt, re), t ∈ t∗ (3.15)
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and parameterized by

Θ = {θ, re},

where re = E [ete
′
t] is constant noise variance.

Note that, when the regression model is identified from real data in practical applications,
it is important to incorporate a sufficient long past history into the model and guarantee the
white noise properties of et. It means that although only a finite and fixed length of the past
input-output history are assumed to be used, this length n must be chosen sufficiently large.

3.3 ARMAX Models

Although ARX model is a very useful tool for system description, its applicability is limited
by lacking of adequate freedom in describing the properties of the disturbance term. To add
flexibility to it, the disturbance term could be described as colored noise, a moving-average (MA)
of white noise.

Consider the mixture description of dynamics (3.6), and assume that:
i) There is only one component;
ii) The expected value of output ŷt = ŷt(ut, d(t− 1),Θ) is a function of the entire past history
of input-output data.

To express ŷt through a finite number of parameters, let us assume it is defined recursively
through a finite number m of past data and a weighted sum of nc past history of itself

ŷt +
nc∑

i=1

ciŷt−i =
m∑

i=1

giyt−i +
m∑

i=0

biut−i, (3.16)

where ŷ = ŷt(ut, d(t−1)). In a similar way as in the last section, a constant term is intentionally
ignored for simplicity.

Applying it into the reduced system description (2.15), i.e.,

yt = ŷt(d(t− 1), ut, Θ) + et,

then it gives the input-output relation of ARMAX model (Auto-Regression with Moving Average
noise and eXternal input)

yt =
n∑

i=1

aiyt−i +
n∑

i=0

biut−i +
nc∑

i=1

ciet−i + et, (3.17)

where ai = gi − ci with gi, ci being appropriated complemented by zeros. n = m + nc is a finite
number.

Our discussion on the estimation of this model later on is closely related to that of the linear
regressions (3.14). For this reason, we shall rewrite the above description of the ARMAX models
in regression form as follows

yt = θ′ψt + vt, (3.18)

where the regression vector ψt and regression coefficients θ are defined in a similar way as last
section. vt is a colored noise with zero mean and the finite time-invariant correlation span

E [vtvt−i] = ri, for i = 0, 1, ..., nc,
= 0, for |i| > nc,
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which can be considered as a moving average (MA) defined on the sequence of mutually uncor-
related and thus entirely unpredictable white noise {et},

vt =
nc∑

i=0

ciet−i

Note that c0 = 1 has to be defined here. c1, · · · , cnc are often called C-parameters and represented
by an nc-dimensional vector

C = [c1, · · · , cnc ].

Obviously, the following relation then holds

ri = re
∑nc

k=i cick−i, i = 0, 1, ..., nc,

where re is constant noise variance. Moreover, if the known past history of input-output is long
enough so that the influence of initial conditions ŷi, for i = 1, · · · , max(n, nc), may be negligible
and if the normality of et can be assumed, then an ARMAX is fully parameterized through the
following parameter set

Θ = {θ, re, C}

or alternatively

Θ = {Θa, C}.

Throughout the thesis, the part described by

Θa = (θ, re)

is often discussed as a whole and called as the AR(X) part of the corresponding ARMA(X) model.
For this reason, we have introduced such a notation here.

In the above discussion, we considered the ARMA(X) models as an extension of regression
models assuming that infinitely long past history of the process was available for the observation.
The recursive definition (3.16) of the conditional expected value ŷt makes sense only when the
stability restriction is imposed on the C-polynomial (in the backward shift operator z−1)

C(z−1) = 1 + c1z
−1 + ... + cncz

−nc

by requiring all its roots to lie strictly outside the unit circle. However, when the ARMA(X)

model is understood as a generator of the process driven by a colored noise vt, then the stability
of the C-polynomial C(z−1) need not to be required.

These two interpretations of the ARMA(X) models are conceptually rather different also in
the meaning of the random variable et:

• It is considered as the difference between the true value of output and its expected value.

• It is considered as a fictitious, unobservable and actually nonexisting white noise.

When it is defined in the former way, it could be reconstructed from the observed data, while it
is not possible for the latter case if the C-polynomial is unstable.

Thus, we shall handle the ARMAX models in such a way that these two case are not distin-
guished. The study of LD type filters later on in Chapter 5 shall show, with a finite and growing
length of observations, the time-invariant C-parameters have to be considered as time-varying,
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they have to be recalculated and update in real time. It also shows they finally converge to
the coefficients of a stable polynomial even when the original C-polynomial is unstable. This
favorable fact makes us able to relax the stability requirement on the C-polynomial C(z−1) to
allow its roots to be even at the stability boundary.

Remarks 3.3.1

Note that an alternative form of the standard ARMAX model is known as Delta model. Al-
though their theoretically equivalence, Delta model appears to be numerically more robust and
therefore more suitable for real-time computation in adaptive and self-tuning control.

Both the ARMAX and Delta models can be transformed into a canonical state-space model.
State space representations make the the algorithms compact and uniform for both univariate
and multivariate case for control, prediction, and system identification. They may require less
the computational complexity as well.

A study on these alternative representations of the ARMAX model can be found in [17]. The
treatment on the problems of the related estimation, prediction and control can be found there
as well.

3.4 ARX Mixtures

Consider the general description of mixtures (3.6), and assume that:
i) There is more than one but a finite number, 1 < np < ∞, of components;
ii) Each component is described by one ARX model.

Then (3.6) is specified as an ARX mixture,

f(yt|ut, d(t− 1),Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1), Θp), (3.19)

with the mixing weights α = [α1, · · · , αk] satisfying

αp ≥ 0, p = 1, · · · , np,

np∑

p=1

αp = 1,

Each normal ARX component is described by f(yt|ut, d(t − 1), Θp) = Nyt(θ′pψp;t, re,p), and pa-
rameterized by the unknown associated parameter Θp = {θp, re,p}. The parameter set Θ of the
mixture is the collection of all components’ parameters and mixing weights

Θ ≡ {α, Θp}np

p=1 .

This type of mixtures has been the most popular option in the applications of mixtures.

3.5 MARMAX Models

Consider the mixture description (3.6), and assume:
i) There is more than one but a finite number, 1 < np < ∞, of components;
ii) Each component is described by one ARMAX.

Then, the general description (3.6) is specified as a natural mixture generalization of the au-
toregressive moving average. For this reason, we call it MARMAX model.
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At each time instance t, the probability density function (pdf) of the MARMAX is given as

f (yt|ut, d(t− 1), Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1), Θa,p, Cp) (3.20)

where mixture weights satisfy

αp ≥ 0, p = 1, · · · , np,

np∑

p=1

αp = 1,

and f(yt|ut, d(t − 1),Θa,p, Cp) describes its p-th ARMAX component. Here, the parameter Θa,p

and Cp = [cp,1, · · · , cp,nc ] describe the ARX part and the C-parameters of the p-th components,
respectively.

If the normality is assumed, the MARMAX model is then parameterized by the parameter set

Θ ≡ {Θa, Θc, α},

with

Θa ≡ {Θa,p}np

p=1, Θa,p = (θp re;p), Θc ≡ {Cp}np

p=1, α ≡ [α1, · · · , αnp ] (3.21)

3.6 ARMMAX Models

Consider the mixture description (3.6), and assume:
i) There is more than one but a finite number, 1 < np < ∞, of components;
ii) Each component is described by one ARMAX;
iii) There is a common deterministic ARX part in all ARMAX components while the charac-

teristics of the stochastic noise parts vary.
These assumptions lead to the general description (3.6) being specified as a special mixture

of ARMAX. This novel type model describes well the cases when common ARX part has a physical
meaning of interest while C-parameters of the stochastic disturbances may vary. Since it mainly
offers flexibility with respect to the MA noise term of the model, we call it ARMMAX model.

The probability density function of the ARMMAX model at each time instance t is

f (yt|ut, d(t− 1), Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1), Θa, Cp) (3.22)

with mixture weights

αp ≥ 0, p = 1, · · · , np,

np∑

p=1

αp = 1.

and f(yt|ut, d(t− 1), Θa, Cp) describing its p-th ARMAX component.
Here the last assumption implies that there is a common parameter set Θa parameterizing

the ARX parts of all ARMAX components. Thus, if the normality is assumed, the ARMMAX model
is parameterized by

Θ ≡ {Θa, Θc, α},
with the common parameter set of the ARX parts Θa = {θ, re} and different C-parameters of
the MA parts Θc ≡ {Cp}np

p=1.



Chapter 4

Bayesian Estimation and Prediction

Some existing Bayesian estimations and predictions are reviewed in this Chapter. They provide
the solid basis for us to discuss the estimations of the more difficult cases, such as MARMAX,
ARMMAX and ARMAX models, in the later chapters.

To provide the main schemes and principles necessary for achieving satisfactory estimation
results, the essences of the critical related techniques are included as well. The emphasis here is
put on the grasping their main ideas. More detail treatments and broader views can be found
in the given references.

4.1 Common Tools

There are many issues that may influence our ability to solve estimation and prediction tasks
for various parameterized models. In particular, several of them are in common for all models
considered in the thesis. For this reason, we first collect a few tools to deal with them, before
we go to the Bayesian solutions of each specific model individually.

4.1.1 Estimation with Forgetting

Estimation with forgetting is often used to track slow changes of parameters and make the
system adaptive. This is because the assumption that a certain set of parameters is strictly time-
invariant is difficult to be fulfilled precisely in practice. Moreover, the parameters of the chosen
model structure can be slightly different for different time intervals, since any mathematical
model can be only an approximate description of reality. Thus, it is practically important to
extend parameter estimation to parameter tracking.

The basic idea of tracking slowly varying parameters is to grasp both the significant time-
varying relationships and the slow changes effects. This requires a compromise between

• admitting time variations of Θt,

• assuming that Θt+1 ≈ Θt.

The approach called stabilized forgetting [30] is often used to handle this optimization problem.
In terms of KL distance (2.7), the above requirements can be equivalently expressed by

minimizing two KL distances simultaneously

• D
(
f̂ ||f

)
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• D
(
f̂ ||fA

)

where f̂ ≡ f(Θt+1 = Θ|d(t)) is the pdf achieving the compromise between both of the require-
ments, f ≡ f(Θt+1 = Θt = Θ|d(t)) is the pdf assuming no parameter changes after measuring
dt and before processing dt+1, while fA ≡ fA(Θt+1 = Θ|d(t)) is an alternative one describing
parameters after some changes.

To control the compromise, let us select a positive weight λ ∈ (0, 1], then the desired pdf f̂
is found as a minimizing argument of the functional

λD
(
f̂ ||f

)
+ (1− λ)D

(
f̂ ||fA

)
, λ ∈ (0, 1]. (4.1)

It coincides with the geometric mean of the pair of pdfs

f̂ ∝ fλf1−λ
A , (4.2)

or in the complete form

f(Θt+1 = Θ|d(t)) ∝ [f(Θt+1 = Θt = Θ|d(t))]λ[fA(Θt+1 = Θ|d(t))]1−λ. (4.3)

Here the parameter λ is called forgetting factor, which can be interpreted as the probability that
the parameters do not change. It can be either taken as a tuning knob or estimated.

Remarks 4.1.1

1. Loosely speaking, the forgetting operation is a compromise between the selected alternative
fA and the posterior pdf f(Θt+1 = Θt = Θ|d(t)). It preserves the basic property of time
updating so that the posterior pdf on parameters propagates without obtaining any new
measured information.

2. The alternative pdf fA(·) expresses the belief where the parameters might move within the
time interval [t, t + 1) while we have no new observable information. This pdf has to be
specified externally and possibly updated in the each time iteration.

Often, the pessimistic uniform alternative pdf (∝ 1) has been used. This special case
of stabilized forgetting is called exponential forgetting. It allows us to follow relatively
fast parameter changes but it forgets the accumulated information with, often too high,
exponential rate. For this reason, it is worth to preserve what we feel as a guaranteed
information. The prior pdf f(Θt+1 = Θ) is a typical, reasonably conservative, choice of
the alternative pdf fA(Θt+1 = Θ|d(t)).

3. The non-trivial alternative pdf prevents us to forget the “guaranteed” information as it
is always incorporated after exponential forgetting. This stabilizes the whole learning and
reflects positively in its numerical implementations. Without this, the posterior pdf may
become too flat whenever the information brought by new data is not sufficient.

4. It is instructive to inspect the influence of forgetting on the data. The older the data are, the
stronger ”flattening” is applied to the corresponding model. Consequently, the older data
influence the estimation results less than the new ones. Data are gradually “forgotten”.
This explains why the probability λ is called forgetting factor.

5. The forgetting factor λ is a parameter fixed throughout the time updating. The closer to
unity the λ is, the slower changes are expected, or in another word, the higher weight the
posterior pdf corresponding to the time-invariant case gets.
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4.1.2 Algorithm of Dyadic Reduction

To counteract numerical troubles in the decompositions and minimizations of a nonnegative
definite quadratic form, an elementary algorithm of Dyadic reduction is often in need [17].

Proposition 4.1.1 (Algorithm dydr) Consider a symmetric nonnegative definite or a posi-
tive semi-definite matrix matrix M of the rank 2, it can be expressed as a weighted sum of two
dyads,

M = [a, b]

[
Da 0
0 Db

]
[a, b]′, (4.4)

where Da, Db, are positive scalar weights and a, b are column vectors of the same length na ≥ 2.
The representation (4.4) is not unique and different equivalent forms can be found to define

the identical kernels of the single quadratic form. If we consider a special equivalent form

M = [c, d]

[
Dc 0
0 Dd

]
[c, d]′, (4.5)

where the j-th entries of c, d have the fixed values

cj ≡ 1, dj ≡ 0, for a chosen j ∈ {1, . . . , na}. (4.6)

Then, the second decomposition (4.5) can be determine uniquely by means of the first one (4.4),
using a simple algorithm given below.

Algorithm 4.1.1 (Dyadic reduction: dydr)

1. Set Dc = a2
jDa + b2

jDb.

2. Set x = ajDa

Dc
, y = bjDb

Dc
.

3. Set Dd = DaDb
Dc

.

4. Set cj = 1, dj = 0.

5. Evaluate remaining entries of c, d as follows ci = xai + ybi, di = −bjai + ajbi, i 6= j.

4.1.3 Exponential Family

It is practically important in real time identification to require only a finite and fixed size of
the memory to store finite-dimensional sufficient statistics without loss any useful information.
It is implied by the fact that the data set is growing persistently in real time. For instance,
the difficulty in the estimation of ARMA(X) model stems from the lack of such kind of sufficient
statistic.

Therefore, it is of interest to study model classes with such property. They are essentially
from exponentially family, enriched by uniform distribution with unknown boundaries. Many
useful properties are associated with this family. In particular, they are known to have conjugate
(self-reproducing) prior and fixed-dimensional sufficient statistics which exist both for unknown
parameters and the predicted output.

To be able to deal with dynamic cases, our definition of exponential family additionally
requires a non-standard recursive updating of the data vector as below.



4.1 Common Tools 33

Agreement 4.1.1 (Exponential family) For a random variable yt, its pdf is said to belong
to the dynamic exponential family if it can be written in the form

f(yt|ut, d(t− 1), Θ) ≡ f(yt|ψt, Θ) = A(Θ)D(Ψt) exp[〈B(Ψt), C(Θ)〉], (4.7)

where 〈·, ·〉 is a functional operator linear in the first argument. In our context, we define

〈x, y〉 =

{
x′y if x, y are vectors, ′ is transposition
tr[x′y] if x, y are matrices, tr denotes trace

(4.8)

Ψ′
t ≡ [yt, ψ

′
t] is a finite dimensional data vector, it is recursively updated by (dt, Ψ′

t−1) → Ψ′
t,

A(Θ) is a non-negative scalar function of parameters Θ,

D(Ψt) is a non-negative scalar function of data Ψt,

B(Ψt), C(Θ) are functions of Ψt and Θ respectively, with compatible finite and fixed dimensions.

An inspection whether there is a wider set of parameterized models with the advantageous
properties of the exponential family opens just a narrow space [31]. Essentially, the exponential
family coincides with all parameterized models that are sufficiently smooth functions of parame-
ters and with supports independent of parameters. Uniform distribution with unknown constant
boundaries represents one of a few feasible examples of pdfs out of the exponential family. The
class of models that lead to a finite-dimensional characterization of pdfs occurring in filtering is
even more restrictive. Its discussion can be found in [32].

The general functional recursions of updating parameters and predicted outputs for the
exponentially family can be reduced to an algebraic recursive updating of the finite-dimensional
sufficient statistics, i.e., a array Vt and a scalar νt. Thus, the estimation and prediction within
this family becomes very simple, especially with the conjugate prior pdf.

Proposition 4.1.2 (Estimation and prediction in exponential family) Under natural con-
ditions of control (Definition 2.1.1), consider a model, which belongs to the exponential family
(4.7) and is parameterized by time-invariant Θt = Θ ∈ Θ∗.

i) If a priori pdf f(Θ) is assigned with its support being restricted by the indicator χ(·) of
the set Θ∗, then a posteriori pdf of unknown parameters is

f(Θ|d(t)) =
L(d(t),Θ)f(Θ)

I(Vt, νt)
=

Aνt(Θ) exp[〈Vt, C(Θ)〉]χ(Θ)f(Θ)
I(Vt, νt)

, (4.9)

with statistics recursively evolving as
Vt = Vt−1 + B(Ψt), V0 = 0; νt = νt−1 + 1, ν0 = 0. (4.10)

The predictive pdf is given by

f(yt|ut, d(t− 1)) =
D(Ψt)I(Vt−1 + B(Ψt), νt−1 + 1)

I(Vt−1, νt−1)
, (4.11)

where normalization integral I(V, ν) is evaluated by

I(V, ν) =
∫

Aν(Θ) exp[〈V, C(Θ)〉]f(Θ)χ(Θ) dΘ. (4.12)

ii) If the prior is chosen in the conjugate form determined by the “prior statistics” V0, ν0

f(Θ) ∝ Aν0(Θ) exp[〈V0, C(Θ)〉]χ(Θ), (4.13)

and if
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• V0, ν0 replace the zero initial conditions in (4.10),

• the indicator χ(·) is formally used as the prior pdf.

Then the estimation and prediction formulas (4.9), (4.11) are valid.

iii) If further on, stabilized forgetting with forgetting factor λ ∈ [0, 1] is used to allow slow
parameter changes and the alternative pdf given in the conjugate form determined by the pair of
sufficient statistics VA;t, νA;t, then, the estimation and prediction formulas (4.9), (4.11) remain
valid with the statistics evolving according to the recursion

Vt = λ(Vt−1 + B(Ψt)) + (1− λ)VA;t, V0 given (4.14)
νt = λ(νt−1 + 1) + (1− λ)νA;t, ν0 given.

Note that D(Ψt) doesn’t influence the estimation and it enters the prediction independently.
Meanwhile, the need to have the complete recursion of the statistics explains why our definition
of exponential family requires for the possibility to update Ψt recursively.

4.2 Bayesian Solution to ARX Models

After having recalled the common tools, we shall review the existing Bayesian estimation of ARX

models in this section and QB estimations of (ARX) mixtures in the next section.
Consider a parameterized normal ARX model described by the pdf

f(yt|ut, d(t− 1), Θ) = Nyt(θ
′ψt, re), (4.15)

with

Nyt(θ
′ψt, re) ≡ (2πre)−0.5 exp

{
−(yt − θ′ψt)2

2re

}
= (2πre)−0.5 exp

{
− 1

2re
tr

(
ΨtΨ′

t[−1, θ′]′[−1, θ′]
)}

,

(4.16)
where ψ is the regression vector, while Ψ ≡ [d, ψ′]′ is the data vector, ′ denotes transposition.
The model is parameterized by the regression coefficients and noise variance of the driving white
noise

Θ ≡ {θ, re}.

For simplicity, the index e of re is often omitted whenever there is no danger of confusion.
It is straightforward to apply general Bayesian estimation and prediction to ARX models.

However, in order to get numerically satisfactory identification result, several techniques specif-
ically related to this model have to be complemented.

4.2.1 GiW Conjugate Prior Pdf

Recall the fact that normal regression models belong to the exponential family, with the following
correspondence to the general form of exponential family (4.7)

Nd(θ′ψ, r) = A(Θ)D(Ψ) exp [〈B(Ψ), C(Θ)〉] ,

with
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A(Θ) ≡ r−0.5, D(Ψ) ≡ (2π)−0.5, B(Ψ) ≡ ΨΨ′

C(Θ) ≡ 2r−1[−1, θ′]′[−1, θ′], 〈B, C〉 ≡ tr[B′C].

Thus, it possess conjugate (self-reproducing) prior in the form of Gauss-inverse-Wishart (GiW)
distribution

GiWΘ(V, ν) ≡ GiWθ,r(V, ν) ≡ r−0.5(ν+nψ+2)

I(V, ν)
exp

{
− 1

2r
tr(V [−1, θ′]′[−1, θ′])

}
, (4.17)

where nψ is the dimension of regression vector ψ, it is identical to the dimension nθ of the vector
of regression coefficients. The positive definite matrix Vt is called extended information matrix.
It together with the degrees of freedom νt form sufficient statistics for estimation of Θ.

The updating of Vt is often poorly conditioned and the use of its L′DL decomposition is the
only safe way to counteract the induced numerical troubles. This issue is reviewed in the next
section, and thereafter the properties of the GiW pdf are summarized there using the L′DL
decomposition.

4.2.2 L′DL Decomposition of Extended Information Matrix

L′DL Decomposition

The recursively updating of the extended information matrix V plays decisive role in the esti-
mations. If a stabilized forgetting with a forgetting factor λ is used, as a specification of (4.14),
the V in the context of AR(X) is updated by the recursion

Vt = λ(Vt−1 + ΨtΨ′
t) + (1− λ)VA;t

Obviously, a recursion of the type
V = λV + βΨΨ′

is then required in essence. Here the positive scalar β actually equal to the forgetting factor λ.
However, in the mixture context, normal ARX component/factor requires a weighted updating
Vt−1 + wΨtΨ′

t instead. This leads β to be determined by both the forgetting factor λ and the
weight w, see the next section for details. Thus, for the completeness and consistence of the
notations, we introduce the quantity β.

On the other hand, as mentioned earlier, the updating is poorly conditioned and it is neces-
sary to use an L′DL decomposition

V = L′DL, (4.18)

where L is a lower triangular matrix with a unit diagonal and D is a diagonal matrix with
positive diagonal entries. Experience confirms that a safe processing of real data records is
impossible without it. Moreover, the evaluation of the determinants occurring in various pdfs
becomes simple with the L′DL decomposition.

Hence, it follows that the recursion V = λV + βΨΨ′ has to be converted into a recursion
L′DL = λL′DL + βΨΨ′ and the updating is applied on the matrices L, D instead of V itself.

Based on the algorithm of Dyadic reduction, Proposition 4.1.1, the efficient updating can be
performed as follows

Algorithm 4.2.1 (Updating of L′DL = λL′DL + βΨΨ′)

1. Set b = Ψ, Dy = β.
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2. Call the function dydr, for j = Ψ̊, Ψ̊− 1, . . . , 1
[Dj , Dy, j-th column of L′, b] = dydr (λ ∗Dj , Dd, j-th column of L′, b, j)

The book [4] or [33] gives a broader view on the L′DL decomposition.

Complete squares and minimization of quadratic forms

Next, let us examine how the L′DL decomposition of the extended information matrix V works
on the quadratic forms

[−1, θ′]V [−1, θ]′

in the considered pdf (4.16).

Proposition 4.2.1 (Completion of squares) Consider the extended information matrix V
and its L′DL decomposition, and partition them according to the two parts ordered in the cor-
responding data vector Ψ ≡ [y, ψ′]′

V =

[
Vy V ′

yψ

Vyψ Vψ

]
, Vy is scalar, (4.19)

L =

[
1 0

Lyψ Lψ

]
, D =

[
Dy 0
0 Dψ

]
, Dy is scalar.

Then, it holds for the quadratic form that

[−1, θ′]V [−1, θ′]′ ≡ [−1, θ′]L′DL[−1 θ′]′ = (θ − θ̂)′L′ψDψLψ(θ − θ̂) + Dy (4.20)

θ̂ ≡ L−1
ψ Lyψ ≡ least-squares estimate of θ,

where the quadratic form is minimized by θ = θ̂ and the minimum reached is Dy.

Basic properties and moments of GiW pdf

Now, let us summarize some properties of the GiW pdf based on the above partitioned L′DL
decomposition of the extended information matrix.

Proposition 4.2.2 (Basic properties and moments of GiW pdf) For the GiW pdf (4.17),
if the partitioned L′DL decomposition of the extended information matrix (4.19) is considered,
then

1. GiWθ,r(V, ν) has, besides (4.17), the following alternative expressions

GiWθ,r(V, ν) ≡ GiWθ,r(L,D, ν)

=
r−0.5(ν+nψ+2)

I(L,D, ν)
exp

{
− 1

2r

[
(Lψθ − Lyψ)′Dψ(Lψθ − Lyψ) + Dy

]}
(4.21)

≡ r−0.5(ν+nψ+2)

I(L,D, ν)
exp

{
− 1

2r

[
(θ − θ̂)′C−1(θ − θ̂) + Dy

]}
, (4.22)

with the least-squares estimate of θ,

θ̂ ≡ L−1
ψ Lyψ,
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the covariance factor of least-squares estimate,

C ≡ L−1
ψ D−1

ψ (L′ψ)−1,

and the normalization integral I(L,D, ν),

I(L,D, ν) = Γ(0.5ν)D−0.5ν
y |Dψ|−0.520.5(ν+nψ)(2π)0.5nψ , (4.23)

Γ(x) =
∫ ∞

0
zx−1 exp(−z) dz < ∞, for x > 0 (4.24)

which doesn’t depend on the unknown parameters θ and r. Clearly, it is finite iff ν > 0
and V is positive definite (or equivalently, D is positive definite).

2. The GiW pdf has the following marginal pdfs and moments:

• The marginal pdf for the unknown noise variance r,

f(r|L,D, ν) =
r−0.5(ν+2)

I(Dy, ν)
exp

[
−Dy

2r

]
, (4.25)

with the associated normalization integral and moments

I(Dy, ν) ≡ Γ(0.5ν)
(0.5Dy)0.5ν

,

E [r|L,D, ν] =
Dy

ν − 2
≡ r̂, var[r|L,D, ν] =

2r̂2

ν − 4
, E [r−1|L, D, ν] =

ν

Dy
,

E [ln(r)|L,D, ν] = ln(Dy)− ln(2)− ∂ ln(Γ(0.5ν))
∂(0.5ν)

.

• The marginal pdf for the unknown regression coefficients θ

f(θ|L,D, ν) = I−1(D, ν)
[
1 + D−1

y (θ − θ̂)′L′ψDψLψ(θ − θ̂)
]−0.5(ν+nψ)

,(4.26)

with the associated normalization integral and moments

I(D, ν) ≡ |Dψ|0.5 ∏nψ

i=1 Γ(0.5(ν + nψ − i))

D
0.5nψ
y

,

E [θ|L,D, ν] = L−1
ψ Ldψ ≡ θ̂, cov[θ|L,D, ν] =

Dy

ν − 2
L−1

ψ D−1
ψ (L′ψ)−1 ≡ r̂C.

4.2.3 Estimation and prediction

Normal regression models belong to the exponential family, thus the estimation and prediction
reduce to algebraic recursive updating of the finite-dimensional sufficient statistics.

Proposition 4.2.3 (Estimation and prediction of ARX models ) Consider a normal re-
gression model (4.15), if a conjugate prior GiWΘ(V0, ν0) (4.17) and a conjugate alternative
GiWΘ(VA;t, νA;t) in stabilized forgetting (see Section 4.1.1), are used, then, the Bayesian poste-
rior pdf of unknown parameters remain as

f(Θ|d(t)) = GiWΘ(Vt, νt) (4.27)
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with the sufficient statistics evolving according to the recursions

Vt = λ(Vt−1 + ΨtΨ′
t) + (1− λ)VA;t, V0 given (4.28)

νt = λ(νt−1 + 1) + (1− λ)νA;t, ν0 > 0 given. (4.29)

The partitioned L′DL decomposition of the matrix V , (4.19) and Algorithm 4.2.1, has to be
propagated for numerical stability.

The predictive pdf is known in the form of Student distribution. With the data vector
Ψt = [yt, ψ

′
t]
′, its values can be directly evaluated according to the expression of the Student form

f(yt|ψt) =
√

2Γ (0.5(νt−1 + 1)) [Dy;t−1(1 + ζ)]−0.5

Γ(0.5νt−1)
(
1 + ê2

t
Dy;t−1(1+ζ)

)0.5(νt−1+1)
, (4.30)

where Γ(·) is the gamma function (4.24), êt ≡ yt − θ̂′t−1ψt is the prediction error, and ζ ≡
ψ′tL

−1
ψ;t−1D

−1
ψ;t−1(L

′
ψ;t−1)

−1ψt.
Alternatively, the values of predictive pdf can also numerically evaluated as the ratio

f(yt|ψt) =
(2π)−0.5I(Vt−1 + ΨtΨ′

t, νt−1 + 1)
I(Vt−1, νt−1)

, (4.31)

where the same type integrals I(V, ν) (4.23) is used.

Remarks 4.2.1

1. The evolution of sufficient statistics is equivalent to well-known recursive least-squares (LS)
estimates:

θ̂ ≡ L−1
ψ Lyψ is LS estimate of θ, (4.32)

r̂ ≡ Dy

ν − 2
is LS estimate of r, (4.33)

r̂C ≡ r̂L−1
ψ D−1

ψ (L′ψ)−1 is covariance matrix of LS estimate of θ. (4.34)

2. The predictive pdf is the key element needed in the estimation. It is thus worthwhile to check
which is computationally simpler between the presented two formulas in the evaluation of
its values.

The former (4.30) is less suitable for the evaluation if the prediction errors êt are not
explicitly required, but it has advantage that the prediction errors êt suit for an intuitive
judgement of the predictive properties of the inspected model.

The latter one (4.31) use an explicit expression for the integral I(V, ν) (4.23) and is often
more suitable for the evaluation. The derivation of this formula can be found in [4]. It is
this formula (4.31) that is most often used in the thesis.
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4.3 Mixture Estimation and Numerical Approximation

Consider the mixture

f(yt|ut, d(t− 1), Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1),Θp, p), (4.35)

which is parameterized by the collection

Θ ≡ {αp, Θp}np

p=1 .

The mixture weights α = [α1, · · · , αnp ] satisfy

αp ≥ 0, p = 1, · · · , np, np < ∞,

np∑

p=1

αp = 1,

and each component is parameterized by Θp and described by

f(yt|ut, d(t− 1),Θp, p).

As mentioned in Chapter 2.2.2, although to obtain formal Bayesian solutions for the above
mixture is easy, its implementation is plagued with computational difficulties that the resulting
formal analytical expression of posterior pdf consists of a product of a sum of function depend-
ing on observed data and unknown parameters. Here in this section we consider a feasible
approximate treatment by the Quasi-Bayes (QB) estimation.

4.3.1 Alternative Description of Mixtures

For the design and description of the QB estimation method, it is convenient to use discrete
random pointers pt ∈ p∗ = {1, 2, · · · , np} to label the active component at each discrete time
instance t = 1, 2, · · · , t̊. The pointers p1, · · · , p̊t are assumed to be mutually independent with
time-invariant probabilities

f(pt = p|ut, d(t− 1), Θ) = αp

Similarly to the EM method, the pointer pt can be considered as the unmeasured data of the
system. Thus, with them together with measured output yt, there is an alternative joint view
on the mixture at each time instant t,

f(yt, pt|ut, d(t− 1), Θ) =
∏

p∈p∗
[αpf(yt|ut, d(t− 1),Θp, p)]δp,pt , (4.36)

where δ is Kronecker symbol defined by δa,b =

{
1 if a = b
0 otherwise

. By marginalization (4.36) over

pt, the marginal pdf f(yt|ut, d(t− 1), Θ, α) gives the general mixture description (4.35).

4.3.2 Dirichlet Conjugate Prior Pdf of Mixing Weights

For the introduced pointers pt ∈ {1, . . . , np} = p∗, it holds

αpt = f(pt|ut, d(t− 1), Θ) =
∏

p∈p∗
α

δp,pt
p ,
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where, by definition,

αp = Pr{pt = p} = f(pt = p|ut, d(t− 1), Θ), p = 1, 2, .., np,

which satisfy the constrains αp ≥ 0,
∑np

p=1 αp = 1.
It corresponds to a special case of Markov chain. And as we known, Markov Chains belong

to the exponential family so that they possess conjugate (self-reproducing) prior in the form
know as Dirichlet distribution.

Thus, the distribution on mixing weight α can be specified as in the conjugated Dirichlet
form.

f(α) = Diα(κ). (4.37)

The Dirichlet distribution is shaped by np-vector statistic κ with positive entries κp,

Diα(κ) =
∏

p∈p∗ α
κp−1
p

B(κ)
∝

∏

p∈p∗
ακp−1

p , (4.38)

where B(κ) ≡
∏

p∈p∗ Γ(κp)

Γ(
∑

p∈p∗ κp)
.

4.3.3 Approximate QB Estimation

Based on the discussion of the previous two subsection, approximate QB estimation method is
described here.

Let us specify prior pdfs of each individual components f(Θp|d(t)), ideally in conjugate form.
Moreover, assume the pdf of all parameters f(Θ|d(t)) in the product form

f(Θ|d(t)) ∝
∏

p∈p∗
f(Θp|ut, d(t− 1))Diα(κp;t). (4.39)

Then, the Bayes rule can be used to update it to a posteriori pdf

f(Θ, pt+1|ut+1, d(t)) ∝
∏

p∈p∗
[f(yt+1|ut+1, d(t), Θp, p)]δp,pt+1f(Θp|dt)α

κp;t+δp,pt+1−1

p .

Here the alternative mixture description (4.36) and the Dirichlet conjugate prior pdf (4.37) of
mixing weights are used.

In order to obtain the approximation of the desired pdf f(Θ|ut+1, d(t)), a marginalization
over pt+1 could be performed. However, it destroys the assumed form of (4.39). One possible
way to preserve this form is to replace δp,pt+1 by its conditional expectation

δp,pt+1 ≈ wp;t+1 ≡ E [δp,pt+1 |ut+1, d(t)] = f(pt+1 = p|ut+1, d(t)). (4.40)

here the scalars wp;t+1 can be calculated by integrating (4.40) over the parameters Θ

wp;t+1 =
α̂p;tf(yt+1|ut+1, d(t), p)∑

p̃∈p∗ α̂p̃;tf(yt+1|ut+1, d(t), p̃)
=

κp;tf(yt+1|ut+1, d(t), p)∑
p̃∈p∗ κp̃;tf(yt+1|ut+1, d(t), p̃)

, (4.41)

which requires the point estimate of mixing weight

α̂p;t =
κp;t∑

p̃∈p∗ κp̃;t
∝ κp;t, (4.42)
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and the Bayesian prediction of each component

f(yt+1|ut+1, d(t), p) ≡
∫

f(yt+1|ut+1, d(t), Θp)f(Θp|ut+1, d(t)) dΘp =
I(d(t + 1)|p)
I(d(t)|p)

. (4.43)

Note that the approximation (4.41) can be interpreted as the Bayes rule applied to the discrete
unknown random variable pt ∈ p∗ with the prior probability α̂p;t.

By inserting the approximation (4.40) and (4.41) into (4.39), the approximately updated
posterior pdf preserves the same functional product form as (4.39). Here, the posterior of each
individual components is updated by

f(Θp|d(t + 1)) ∝ [f(yt+1|ut+1, d(t), Θp, p)]wp;t+1f(Θp|d(t)) (4.44)

and the updating a posteriori Dirrichlet pdf of the mixing weights leads to a updating its statistic

κp;t+1 = κp;t + wp;t+1. (4.45)

Algorithm 4.3.1 (QB estimation algorithm of mixtures)

Initial (off line) mode

• Select the complete structure of the mixture, i.e. specify the number of components np, and
the structure of each component.

• Select prior pdfs f(Θp) of the individual components, ideally, in the conjugate form with
respect to the parameterized components f(dt|ψp;t,Θp, p). Specify the initial values of the
associated statistics Vp;0, νp;0.

• Select prior pdf of component weight α in the form of Dirichlet pdf, f(α) = Diα(κ). Specify
the initial values κp;0 > 0. Intuitively motivated values about 0.1̊t were found reasonable.

• Select forgetting factor λ ∈ (0, 1], alternatives fA(Θp) and fA(α) for stabilized forgetting.

Sequential (on line) mode,

1. Compute the point estimates of the component weights α̂p;t by means of (4.42).

2. Acquire the data record dt+1.

3. Compute the values of the predictive pdfs for each individual components p ∈ p∗, with
(4.43) and the measured data record dt+1.

4. Compute the probabilistic weights wp;t+1 by (4.41).

5. Update a posteriori Dirrichlet pdfs of mixing weights by the evolution of the scalars κp;t+1

by (4.45).

6. Update a posteriori pdfs f(Θp|d(t + 1)) of the parameters associated with individual com-
ponents according to the weighted Bayes rule (4.44).

7. Evaluate, if need be, the characteristics of f(Θp|d(t + 1)) describing other parameters Θp.

8. Repeat the sequential mode when t ≤ t̊.
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Remarks 4.3.1

1. Note that the predictions of individual components without data weighting is performed for
evaluation of the weights wc;t+1. The parameter estimation algorithm performs almost the
same algebraic operations but with weighted data. This simple observation is exploited in
implementation of the algorithm. Moreover, it can be used in judging of estimation quality.

2. The algorithm is applicable whenever the Bayesian estimation and prediction for each
component can be managed. Thus, the scope is restricted to the parameterized model class
admitting finite-dimensional statistics. It consists essentially of the exponential family
augmented by the uniform distribution with unknown boundaries. Normal regression mod-
els and Markov chains, are prominent examples of dynamic components. Others are more
or less restricted to static ones.

Later in Chapter 6, we shall discuss how to extend the idea of the QB algorithm to deal
with the estimation of ARMAX mixtures based on a pre-whitening.

3. To increase the chance to gain a successful estimation, some iterations are necessary so
that iterative QB estimation is in need. Meanwhile, a hybrid of the quasi-Bayes and EM
algorithms, batch QB estimation, may be desirable sometimes.

To avoid redundant discussion, we shall only demonstrate the essence of using iterations
and batch version in the next section on the estimation of ARX mixtures.

4.3.4 Iterative Construction of Prior Pdf with Flattening

A proper specification of a prior pdf is generally not a trivial task, especially in the context
of mixtures where the prior knowledge is dealt with at the component level: a prior pdf for
each component is considered as an entity on its own [34]. A study on the issue with various
techniques can be found in [35]. Here we only consider one of most important techniques: how
to construct iteratively prior pdf using flattening to reduce our uncertainty on the quality of a
given prior.

Generally, the Bayes rule specifies the posterior estimates in a non-iterative fashion

f(Θ|d(̊t)) ∝ f(d(̊t)|Θ)f(Θ),

which relies not only on information provided by data but also on the prior knowledge. To
increase the chance to obtain a successful estimation, using some iteration is proved to be
helpful. It solves the estimation problem as a repeated task with the same data sample. The
basic idea behind is to use a posteriori pdf f(Θ|d(̊t)) instead of f(Θ) as the new guess of prior pdf
in each iteration, hoping that f(Θ|d(̊t)) could give a better clue about the unknown parameters
than the original f(Θ).

It leads to an iterative use of the Bayes rule,

fn(Θ|d(̊t)) ∝ f(d(̊t)|Θ)fn−1(Θ|d(̊t))

with fn(Θ|d(̊t)) being the posterior pdf obtained through the n-th iteration. If f0(Θ) ≡ f(Θ),
then fn(Θ|d(̊t)) ∝ [f(d(̊t)|Θ)]nf(Θ).

Meanwhile, notice the fact that if the original prior pdf has been assumed unreliable, its
posterior pdf then is possibly too concentrated on a false set of parameters. It implies a direct
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using the new obtained a posteriori pdf as a new prior could be dangerous. To prevent this
possible false over-confidence, a flattening mapping G

G : fn−1

(
Θ|d(̊t)

)
→ f̂n(Θ) (4.46)

has to be used after each time of iteration, as a compromise between the following contradictory
requirements

• f̂n(Θ) resembles fn−1(Θ|d(̊t));

• f̂n(Θ) is flat enough. To serve for this purpose, a prototype of the flat distribution f̄(Θ)
is in use and the f̂n(Θ) is required to resemble it. Uniform pdf, even improper one, often
suits to be such a flattening alternative.

In each individual iterations, if we express the above requirements in terms of the KL distance
(2.7), then they lead to minimizing two KL distances simultaneously

• D
(
f̂ ||f

)

• D
(
f̂ ||f̄

)
.

Similarly to what we did in Section 4.1.1 for stabilized forgetting, a positive weight q can be
selected as a design parameter to control the compromise, then the desired pdf f̂ is found as a
minimizing argument of the functional

D
(
f̂ ||f̃

)
+ qD

(
f̂ ||f̄

)
, q > 0 (4.47)

which coincides with the geometric mean of the pair of pdfs

f̂ ∝ fΛf̄1−Λ with Λ = 1/(1 + q) ∈ (0, 1). (4.48)

In its repetitive form, it follows

f̂n(Θ) =

[
L(d(̊t), Θ)fn−1(Θ)

]Λn

[f̄(Θ)]1−Λn

∫ [
L(d(̊t)Θ)f(Θ)

]Λ
[f̄(Θ)]1−Λ dΘ

∝
[
L(d(̊t), Θ)fn−1(Θ)

]Λn

[f̄(Θ)]1−Λn . (4.49)

Here the non-negative power Λn ∈ (0, 1) is called flattening rate. The examination on the
influence of Λn and the specification of their value by means of asymptotic analysis can be
found in [35].

4.3.5 Iterative and Batch QB Estimations of ARX Mixtures

After the discussion on iterative construction of prior pdf with flattening in previous section,
here we shall illustrate iterative and batch uses of QB Method on the estimation of normal AR(X)

mixtures. The purpose of this section is threefold:

• To illustrate iterative use of the QB method with flattening.

Iterations and therefore flattening are extensively used in the QB estimation of mixtures.
In the design of the QB method, it is assumed that the estimate of mixture parameters Θ
is of a product form

f(Θ|d(t)) ∝
∏

p∈p∗
f(Θp|d(t))Diα(κp;t).
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The KL distance of a pair of such products is simply sum of KL distances between the
corresponding marginal pdfs creating the product. Consequently, the discussion of last
section can be applied to each of them with its specific weight and thus its specific Λn.

• To illustrate hybrid batch use of the QB Method.

The construction of the QB estimation implies that its results depend on the order in which
data are processed. Experiments have shown that this dependence may be significant. As
a hybrid of the quasi-Bayes and EM algorithms, an algorithm called batch QB estimation
(BQB) can be used to avoids this drawback.

The BQB estimation is used in iterative form with a very slow convergence. Compared
to iterative QB estimation, the difference is that in each iteration only new estimate of
δp,pt is updated while the other parameters preserve their values from previous iteration
without updating. Essentially, it estimates pointers to components within n-th iteration
by using approximation of pdfs of the mixture parameters that is fixed within the n-th
stage of the iterative search for the posterior pdf.

• To specify the QB method on the estimation of normal AR(X) mixtures.

If each parametric component in mixture is specified as a normal regression, it gives a
normal ARX finite mixture. So far, this type mixtures has become the most popular
option in the applications of mixtures. Estimation normal AR(X) mixtures is a typical direct
application of the QB method with the consideration on the Gauss-inverse-Wishart (GiW )
conjugate pdf of each individual components and numerically stable learning algorithms
based on L′DL decomposition.

Algorithm 4.3.2 (Iterative QB estimation algorithm of normal ARX mixtures)

Initial (off line) mode

• Select the stopping criterions, such as monitoring the increment of log-likelihoods with a
selected tolerance and checking the number of iterations

– Set a number N , the maximum number of iterations which is allowed in the iterative
estimation.

– Set the iteration counter n := 0;

• Select the structure of the mixture to specify the number of components np and the structure
of each component. The structure of each component here is determined by the structure
of the corresponding data vector Ψp.

• Select the prior pdfs f(Θp) of the individual parameterized components in the conjugate
GiW form,

f(Θp) = GiWθp,rp(Vpn;0, νpn;0) ≡ GiWθp,rp(Lpn;0, Dpn;0, νpn;0)

and specify the initial values Lpn;0, Dpn;0, νpn;0,

• Select prior pdfs of component weights α = [α1, · · · , αnp ] in the form of Dirichlet,

f(α) = Diα(κ)

and specify the initial values κp;0 > 0.



4.3 Mixture Estimation and Numerical Approximation 45

• Select forgetting factor λ ∈ (0, 1], a set of alternative pdfs fA(Θp) and fA(α) for stabilized
forgetting.

• Select a set of pre-prior pdfs, f̄(Θp) and f̄(α) to serve for flattening.

Iterative mode, running for n = 1, . . . , N.

1. Use the current prior pdf fn(Θ) = Diα(κn)
∏

p∈p∗ GiWθp,rp(Lpn;0, Dpn;0, νpn;0) in the fol-
lowing evaluations.

2. Set the likelihood value of the mixture, often natural logarithm likelihood (log-likelihood) is
used, ln;0 = 0.

Sequential mode, running for t = 1, 2, . . . , t̊.

(a) Compute the point estimates of the components weight

α̂pn;t−1 =
κpn;t−1∑

p̃∈p∗ κp̃n;t−1
.

(b) Acquire the data record dt.

(c) Calculate the value of the predictive pdf for each individual component, p ∈ p∗.

• Perform, for each individual component, a trial updating of the statistics by the
data vector Ψpn;t.

Vpn;t = Vpn;t−1 + Ψpn;tΨ′
pn;t,

νpn;t = νpn;t−1 + 1.

Note that here this updating uses neither stabilized forgetting nor the date weight-
ing. The partitioned L′DL decomposition of extended information matrix Vp;t are
updated and used.

• Determine the values the predictive pdfs by means of the above trial updates and
the formula (4.31)

f(yt|ut, d(t− 1), p) =
(2π)−0.5I(Lpn;t, Dpn;t, νpn;t)
I(Lpn;t−1, Dpn;t−1, νpn;t−1)

.

(d) Update log-likelihood value of the mixture

ln;t = ln;t−1 + ln


 ∑

p∈p∗
α̂pn,t−1fn(yt|ut, d(t− 1), p)


 .

(e) Compute the probabilistic weights wpn;t,

wpn;t =
α̂pn;t−1f(yt|ut, d(t− 1), p)∑

p̃∈p∗ α̂p̃n;t−1f(yt|ut, d(t− 1), p̃)
, p ∈ p∗.

(f) Update the scalars of the Dirichlet pdf

κpn;t = κpn;t−1 + wpn;t, p ∈ p∗.
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(g) Update Bayesian parameter estimates of different components, i.e., update the corre-
sponding statistics

Lpn;t−1, Dpn;t−1, νpn;t−1 → Lpn;t, Dpn;t, νpn;t.

The updating is equivalent to the weighted version of (4.28)-(4.29)

Vpn;t = λ(Vpn;t−1 + wpn;tΨpn;tΨ′
pn;t) + (1− λ)VApn;t, (4.50)

νpn;t = λ(νpn;t−1 + wpn;t) + (1− λ)νApn;t, (4.51)

Here λ is the forgetting factor and the statistics with the index of ”A” describe the
alternative pdf fA for stabilized forgetting.
Note that in the mixture context, slightly different from the LD updating of single
regression model of Section 4.2.2, a recursion of V = λV + βΨΨ′ type is used with
the positive scalar β being determined by both the forgetting factor λ and the weight
wpn;t.

(h) Evaluate, if need be, characteristics of the pdf f(Θpn|d(t)) describing other parameters
Θpn.

(i) Go to the beginning of Sequential mode while data are available, while t ≤ t̊.

3. Stop, if n ≥ n̊ or if the increment of log-likelihood ln;t is smaller than the given tolerance.

Otherwise,

• Select a flattening rate Λn and apply flattening operation on f(Θpn|d(̊t)) and f(αpn|d(̊t))
according to (4.49) for each individual components.

• Increase the iteration counter n := n + 1, set l̄ = ln;̊t, and go to the beginning of
Iterative mode.

Remarks 4.3.2

1. The predictive pdf could also be computed in its Student form. It makes sense only when
prediction errors are explicitly needed.

2. Although it may be worth to consider stabilized forgetting on the statistics κc;t with its
specific forgetting factor and alternative, this possibility is not currently used in our dis-
cussion.

The corresponding processing-order-independent batch QB estimation algorithm of normal
AR(X) mixtures can be described as follows. This algorithm uses Bayesian predictors for estimat-
ing the Kronecker symbol δp,pt . They, among other, respect uncertainty of the current estimates
of unknown parameters. Predictions become too cautious if this uncertainty is too high. It may
break down the algorithm completely. Knowing it, the remedy is simple. Essentially, predic-
tions used in the EM algorithm that ignore these uncertainties have to be used in several initial
iterative steps of the algorithm.

Algorithm 4.3.3 (Batch QB estimation algorithm of ARX mixture)

Initial mode Initial (off line) mode
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• Select the stopping criterions, such as monitoring the increment of log-likelihoods with a
selected tolerance and checking the number of iterations

– Set a number N , the maximum number of iterations which is allowed in the iterative
estimation.

– Set the iteration counter n := 0.

• Select the structure of the mixture to specify the number of components np. The structure
of each component is determined by the structure of the corresponding data vector Ψp.

• Select the prior pdfs f(Θp) of the individual parameterized components in the conjugate
GiW form,

f(Θp) = GiWθp,rp(Vpn;0, νpn;0) ≡ GiWθp,rp(Lpn;0, Dpn;0, νpn;0)

and specify the initial values Lpn;0, Dpn;0, νpn;0.

• Select prior pdfs of component weights α = [α1, · · · , αnp ] in the form of Dirichlet,

f(α) = Diα(κ)

and specify the initial values κp;0 > 0.

• Select forgetting factor λ ∈ (0, 1], a set of alternative pdfs fA(Θp) and fA(α) for stabilized
forgetting.

• Select another set pre-prior pdfs, f̄(Θp) and f̄(α) to serve for flattening.

• Make copies Lp;0 = Lpn, Dp;0 = Dpn, νp;0 = νpn and κp;0 = κpn.

• Set a maximum for the log-likelihood of the mixture l̄ = −∞.

Iterative mode, running for n = 1, . . . , N.

1. Use the current prior pdf fn(Θ) = Diα(κn)
∏

p∈p∗ GiWθp,rp(Lpn, Dpn, νpn) in the following
evaluations.

2. Set the initial log-likelihood of the mixture ln;0 = 0.

Sequential mode, running for t = 1, 2, . . . , t̊.

(a) Compute the point estimates of the components weight

α̂pn;t−1 =
κpn;t−1∑

p̃∈p∗ κp̃n;t−1
.

(b) Construct the data vectors Ψp;t.

(c) Compute the values of the predictive pdfs for components, with the data vectors Ψp;t

fn(yt|ψp;t, p) =
∫

f(yt|ut, d(t− 1), Θp, p)fn(Θp) dΘp

where the prior pdfs of the components GiWθp,rp(Lpn, Dpn, νpn), p ∈ p∗ are constant
during the time cycle.
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(d) Update the log-likelihood of the mixture

ln;t = ln;t−1 + ln


 ∑

p∈p∗
α̂pn;t−1fn(yt|ut, d(t− 1), p)


 .

(e) Compute the probabilistic weights wpn;t to approximate δp,pt as

wpn;t =
α̂pn;t−1fn(yt|ut, d(t− 1), p)∑

p̃∈p∗ α̂p̃n;t−1fn(yt|ut, d(t− 1), p̃)
.

(f) Update the statistics determining the posterior pdfs, evolving from copies of the prior
statistics Lp;0, Dp;0, νp;0 and κp;0

L′pn;tDpn;tLpn;t = λ(L′pn;t−1Dpn;t−1Lpn;t−1 + wpn;tΨp;tΨ′
p;t) + (1− λ)L′Apn;tDApn;tLApn;t

νpn;t = λ(νpn;t−1 + wpn;t) + (1− λ)νApn;t,

κp;t = κp;t−1 + wpn;t.

Here the updating is date weighted. λ is the forgetting factor and the statistics with
the index of ”A” describe the alternative pdf fA for stabilized forgetting.

(g) Go to the beginning of Sequential mode if t ≤ t̊. Otherwise continue.

3. Stop, if n ≥ n̊, or if the log-likelihood of the mixture does not increase ln;̊t < l̄ or the
increment of likelihood is smaller than the given tolerance.

Otherwise,

• Apply flattening operation on f(Θpn|d(̊t)) and f(αn|d(̊t)).

• Increase the iteration counter n := n + 1, set l̄ = ln;̊t, and go to the beginning of
Iterative mode.



Chapter 5

Bayesian Solution to ARMAX
Models with Known MA Part

In the last chapter, we recalled the existing Bayesian solutions of ARX model and its finite
mixtures. From now on in the following chapters, we come to discuss ARMA(X) model and
two types of its finite mixtures. This chapter recalls and reexamines Bayesian estimation and
prediction of ARMA(X) with known MA part, or more exactly the corresponding LD filters. It
makes the basis for the remaining discussion of later chapters.

Consider a SO normal ARMAX model in a regression form describing the relationships of a
(possibly multi-variate) external input ut to a scalar output yt,

yt = θ′ψt + vt, (5.1)

where ′ denotes transposition. The nψ-dimensional regressor ψt is a known function of ut and the
past data d(t− 1). The unknown parameter set θ describes the deterministic part of the model,
it is a vector with its dimension identical to nψ. vt = et +

∑nc
i=1 ciet−i is a colored stationary

noise of order nc, which is usually interpreted as a moving average defined on a sequence of
mutually un-correlated, zero-mean, Gaussian noise {et}. Thus its covariances

E [vtvt−i] = ri, for i = 0, 1, ..., nc,
= 0, for |i| > nc.

fulfill the following relation with the noise variance re,

ri = re

nc∑

k=i

cick−i, with c0 = 1.

The model is generally parameterized through the parameter set

Θ = {Θa, C},

with the AR(X) part of the model described by Θa = (θ, re) and the C-parameters of the model
are represented by an nc-dimensional vector C = [c1, · · · , cnc ].

It is well-known that there are some close relationships between ARMAX and ARX under
some conditions. Here we consider two of such cases:

• When we know the stochastic MA noise part of the model up to its covariances, either
ri, i = 1, ..., nc are directly known or both re and the C-parameters C are known.
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• When we know the MA part only up to its C-parameters. It means the noise variance re

is unknown and has to be estimated.

The discussion on Bayesian solutions of the ARMA(X) under the above two situations forms
the content of this chapter. The emphasis is put on the reexamination of the case where the MA

part is known only up to its C-parameters.
As mentioned in chapter 3, Delta models, an alternatively form of the ARMA models, may

appear to be numerically more robust and therefore more suitable for real-time computation
in adaptive and self-tuning control. The discussion of this chapter is based on ARMAX models.
However, it can be easily extended to the case of Delta description when necessary.

5.1 Known MA Part up to Noise Covariances

Under the assumption that the covariance matrix is known, Peterka [4] in 1981 showed that LD
factorization of the known noise correlation matrix of the model acts as an optimal, time-varying,
pre-whitening filter on the observed data. These results are recalled in this section.

5.1.1 LD Filter

Assume we know the covariances ri, i = 1, ..., nc directly or we know both noise variance re

and C-parameters, then, the ARMAX model (5.1) now is parameterized only by

Θ = θ (5.2)

and the covariance matrix Ω of the noise vt is Toeplitz matrix with its i-th sub- and super-
diagonals satisfying

Ωt,t±i = ri or Ωt,t±i = re

nc∑

k=i

cick−i, for i = 0, 1, · · · , nc and c0 = 1,

Let us consider its L′DL decomposition

Ω = LDL′,

where D = diag[D1, D2, . . . , Dt] is a diagonal matrix with positive diagonal elements Dτ , τ =
1, . . . , t, and L is a lower triangular matrix of the form

L =




1
L2,1 1

...
. . . . . .

Lnc−1,nc · · · Lnc−1,1 1
. . . · · · . . . . . .

Lt,nc · · · Lt,1 1




with its zero entries represented by the empty entries. The non-zero elements of L, D matrices
can be evaluated recursively as follows

D1 = r0, L2,1 = r1D
−1
1 , D2 = r0 − L2

2,1D1 (5.3)
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and for τ = 3, 4, .., and i = nc, nc − 1, ..., 1 with n = min(nc, τ)

Lτ,i =


ri −

n∑

k=i+1

Lτ,kDτ−kLτ−i,k−i


 D−1

τ−i, Dτ = r0 −
n∑

k=i+1

Lτ,kDτ−kLτ,k. (5.4)

these elements are the functions of either C-parameters and noise variance re or noise covariances
ri.

Using the above LD decomposition, Peterka showed the following relationships between
ARMAX model and ARX model.

Proposition 5.1.1 (Relationships of ARMAX with known covariances to ARX)
Consider a normal ARMAX model, if its noise covariance matrix is known, then the model is pa-
rameterized only by unknown parameters Θ = θ and the conditional probability density function
of its output yt can be expressed by

f(yt|ut, d(t− 1), θ) = (2πDt)
−0.5 exp

[
−(yt − µt)2

2Dt

]
= Nyt(µt, Dt) (5.5)

with

µt = θ′ψ̃t +
n∑

i=1

Lt,iỹt−i, n = min(nc, t).

The filtered data vector Ψ̃t = [ỹt, ψ̃
′
t]
′ is obtained by passing the observed data vector Ψt = [yt, ψ

′
t]
′

through the the pre-whitening filter

ỹt +
n∑

i=1

Lt,iỹt−i = yt, ỹ1 = y1, (5.6)

ψ̃t +
n∑

i=1

Lt,iψ̃t−i = ψt, ψ̃1 = ψ1. (5.7)

where the filter is determined by the L, D entries (5.3)–(5.4).

5.1.2 Estimation and Prediction

Since the covariances are known, a sufficient statistic of fixed dimension can be found both for
the estimated parameters and the predicted output. Hence its exact Bayesian solution of real-
time parameter estimation and prediction, possibly controlled in closed adaptive control loop,
can be obtained without loss of information. To apply the general Bayesian estimation and
prediction Proposition 2.1.3 on (5.5), Peterka proved the following proposition.

Proposition 5.1.2 (Bayesian estimation and prediction of ARMAX with known covariances)
Under natural conditions of control, see Definition 2.1.1, consider a normal ARMAX model. If

its covariances are known so that the model is parameterized only by Θ = θ, and if the prior pdf
of the unknown parameter θ is assumed in the normal form

f(θ|d(t− 1)) ∼ Nθ(θ̂t−1, Rθ;t−1),

then the normality is reproduced, so that

f(yt|ut, d(t− 1)) ∼ Nyt(ŷt, Ry;t),

f(θ|d(t)) ∼ Nθ(θ̂t, Rθ;t).



5.2 Known MA Part up to C-parameters 52

Here the following algebraic recursion holds for the conditional expectations ŷt and the covari-
ances Ry;t, Rθ;t

ŷt = ψ̃′tθ̂t−1 +
n∑

i=1

Lt,iỹt−i, n = min(nc, t) (5.8)

Ry;t = Dt + ψ̃′tRθ;t−1ψ̃t (5.9)

θ̂t = θ̂t−1 + Kt(ỹt − ψ̃′tθ̂t−1) (5.10)
Kt = Rθ;t−1ψ̃tR

−1
y;t = Rθ;tψ̃

′
tD

−1
t (5.11)

Rθ;t = Rθ;t−1 −Rθ;t−1ψ̃tR
−1
y;t ψ̃tRθ;t−1 (5.12)

Thus, the overall algorithm for the real-time estimation of the parameter θ and for the one-step-
ahead prediction of output yt is obtained when the recursions (5.8)–(5.12) are supplemented
with the recursive updating of the L, D entries (5.3)–(5.4) and the data filtering by (5.6)–(5.7).

5.2 Known MA Part up to C-parameters

Now let us consider a more general situation where only C-parameters of the ARMA(X) model
are known. Can we still achieve the optimal prefiltering using LD factorization?

With an introduced canonical state-space representation of ARMA model (Delta model),
Peterka developed the algorithm for recursive joint estimation of the rest unknown parameters
and the state in [6, 7]. To address the problem of estimating/searching unknown C-parameters
later, it may be more convenient for us to reexamine the results here based on regression form
of ARMA model and to clarify a few related issues.

5.2.1 Extended LD Filter

If the MA part of the model is known only up to its C-parameters C = [c1, · · · , cnc ], then the
noise variance re has to be estimated and an ARMAX model is parameterized by a pair

Θa = (θ, re). (5.13)

Meanwhile, we find it is convenient to introduce a matrix S as

St,t±i = si, for i = 0, 1, · · · , nc (5.14)

with si =
∑nc

k=i cick−i. This leads to

Ωt,t±i = resi for i = 0, 1, · · · , nc

here the relation ri = resi is used.
Consequently, the covariance matrix Ω can be re-written in term of S

Ω = reS.

Clearly, when only C-parameters are known, we know the covariance matrix Ω only partially up
to the matrix S. For this reason we call it partial covariance matrix.

Let us apply LDL′ decomposition to this partial covariance matrix S

S = LDL′,
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where L is a lower triangular matrix and D = diag[D1, D2, . . . , Dt] is a diagonal matrix with
positive diagonal elements Dτ , τ = 1, . . . , t. The non-zero elements of L, D matrices are the
functions of C-parameters and can be evaluated recursively in a similar way as that of the
previous section

D1 = s0, L2,1 = s1D
−1
1 , D2 = s0 − L2

2,1D1 (5.15)

and for τ = 3, 4, .., and i = nc, nc − 1, ..., 1 with n = min(nc, τ)

Lτ,i =


si −

n∑

k=i+1

Lτ,kDτ−kLτ−i,k−i


 D−1

τ−i, Dτ = s0 −
n∑

k=i+1

Lτ,kDτ−kLτ,k. (5.16)

Note that in contrast to the last section where the elements of the filter are determined by the
covariances, here they are functions of only the C-parameters.

With this decomposition, the similar derivation to that of the last section leads to the
conclusion that the conditional pdf of output yt is a normal one like (5.5) with some slight
changes.

Proposition 5.2.1 (Relationship of ARMAX with known C-parameters to ARX)
Consider a normal ARMAX model. If only C-parameters of its color noise are known, then the
model is parameterized by Θa = (θ, re) and the conditional probability density function (pdf) of
its output yt can be expressed in a normal form as follows

f(yt|ut, d(t− 1), Θa) = (2πreDt)
−0.5 exp

[
−(yt − µt)2

2reDt

]
= Nyt(µt, reDt), (5.17)

where

µt = θ′ψ̃t +
n∑

i=1

Lt,iỹt−i,

with n = min(nc, t) and

ỹt +
n∑

i=1

Lt,iỹt−i = yt, ỹ1 = y1,

ψ̃t +
n∑

i=1

Lt,iψ̃t−i = ψt, ψ̃1 = ψ1. (5.18)

where the filtered ARX model is parameterized by the unknown parameters Θa = (θ, re) and acts
on the filtered data vector Ψ̃t = [ỹt, ψ̃

′
t]
′. Note that the entries of L, D now are determined by

the LDL′ decomposition of the partial covariance matrix S.

5.2.2 Estimation and Prediction

If we define the filtered data Ψ̃ after a scaling as follows

˜̃Ψt =

[
ỹt√
Dt

ψ̃′t√
Dt

]′
, (5.19)
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then, the conditional probability density function of output yt (5.17) can be equivalently reex-
pressed in terms of ˜̃Ψt

f(yt|ut, d(t− 1), Θa) = (2πre)−0.5D−0.5
t exp

{
− 1

2re
tr

(
˜̃Ψt

˜̃Ψ
′
t[−1, θ′]′[−1, θ′]

)}
. (5.20)

It has the following correspondence to the exponential family (4.7)

f(yt|ut, d(t− 1), Θa) = A(Θa)D(Ψt) exp [〈B(Ψt), C(Θa)〉] (5.21)

with
A(Θa) ≡ r−0.5

e , D(Ψt) ≡ (2πDt)−0.5,

B(Ψt) ≡ ˜̃Ψt
˜̃Ψ
′
t, C(Θa) ≡ 2r−1

e [−1, θ′]′[−1, θ′], 〈B,C〉 ≡ tr[B′C].

Here B(Ψt) is a function of Ψt and indirectly expressed in term of ˜̃Ψt. D−0.5
t is a function of

known C-parameter and determined by the LD factorization of the known partial covariance
matrix. Strictly speaking, such a time-varying variable is not a standard item of D(Ψt) in
our definition of the exponential family (4.1.1). It, however, is important to note that D−0.5

t

will make no influence on the parameter estimation and will enter the prediction independently
without involving in the rest calculation. This observation suggests that we can still select a
conjugate prior for the parameters Θa = (re, θ) in the form of GiW pdf (4.17).

Obviously, applying the above proposition into the Proposition 4.1.2 of estimation and pre-
diction in exponential family, it follows

Proposition 5.2.2 (Bayesian estimation and prediction of ARMAX with known C-parameters)
Under natural conditions of control, Definition 2.1.1, consider the normal ARMAX model. If we
assume that the C-parameters are known, then the model is parameterized by Θa = (θ, re). If
the extended LD filter (5.15)-(5.16) is used:

i) The conditional probability density function (pdf) of output yt is equivalently expressed as

f(yt|ut, d(t− 1), Θa) = (2πre)−0.5D−0.5
t exp

{
− 1

2re
tr

(
˜̃Ψt

˜̃Ψ
′
t[−1, θ′]′[−1, θ′]

)}
,

and a conjugate prior and a conjugate alternative can be selected in the GiW form (4.17)

f(Θ) = GiWΘ(V0, ν0) and fA(Θ) = GiWΘ(VA;t, νA;t)

with a forgetting rate λ (see Section 4.1.1).
ii) The Bayesian posterior pdf of parameter then remains in the GiW form GiWΘ(Vt, νt),

with its sufficient statistics evolving according to the recursions

Vt = λ

(
Vt−1 + ˜̃Ψt

˜̃Ψ
′
t

)
+ (1− λ)VA;t, V0 given (5.22)

νt = λ(νt−1 + 1) + (1− λ)νA;t, ν0 > 0 given. (5.23)

iii) The values of predictive pdf are evaluated as the ratio

f(yt|ψt, d(t− 1)) =
(2π)−0.5D−0.5

t I
(

Vt−1 + ˜̃Ψt
˜̃Ψ
′
t, νt−1 + 1

)

I(Vt−1, νt−1)
, (5.24)
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where the integrals I(V, ν) = I(L,D, ν) can be computed by the formula (4.23) with the filtered
data ˜̃Ψt. Dt is is the function of the C-parameters and determined by the LDL′ decomposition
of the partial covariance S.

One-step prediction of the output yt can be evaluated directly by the formula

ŷt = θ̂′ψ̃t +
n∑

i=1

Lt,iỹt−i, n = min(nc, t),

where Lt,i is the the function of the C-parameters and determined by the LDL′ decomposition
of the partial covariance S.

Note that here two kinds of LD decomposition are involved in the estimation and prediction:
One is the L′DL decomposition of extended information matrix V to avoid the induced numerical
troubles in the estimation, while the other one is the LDL′ decomposition of the partial covariance
matrix S to prefilter data.

In summary, compared to the last section, our extension here is able to cope with a more
general case by estimating the unknown noise variance as well. Meanwhile, a wider set of
unknown parameters including noise variance leads to a different choice of prior from that of
the last section.

5.3 Some Properties of LD type Filters

In the previous sections, we described the LD type filters to provide real-time Bayesian estimation
of the ARMA(X) model when the MA part is known. Here we discuss some of their properties
which are vital when addressing the case with unknown C-parameters later on.

As we have showed above, LD factorization of the known (patrial) covariance matrix acts as
an optimal, time-varying, pre-whitening filter on the observed data:

• The main power of the LD filters is that they impose no restriction on the stability of the
C-polynomial.

– The time-evolution of the LD type filters actually provides a sort of spectral factor-
ization of the polynomial product

C(z)reC
′(z−1),

where C(z−1) = 1 + c1z
−1 + · · · + cnz−nc is the C-polynomial in the backward shift

operator z−1. Thus the pre-whitening made by this filter does not depend on the
stability of the polynomial C(z−1) so that it is able to cope with all kinds of roots:
strictly stable, close to the boundary, at the stability boundary and strictly unstable.
The factorization converges relatively fast. [36] showed that if there are no roots on
the unit circle, it converges geometrically.
The often used filters, such as a stable inverse (spectral factor) imposes stability
restrictions. For a given canonical state representation, Peterka showed that the esti-
mation of main parameters and the state is algorithmically simpler and numerically
more robust than the standard Kalman filter.
It is showed by Aasnaes and Kailath [37] that the often used predictor with Lt,i = L∞,i

doesn’t produce optimal predictions (not even asymptotically) if the roots of the
polynomial C(z−1) lie on the unit circle and the convergence to the optimality may
be very slow if the roots are close to the unit circle.
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– For a given C-polynomial C(z−1), for growing t,

∗ the diagonal elements of D converge monotonically. One of our interesting ob-
servation of the convergence of Dt is that: D∞ = 1 as long as all roots strictly
insides the unit circle, otherwise D∞ ≥ 1.

∗ the time-varying entries Lt,i of the triangular matrix L (5.1.1) converge

Lt,i → c̃i, t →∞, i = 1, · · · , nc

these limits define a polynomial C̃

C̃(z−1) = 1 + c̃1z
−1 + · · ·+ c̃ncz

−nc .

If the given C-polynomial C(z−1) has all its roots outsides or on the unit circle,
the relation between it and C̃(z−1) holds

C̃(z−1) =
1
c0

C(z−1)

when there are some roots lying on the unit circle, this convergence goes from
the outsides of the unit circle. If the given C-polynomial C(z−1) has some roots
to be insides the unite circle, then

C̃(z−1) is the stable reflection of C(z−1) with the guaranteed stability
Thus asymptotically for t →∞, the LD factorization produces the coefficients of
the stable reflection of the C-polynomial and ensure the stability of the optimal
filters even when this C-polynomial has some unstable roots.

• The uncertainties of unknown parameters are under the control, Bayesian structure esti-
mation of the ARX part can be used [5], etc.

• The evaluation of the filter is computationally inexpensive.

In SO cases, it is sufficient to only store n2
c + 2nc + 1 scalars at each time instant in the

recursive evaluations of the extended LD filter, namely n2
c + nc elements for the lower

triangular matrix L and nc + 1 diagonal elements for the matrix D.

• Real-time Bayesian estimation of the ARX part can be provided using the filtered data.

One important fact has to be emphasized here is that:

Consider two situations in the estimation, one case where the given C-polynomial has some
unstable roots while alternatively when it is its stable reflection that is given.

Then, as showed earlier, the obtained estimates of noise covariances ri are finally identical
in both cases. But they do produce different estimates of noise variance re.

Knowing these facts helps us to avoid unnecessary difficulties in general cases. However,
we shall show one case later where the difficulties created by such a simple difference may
become not trivial any more. It is detailed studied later in Chapter 6 and Chapter 7.

• The C-parameters of MA term have to be considered as time varying, i.e., the filter is time-
varying, even when the covariances are time-invariant. The variations are data independent
and driven only by the time-invariant C-parameters. This variations hinder the attempts
to estimate the unknown C-parameters recursively. Moreover, they make evaluation of
derivatives of the related likelihood function at least impractical.



Chapter 6

Bayesain Solutions and Modelling
Properties of ARMAX Mixtures

The optimal LD filters, as shown in the last chapter, lead to a real-time Bayesian estimation of
the AR(X) part and imposes no restriction on the stability of the MA part, if an ARMA(X) is known
up to its MA Part. Based on the extended LD filter, this chapter presents an investigation on
the two types ARMA(X) finite mixtures, which were introduced and described in Chapter 3:

The MARMAX model (3.20), a natural mixture generalization of the linear ARMA(X) with
each of its component f(yt|ut, d(t− 1), Θa, Cp), p ∈ p∗ described by one ARMA(X),

f (yt|ut, d(t− 1), Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1), Θa,p, Cp, p), (6.1)

which is parameterized by the parameter set

Θ ≡ {Θa, Θc, α},

with Θa ≡ {Θa,p}np

p=1, Θc ≡ {Cp}np

p=1, α ≡ [α1, · · · , αnp ]. Here the mixing weights α satisfy
αp ≥ 0, p = 1, · · · , np,

∑np

p=1 αp = 1. The parameters Θa,p = {θp, re,p} and Cp = [cp,1, · · · , cp,nc ]
describe the ARX part and the C-parameters of the p-th components, respectively.

The ARMMAX model (3.22), a special mixture of ARMAX having a common deterministic
ARX part in all ARMAX components while the characteristics of the stochastic noise parts vary,

f (yt|ut, d(t− 1), Θ) =
np∑

p=1

αpf(yt|ut, d(t− 1),Θa, Cp, p), (6.2)

which is parameterized by the parameter set

Θ ≡ {Θa, Θc, α}.

Here, in contrast to the MARMAX model, all ARX parts of the ARMMAX model are described by
a single common parameter set

Θa = {θ, re}. (6.3)

Our discussion focuses on a few properties of these two mixtures and develops their efficient
Bayesian estimations and predictions when the C-parameters of the models are known.
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6.1 Relationships to ARMAX models

It is no doubt that the MARMAX model is richer than a single ARMAX model. What about then
the role of the ARMMAX model in system description?

The ARMMAX model describes well the cases when the common ARX part has a physical
meaning of interest while characteristics of the stochastic disturbances may vary. Thus, it is
more flexible than a single ARMAX model by providing more freedom in describing stochastic
part of the input-output relationship.

It is not only intuitively obvious but also can be shown formally as follows.

Proposition 6.1.1 (Moments of ARMMAX model) For an ARMMAX model with a given
selection of C-parameters Θc = {Cp}p∈p∗, an equivalent single ARMAX model exists in terms of
the first moment. The equivalence does not hold with respect to variance.

Proof: Results are implied by the mixture definition, the linearity of the expectation and the identity
E

[
y2

]
= var[y] + E2[y].

For simplicity, the proof is presented with np = 2. For a 2-component ARMMAX, the mixing
weights are

α = [α1, α2], with α2 = 1− α1,

and a pair extended LD filters, determined by Θc = {C1, C2} and (5.15)-(5.16), generate the filtered
data

Ψ̃p;t = [ỹt, ψ̃
′
p;t]

′, p ∈ {1, 2}.
Then, the corresponding conditional expectation E[·|·] and variance var[·|·] of the output yt are

E [yt|ut, d(t− 1),Θ] = α1

(
θ′ψ̃1;t + ∆1;t

)
+ α2

(
θ′ψ̃2;t + ∆2;t

)
(6.4)

= θ′
(
α1ψ̃1;t + α2ψ̃2;t

)
+ α1∆1;t + α2∆2;t,

var [yt|ut, d(t− 1),Θ] = α1α2

[
θ′

(
ψ̃1;t − ψ̃2;t

)
+ ∆1;t −∆2;t

]2
+ (6.5)

+re (α1D1;t + α2D2;t) .

where ∆p;t =
∑n

i=1 Lt,iỹt−i, n = min(nc, t), p ∈ {1, 2}, c.f. Proposition 5.2.1.
Smooth dependence of the filtered data vectors on the Θc implies that an equivalent single

ARMAX model in terms of the first moment exists with its C-parameters being a convex combination
of the C1 and C2. Clearly, the equivalence can not be found with respect to variance, since the
dependence of the conditional variance on data cannot be neglected.

6.2 Estimation and Prediction of ARMAX Mixtures with Known
C-parameters

The possibility to use the ARMAX mixtures is supported by the LD filters and the QB mixture
estimation algorithms described in previous chapters. They throw light on how to estimate the
MARMAX and ARMMAX when the C-parameters are known.

Before starting the discussion, it is worthwhile to state an important fact we rely on: If
assume

• the normality of the models,
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• C-parameters of MA parts Θp ≡ {Cp}p∈p∗ are fixed.

Then, individual components of the ARMAX mixtures can be pre-whitened and represented by
filtered regressions.

Specifically, each component of the MARMAX (3.20), say the p-th component, can be de-
scribed by the filtered regression

f(yt|ut, d(t− 1), Θa,p, Cp, p) = Nỹp;t(θ
′
pψ̃p;t, re,pDp;t), p ∈ p∗,

while that of the ARMMAX (3.22) can be described by

f(yt|ut, d(t− 1), Θa, Θc, p) = Nỹp;t(θ
′ψ̃p;t, reDp;t), p ∈ p∗.

In both cases, with its advantages stated in the Chapter 5, the extended LD filters are used for
the pre-whitening. The filtered data ψ̃p;t and the LD decomposition factors such as Dp;t are
functions of the known C-parameters.

With this fact, two extended Quasi-Bayes algorithms are developed here for the estimations
of normal MARMAX model and normal ARMMAX model, respectively. For simplicity, we only
give the basic description of the algorithms without the consideration of their iterative and batch
versions, although they are necessary and important in practical use. The discussion on these
two versions QB estimations for ARX mixtures in Section 4.3.5 shows clearly their essence and
can be easily extended and applied on the ARMAX mixtures. For the same reason, the algorithms
are described to the level of components without the consideration of factors. They could be
extended to the treatment of factor level using the complement of Appendix B.

6.2.1 QB Estimation and Prediction of MARMAX Models

Based on the extended LD filters and therefore the filtered regressions, it is easy to extend the
QB mixtures estimation of Section 4.3, in particular the QB estimation of normal ARX mixture
Section 4.3.5, to provide the estimation of the MARMAX as follows.

Proposition 6.2.1 (QB estimation of MARMAX model with known C-parameters)
Consider the MARMAX model (3.20) and assume that its C-parameters Θc ≡ {Cp}np

p=1 are known.
i) Let us introduce unobserved discrete random pointers pt, t ∈ t∗ to label the active component

at each time instant t and assume it takes the value p ∈ p∗ ≡ {1, . . . , np} with the probability αp.
Then, considering the pointer pt together with the observed data dt leads to the joint pdf

f(yt, pt|ut, d(t− 1), Θ) =
∏

p∈p∗
[αpf(yt|ut, d(t− 1), Θa,p, Cp, p)]δp,pt , (6.6)

with its marginal pdf f(yt|ut, d(t − 1), Θ) describing the MARMAX mixture. Θa,p = {θp, re,p}
describes the unknown AR(X) part of the p-th component in the mixture. δ is the Kronecker
function.

ii) If normality is assumed, then each of its components can be described by the filtered
regression

f(yt|ut, d(t− 1),Θa,p, Cp, p) = Nỹp;t(θ
′
pψ̃p;t, re,pDp;t), p ∈ p∗ (6.7)

using the filter (5.15)-(5.16) determined by the LDL′ decomposition of the corresponding known
partial covariance matrix. The filtered data vector Ψ̃p;t=[ỹp;t, ψ̃

′
p;t]

′ is generated by means of
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(5.18). Dp;t is the t-th diagonal element of the matrix Dp, here the Dp is the diagonal matrix
from the L′DL decomposition of the patrial covariance matrix of the p-th component.

Consequently, the joint (6.6) pdf can be specified as

f(yt, pt|ut, d(t− 1), Θ) =
∏

p∈p∗

[
αptNỹp;t

(
θ′pψ̃p;t, re,pDp;t

)]δp,pt
. (6.8)

iii) Under the natural condition of control, Definition 2.1.1, let us take the conjugate priors
of the mixing weights f(α) and the parameters of individual components f(Θa,p) in the Dirichlet
form and the GiW form, respectively

f(Θa,p|d(t− 1), Cp) = GiWΘa,p(Vp;t−1, νp;t−1), p ∈ p∗

f(α|d(t− 1),Θc) = Diα(κt−1).

Moreover, let us assume the pdf of all unknown parameters be of the product form

f(Θa, α|d(t− 1), Θc) ∝
∏

p∈p∗
GiWΘa,p(Vp;t−1, νp;t−1)Diα(κp;t−1) (6.9)

and approximate the Kronecker δp,pt by its conditional expectation wp;t,

wp;t ≡ E [δp,pt |d(t), Θc] =
κp;t−1f(yt|ut, d(t− 1), p)∑

p̃∈p∗ κp̃;t−1f(yt|ut, d(t− 1), p̃)
, p ∈ p∗. (6.10)

Then, a posteriori pdf of the whole mixture in time instant t preserves in the same product
form as (6.9). Here a posteriori pdf of its p-th component is expressed by

f(Θa,p|d(t),Θc) ∝
[
f(yt|ψ̃p;t, Θa,p, p)

]wp;t

GiWΘa,p(Vt−1, νt−1), p ∈ p∗ (6.11)

with the associated statistics being updated according to the recursions

Vp;t = Vp;t−1 + wp;t
˜̃Ψp;t

˜̃Ψ
′
p;t, νp;t = νp;t−1 + wp;t. (6.12)

Meanwhile, a posteriori Dirichlet pdf of the mixing weights α is given by its updated statistics

κp;t = κp;t−1 + wp;t. (6.13)

The estimation uses the filtered data after a normalization ˜̃Ψp;t = Ψ̃′p;t√
Dp;t

(5.19).

The predictive pdfs of each component is of Student form and its value can be calculated by

f(yt|ut, d(t− 1), p) =
(2πDp;t)−0.5 I

(
Vp;t−1 + ˜̃Ψp,t

˜̃Ψ
′
p;t, νp;t−1 + 1

)

I(Vp;t−1, νp;t−1)
, p ∈ p∗ (6.14)

where the same type of integrals I(V, ν) (4.23) is used. Dp;t−1 is the function of the C-parameters
and determined by the LDL′ decomposition of the corresponding partial covariance matrix.

Proof: The first statement is directly implied by marginalization over pt. The second statement is
based on the pre-whitening by the extended LD filters.

With them, to apply Bayes rule, c.f. (2.6) under the natural conditions of control, Definition
2.1.1, it leads to the the exact updating with the unknown value δp,pt .
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To preserve a posteriori pdf of the parameters in the desirable product form, we approximate
δp,pt by its expectation wp;t using marginalization over Θa and α. Here, the facts are exploited that
the predictive pdf of each component is of a Student type (4.30) and the elementary property of
Dirichlet pdf Diα(κ) stating that E[αp|κ] ∝ κp.

The above estimation proposition leads to the following algorithm,

Algorithm 6.2.1 (MARMMAX-QB algorithm)

Off line (initial) mode

• Require the C-parameters of the model Θc = {Cp}p∈p∗ to be given in some way.

• Select structure of the mixture by specifying

– the number of components np.
This number also determines the number of filters needed.

– the structure of each individual component.
It means to determine the structure of the ARX part by the corresponding data vector,
the structure of the MA part by its order nc and the structure of C-polynomial.

• Select the prior pdfs f(Θa,p) of each parameterized component in the conjugate form

f(Θa,p) = GiWΘa,p(Vp;0, νp;0) ≡ GiWΘa,p(Lyψp;0, Lψp;0, Dyp;0, Dψp;0, νp;0), p ∈ p∗

with the corresponding specified initial statistics values Lyψp;0, Lψp;0, Dyp;0, Dψp;0, νp;0.

• Select prior pdfs of component weights in the conjugate Dirichlet form

f(α) = Diα(κ0),

with the specified initial values κp;0 > 0.

• Select forgetting factor λ ∈ (0, 1], a set of alternative pdfs fA(Θp) and fA(α) in conjugate
forms for stabilized forgetting.

• Specify the initial values of np extended LD filters defined by (5.15)-(5.16) for prewhitening.

On line (sequential) mode

1. Evaluate the point estimates the mixing weights αp based on data d(t− 1),

α̂p;t−1 ≡ E [αp|d(t− 1)] =
κp;t−1∑

p̃∈p∗ κp̃;t−1
.

2. Acquire the new data item dt.

3. Run np LD filters (5.15)-(5.15) (in parallel) to generate the filtered data ˜̃Ψp;t, according
to (5.19).

4. Calculate the value of the predictive pdf for each individual components:
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• Perform a trial updating of the corresponding statistics,

Vp;t = Vp;t−1 + ˜̃Ψp,t
˜̃Ψ
′
p;t, p ∈ p∗

νp;t = νp;t−1 + 1.

Here neither stabilized forgetting nor date weighting is used. The partitioned L′DL
decomposition of extended information matrix Vp;t has to be used for the sake of
numerical stability, see Section 4.2.2,

Lp;t−1, Dp;t−1, νp;t−1 → Lp;t, Dp;t, νp;t.

• Determine the values of the predictive pdfs, using the above trial updates and the
formula (6.14).

5. Compute the probabilistic weights wp;t, using (6.10).

6. Update a posteriori pdf f(α|d(t)) of mixing weights, i.e., update the scalars κp;t, using
(6.13).

7. Update a posteriori pdf f(Θa,p|d(t)) of each individual components, i.e., update the corre-
sponding statistics, using the recursions (6.12).

Here, the filtered data vector is weighted by wp;t in the updating. The L′DL decomposition
of the extended information matrix

Lp;t−1, Dp;t−1, νp;t−1 → Lp;t, Dp;t, νp;t, p ∈ p∗

has to be used again.

8. Evaluate, if need be, the characteristics of f(Θa,p|d(t)) describing other parameters.

For instance, the point estimates of the Θa,p ≡ [θa,p, re,p], according to (4.32)–(4.34).

9. Repeat the sequential mode, when t ≤ t̊.

6.2.2 QB Estimation and Prediction of ARMMAX Models

With the restriction that there is a common ARX part in all components, the estimation of
ARMMAX model is relatively simpler than that of MARMAX mode and requires less computation.

Proposition 6.2.2 (QB estimation of ARMMAX model with known C-parameters)
Consider the ARMMAX model (3.22) and assume that its C-parameters Θc ≡ {Cp}np

p=1 are known.
i) Introduce unobserved discrete random pointers pt, t ∈ t∗ to label the active component at

each time instant t and assume it takes the value p ∈ p∗ ≡ {1, . . . , np} with the probability αp.
Then, there is the joint pdf of the unobserved pointer pt and the observed data dt

f(yt, pt|ut, d(t− 1), Θ) =
∏

p∈p∗
[αpf(yt|ut, d(t− 1), Θa, Cp, p)]δp,pt (6.15)

Its marginal pdf f(yt|ut, d(t − 1), Θ) is described by the ARMMAX model. Θa = {θ, re} is the
parameters set describing the common unknown AR(X) part of all components.
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ii) If normality is assumed, then each of its components can be described by the filtered
regression

f(yt|ut, d(t− 1), Θa,Θc, p) = Nỹt(θ
′ψ̃p;t, reDp;t), p ∈ p∗ (6.16)

using the filter (5.15)-(5.16) determined by the LDL′ decomposition of the corresponding known
partial covariance matrix. The filtered data vector Ψ̃p;t=[ỹp;t, ψ̃

′
p;t]

′ is therefore generated by
means of (5.18). Dp;t is determined by the extended LD filters.

Consequently, the joint pdf (6.15) can be specified as

f(yt, pt|ut, d(t− 1), Θ) =
∏

p∈p∗

[
αpNỹt

(
θ′ψ̃p;t, reDp;t

)]δp,pt
. (6.17)

iii) Under the natural condition of control, Definition 2.1.1, let us take the conjugate priors
of the mixing weights f(α) and the common pdf f(Θa) of all components in the Dirichlet form
and the GiW form, respectively

f(Θa|d(t− 1), Θc) = GiWΘa(Vt−1, νt−1), p ∈ p∗

f(α|d(t− 1), Θc) = Diα(κp;t−1),

Moreover, assume the pdf of all unknown parameters be of the product form

f (Θa, α|d(t− 1), Θc) = GiWΘa(Vt−1, νt−1)Diα(κt−1). (6.18)

Then, it holds

f(Θa, α, pt|d(t), Θc) = (6.19)

= GiWΘa


Vt−1 +

∑

p∈p∗
δp,pt

˜̃Ψp;t
˜̃Ψ
′
p;t, νt−1 + 1


 Diα


κt−1 +

∑

p∈p∗
δp,pt [0, . . . , 0︸ ︷︷ ︸

p−1

, 1, 0, . . .]′


 .

If we approximate δp,pt by its expectation wp;t ≡ E [δp,pt |d(t),Θc]

wp;t =
κp;t−1f(yt|ut, d(t− 1), p)∑

p̃∈p∗ κp̃;t−1f(yt|ut, d(t− 1), p̃)
(6.20)

∝ I
(

Vt−1 + ˜̃Ψp;t
˜̃Ψ
′
p;t, νt−1 + 1

)
(κp;t−1 + 1).

Then, a posteriori pdf of the parameters at time instant t is preserved in the same product form
as (6.18), with the associated statistics updated according to the recursions

Vt = Vt−1 +
∑

p∈p∗
wp;t

˜̃Ψp;t
˜̃Ψ
′
p;t, νt = νt−1 + 1, (6.21)

κp;t = κp;t−1 + wp;t, p ∈ p∗ (6.22)

with the filtered data after a normalization ˜̃Ψp;t = Ψ̃′p;t√
Dp;t

(5.19). They describe the Quasi-Bayes

estimation of the ARMMAX model.
The predictive pdfs of each component is of Student form and its value can be calculated by

f(yt|ut, d(t− 1), Θc, p) =
(2πDp;t)−0.5 I

(
Vt−1 + ˜̃Ψp,t

˜̃Ψ
′
p;t, νt−1 + 1

)

I(Vt−1, νt−1)
, p ∈ p∗ (6.23)

where the same type of integrals I(V, ν) (4.23) is used. Dp;t−1 is the function of the C-parameters
and determined by the LDL′ decomposition of the corresponding partial covariance matrix.
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Proof: The proof can be carried out similarly to that of Proposition 6.2.1, with the attention paid
on the influence of the assumption that all components have the the common ARX part parameters.

The assumption implies that a single extended information matrix Vt and a scalar νt are updated
in the estimation for all components by means of (6.21), instead of updating the statistics for each
component individually. Consequently, the predictive pdf of each component (5.19) may not only
determined by the corresponding Cp but also by the others C-parameters Θc.

The above proposition of the estimation leads to the following algorithm,

Algorithm 6.2.2 (ARMMAX-QB algorithm)

Off line (initial) mode

• Require the C-parameters of the model Θc = {Cp}p∈p∗ to be given in some way.

• Select structure of the mixture by specifying

– the number of components np.
This number also determines the number of filters needed.

– the structure of each individual component.
It means to determine the structure of the ARX part by the corresponding data vector,
the structure of the MA part by its order nc and the structure of C-parameters.

• Select the prior pdfs f(Θa) for all parameterized components in the conjugate form

f(Θa) = GiWΘa(V0, ν0) ≡ GiWΘa(Lyψ;0, Lψ;0, Dy;0, Dψ;0, ν0),

with the corresponding specified initial statistics values Lyψ;0, Lψ;0, Dy;0, Dψ;0, ν0.

• Select prior pdfs of component weights in the conjugate Dirichlet form

f(α) = Diα(κ0)

with the specified initial values κp;0 > 0.

• Select forgetting factor λ ∈ (0, 1], a set of alternative pdfs fA(Θp) and fA(α) in the conju-
gate forms for stabilized forgetting.

• Specify the initial values of np extended LD filters defined by (5.15)-(5.16) for prewhitening.

On line (sequential) mode

1. Evaluate the point estimates the mixing weights αp based on data d(t− 1),

α̂p;t−1 ≡ E [αp|d(t− 1)] =
κp;t−1∑

p̃∈p∗ κp̃;t−1
.

2. Acquire the new data item dt.

3. Run np LD filters (5.15)-(5.15) (in parallel) to generate the filtered and scaled data ˜̃Ψp;t,
according to (5.19).
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4. Calculate the values of the predictive pdfs for each individual component:

• Perform a trial updating of the statistics for each individual component, p ∈ p∗,

Vp;t = Vt−1 + ˜̃Ψp,t
˜̃Ψ
′
p;t.

νp;t = νt−1 + 1.

Here neither stabilized forgetting nor date weighting is used. The partitioned L′DL
decomposition of extended information matrix Vp;t has to be used for the sake of
numerical stability, see Section 4.2.2

Lt−1, Dt−1 → Lt, Dt,

• Determine the values the predictive pdfs by means of the above trial updates and the
formula (6.23).

5. Compute the probabilistic weights wp;t using (6.20).

6. Update a posteriori pdf f(α|d(t)) of mixing weights, i.e., update the scalars κp;t using
(6.22).

7. Update a posteriori pdf f(Θ|d(t)) of the common AR(X) part, i.e., update the corresponding
common statistics, using the recursions (6.21)-(6.22).

Here, the filtered data is weighted by wp;t to update a single set Vt, νt for all components.
The L′DL decomposition of the extended information matrix

Lt−1, Dt−1, νt−1 → Lt, Dt, νt,

has to be used again.

8. Evaluate, if need be, the characteristics of f(Θa|d(t)) such as the point estimates of the
common parameter Θa ≡ [θa, re], according to (4.32)–(4.34).

9. Repeat the sequential mode, when t ≤ t̊.

Remarks 6.2.1

1. The predictive pdf is the key element needed both in the QB-MARMAX estimation and the
QB-ARMMAX estimation. Being convenient for evaluation of likelihood function, the ratio
(4.31) is used to compute their values. However, when prediction errors are explicitly
needed, it may be also advantageous to directly use the expression of the Student form
(4.30).

2. The MARMAX-QB and ARMMAX-QB estimations require feasible computational load which
is close to several recursive least-squares estimations. The computational burden increases
linearly with the number of components np.

3. Similarly to the last chapter, two kinds of LD decomposition are involved in the both
estimations:

• L′DL decomposition of extended information matrix V in its updating to avoid the
induced numerical troubles.

• LDL′ decomposition of partial covariance matrix S in prewhitening.
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6.3 Approximate Parallelism

Another important property of the ARMAX mixtures is that they can be interpreted as an
approximate parallel realization of several ARMAX models. In another words, the ARMAX mix-
tures and therefore their estimations provide a quantitative measure of descriptive quality of
the corresponding ARMAX components in parallel. In this sense, the ARMAX mixtures provide
certain ”algorithmic” parallelism to inspect several ARMAX’s in parallel. However, it has to be
stressed that they can only produce approximate parallelism, since an approximation is used in
the numerical mixture estimation.

With their different model structures, MARMAX models and ARMMAX models provide differ-
ent level parallelism. We shall firstly give two propositions below to support this claim on the
MARMAX models, we then discuss the case of ARMMAX models afterwards.

Proposition 6.3.1 (Asymptotic of Bayesian estimation) Under natural conditions of con-
trol, Definition 2.1.1, if some finite constants satisfying 0 < KΘ ≤ KΘ < ∞ exist, at the time
instant t̄Θ ∈ {1, 2, . . .} for almost all Θ ∈ Θ∗, such that

KΘf(yt|ut, d(t− 1), Θ) ≤ [o]f(yt|ut, d(t− 1)) ≤ KΘf(yt|ut, d(t− 1), Θ), ∀t > t̄Θ, (6.24)

where [o]f(yt|ut, d(t− 1)) denotes the “true” generator of data. The index Θ indicates that the
constants may dependent on it.

Then, the pdf f(Θ|d(t)) converges almost surely (a.s.) to a pdf f(Θ|d(∞)). Moreover, the
support supp [ f(Θ|d(∞))] = {Θ : f(Θ|d(∞)) > 0} of the asymptotic pdf f(Θ|d(∞)) coincides
with the following set of minimizing arguments

supp [ f(Θ|d(∞))] = arg inf
Θ∈supp[ f(Θ)]∩Θ∗

H∞
(

[o]f ||Θ
)

, (6.25)

where H∞
(

[o]f ||Θ
)

= limt→∞Ht

(
[o]f ||Θ

)
, with

Ht

(
[o]f ||Θ

)
=

1
t

∑

τ≤t

∫
[o]f(yτ |uτ , d(τ − 1)) ln

[
[o]f(yτ |uτ , d(τ − 1))
f(yτ |uτ , d(τ − 1, Θ)

]
dyτ . (6.26)

Thus, if there is a unique consistent estimate of Θ, then the Bayesian estimation provides it.

Proof: Under the natural conditions of control, a posteriori pdf can be written in the form

f(Θ|d(t)) ∝ f(Θ) exp [−tH(d(t)||Θ)] , with (6.27)

H (d(t)||Θ) =
1
t

∑

τ≤t

ln

[
[o]f(yτ |uτ , d(τ − 1))
f(yτ |uτ , d(τ − 1), Θ)

]
. (6.28)

This form exploits the fact that the non-normalized a posteriori pdf can be multiplied by any factor
independent of Θ.

Let us fix the argument Θ ∈ Θ∗ and define the deviation

eΘ;τ ≡ ln

[
[o]f(yτ |uτ , d(τ − 1))
f(yτ |uτ , d(τ − 1), Θ)

]
− [o]E

[
ln

[
[o]f(yτ |uτ , d(τ − 1))
f(yτ |uτ , d(τ − 1), Θ)

]
|uτ , d(τ − 1)

]
, (6.29)

where [o]E [·|uτ , d(τ − 1)] =
∫

[o]f(yτ |uτ , d(τ − 1)) ln
[

[o]f(yτ |uτ ,d(τ−1))
f(yτ |uτ ,d(τ−1),Θ)

]
dyτ is the conditional ex-

pectation of ln
[

[o]f(yτ |uτ ,d(τ−1))
f(yτ |uτ ,d(τ−1),Θ)

]
with respected to [o]f(yτ |uτ , d(τ − 1)). A direct check reveals

that the introduced deviations eΘ;τ are zero-mean and mutually non-correlated.
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Followed (6.26), (6.28) and (6.29), it holds

H(d(t)||Θ) = Ht

(
[o]f ||Θ

)
+

1
t

∑

τ≤t

eΘ;τ .

The assumption (6.24) implies that the variance of eΘ;τ is bounded. Consequently, the last term on
the right hand side of the above expression converges to zero almost surely (a.s.), see [29]. The first
term is non-negative, as it can be viewed as a sum of KL distances (2.7). Due to (6.24), it is also

finite. Thus, (6.28) converges almost surely to the non-negative value H
(

[o]f ||Θ
)
.

Moreover, the pdfH
(

[o]f ||Θ
)

remains unchanged, if we subtract infΘ∈supp[ f(Θ)]∩Θ∗ H∞
(

[o]f ||Θ
)

from the exponent of its non-normalized version (6.27). Then, the exponent contains

−t× an asymptotically non-negative factor.

Thus, the pdf f(Θ|d(∞)) may be asymptotically non-zero only on the minimizing arguments of
(6.25).

If the unique [o]Θ exists such that [o]f(yτ |uτ , d(τ −1) = f
(
yτ |uτ , d(τ − 1), [o]Θ

)
, then it is the

unique minimizing argument due to the elementary properties of the KL distance.

The following proposition exploits the results of the above proposition to justify our claim on
the parallel nature of the MARMAX model.

Proposition 6.3.2 (Parallelism of MARMAX model) Under the natural conditions of con-
trol, Definition 2.1.1, consider a MARMAX model parameterized by the collection Θc ≡ {Cp}p∈p∗

i) Then, the predictor of the model has the form

f(yt|ut, d(t− 1), Θc) =
np∑

p=1

α̂p;t−1(Θc)f(yt|ut, d(t− 1), Cp), (6.30)

with the point estimate of mixing weights

α̂p;t−1(Θc) = E [αp|d(t− 1), Θc],

and the component predictor

f(yt|ut, d(t− 1), Cp) ∝ I
(

Vp;t−1(Cp) + ˜̃Ψt(Cp)
˜̃Ψ
′
t(Cp), νp;t−1 + 1

)
. (6.31)

In addition, the following inequality holds

0 ≤ H
(

[o]f ||Θc

)
≤

∑

p∈p∗
α̂p;∞(Θc)Hp

(
[o]f ||Θc

)
, (6.32)

with a.s. existing

α̂p;∞(Θc) = lim
t→∞ α̂p;t(Θc), 0 ≤ Hp

(
[o]f ||Θc

)
= lim

t→∞
1
t

t∑

τ=1

ln

(
[o]f(yτ |uτ , d(τ − 1))

f(yτ |uτ , d(τ − 1), Cp)

)
.

ii) If the ”true” system is described by a single ARMAX model and we use the MARMAX model
in its estimation,
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• the C-parameters of the ”true” ARMAX system are defined by some vector [o]C,

• the C-parameters Cp, p ∈ p∗, of each component of the MARMAX model has the same
order nc as that of the [o]C,

• the C-parameters Θc of the MARMAX are the vertices of a non-degenerate simplex in nc+1-
dimensional real space.

Then Θc may belong to the support of a posteriori pdf f(Θc|d(∞)) only if the weighted component
entropy rates α̂p;∞(Θc)Hp

(
[o]f ||Θc

)
are simultaneously minimized. In other words, Θc may

belong to the support of a posteriori pdf only if the vector Cp maximizes asymptotically the
weighted component log-likelihood,

lp(d(t),Θc) ≡ α̂p;t

t∑

τ=1

ln[f(yτ |uτ , d(τ − 1), Cp)], p ∈ p∗, t →∞ (6.33)

with the component predictors (6.31).

Proof: The form of the mixture predictor (6.30) is simply obtained by taking the conditional expec-
tation with respect to the α and the ARX parts. The form of the component predictors (6.31) is
implied by Proposition 4.2.3.

The Jensen inequality implies the inequality between finite sums defining asymptotically the
involved entropy rates.

Almost sure convergence of α̂p;t follows from the fact that, as a conditional expectation of a
bounded variable, it is a bounded martingale, see Chapter 3.1.

Properties of a specific component entropy rate can be shown exactly as in the proof of Propo-
sition 6.3.1.

The minimum can be reached if the (asymptotic) estimate of component weights α̂t−1(Θc) is

• either a zero-one probabilistic vector so that only the pdf f(Θ|d(∞)) of one component have
the smallest KL distance to the true one.

• or a vector with non-zero entries simultaneously so that more than one components having the
same smallest KL distance to the true one.

The latter possibility is excluded by the use of Cp’s defining a non-degenerate simplex.

The above propositions justify partially the parallelism of ARMMAX models as well. However,
assuming a common AR(X) part, ARMMAX models leads to a joint updating of the common
parameter Θa ≡ {θa, re} in the estimation, i.e., (6.21)

Vt = Vt−1 +
∑

p∈p∗
wp;t

˜̃Ψp;t
˜̃Ψ
′
p;t, νt = νt−1 + 1.

This joint updating may bring some undesirable influences. Currently, no formal analysis is
available to measure this influence. Here we just give a preliminary discussion on one of most
significant problems.

The problem stems from the use of LD filter. Recall that the estimation of an ARMA(X)

based on the extended LD filter, Section 5.3, under two situations
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• a C-polynomial having some unstable roots is given,

• its stable reflection is given.

may lead to the identical estimate of the colored noise covariances ri in both cases but different
estimates of noise variance re.

This simple fact brings no trouble for MARMA(X) models. However, it could bring some bias
in the estimation for ARMMA(X) models through the joint updating of the common AR(X) part
when both stable and unstable cases are involved.

It is well-known that, for any C-polynomial (in the backward shift operator z−1)

C(z−1) = 1 + c1z
−1 + ... + cncz

−nc ,

there always exists another polynomial C̃(z−1) as the stable reflection of the C(z−1). C̃(z−1)
has the guaranteed stability and shares the same spectral density as the C(z−1).

On the other hand, although we showed that LD factorization converge to the coefficients of
the stable reflection C̃(z−1) even when the original given C-polynomial C(z−1) is unstable, the
transient period of the filter before convergence is important and directly influences the practical
results.

Thus, one possible idea here is to use a stable replacement operation before we run the filters:

To replace a given C-polynomial by its stable reflection when it occurs to be unstable.

It has to be stressed here that such a stable replacement operation may have some numerical
precision problem to certain level in practical:

It is only possible to prove that the roots of a given polynomial can be found within
some roundoff error, or reversely the coefficients of a polynomial could only be found
with its roots equal to some given roots within roundoff error.

Therefore, other solutions are worth of considering. One of them is discussed in the concluding
chapter.



Chapter 7

Improved Bayesian Solutions to
ARMAX Models

Under the assumptions that the covariances or the C-parameters of its stochastic MA part are
known, we had a first inspection on Bayesian estimations of ARMA(X) model in the Chapter 5.
Now let us return to this topic for some further study. We consider improved Bayesian estimation
and prediction of ARMA(X) model to have Bayesian estimation setting up to its ARX part and
to reduce the uncertainty of its MA part by searching for a point estimate of the C-parameters.

7.1 MMQ and MAQ Methods

Consider the SO normal ARMA(X) model (5.1), i.e.,

yt = θ′ψt + vt.

In contrast to the case of Chapter 5, here we do not know the parameters of its stochastic MA

part, neither the noise variance re nor the nc-dimensional C-parameters vector C = [c1, · · · , cnc ]
are known. The model is then parameterized by

Θ = {Θa, C},
where Θa = (θ, re) describes the AR(X) part of the model.

Our goal on the estimation of the MA part here is to seek for an approach with its applicability
not being limited by the stability requirement and to deal efficiently with the unknown C-
parameters in high dimensions (≥ 2).

7.1.1 Problem Formulation

From Bayesian viewpoint, to estimate the unknown C-parameters of the above model is to use
a posteriori pdfs by specifying the Proposition 2.1.3 as follows:

For any given a priori pdf f(C), the observations d(t) correct it to a posteriori pdf f(C|d(t))
through the Bayes rule (2.6). Under the natural condition of control, Definition 2.1.1, it reads

f(C|d(t)) ∝ L(d(t), C)f(C), (7.1)

where ∝ means proportionality, i.e., equality up to a normalizing factor which is independent of
C. The likelihood function

L(d(t), C) =
t∏

τ=1

f(yτ |uτ , d(τ − 1), C) (7.2)
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contains all information about C-parameters which can be extracted from the observed data
d(t). For a fixed C, its value is simply a product of values of the predictive pdfs.

Unfortunately, such a posteriori pdf could only be used formally. The complex nature of
likelihood function L(d(t), C) makes its general analytical treatment difficult, see the next section
for more detail. Assuming that a finite set of the competing C’s are available, Peterka [7] in 1989
made the formula (7.1) applicable by a Bayesian comparison of hypothesis to select the most
promising candidate. Essentially, he evaluated simultaneously several posterior probabilities
f(C|d(t)) on the hypotheses that a specific given C-parameters vector is the best one among
the given set based on the observed data samples. However, no rule has been given how to
generate such a candidate set. In addition, another problem he encountered is that a posteriori
probabilities converge to a zero-one vector in generic cases, see Proposition 6.3.2, regardless of
the quality of the original choice of candidates.

To overcome the practical restriction of the Bayesian comparison of hypotheses while pre-
serving its ability to use full Bayesian solution with respect to the ARX part motivates the rest
discussion of this section. Essentially, an efficient numerical maximization procedure is sought
for generating the most interesting competitors around the maximum of the posterior pdf.

For presentation simplicity, we restrict ourselves to a uniform a priori pdf f(C) in (7.1) and
search for the candidates in a neighborhood of

arg max
C

f(C|d(t)) = arg max
C
L(d(t), C), C ∈ Rnc . (7.3)

With the given order nc of the MA part, it defines a nc-dimensional optimization problem of
maximizing the scalar-valued nonlinear function L(d(t), C) : Rnc → R. Note that usually this
optimization would have to subjected to the constraint that C ∈ C∗, here C∗ ⊂ Rnc is the space
determined by the stability requirement on its C-polynomial. Nevertheless, for the reasons
stated in Chapter 3.3 and Chapter 5, we are allowed to consider it as an unconstrained problem.

7.1.2 Choices of MDS method and ARMAX Mixtures

It hasn’t been an easy task to choose a proper method to solve the optimization problem (7.3)
in our estimation setting. A variety of reasons stated below have focused our attention on the
multidirectional search method (MDS), which was reviewed in Chapter 2.3.2:

First, an efficient evaluation of the gradient is inhibited by the time-variation of the LD filter
and therefore the complex nature of the L(d(t), C) (7.2). Thus, we have to restrict ourselves to
derivative-free methods.

Then, The fact that evaluations of the L(d(t), C) (7.2) could be expensive narrows down the
options further on by excluding stochastic optimization methods.

Meanwhile, as shown in Chapter 5, if we want to use LD type filters for prewhitening, we
have to consider the C-parameters of the model as time varying even when they are originally
time-invariant. The variations are data independent and driven only by the time-invariant
C-parameters. Therefore, although the evaluation of the type filters is computationally inex-
pensive, its associated C-parameters variations hinder the attempts to estimate the unknown
C-parameters recursively. It seems to preclude to use Monte-Carlo-based maximization.

Moreover, the optimized likelihood function may be multi-modal with quite sharp but smooth
modes. Thus, we can rely at most on the continuous differentiability of the objective function
L(d(t), C) with respect to C.

These considerations reduce our options more or less to simplex-based direct search ap-
proaches. The review of Chapter 2.3 showed that the NM algorithm, the most popular simplex
method, has only weak convergence analysis established in one dimension. This excludes it
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from our considerations since we want an algorithm also efficient in higher dimensions (≥ 2).
The review also revealed that the MDS method has brought a new interest in the direct search
methods by the following properties:

• It has strong convergence properties and verified robustness.

• It is a derivative-free method, i.e., it does not require the information about the derivative
of the objective function.

• It works well with ”noisy” function values.

• It is suitable to be executed in parallel.

Obviously, the first three properties are all favorable to our problem. Especially with its strong
convergence analysis, the MDS method guarantees the efficiency in high dimension.

However, its fourth property needs to be justified for its efficient use in practical. The original
intention of the MDS method is to execute several evaluations of objective function in parallel
on a machine of multi-processors by taking advantage of the computational parallelism. But it
then faces problems such as the cost of synchronization (i.e. interprocessor communication) and
some additional restrictions on the objective function. What’s more, it is only single-processor
machines that are most often available.

Therefore, our practical interest here is to look for an efficient use of the MDS method on a
single-processor machine rather than parallel ones. The studied approximate parallelism of the
ARMAX mixtures in the last chapter suggests the possibility and feasibility to use these mixtures
to provide certain ”algorithmic parallel environment” for the parallel evaluations involved in the
multidirectional search.

Recall that the MARMAX and ARMMAX model can only provide approximate parallelism
with the approximation used in the corresponding numerical mixture estimations. In another
words, only approximate likelihoods are available rather than their exact values. In this point,
it is attractive for us that the MDS method is able to work well with ”noisy” function values.

With the limitation discussed in Chapter 6.3, the ARMMAX models, compared to the MAR-

MAX models, may seem less suitable to provide the parallel evaluations for the MDS. However,
with its certain efficiency confirmed by experiments, it may still make sense to discuss this
possibility here.

7.1.3 Description of MMQ/MAQ Estimation

Now let us combine organically the essential ingredients selected in last section:

• The MDS method,

• The parallelism of the ARMAX mixtures, with the associated efficient iterative estimation
algorithm MARMAX-QB/ARMMAX-QB,

This leads to so-called MMQ (MDS-MARMAX-QB) estimation and MAQ (MDS-ARMMAX-QB) es-
timation of an ARMAX model. These two estimation procedures share the same main scheme
and can be distinguished according to the type of mixtures used: With MARMAX type mixtures,
it corresponds to the MMQ estimation. With ARMMAX type mixtures, it becomes the MAQ

estimation.
The main idea here is that unknown C-parameters could be searched by the MDS method in

”approximated algorithmic” parallel environment of the ARMAX mixtures to generate a sequence
of points that convergence to a critical point, ideally the ”true” C-parameters. More exactly,
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• The number of vertices in the used simplex is equal to the number of components in the
corresponding ARMAX mixtures.

For the nc-dimensional optimization problem (7.3), the number of vertices in the used
simplex is nc + 1 according to Chapter 2.3. Here, nc is the order of the MA part and it
is required to be known. Thus, nc + 1-vertex simplex and nc + 1-component mixtures are
adopted in the estimations.

• The evolution of simplex corresponds to the redefinition of MARMAX/ARMMAX mixture.

The search rules of the MDS method drive the evolution of simplex. Then, the vertices of
the evolving simplex specify the C-parameters Θc = {Cp}p∈p∗ of the used mixtures.

• The mixtures facilitate the objective-function evaluations for the MDS.

The estimation of the mixtures relies on the MARMAX-QB/ARMMAX-QB algorithms devel-
oped in last chapter. In particular, the estimation of the ARX part relies on running several
extended LD filters in parallel so that Bayesian setting can be preserved at least up to this
part.

For a given C-parameter Cp, Cp ∈ Θc, when the mixtures are not used, it corresponds
to a single ARMA(X) model with the likelihood L(d(t), Cp). When the mixtures are used, it
corresponds to a single ARMA(X) component of the mixture used with the component likelihood
value lp(d(t), Cp), which can be interpreted as an approximation of the likelihood L(d(t), Cp).

Thus in the context of the MMQ/MAQ estimation, the optimization problem (7.3) can be
approximately expressed in terms of the component likelihoods l(d(t), C). Consequently, we shall
use the component likelihood values to judge the quality of the individual given C-parameters.

As usual, natural logarithm likelihoods (log-likelihoods) are used in practice because it is
numerically easier. In the case of using the MARMAX, the component log-likelihoods can be
given as follows

lp(d(t), Cp) =
t∑

τ=1

ln [f(yτ |uτ , d(τ − 1), Cp)] , Cp ∈ Θc, p ∈ p∗ (7.4)

while in the case of the ARMMAX, the log-likelihood of each component may also depended on
the C-parameters of the other components,

lp(d(t), Θc) =
t∑

τ=1

ln [f(yτ |uτ , d(τ − 1), Θc)] , p ∈ p∗ (7.5)

where Θc = {Cp}p∈p∗ , p∗ = {1, · · · , nc + 1}.
It is worth of stressing that component log-likelihoods are reflected in the overall log-

likelihood of the corresponding mixtures, which are in the following forms respectively for the
the MARMAX

L(d(t), Θc) =
t∑

τ=1

ln


 ∑

p∈p∗
α̂p;τ (Θc)f(yτ |uτ , d(τ − 1), Cp)


 , (7.6)

and for the ARMMAX

L(d(t), Θc) =
t∑

τ=1

ln


 ∑

p∈p∗
α̂p;τ (Θc)f(yτ |uτ , d(τ − 1), Θc)


 . (7.7)

The values of the mixture log-likelihood can be obtained as a byproduct of the QB estimations.
They may serve for monitoring of success of the search made via component log-likelihoods.
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MMQ/MAQ Algorithm

Here an algorithmic description of the MMQ/MAQ estimation is given below. For the involved
Bayesian estimations, we have to consider the construction of prior pdfs. They shall be discussed
together with the other implementation details in next section.

The procedure searches a point strictly improving over the best vertex. Three possible
operations are defined to generate the trial points, see Chapter 2.3.2: reflection, expansion,
contraction. After each operation, if at least one corresponding trial point has a higher log-
likelihood than that of the current best vertex, the operation is called successful. To accept one
operation, we replace the current vertices of the simplex by the corresponding trial points after
the operation.

For simplicity, we denote l = [l1, . . . , lnc+1] as the vector of all component log-likelihood
values. The upper index distinguishes the operations or iteration stage, while the lower index
distinguishes the component. For instance, lrp means the log-likelihood of the p-th component in
reflection operation. The same rules is applied on the notation of C-parameters. For instance,
C0

p = [c0
1,p, · · · , c0

nc,p] means the initial values assigned to the C-parameters of the p-th component.

Algorithm 7.1.1 (MMQ/MAQ Estimation Algorithm)

Initial phase

• Specify the order nc of the MA part and select the type of mixtures, MARMAX or ARMAX,
to be used for function evaluations.

• Select a starting point of the search procedure, i.e., a suitable initial guess C0
1 of the C-

parameters.

• Generate an initial non-degenerated simplex based on C0
1 ,

< C0
1 , · · · , C0

nc+1 >

by defining the other nc vertices C0
p , p = 2, · · · , nc + 1, see the next section.

• Select the expansion and contraction scalars χ ∈ (1,∞), ξ ∈ (0, 1) with the default unit
reflection factor.

• Select stopping rules, see the next section.

• Specify the options of the corresponding off-line steps for the MARMAX-QB estimation or
the ARMMAX-QB estimation, see Chapter 6.2 and Chapter 4.3.5.

To increase the chance to gain a successful estimation, some iterations are necessary so
that iterative estimation is in need. To avoid redundant discussion, we did not give the
description of iterative MARMAX-QB estimation or the ARMMAX-QB estimation. These
iterative versions, however, can be easily obtained by the the discussion of Chapter 4.3.4
and Chapter 4.3.5.

• Set j, the counter of the total number of iterations used in the search, to zero.

• Perform an initial iterative MARMAX-QB or ARMMAX-QB estimation, see Chapter 6.2 and
Chapter 4.3.5.

Accumulate the component log-likelihoods l0. Here the vector l0 has its each individual
entries l0p, p = 2, · · · , nc + 1, defined by (7.4) or (7.5).

Accumulate, if required, the mixture log-likelihoods defined by (7.6) or (7.7).
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• Swap the vertices so that the vertex with the highest component likelihood is labelled as C0
1 .

Iterative phase

Do while stopping rule is not met, set j := j + 1.

1. Reflection

• Define nc reflected vertices

Cr
p = 2Cj−1

1 − Cj−1
p , p = 2, · · · , nc + 1.

• Specify the C-parameters of the nc + 1 components in the used mixture by the above
reflected vertices and the current best vertex Cj−1

1 .
Specify the corresponding a priori pdf on the ARX part as the flattened posterior pdf
from the previous iteration.

• Perform iterative MARMAX-QB/ARMMAX-QB estimation, see Chapters 6.2 and 4.3.5.
Accumulate the component log-likelihoods lr for the mixture determined by the reflec-
tion. Here the vector lr has its each individual entries lrp, p = 2, · · · , nc + 1, defined
by (7.4) or (7.5).
Accumulate, if required, the mixture log-likelihoods defined by (7.6) or (7.7).

• Determine the components having the highest log-likelihood

mr = arg max
p∈p∗

lrp,

here mr ∈ p∗, p∗ = 1, · · · , nc + 1.

• Go to the step 2, if mr > 1. Otherwise, go to the step 3.

2. Expansion

• Define nc expanded vertices

Cj,e
p = Cj−1

1 + χ(Cj−1
1 − Cj−1

p ), p = 2, · · · , nc + 1.

• Specify the C-parameters of nc + 1 components in the used mixture by the above
expanded vertices and the current best vertex Cj−1

1 .
Specify the corresponding a priori pdf on the ARX part as the flattened posterior pdf
from the previous iteration.

• Perform iterative MARMAX-QB/ARMMAX-QB estimation, see Chapters 6.2 and 4.3.5.
Accumulate the component log-likelihoods le for the mixture determined by the expan-
sion. Here the vector le has its each individual entries lep, p = 2, · · · , nc + 1, defined
by (7.4) or (7.5).
Accumulate, if required, the mixture log-likelihoods defined by (7.6) or (7.7).

• Determine the components having the highest log-likelihood

me = arg max
p∈p∗

lep,

here me ∈ p∗, p∗ = 1, · · · , nc + 1.
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• Accept the expansion, if leme
> lrmr

, by replacing Cj
p by the expanded vertices Ce

p, for
p = 2, · · · , n + 1. Otherwise accept the reflection by replacing Cj

p by the reflected
vertices Cr

p , for p = 2, · · · , nc + 1.

• Go to step 4.

3. Contraction

• Define nc contracted vertices

Cc
p = Cj−1

1 + ξ(Cj−1
1 − Cj−1

p )

and accept them by replacing Cj
p by the contracted points Ce

p, for p = 2, · · · , n + 1.

• Specify the C-parameters of nc + 1 components in the used mixture by the expanded
vertices and the current best vertex Cj−1

1 .
Specify the corresponding a priori pdf on the ARX part as the flattened posterior pdf
from the previous iteration.

• Perform iterative MARMAX-QB/ARMMAX-QB estimation, see Chapters 6.2 and 4.3.5.
Accumulate the component log-likelihoods lc for the mixture determined by the expan-
sion. Here the vector lc has its each individual entries lcp, p = 2, · · · , nc + 1, defined
by (7.4) or (7.5).
Accumulate, if required, the mixture log-likelihoods defined by (7.6) or (7.7).

• Determine the components having the highest log-likelihood

mc = arg max
p∈p∗

lcp,

here mc ∈ p∗, p∗ = 1, · · · , nc + 1.

• Go to the step 4 if mc > 1, otherwise go to the step 1.

4. Swap

Swap the vertices so that a (new) best point is labelled as Cj
1 according to the components

likelihoods of the accepted mixture.

Remarks 7.1.1
It may be advantageous sometimes to use batch MARMAX-QB/ARMMAX-QB estimation in a

way similarly to Chapter 4.3.5.

7.1.4 Implementation Aspects

As a coupling of the MARMAX-QB/ARMMAX-QB estimation with the optimization of the MDS,
the MAQ/MMQ estimation has to take both these two sides into accounts in the implementation.

Firstly, the issue of construction of prior pdfs involved in the MARMAX-QB/ARMMAX-QB

estimations is briefly considered.
Then, we discuss the general issues of the implementation in multidirectional search, such as

initial simplex, scaling factors and stopping criteria. We mainly follow the rules of the standard
MDS procedure and further specify some of them to fit our parameter estimation setting. The
options listed serve us mainly for references as they are used in the illustrative examples of the
next chapter.
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Prior and Flattening

The good choice of a priori pdf is critical for the estimation of MARMAX-QB/ARMMAX-QB. It is
solved in the following way:

• In the very initial iteration of the MDS, a priori pdf is chosen by incorporating a priori
knowledge on the ARX parts, see [34].

• In its other generic iterations, a posteriori pdf from the previous iteration on ARX parts
is used as a priori one of the current iteration after a flattening.

• Note that iterative (batch) MARMAX-QB/ARMMAX-QB estimation is almost always used in
practice. Thus, within each iterative (batch) estimation, a priori pdf is constructed in an
iterative way Chapter 4.3.4 and 4.3.5.

Initial Simplex

As a simplex-based method, multi-directional search begins by choosing an initial simplex. Given
the order nc of the C-polynomials and the initial guess

C0
1 = [c0

1,1, · · · , c0
nc,1], (7.8)

then the nc new points can be generated

C0
p = [c0

1,p, · · · , c0
nc,p], p = 2, · · · , nc + 1 (7.9)

to form an nc + 1-vertex simplex

< C0
1 , · · · , C0

nc+1 > . (7.10)

General multi-directional search algorithm requires only that the initial simplex to be non-
degenerated so that the nc edges adjacent to any given vertex in the simplex spans the space
Rn

c . Otherwise, with a degenerate simplex, the algorithm can only optimize over the subspace
spanned by the degenerate simplex.

Shape, Size and Orientation

As we mentioned in Chapter 2.3, regular simplex and right-angled simplex are the most often
used two types of simplex. In addition, some other shape non-degenerate simplex could also be
used, for instance, the simplex defined in Matlab toolbox for the routine of the NM simplex.

Although the shape of simplex may not influence the MMQ/MAQ procedure significantly, the
use of right-angled simplex may be more recommendable for our problem, since the C-parameters
are scale dependent.

With a given initial guess C0
1 (7.8), specifying the definition of right-angled simplex (2.26)

to our case means to determine the nc vertices (7.9) by some fixed distance βp in each of nc

coordinate directions from the initial guess C0
1

C0
p = C0

1 + βp1p, p = 2, · · · , nc + 1, (7.11)

where 1p denotes the unit coordinate vector.
Now let us inspect how to determine the non-zero scalars βp, p = 2, · · · , nc+1. The stability

requirements on the C-polynomial implies a loose condition we could exploit to determined a
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rough scaling of the C-parameters C = [c1, · · · , cnc ]: its i-th entry element ci in magnitude
cannot exceed the combination number,

|ci| ≤
(

nc

i

)
, i = 1, · · · , nc

where nc is the order of MA part.
Therefore we can define βp as follows

βp = ±h

(
nc

p

)
, p = 1, · · · , nc (7.12)

with its magnitude |βp| = h

(
nc

p

)
determining the size of the simplex. The positive scalar h

becomes the only tuning parameter to control the size of the simplex as the order nc is fixed.
A proper choice of h is important in practice. Although if the initial simplex is either too small
or too big, the MDS method can rescale accordingly with the operations of the expansion and
contraction, it may cost a significant number of iterations to expand or contract simplex before
any real progress can be made, particularly in the case of too big initial simplex.

The signs of βp determine the important orientation of the initial simplex. There is no
universal rule how to select them. Thus, whenever possible, it makes sense to try several initial
options differing just in orientation.

Scaling Factors and Termination

Here we shall go for the usual choices on the scaling factors [15]:

χ = 2, ξ = 1/2

for expansion and contraction operations respectively, with unit reflection factor.
For termination, standard stopping rules are adopted and enriched by a specific one:

• To inspect the relative size of simplex, by measure the length of longest edge adjacent to
the best vertex Cj

1

1
∆

max
1≤i≤n

∣∣∣
∣∣∣Cj

i − Cj
1

∣∣∣
∣∣∣ ≤ ε, ε ∈ (0, 1), (7.13)

where ∆ = max
(
1,

∣∣∣
∣∣∣Cj

1

∣∣∣
∣∣∣
)

and ε is a pre-selected tolerance. Instead of ε = 1e − 008,
approximately the square root of machine zero, expensive function evaluations in our
estimation context enforces us to set this tolerance around 1e− 004.

• To limit the number of iterations j by a total bound J .

The appropriate value of the bound J can be determined by the affordable computational
time. Here, we benefit from the fact that the QB estimations have fixed a priori known
computational demands.

• To check the increments of the global log-likelihood of the mixture.

Availability of the global log-likelihood of mixture L = L(d(t), Θc), (7.6) or (7.7), allows
us to add another possible rule to stop the evaluation when the increment among iteration
steps is smaller than a pre-specified threshold η

∣∣∣∣∣
Lj − Lj−1

Lj

∣∣∣∣∣ ≤ η, η ∈ (0, 1) (7.14)
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7.2 PEB Method

To improve Bayesian estimation of ARMA(X) models, another natural idea worth to be inspected
is to make use of the existing point estimation methods, such as PE, ELS, since only a point
estimate of the C-parameters is sought for.

Here we consider the most popular PE method [1] or [2] for this task and combine it with
Bayesian method for the rest of estimation. Similarly to the last section, the trick behind is to
use a hybrid, which leads to a so-call PEB method,

• point estimation on C-parameters is provided by the PE method.

• the rest of estimation is provided as Bayesian solution. It is based on the extended LD
filter for prewhitening.

With the nice properties of the PE method, the hybrid PEB method is able to deal efficiently
with the unknown C-parameters in high dimension (≥ 2). However, this method has potential
difficulties in the stability on the C-polynomial. As pointed out by Peterka, it is often a rule
rather than an exception that the C-polynomial of an ARMA(X) model has its roots lying close
to/on the unit circle, especially in case of fast sampling. Thus being free from potential diffi-
culties in the stability on the C-polynomial, MMQ and MAQ approaches may appear to be more
favorable than PEB in practice.

Remarks 7.2.1

1. Note that PEB estimation imposes restrictive constraint on the stability of the C-polynomial,
since estimates of C-parameters is returned from the PE method. Thus in the context of
PEB estimation, the extended LD filter makes no differences from some other types of filter
in this aspect.

2. A routine is available in system identification toolbox of Matlab [38] for the implementation
of PE estimation and detailed discussion on the issue can be found in [1] or [2].



Chapter 8

Illustrative Examples

After the theoretical study in the previous chapters, we present some illustrative experiments in
this chapter to verify the practical properties of the theory and to inspect the performance of the
proposed algorithms. The focus is put on the performance of the proposed MMQ and MAQ algo-
rithms for the estimation of ARMA(X) models. They indicate the efficiency of the MARMAX-QB

and ARMMAX-QB algorithms and confirm the underlying theory such as approximated paral-
lelism of ARMMAX and MARMAX as well.

Essentially three groups of experiments were designed with the aims:

• to examine the basic properties of the MAQ and MMQ algorithm by estimating a simulated
ARMA and a simulated OE (output error model), respectively;

• to provide the comparisons of the methods among the MMQ estimation, the MAQ estimation
and the PEB estimation;

• to illustrate the performance of the three methods using real data.

In addition, some sensitivity tests are carried out with the varying implementation options,
namely

• starting point of the MDS search;

• size and orientation of the initial simplex;

8.1 Preliminaries

8.1.1 Software Aspects

This subsection gives a few comments on the software implementations.

• For the PEB estimation, we use the routine in system identification toolbox of Matlab [38]
for PE point estimation of C-parameters and the rest of estimation relies on the use of the
extended LD filter. Therefore the estimation has a two-layer software architecture:

Recall that the main idea of the PEB estimation is to apply standard PE estimation for
point estimation of unknown C-parameters and use it in the rest of Bayesian estimation.
Therefore, the first layer is a routine of standard PE estimation. In the next layer, (itera-
tive) Bayesian estimation of the resulting filtered regression is based on the extended LD
filter.
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standard PE estimation

?

? ?
Bayesian estimation of filtered regressionExtended LD filter

Software architecture of the PEB estimation algorithm

• For the MMQ and MAQ estimations, a software package is developed as m-files of Matlab.

It is based on Mixtools [39], a toolbox has been developed in ÚTIA to provide Bayesian
estimation and prediction of finite mixtures, mainly Markov and ARX types. Using its
algorithmic basis, the MMQ/MAQ estimation is developed with a four-layer software archi-
tecture:

MDS search

?
Iterative MARMAX-QB/ARMMAX-QB estimation

?

? ?
Data managementVisualizing mixture structure

?

?

Extended LD filters
?

Bayesian estimation of filtered regression components

Software architecture of the MMQ/MAQ estimation algorithm

Recall that the main idea of the MMQ/MAQ estimation is to apply the MDS procedure to
search for unknown C-parameters and exploit the mixture estimation algorithms for its
function evaluations. Therefore, the first layer is a routine of the MDS search fitting to the
estimation settings. In the next layer, iterative mixture estimations are then called within
the MDS routine. The MMQ/MAQ algorithm described in the last chapter shows how these
two layers interact to each other.



8.1 Preliminaries 82

To be able to implement the mixture estimation, software representation of mixture struc-
ture and data management have to be considered as an intermediate layer to build a bridge
with the estimation theory. As showed in Chapter 6 and Chapter 7, the mixture estima-
tion relies on running several extended LD filters in parallel and Bayesian estimation of
the corresponding filtered regression components. They serve as the basic layer of the
procedure.

Note that sometimes it may be advantageous to use a batch mixture estimation instead
in the second layer, see Chapter 4.3.5.

8.1.2 Measures of Performance

This subsection presents some measures which help us to judge performance of the methods.

Criterions of Estimation Quality

As hybrid methods, the MMQ, MAQ and PEB estimations provide a point estimation of the C-
parameters for an ARMA(X) model and Bayesian estimation for the AR(X) part. To access and
compare the quality of the estimations, we present all point estimates of unknown characteristics
of the models studied.

In the simulation studies, it may be also useful to inspect the ratio

Rpdf =
f

(
[o]θ, [o]r

)

f(θ̂, r̂)
(8.1)

as another criterion. Here f( [o]θ, [o]r) is the posterior pdf of the true regression coefficients [o]θ
and the true noise variance [o]r, while f(θ̂, r̂) give the resulting posterior pdf of the estimates.

Numerically, we evaluate

Rpdf = exp
{
ln f( [o]θ, [o]r)− ln f(θ̂, r̂)

}
(8.2)

instead. According to the form of GiW pdf in Chapter 4.2.2, (8.2) can then be specified as
follows

Rpdf = exp




−0.5(ν + nψ + 2) ln

(
[o]r

r̂

)
−

(
[o]θ − θ̂

)′
C−1

(
[o]θ − θ̂

)
+ Dy

2 [o]r
− Dy

2r̂





. (8.3)

Generally, 0 ≤ Rpdf ≤ 1. Obviously, the larger Rpdf is, the better quality the estimation achieve,
or in another words, the closer to the true values the estimates are. Meanwhile the closer to
zero Rpdf is, the sharper the pdf f(θ, r) of parameters is shaped.

Criterions of prediction Quality

On-step-ahead prediction is used to capture the dynamics. To judge the quality of the prediction,
besides histogram prediction errors, we inspect the relative standard deviation of prediction
errors

SPE =

√√√√
∑t̊

t=1 ê2
t∑t̊

t=1(yt − ȳ)2
. (8.4)

Where êt ≡ yt − ŷt defines prediction error, ŷ is conditional expectation of output yt. ȳt ≡
1
t̊

∑t̊
t=1 yt is sample mean of yt and t̊ is the number of data samples.
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Other used criterions

The MMQ/MAQ algorithm may be relatively slow in some cases. Therefore, the time needed
for estimations and the number of iterations used (for MMQ and MAQ) are also measured and
compared during experiments.

8.2 Basic Properties of MMQ and MAQ

This section aims at examining the basic properties of the proposed MMQ and MAQ algorithms
together with their sensitivity to some implementation options. They are demonstrated by
estimating a simulated ARMA model and a simulated output error model OE, respectively.

8.2.1 Estimating Simulated ARMA

Our first example uses MMQ and MAQ to estimate a simulated time series ARMA(2,2) with
output part and MA part having orders na = 2 and nc = 2, respectively. We also want to
examine the influence of a starting point. Thus, several estimations are performed differing just
in the starting points.

Simulated Process

The data d(̊t) of the length t̊ = 2000 were simulated by the following SO ARMA process

yt = 1.5yt−1 − 0.7yt−2 + et − 0.8et−1 + 0.6et−2. (8.5)

The variance r = 0.1 of the driving white Gaussian noise et was chosen. The plot of the outputs
is given in Figure 8.1.(a).

Estimated Model and Implementation

The estimated model is selected as an ARMA(2,2) with the correct structure

yt = a1yt−1 + a2yt−2 + et + c1et−1 + c2et−2, (8.6)

where et is a white noise sequence with zero mean and unknown variance r. Thus, regression
coefficients are θ = [a1, a2]′ and C-parameters vector is C = [c1, c2],

Firstly, the MAQ method has been used for its estimation. This implies that ARMMA mixture
structure is used in function evaluations. Since the order of the MA term is nc = 2, a two-
dimensional optimization problem is under consideration in the search of the C-parameters.
Consequently, nc + 1-vertex evolving simplex of the MDS search and nc + 1-component ARMMA

mixtures are used.
Then, the MMQ method has been used for its estimation by making use of nc +1-component

MARMA mixture structure.
To test the sensitivity to starting points, 5 different representative starting points were

selected. Therefore 5 estimations were performed for both methods, respectively. The tuning
factors of the algorithms are specified as follows:

• Starting points

C0
I = (0 0) , C0

II =
(

1
2

1
2

)
, C0

III =
(
−1

2
1
2

)
, C0

IV =
(

1
3

− 1
3

)
, C0

V =
(
−1

3
− 1

3

)
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• The option β = [−0.2 −0.1] with h = 0.1 is used for all of the ten experiments to generate
the corresponding ten right-angle initial simplex according to (7.11)–(7.12).

• For stopping, we measure the relative size of simplex (7.13) with tolerance ε = 1e − 004.
No limitations on the number of iterations and the likelihood of mixture were imposed in
order to illustrate convergence properties of the algorithms.

Results and Analysis

With one row describing the true parameters, the remaining 10 rows of Table 8.1 reflect the
estimation and prediction results of the methods for the considered starting points. Since the
different starting points lead to the similar results, we give histogram of prediction errors only
for one of them. Figure 8.1 shows the histograms of the cases with the starting point (0 0)
together with the plot of outputs.

C0 θ̂ r̂ Ĉ N T (min.) Rpdf SP E

True – 1.5 -0.7 0.1 -0.8 0.6 – – – –
MAQ 0 0 1.4703 -0.6769 0.1035 -0.7674 0.6043 31 19.6017 0.0289 0.3953

MAQ
1
2

1
2

1.4703 -0.6769 0.1035 -0.7674 0.6043 26 15.6338 0.0289 0.3953

MAQ
−1
2

1
2

1.4703 -0.6769 0.1035 -0.7674 0.6043 31 19.3175 0.0289 0.3953

MAQ
1
3

−1
3

1.4704 -0.6770 0.1035 -0.7674 0.6043 30 19.5815 0.0293 0.3953

MAQ
−1
3

−1
3

1.4703 -0.6768 0.1035 -0.7672 0.6042 27 16.9677 0.0288 0.3953

MMQ 0 0 1.4721 -0.6815 0.1036 -0.7799 0.6206 23 14.2308 0.0262 0.3955

MMQ
1
2

1
2

1.4746 -0.6812 0.1035 -0.7741 0.6066 37 25.7372 0.0545 0.3953

MMQ
−1
2

1
2

1.4724 -0.6817 0.1036 -0.7799 0.6199 24 14.7896 0.0282 0.3955

MMQ
1
3

−1
3

1.4719 -0.6814 0.1036 -0.7799 0.6209 39 24.9709 0.0251 0.3955

MMQ
−1
3

−1
3

1.4729 -0.6819 0.1036 -0.7798 0.6188 23 14.4872 0.0315 0.3954

Table 8.1: MAQ and MMQ estimations and predictions of ARMA(2,2) with the different starting
point C0. Ĉ denotes the best vertex of the final simplex, i.e., the estimates of the C-parameters.
θ̂ = E[θ|d(t)] and r̂ = E[r|d(t)] denote the estimates of the rest parameters. N is the number of
iterations used. T (min.) is the time needed in estimations. Rpdf is the ratio (8.3). SPE is the
relative standard deviation of prediction errors (8.4).

These results illustrate the promising properties and efficiency of the MAQ method and the
MMQ method. Here, the results of the two methods are similar. However, the differences
may become more obvious sometimes, we shall show one of such samples in the next group of
experiments.

They also demonstrate that the convergence of the procedure is not significantly sensitive to
the starting point and suggest that a good choice on the starting point may substantially speed
up the search.
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Figure 8.1: (a) Plot of outputs of the ARMA(2,2) process. (b) Histogram of prediction errors
of MMQ estimation on ARMA(2,2) starting at (0 0). (c) Histogram of prediction errors of MAQ

estimation on ARMA(2,2) starting at (0 0).

8.2.2 Estimating Simulated OE

This section applies the MMQ and MAQ estimations on an output error (OE) model. At the
same time, we intend to examine the influence that the size of initial simplex may bring. Thus,
two experiments are performed for each method with the size of the initial simplex varying.

Simulated OE process

2000 simulated data samples are available from the process

yt = 1.4yt−1 − 0.49yt−2 + 0.9ut−1 + 0.7ut−2 + et − 1.4et−1 + 0.49et−2, (8.7)

where et is a Gaussian white noise sequence with zero mean and variance r = 0.1. The input ut

is modelled as a Gaussian white noise with variance ru = 1. The plot of the outputs is shown
in Figure 8.2.(a).

Estimated Model and Implementation

An ARMAX model with the correct structure is used in the estimation

yt = a1yt−1 + a2yt−2 + b1ut−1 + b2ut−2 + et + c1et−1 + c2et−2, (8.8)

where et is a white noise sequence with zero mean and unknown variance r. It means that
regression coefficients are θ = [a1, b1, a2, b2]′ and C-parameters vector is C = [c1, c2],

MAQ and MMQ were used to estimate its parameters, respectively. With the order of the MA

nc = 2, the number of vertices of simplex is therefore nc + 1 = 3 and the number of components
of the mixture used is nc+1 = 3 as well. The tuning factors of the algorithms in the experiments
were set as follows

• All experiments start at C0 = (0 0);

• For each method, different initial right-angle simplices with different size are created ac-
cording to (7.11)–(7.12).

One is generated by β = [1 0.5] with h = 0.5, while the other smaller one is generated by
β = [0.4 0.2] with h = 0.2.



8.2 Basic Properties of MMQ and MAQ 86

• Stopping is based on measuring the relative size of simplex (7.13) with tolerances ε =
1e− 004, without limitations on the number of iterations and likelihood of mixture.

Result and Analysis

Tables 8.2 and 8.3 display the estimation and prediction results for the OE process (8.7) by the
MAQ estimations and MMQ estimations. In the MMQ estimation with h = 0.5, the estimates of
C-parameters actually returned are Ĉ = [−1.8986 0.7881]. In Table 8.2, the stable reflection
[−1.3909 0.4769] are listed instead to facility the comparisons. Again for simplicity, only
the histograms of prediction errors for both estimation with h = 0.5 are showed in Figure 8.2
together with the plot of outputs..

C0 h θ̂ r̂ Ĉ

True – – 1.4000 -0.4900 0.9000 0.7000 0.1000 -1.4000 0.4900

MAQ 0 0 0.5 1.4005 -0.4905 0.9041 0.6957 0.0942 -1.3901 0.4805

MAQ 0 0 0.2 1.4005 -0.4905 0.9042 0.6956 0.0942 -1.3914 0.4818

MMQ 0 0 0.5 1.4005 -0.4905 0.9043 0.6955 0.0943 -1.3909 0.4769

MMQ 0 0 0.2 1.4005 -0.4905 0.9042 0.6956 0.0953 -1.3927 0.4834

Table 8.2: Estimates of OE by MAQ and MMQ methods with the size of the initial simplex varying.
The size is tuned by h. All estimations start from the point C0 = (0 0). Ĉ denotes the best
vertex of the final simplex, i.e., the estimates of C-parameters. θ̂ = E[θ|d(t)] and r̂ = E[r|d(t)]
denote the estimates of regression coefficients and noise variance.

h N T (min.) Rpdf SP E

MAQ 0.5 73 49.9124 0.0360 0.1323

MAQ 0.2 52 32.5655 0.0358 0.1323

MMQ 0.5 203 119.6252 0.0364 0.1323

MMQ 0.2 60 37.6186 0.0356 0.1323

Table 8.3: Other MAQ and MMQ estimation and prediction results on OE with the size of the
initial simplex varying. The size is determined by h. N is the number of iterations used. T (min.)
is the time needed in estimations. Rpdf is the ratio (8.3). SPE is the relative standard deviation
of prediction errors (8.4).

This example shows that the MMQ and MAQ methods behave well on the estimations of the
above OE model. It also demonstrates that the size of the initial simplex may directly affect
the speed of the search. For example, Table 8.2 shows that the MMQ estimation with h = 0.5
consumed the time which is around three times longer than the others do.
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Figure 8.2: (a) Plot of outputs. (b) Histograms of prediction errors of OE by MAQ estimation.
(c) Histograms of prediction errors of OE by MMQ estimation.

8.3 Comparisons of MMQ, MAQ and PEB Methods

The example of this section considers a simulated SO ARMAX(3,3,3) with all roots of the C-
polynomial lying on the unit circle.

The purpose here is to demonstrate the modelling properties of MARMAX models and AR-

MMAX models in their ability to provide the parallelism and compare the efficiency of their
corresponding estimations with the PEB method.

8.3.1 Simulated ARMAX Process

The data samples d(̊t) of the length t̊ = 2000 were simulated by the following SO ARMAX(3,3,3)
process,

yt = −1.8yt−1 + 1.5yt−2− 0.5yt−3 + ut−1 + 0.7ut−2 + 0.4ut−3 + et− 3et−1 + 3et−2− 1et−3. (8.9)

The variance r = 0.1 of the driving white Gaussian noise et was chosen. All three roots of its
cC-polynomial are located at the stability boundary. Figure 8.3 shows the plot of its outputs.
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Figure 8.3: Plot of the output of the simulated ARMAX(3,3,3) process.
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8.3.2 Estimated Model and Implementation

The following ARMAX model with the correct structure

yt = a1yt−1 + a2yt−2 + a3yt−3 + b1ut−1 + b2ut−2 + b3ut−3 + et + c1et−1 + c2et−2 + c3et−3 (8.10)

is used in all estimations of this section.
For implementation of the MMQ and MMQ estimations, simplex with nc + 1 = 4 vertices and

mixtures with nc + 1 = 4 components are defined. The tuning factors are specified as follows:

• Both estimations start at the point C0 = (0 0 0);

• For both cases, the option β = [1.5 1.5 0.5] with h = 0.5 is used to generate a right-angle
4-vertex initial simplex, according to (7.11) – (7.12).

• Stopping is based on measuring the relative size of simplex (7.13) with tolerances ε =
1e− 004, without the limitations on the number of iterations and likelihood of mixture.

while for implementation of the PEB estimation

• the routine arma.m in Matlab system identification toolbox of is used to perform PE

estimation of C-parameters,

• the default initial parameter values constructed in a special four stage LS-IV algorithm
are used.

• iterative Bayesian estimation method is used for the rest estimation based on the extended
LD filter.

8.3.3 Result and Analysis

The estimates are listed in Table 8.4, whilst the rest estimation and prediction results are de-
picted in Table 8.5 and Figure 8.4. In the MAQ estimation, the estimates of C-parameters actually
returned are Ĉ = [−3.5625 3.9375 −1.3754], we list its stable reflection [−2.3206 1.7462 −
0.4254] instead to facility the comparisons.

Initial C0 θ̂ r̂ Ĉ

True – 1.8000 -1.5000 0.5000 1.0000 0.7000 0.4000 0.1 -3 3 -1

MAQ 0 0 0 1.7922 -1.4946 0.4992 0.9975 0.7070 0.4291 0.1486 -2.3206 1.7462 -0.4254

MMQ 0 0 0 1.7982 -1.4989 0.5001 0.9976 0.7079 0.4021 0.0940 -3.0000 3.0000 -1.0000

PEB – 1.7924 -1.4947 0.4988 0.9990 0.7006 0.4355 0.1930 -2.1525 1.6504 -0.4470

Table 8.4: Estimates of ARMAX(3,3,3) by the MMQ, MAQ and PEB methods. Both MMQ and MAQ

methods start from the point C0 = (0 0 0). Ĉ denotes the best vertex of the final simplex,
i.e., the estimates of C-parameters. θ̂ = E[θ|d(t)] and r̂ = E[r|d(t)] denote the estimates of
regression coefficients and noise variance.
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N T Rpdf SP E

MAQ 24 38.6873 (min.) 2.8360e-074 0.1605

MMQ 20 33.0786 (min.) 4.6015e-004 0.1300

PEB – 22.8569 (sec.) 3.1017e-189 0.1823

Table 8.5: Other estimation and prediction results of MMQ, MAQ and PEB methods on AR-

MAX(3,3,3). N is the number of iterations used. T is the time needed in estimations. Rpdf is
the ratio (8.3). SPE is the relative standard deviation of prediction errors (8.4).
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Figure 8.4: Histograms of prediction errors of MMQ, MAQ and PEB methods on ARMAX(3,3,3).

These results further confirm good properties of the MMQ estimation and reveal the limita-
tion of the MAQ estimation. It reflects the influence of the joint updating in the ARMMAX-QB

estimation and indicates that the stable replacement operation may be not efficient enough.
This example also shows the limitation of the PEB method on the stability boundary and

illustrates the slowness of the MMQ and MAQ as well. However, it has to be stressed here that
the software used for implementation of the MMQ is currently in m-files of Matlab, the memory
and speed of the computation is therefore limited. A significant improvement in this aspect can
be expected when using mex-files instead.

In addition, the extremely small values of the radio Rpdf (8.3) indicate that the pdf f(θ, r)
is sharply shaped with its maximum f(θ̂, r̂) sitting at a quite high value. For instance, the MMQ

estimation leads to ln f(θ̂, r̂) = 1.5649e + 003. Thus it is not surprising than such a small radio
as Rpdf = 2.8360e− 074 is obtained.

8.4 Transportation Problem

The performance of MMQ, MAQ and PEB methods using real data is illustrated in this example.
With an increasing number of cars, the traffic transportation problem become urgent. The
process under analysis here is the density of a traffic flow of city crossroads.
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8.4.1 Data Description

The data are measured by detectors under the road surface. Each detector gives information
about time periods when it is occupied by cars and periods when it is free. Using the information
provided by a detector and an average length of cars, the number of cars per kilometer of the
traffic flow, i.e., density ρ, can be computed. This variable describes the traffic state at the
detector position and will finally be used in traffic control for a better utilization of the available
traffic lights.

Outlier filtration, normalization to zero mean and standard deviation one were applied on
the source data. Figure 8.5 displays preprocessing data samples ρ of the length 2000, which are
measured along the traffic lanes of the Strahov tunnel in Prague.
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Figure 8.5: Plot of traffic density ρ.

8.4.2 Estimated Model and Implementation

An ARMA(1,1) model
yt = a1yt−1 + et + c1et−1 (8.11)

is used in the estimations by means of MMQ method, MAQ method and PEB method, respectively.
The MMQ and MAQ estimations are implemented as follows

• start at the point C0 = 0;

• using simplex with nc + 1 = 2 vertices and mixtures with nc + 1 = 2 components.

• The option β = 0.2 with h = 0.2 is used to generate a right-angle 2-vertex initial simplex
according to (7.11) – (7.12) for each method, respectively.

• Stopping is based on measuring the relative size of simplex (7.13) with tolerances ε =
1e− 004, without the limitations on the number of iterations and likelihood of mixture.

While for implementation of the PEB estimation

• the routine arma.m in the Matlab toolbox is used to perform PE estimation of C-parameters,

• the default initial parameter values constructed in a special four stage LS-IV algorithm
are used,

• iterative Bayesian estimation method is used for the remaining estimation based on the
extended LD filter.
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8.4.3 Results and Analysis

The estimation and prediction results of MMQ, MAQ and PEB methods are listed in Table 8.6,
whilst histograms of prediction errors are depicted in Figure 8.6.

Ĉ N T SP E

MAQ -0.6492 16 2.6663 min. 0.3583

MMQ -0.6749 16 2.5296 min. 0.3587

PEB -0.6502 – 11.9810 sec. 0.3583

Table 8.6: Estimation and prediction results of MMQ, MAQ and PEB methods on the real data.
Ĉ is the point estimates of C-parameters. N is the number of iterations used. T is the time
needed in estimations. SPE is relative standard deviation of prediction errors (8.4).
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Figure 8.6: Histograms of prediction errors of MMQ, MAQ and PEB methods on the real data.

The results of Table 8.6 show that the C-polynomial is well located within the stability area,
it is then not surprising that the three methods give similar results.

Remarks 8.4.1
Note that in the estimations we used the simplest first order ARMA(1,1) model, which was

found to be no worse than higher order ARMA models. However, the plot of prediction errors
shown in Figure 8.7 indicates that a richer model structure, such as mixture models, has a space
for further improvements.

8.5 Summary

In summary, our experiments of this chapter show that
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• MMQ method performs well generally.

• MAQ method has the limitations with respect to its joint updating.

• PEB method has the limitations with respect to its stability requirement on C-parameters.
Both the MMQ and MAQ method perform better than PEB method does around the stability
boundary.

• MAQ and PEB methods, despite the limitations, still deserves attention with their certain
efficiency confirmed by the experiments.

• MMQ and MMQ methods are not significantly sensitive to initial simplex with respect to
convergence. However, a poor choice on the initial simplex may have a negative impact,
possibly significant, on their performance in terms of time and iteration number.



Chapter 9

Conclusions and Future Work

The thesis concerns dynamic mixture modelling and Bayesian estimation in the presence of
colored stochastic disturbances. Although some progress has been made in the past two decades,
Bayesian solution to ARMA(X) models remains a long standing open question. Consequently, the
use of ARMA(X) mixtures is hindered as well.

The thesis made further steps towards a Bayesian scheme covering ARMA(X) models and the
corresponding mixtures. It extends the established scheme of AR(X) models and AR(X) mixtures.

9.1 Main Results

Preliminary experimental results demonstrated and confirmed the promising and respectable
properties of the underlying theory and related algorithms. The success is due to the efforts in
theoretical and practical aspects as follows:

• A reexamination on Bayesian modelling from the view of probabilistic dynamic mixtures.

A restricted description of dynamic mixtures was introduced and interpreted. We showed
its feasibility and limitation.

All models considered in the thesis were then described within such a unifying mixture
modelling framework. In particular,

– We stressed how to understand relaxing stability on the MA part for an ARMA(X)

model in modelling.

– We not only considered MARMAX model as a natural mixture generalization of ARMAX

model but also introduced ARMMAX models as a novel system description tool.

• A reexamination on the LD type filters.

The idea of LD type filters is not new. However, the results of Peterka were mainly based
on a proper chosen state-space representation. For our purpose, we reexamined the results
based on regression form of ARMA(X) models and clarified a few related issues which are
important in the estimations of Chapter 6 and 7.

• An investigation on the MARMAX and ARMMAX models.

Efficient MARMAX-QB and ARMMAX-QB estimations have been developed to estimate these
two ARMAX mixtures when the C-parameters are given. Benefited from the extended LD
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filter, the estimations do not impose any constraint on the stability of the MA parts. Mean-
while, they require feasible computation load, which increases linearly with the number of
components and is close to several recursive least-squares estimations.

We also showed the flexibility and limitations of these two mixtures in system description,

– We proved an ARMMA(X) model is indeed richer than an ARMA(X) model.

– We showed their approximate parallelism, i.e., they provide a quantitative measure
of descriptive quality of ARMAX components in parallel. Preliminary analysis was
provided to justify this claim.

– The limited parallelism of ARMMAX models with its joint updating in the estimation
was revealed and the stable replacement operation was proposed as a possible solution.

• MMQ, MAQ and PEB methods were proposed to provide improved Bayesian estimation of
an ARMA(X) model. They preserve Bayesian estimation setting up to the ARX part of the
model and reduce the uncertainty of the MA part by searching for a point estimate of the
C-parameters.

In particular, due to the successful choices of the essential ingredients, namely MDS opti-
mization method and ARMA(X) mixtures, the MMQ and MAQ methods have several favor-
able properties:

– They are able to cope with C-polynomial with its roots even at stability boundary.
This property of the adopted extended LD filter makes them outperform the PEB

method at this aspect.

– They are able to cope with C-parameters even in high dimensions (≥ 2). The strong
convergence analysis of the adopted MDS search makes them outperform alternative
methods. For instance, they are more reliable than a method based on the NM
simplex search at this aspect.

– They enable parallel search acceptable on a single-processor machine by taking ad-
vantage of the approximate ”algorithmic” parallelism of the mixtures. Thus, they can
be considered as one of off-line applications of ARMAX mixtures. It actually opens
up a novel possible application of mixtures in parallel computing field as well.

– The richness of ARMAX mixtures may bring potential benefit to provide a valuable
model even if the search in the C-parameters space is stopped before it converges
finally. Stopping may be enforced by a slow terminal convergence of the MDS method
or by computational demands implied by the extensive data set processed.

• The thesis clarified the relationships among all models considered: AR(X), ARMA(X), mix-
ture of AR(X), MARMA(X) and ARMMA(X).

• Illustration and Experiments.

A significant amount of work was devoted to implement the proposed algorithms.

– A few implementation rules were proposed to complement the rules of the standard
MDS method in our parameter estimation setting.

– A software package was developed in the Matlab language.
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9.2 Future Work

The above discussion also highlights where further efforts should be made. We list some of them
below as the subjects of future work.

General Dynamic Mixture Modelling

Although our restricted description of dynamic mixtures (3.6) is acceptable, it is desirable to
remove its assumption on constant mixing weights for asymptotic goodness.

Consider all input-output data contained in the observed data vector Ψt = [yt, ψ
′
t] as a whole

f(Ψt|Θ), (9.1)

and approximate it by a static mixture using the universal approximation property

f(Ψt|Θ) =
np∑

p=1

αpf(Ψt|Θp, p), (9.2)

with constant weights αp and static components f(Ψt|Θp, p).
Using chain rule (2.4), the following relation then holds

f(yt|ψt, Θ) =
∑np

p=1 αpf(yt|ψp;t, Θp, p)f(ψt|Θp, p)
f(ψt|Θ)

, (9.3)

If we denote

ᾱp(ψt) =
αpf(ψt|Θp, p)

f(ψt|Θ)
, (9.4)

then (9.3) can be rewritten in terms of data-dependent weights ᾱp(ψt)

f(yt|ψt, Θ) =
np∑

p=1

ᾱp(ψt)f(yt|ψp;t, Θp, p). (9.5)

Obviously, with the data-dependent weights ᾱp(ψt) and the dynamic components f(yt|ψp;t, Θp, p),
(9.5) gives a description of dynamic mixtures. What’s more, such a modelling also opens up a
promising prospect to tackle the corresponding estimation.

Extended MMQ/MAQ Algorithm

In order to have the MMQ/MAQ algorithm fully ready for routine real applications, more elabo-
rated implementation and to further take advantage of the power of mixtures are needed.

The recent progress in optimization area could help use to improve the MDS method, for
example to used sequential multidirectional search or some hybrid methods.

By exploring the power of mixture, we mean to increase algorithmic parallelism by using
ARMAX mixtures with more than nc + 1 components. It is similar to the attempts to use all
available processors or scaling the algorithm to fit the properties of a given machine in parallel
optimization problems. In 1991, Denis [40] investigated how to generate algorithms which is able
to use any number of processors for direct search, in particular multidirectional search. The idea
there would throw light on our attempt to increase algorithmic parallelism of ARMMAX.
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However, a significant amount of work is then added in each iteration. For parallel processors,
it is distributed among the available processors, thus it speeds up the procedure and finally one
can benefit from reducing the execution time. In our case, we are doing parallel computing on
a single processor. Thus, if we want to employ the above idea to increase the parallel ability of
mixtures, it requires caution since we are not sure how much we can benefit in execution time.

Generally it would be more reasonable for our mixture to visit the proper number of points
instead of as many points as possible. For instance, we could use one 2nc + 1-component
mixtures for the evaluation of likelihoods in both reflection and expansion steps instead of two
nc + 1-component mixtures for each step respectively.

Refining MAQ Estimation

Based on the preliminary analysis, the parallelism of ARMA(X) mixtures appears to be feasibly
successful in the experiments. However, the full theoretical analysis on their parallelism is still
lacking. Especially a more efficient way to deal with the influence of the joint updating in the
MAQ estimation is preferable.

Rather than the proposed stable replacement operation in Chapter 6.3, another potential
solution is to use a re-scaling as following:

As defined earlier, a partial covariance matrix S of an ARMA(X) model is

St,t±i = si =
nc∑

k=i

cick−i, for i = 0, 1, · · · , nc, c0 = 1

It can always be normalized so that its principal diagonal elements equal to unit, i.e.,

s0 = 1 or Si,i = 1, i = 1, · · · , t

using a scaling

S → S/s0 (9.6)

In effect, it amounts to a re-scaling in noise term, more exactly in noise variance re

re → res0 (9.7)

or re-scaling in the C-parameters C = [1, c1, · · · , cnc ]

C → C/
√

s0 (9.8)

Note that, in the context of the multidirectional search, such a re-scaling may create danger
because it alerts the angles of the simplex during the searching in C-parameters Cartesian space.
Thus it destroys one of important features of MDS method that the shape (the angles) of the
simplex keeps unchanged during the moving.

To preserve this property, a polar transformation could be used here. The main idea is to
represent the C-parameters in the polar coordinates and perform the MDS search in the polar
coordinates space instead of the Cartesian space.

Recall that in multivariate integral analysis, see for example [37], any point x = [x1, · · · , xm]
in a m-dimensional Cartesian space can be identified by its distance from the origin, ρ, to-
gether with the angles φ1, · · · , φm−1 as a polar representation (ρ, φ1, · · · , φm−1), according to the
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following relations:

x1 = ρ cosφ1

x2 = ρ sinφ1 cosφ2

...
xm−1 = ρ sinφ1 cosφ2 · · · sinφm−2 cosφm−1

xm = ρ sinφ1 cosφ2 · · · sinφm−2 cosφm−1,

where ρ ≥ 0, φi ∈ (−π
2 , π

2 ) for i = 1, · · · , φm−2 and φm−1 ∈ (−π, π).
With these relations, the above re-scaling can be equivalently expressed by polar representa-

tion, with only nc unknown angles φ needed to represent the nc + 1 dimensional vector C/
√

s0,
since the norm is 1 such that ρ = 1. Thus we can perform the MDS search in the the space nc-
dimensional φ space instead of the nc + 1-dimensional Cartesian space. In this way, we preserve
the shape of simplex unchanged.

The use of the polar representation can be easily embedded into the the procedure of MAQ

described in Chapter 7.1.3:

• Give an initial guess of C-parameters in terms of polar coordinates , i.e., the angles φ0 =
(φ1, · · · , φm−1).

• Create an initial simplex in terms of polar coordinates. It is then transformed into Carte-
sian coordinates according to the formula given above.

• Feed the simplex in Cartesian representation into the ARMMAX-QB estimation to make
function evaluations.

• Determine the best vertex according the component log-likelihoods.

• Generate new trial points, such like reflection, expansion, contraction points, in terms of
polar coordinates φr, φe, φc.

• Transform these trial points into the Cartesian coordinates according to the formula given
above and feed them into the ARMMAX-QB estimation to make function evaluations.

• Determine the best vertex according the results of estimation.

• Determine the best vertex according the component log-likelihoods.

• If the stopping rules are not satisfied, repeat the procedure.

Dealing with Multivariate ARMAX Models

As remarked earlier, for the estimation of ARMAX models, when the assumption that the MA

part is known can be made, the majority results of Chapter 5 are directly applicable on its MO
extension, see [6]. When such an assumption cannot be made, the MO extension of Chapter
6 could be obtained by an approach studied in [16], where a MO linear system was described
by a collection of SO models and thereafter the identification was made based on such kind of
entry-wise predicting models.
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Generalized Use of ARMMAX Models

Another important issue is the generalized use of ARMMAX model. Although it is not required
by our definition of ARMMAX model, the study of ARMMAX models in the thesis has indeed been
mainly based on the Peterka filters to realize the temporal variations of the stochastic MA part.

Actually, the modelling power of ARMMAX and its gained algorithmic parallelism can be
extended further on. Different choices of the types of filters leaded to various filtering properties.
For instance, the Peterka filters can be partially or fully replaced by other types of filters [41]. It
opens a way to a wide set of novel adaptive filters dealing with outliers, with temporarily varying
measurement noise etc. Practical impact of such possibilities can hardly be over-stressed.



Appendix A

Mixtures at Factor Level

By chain rule, the distribution of data y(̊t) with multiple modes can be expressed as

f(y(̊t)|Θ) ≡
∏

t∈t∗
f(yt|ut, φt−1, Θ), t∗ ≡ {1, 2, ... , t̊}

with finite parametric mixtures forming each individual parameterized models

f(yt|ut, φt−1, Θ) ≡
∑

p∈p∗
αpf(yt|ut, φp;t−1, Θp, p), p∗ = {1, . . . , np}, np < ∞, (A.1)

where, αp ≥ 0,
∑

p∈p∗ αp = 1, and

f(yt|ut, φp;t−1, Θp, p) (A.2)

describes the p-th component of the mixture. Here the state φp;t is newly introduced and
recursively updated using new data dt

φp;t = Φp(φp;t−1, dt). (A.3)

The overall parameters Θ of the mixture are formed by the component weight α and the pa-
rameters of the individual components Θp

Θ ≡
{
α = [α1, · · · , αnp ], {Θp}np

p=1

}
.

When multi-output are considered, the chain rule implies that the above component level
description of mixtures could be refined further. For a ny-dimensional output yt, each component
(A.2) can actually be further split as a product of pdfs predicting its individual entries,

f(yt|φp;t−1, Θp, p) ≡
∏

i∈i∗
f(yip;t|ψip;t, Θip, p), (A.4)

where the pdfs, for p ∈ p∗ = {1, . . . , np}, i ∈ i∗ = {1, 2, · · · , ny}

f(yip;t|ψip;t, Θip, p) (A.5)

are so-called parameterized factors. In particular, a factor occurring in several components
is called common parameterized factor. The additional subscript i of the parameter Θip here
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indicates that only some entries of Θp may occur in i-th factor. Similarly, the vector ψip;t is
generally a sub-vector of the vector

[y(i+1)p;t, y(i+2)p;t, · · · , ynyp;t, ut, φ
′
p;t−1]

′. (A.6)

It is obvious that description of dynamic mixtures at factor level could bring some additional
freedom, namely

• to provide more flexibility in the parametric description,

• to open a way to use different models for different entries of output yt,

• to describe jointly continuous and discrete valued variables,

• to respect common dependencies reflected in several components.



Appendix B

QB Estimation at Factor Level

As a complement of Section 4.3.3, here we describe the corresponding QB estimation of mix-
tures at factor level. The more detailed discussion and the full treatment on the topic, see for
example [18].

Algorithm B.0.1 (QB estimation at factor level)

Initial (off line) mode

• Select the complete structure of the mixture, i.e. specify the number of components np and
the ordered lists of factors allocated to the considered components. The structure of the
factor labelled by ip is determined by the structure of the corresponding data vector Ψip.

• Select prior pdfs f(Θip), p ∈ p∗ of the individual factors, ideally, in the conjugate form,
with respect to the parameterized factors f(yip;t|ψip;t,Θip, p).

• Select prior pdfs of component weights α in the form of Dirichlet,

f(α) = Diα(κ)

and specify the initial values κp;0 > 0.

Sequential (on line) mode,

1. Evaluate the point estimates of the mixing weights αp of previous time instant t− 1,

α̂p;t−1 ≡ E [αp|d(t)] =
κp;t−1∑

p̃∈p∗ κp̃;t−1
.

2. Acquire the data record dt.

3. Compute the values of the predictive pdfs for each individual factor i ∈ i∗ = {1, . . . , ny} in
all components p ∈ p∗

f(yip;t|ψip;t, d(t− 1), p) =
∫

f(yip;t|ψip;t, Θip)f(Θip|d(t− 1)) dΘip =
I(d(t)|ip)

I(d(t− 1)|ip)
, (B.1)

using (2.21) and the data dt.

A trial updating of statistics with neither data weighting nor stability forgetting is performed
in the evaluation here. In the case of normal, a partitioned L′DL decomposition of the
statistic Vp;t has to be used to counteract the numerical troubles.
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4. Compute values of the predictive pdfs for each individual component p ∈ p∗

f(yt|ut, d(t− 1), p) =
∏

i∈i∗
f(yip;t|ψip;t, d(t− 1), p). (B.2)

5. Compute the probabilistic weights

wp;t =
α̂p;t−1

∏
i∈i∗ f(dip;t|ψip;t, d(t− 1), p)∑

p̃∈p∗ α̂p̃;t−1
∏

i∈i∗ f(dip̃;t|ψip̃;t, d(t− 1), p̃)
, (B.3)

they assign the weights to the data, which are used in the updating the statistics for each
component.

6. Update a posteriori Dirrichlet pdf of mixing weights by the evolution of the scalars κp;t+1

κp;t = κp;t−1 + wp;t.

7. Update a posteriori pdfs f(Θp|d(t+1)) of the parameters associated with individual factors
according to the weighted Bayes rule. Here two situations may encountered:

• When there are no common factors in components,

f(Θip|d(t)) ∝ [f(yip;t|ψip;t,Θip, p)]wp;t f(Θip|d(t− 1)). (B.4)

• When there are common factors in components,

f(Θip|d(t)) ∝ [f(yip;t|ψip;t,Θip, p)]wip;t f(Θip|d(t− 1)), (B.5)

where wip;t =
∑

p̃∈p∗i
wp̃;t, with p∗i is the set of pointers, which label the components

containing the i-th factor.

8. Evaluate, if need be, the characteristics of f(Θip|d(t)) describing other parameters Θip.

9. Repeat the sequential mode, when t ≤ t̊.



Bibliography

[1] L. Ljung. System Identification-Theory for the User. D. van Nostrand Company Inc.,
Prentice-hall. Englewood Cliffs, N.J, 1987.
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