Approximate Recursive Bayesian Estimation of Dynamic Probabilistic
Mixtures - DRAFT

Josef Andrysek

Department of Adaptive Systems
Institute of Information Theory and Automation
Academy of Sciences of the Czech Republic

Abstract. Majority of complex non-linear systems can be successfully modelled by a finite probabilistic
mixture of linear models. The mixture model can be handled analytically, which is important for control of
the system as well as for decision making. Quality of the model is a crucial requirement of all tasks of this
type. The exact Bayesian methodology can not be used for estimation of this model, because complexity of the
posterior distribution grows exponentially with number of data. Therefore, approximation techniques such as
the quasi-Bayes algorithm must be used. This paper introduces a new estimation algorithm, which is based on
minimization of Kullback-Leibler distance between the proper Bayesian posterior density and an approximate
posterior density. The approximate posterior distribution is chosen from the exponential family in order to
achieve numerically efficient estimation.
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1 Introduction

The choice of a suitable model is essential for both control and decision making when dealing with complex
systems. One way to face complexity is the principle of adaptivity, i.e. using models which evolve during their
use. The demand for adaptivity of the model leads to the recursive estimation of its parameters, i.e. permanent
updating of its parameter estimates by the new data. In other words, statistics describing estimates are corrected
by newly acquired data. The model should be chosen from a sufficiently rich family of models to capture all
properties of the modelled system. Naturally, computational cost associated with estimation of parameters of
the model grows with complexity of the model. If the modelled system is non-linear, its model should be non-
linear too. In this paper, we study finite probabilistic mixture of linear models. The finite mixtures provide a
universal approximation of almost any probabilistic density function (Titterington, et al. 1985) and thus can be
successfully used in modelling of complex systems. Invoking the principle of adaptivity, we seek an efficient
recursive estimation of the mixture model parameters.

The resulting model can be then used both for control and decision making tasks. Universal algorithms for
mixture-based control (&ny, et al. 2003) were derived, but quality of the resulting control strategy strongly
depends on the quality of the estimated model. Practical experience indicates that this is a weak element of
adaptive control and that an improvement of the estimation part improves the overall control quality. Hence,
we try to develop better estimation algorithms for the mixture model. The control algorithamsy(kt al.

2003) as well as efficient structure estimation algorithms were derived using the Bayesian theory (Peterka
1981). The unknown model parameters are treated as random variables and all subsequent task are defined in
terms of posterior distributions of the parameters rather then thier point estimates.

The recursive Bayesian estimation evaluates the posterior distribution on parameters aistemeupdate
of the the posterior distribution at time— 1 using the Bayes’ rule and the data acquired at tim&€he
recursion starts at = 1 with update of the prior distribution which must be chosen before the estimation
starts. The posterior distribution obtained by the Bayes’ rule may not be, however, analytically tractable and
thus unsuitable for the next update.

In practice, mostly such prior distribution is used so that the posterior distribution in each estimation step
has the same functional form as the prior distribution. Hence, just the sufficient statistics determining the pos-
terior density are updated. Such a prior distribution is then known as conjugate with the observation model. For
example, conjugate prior distribution is available for all models from the exponential family. If the conjugate
prior does not exists the exact recursive estimation can not be achieved. In such a case, we seek approximate
recursive estimation. This is the case of the probabilistic mixture model. Using the exact Bayesian update,
the complexity of posterior density grows exponentially with number of the data samples. The quasi-Bayes



algorithm (Karny, et al. 1998) (Karny et al. 2003) or a modification of the EM algorithm (Titterington et al.
1985) are examples of approximate algorithms facing this problem.

This paper introduces a new approximate estimation method, which can be viewed as a generalization of
quasi-Bayes algorithm. The basis of both approaches is finding the approximate posterior density in particular
(well manipulable) class of densities.

The new algorithm finds the optimal projection of the correct Bayesian density into the selected class of
densities. The projection is optimal in the sense of Kulback Leibler distance (Kullback & Leibler 1951). It
should be mentioned that the Kullback Leibler distance is not symmetric. Algorithm presented in this paper
minimizes the Kulback Leibler distance with the argument order, which conforms with Bayesian principles
(Berec & Karny 1997). An algorithm minimizing the Kullback Leibler distance with arguments in different
order can be found in (Roberts & Penny 2002).

2 Notions and notations

x* denotes the range of, x € x*.
Z denotes the number of entries in the veator
= means the equality by definition
x; is a quantity (vector): at the discrete time labelled by t* = {1,...,t}.
x;¢ 1S ani-th entry of the vectog,. The semicolon in the subscript indicates that the symbol following it is
the time index.
xS asubvector of the vecta. xi_j = (Thwt, -+, Tist)-
x(k-l) =z, ..., 2.
z(t) = z(1-t).
x(t) is an empty sequence and reflects just the prior informatiorcifl.
d is data array, d, is data record at time (vector with entriesd ;, - - -, dj, 4 )).
© unknown parameter, finite-dimensional vector
f,m are the letters reserved for probability density functions(pdf)
f(d¢|d(t —1),0) means model of the system.
fe(de|d(t — 1),0,.) is component of the mixture.
m0(©) denotes prior density of the unknown parameier
m(0]d(t)) = m(0©|G:) means (approximate) posterior density of the paraméteetermined by the suf-
ficient statistiog,.
o is the proportion signh o« g means that functioh equals to the functiop up to the normalization. I.e.
h _ _g

h fg.
0 is the model order.
D(||) means the Kullback-Leibler distance(Kullback & Leibler 1951). This "distance” is familiarly used in
Bayesian analysis as the measure how good the second pdf approximates the first pdf. For conciseness, the

Kullback-Leibler distance is referred to as the KL distanDe(f H g) =/[fln (é)
I'(z) means gamma functiofi(z) = 0+°Q t*~1exp(—t)dt.
Yo (z) is digamma functionyy (z) = 2L@)
0 denotes identity matrix. 1.6,; = 1 iff ¢ = j, otherwisej;; = 0.
Agreement 1 (Multimatrix, multivector) Multimatrix of typem,n

My -+ My,
M= o

is a mathematical object, whefd,; is either matrix or multimatrix. Hence matrix is a multimatrix. Multima-
trix need not be a matrix. Definition of Multivector is analogical.

Agreement 2 (Multimatrix indexing) For M being a multimatrix of typen,n the following notation is
used:
M;; isij-th entry of M.



M
M,; is multimatrix :
My,
M;e is multimatrix(M;1,- -+, M;p).
M,, means the same ddg.We use this notation when we want to stress fifas a multimatrix (matrix).

Agreement 3 (Other Matrix notations) Let's M be a matrix of typen, n andc some scalar. Let’s define the
following operations:

M = ¢ is matrix of typen,n, (M £ c);; = M;; +c.

exp(M) is matrix of typem, n, (exp(M));; = exp (M;;).

max M is scalar with maximal value af/.

3 Basic elements and tools

3.1 Recursive parameter estimation

The task of recursive parameter estimation is to determine the posterior def#tyi(¢)) based on the
knowledge of

e last posterior density;_, (©]d(t — 1))
e new data record;
o model of the systenf (d;|d(t — 1), ©) parameterized by unknown parameter

The algorithm starts from prior pdf,(©) = 7((©]d(0)). We assume existence of the sufficient statigtic
for posterior pdfs, i.e.
m(0]d(t)) = m(O[Ge).

Next, consider that the actual data recdgddoesn’t depend on all historical dadé — 1) but only on a
subsetp;_1 = (d¢—1,di—2, -+, di—p). Hence,

f(dild(t = 1),0) = f(di|pi-1,0).

The standard Bayesian approach determiné®|G;) as
T(0)Gr) o f(di|pr—1,0)m—1(0|Ge—1). 1)

3.1.1 Recursive parameter estimation with conjugate pdf

The considered approach (1) can be effectively used in the casemyl®n is conjugate pdf to the system
modelf(dt|¢t,1, @). In such a caser;(©]G;) has the same functional form ag(©). Hence, we can get

m(0[G;) = m(0]G), Vt.

When updating fromr (©|G;_1) to 7(0|G;) it suffices to update the sufficient statisti¢§; 1, d;) — G;.

3.1.2 Recursive parameter estimation without conjugate pdf

If the pdf conjugate to the system model doesn't exist, the dimension of sufficient statistic grows with number
of data samples. Then, of course, complexitympfgrows as well. In such a case we can proceed in the
following way:

we choose prior pdf in an arbitrary well manipulable functional form,

we seek an approximate posterior pdf’s of the same functional form,

we set, in each step of estimation, the statistic determining the approximate posterior pdf in such a way
that it is "closest” to the "correct Bayesian” pdf.

We need to specify what we mean by: "correct Bayesian” and "closest” . Let's have the approximate poste-
rior pdf 7 (©|G;_1), which depends on the statisti¢_; . If we handle the approximate posterior pdf|G;_1)



as the correct posterior pdf, the "correct Bayesian” posterior pdf in the nextr§&@|6; 1, d:, ¢:—1) is (ac-
cording to (1)) obtained as

o _ f(dt|¢t717@)7r(@‘gt71)
77(@|gt_17dt,¢t_1) - ff(dt|¢t_1,C"‘))ﬂ'(@|gt_1)d@.

The term "closest” means closest in sense of the KL distance. It means that we wantGodothat

D (7%(9|gt717dt,¢5t—1) H W(@\gt)) (2)
is minimized.
Remarks 1

1. Applicability of the presented algorithm strictly depends on the complexity of the KL distance. Except of
trivial cases, it is usable only if the KL distance can be evaluated analytically.

2. The algorithm uses the approximate posterior pdf obtained intstep as the true posterior pdf in step
This leads to error accumulation.

3.2 Dynamic probabilistic mixture

In this paper, we consider the parameterized model of the system in the form of a finite probabilistic mixture:

Flde]pe-1,0) = Y acfeldi|der—1,0c), ¢ ={1,...,¢}, & < oo, where (3)

cec*
fe(di|deii—1,©.) = c-thcomponengiven by component parametdds and the state
¢eit—1 = subset ofp,_;
a. = the probabilisticcomponent weight
© = mixture parameter formed by the component weights and parameters

{{GCEGZ}CEC*, a=lag,...,q €a” = {0@20, Zaczl}}.

0 c o

cec*

Before fixing and refining nomenclature related to the mixture, we split the individual components into so
calledfactorsthat provide flexibility of the parametric description.

Using the chain rule, the pdfg.(d;|¢..t—1,©.) can be written as a product of pdfs of individual entries
of d;. Before applying the chain rule, entries &f can be permuted and some permutations may lead to
parameterizations with less parameters. This motivates inclusion of permutations into the model description

d — d. with d;. = d;,,, where (4)

Jic 1S i-th entry of the permuted indicés, . . . aﬂ. The assignment (4) is applied component-wise and together
with the chain rule give

fc(dt|¢c;t—la ec) = H fic(dic;t|d(i+1)7d“c;t7 ¢c;t—la 671(:) = H fic(di,c;t|'¢)ic;t7 @zc) (5)
1EL* 1€1*
The additional subscrigtof the paramete®,. indicates that only some entries ®f may occur ini-th pdf
(factor) in (5). Similarly, theregression vectot;..; is generally a sub-vector of the vector

[d(i+l),dwc;t’ d):;;t—h 1}/ (6)

Agreement 4 (Nomenclature related to mixtures)
Pdfs: The pdff.(d¢|¢c—1, O.) in (3) is calledparameterized componeoita mixture and
a. is theweight of thec-th parameterized component
The pdffic(dic:t|tic:t, ©ic) In (5) is calledparameterized factor
Data: The vectord, containing data measured at timés calleddata record
The vectorp.;— is the observablstate of the parameterized component
The parameterized factor is determinedrbgression vectoy;,..; defined as a sub-selection of the vector
[di+1,¢ic;t’ (b/c;tfh 1]/ (6)
The coupling¥;..; = [d;c:t,,.;]" IS calleddata vectoof the factor.

ict



Remarks 2

1. We added the number 1 to the definition of the regression vector, because it helps us to effectively express
the constant shifts in mean values of factors.

2. The adopted dynamic mixture model is not sufficiently general. The component weights should also depend
on the state vector. The choice is driven by our inability to estimate this “natural” and more realistic
model. See discussion in (He &Ky 2003)

3.3 Form of the prior and the posterior pdf

According to the general hints in section 3.1.2 we need to choose the prior pdf in a form that is well manipu-
lable, i.e. analytically tractable.

Agreement 5 (Considered forms of pdfs or®*) The prior7(0) = 7(©|d(0)) and the posterior
7w(0]d(t)) = m(0]|G;) are considered to be of the common form:

7T(®|gt) = Dia("%) H mc(@ic\Sic;t), te {0} Ut , where @)

1€1*,ceEC*

gt = (K;.;t7 Soo;t)v

Ke—1
* € Lk F C
Di. () is Dirichlet distribution, Di () = Llece %" [ee- Tlre)

, B(k) = =&=&—~
5o P TS )

each pdfr;.(0;.|Si..t) is conjugate to the factof;.(d;c.t|Vic:t, Oic)-
Parameter®),., i € i* = {1, ... ,a?}, c € ¢*, of the individual parameterized factors are mutually condition-
ally independent, and also, independent of the component weigftise component weights have Dirichlet
distribution Di,, () with support on theprobabilistic simplexx*.
Remarks 3

1. The considered form of the posterior distribution restricts the class of mixture fatt@es...|Vic.t, Oic)
to those having conjugate pdf.

2. Details about Dirichlet distributiorDi, () can be found for example in (Aridrek 2004).

3. The research report (Angisek 2004) contains all details and proofs, which were omitted in this paper.

3.4 Notations related to mixtures

In the sequel, we use the following elemerits: i* = {1, ..., cf}, cec*

Factor prediction Z;.., = /fic(dic;t

wic;ty ®ic)77ic (@ic ‘Sic;tfl )de)lc

¥
Component prediction Be; = | [ Zie: 8)
i=1
Estimate of component weighté..; = - et 9)
Zcec* Kest
QB weight of data w,; = M (10)

=1 Xc;t— 1ﬂc;t

_ fic(dic;t |’(/}ic;t7 @ic)ﬂ-ic(@ic|8ic;t—l)

"Correct” estimate of factor parametersr;(;|SL.;) = 7 (11)
icit

Remarks 4

1. The assumption of conjugacy @fi.(O;.|Sict—1) to the factor fi.(dic.t|tic.t, ©ic) implies that
f”(d“”‘wi”?t’e’??f"“(@’i°'S’“‘*H) has the same functional form &s.(0;.|S;c;:—1), and thus we need to
evaluate only the statisti§[.,.

2. As values of;.; can be very close to zero, it is numerically advantageous to evaluate the weights
usingLic = InZiey . L4y can be computed directly without evaluating., .




Algorithm 1 we;; = EVAL_WEIGHT(Lee:t, Ke:t—1)
1. For each componentevaluate H.,; = Inkc;e—1 + > ; Licit
2. 7-_[.;t = H,y —max Hq

o exp(?jl.;t)
3. ’I,Uo;t - ZC exp(?rt.;f,)

Remarks 5 w,; evaluated in this algorithm is the same as defined in (10):

exp (Hee — maxHeyr)  exp(Hey) exp (max Hey)
S (exp (Het — maxHey))  exp (maxHey) Y. exp (Het)

KRejt— lﬁc;t
Hc;t—lﬁc;t _ Z”c;tfl _ O‘c;t—lﬁc;t

B Zﬁc;tflﬁc;t B Znﬂ%tflﬁcﬁ B ch;tflﬂc;t.

Rejt—1

West =

4  Problem formulation and general solution
In this Section, we apply the approximation from section 3.1.2 to the introduced mixture model (3). We seek

=,
B . . . . /_/H
the statistiaj; that minimizesD (fr(@gt_l,dt,gﬁt_l ) H 7r(®|gt)) , Wwhere

(dt|¢t 1, ) (@|gt_1)
J f(di]¢—1,0)m(O]G—1)dO
‘Il,c
m(©]Gi-1) = Dia(k¢-1) 7Tic(®z‘c|5ic;t—1)

i=1,c=1

(C—)‘gt 1, \Ilt)

dt|¢t 17 Zac]:[fw ZCt|wlCt7 w)

In this case, the statistig; consist of vectok, (of ¢ elements) and multimatri&,,.; of type (\if, c).

The next proposition summarizes the formigP|G; 1, ¥;).

Proposition 1

7?(-(G)‘gt—lalpt chtDla Rt— 1+6-c H 71—]7“ ]T|S]Tt 1 Hﬂ-]c ]c| ]ct (12)
j,r=1
r#c

Proposition 2 (Minimization of KL distance) For G; = {See:t, k¢ } Minimizing

D (#1611, %)

LCIAN

it holds:

k¢ € Arg mKlfH li we;e D (Dia(ﬁt—l + do.c) ‘ Dia(’ft)) (13)
) c=1

Sice € Argin | (1~ we)D (wie(OuclSice) || mie(OickSien) ) + weeD (wic(OiclSiLe) || mie(OiclSic) )]

Remarks 6 The previous proposition split the overall problem into two subproblems. The subproblem (13)
can be solved in general, as presented in section 4.2. Solution of the second subproblem depends on the choice
of the system model. Solution for the Normal models is presented in section 5.



4.1 General algorithm

Following the proposition 2 we sketch the general algorithm of one mixture estimation step. We naturally
suppose tha¥,.., can be obtained froni(¢) .

Algorithm 2

Inputs - Reit—1, S..;tfla lI’oo;t
Outputs - Keit, See:t

1. For each factofic evaluatel,.;: = InZ;;

2. weyy = EVAL_WEIGHT(Lee:t; ke:t—1) (Algorithm 1)
‘ Dia(nt))]

For each factoric evaluateS,, so thatr.(0;c|SY,) = M(@”‘SMH)%Ifj(di”tW”"t’@“)

Kt € Argming, s {Zle Wet D (Dia(nt_l + dec)

oW

5. For each factoiic evaluate
Sic;t S Arg minSiC:t {(1 - wc;t)D (Wic(eic|8ic;t—1) H 7Tic(®ic|sic;t)> + we; +D (ﬂ'z( (@u| ic; t) H 7Tic(®ic|5ic;t)>:|

Steps 1,4,5 depends on the specific choice of the system model, step 2 is solved, and step 3 is discussed in
the next section.
4.2 Minimization with respect to «;

The following proposition converts the problem of KL distance minimizatior-pfart to minimization of an
algebraic expression.

Proposition 3 (Minimization with respect to ;)
For x; minimizing

i weaD (Dialke-1 + bac) || Dial0))
it holds - 0
Keit € Arg min { c [ ’%t "fc;tfc;t} —1In <F (i “c;t)) }
where - -

We
fc;t = <¢0 (ch;t—l) + ﬁ — o <Z Ket—1 + 1)) .
c;t— o—1

Proposition 3 yields the following algorithm.

Algorithm 3 k., = NEW_KAPPA(We.¢, Ke;t—1)
1. For each componentevaluates.; = o (kee—1) + o — %o (Zizl Ket—1+ 1)

2. Kot € Algmin {Zg 1 [hl (T (R5:)) — fij;téj;t} —In (F (Zi ’ic;t))}

Remarks 7
1. Minimization of the term (13) can be simply approximated by changPr(gDz'a(m) H Dia(ﬂg)>

into square of the Euclidean normik; — x2||?. The problem is then transformed into minimization
of InanwcHx — x.||? which has explicit solutionz = chxc Applied to our case it yields

Kt = K¢—1 + wy¢, Which is identical to the solution obtained usmg the quasi-Bayes algorittamiket al.
1998).



2. The minimization problem in step 2 must be solved numerically or by suitable approximation. For detailed
solution of this problem see (Nenutil 2004).

We have completed all steps which can be done on this general level. In the next parts of the paper, we are
dealing with the special case of the factors.

5  Application to normal factors

In this section, we assume the parameterized factor to be dynamic Gaussian pdf with par&@meters
(0, 7ic), Whered;. is so called vector of regression coefficients ands noise variance of the factor.

exp< ( eyt T elcwzc t) )

275

1
ic dic‘ ic; a®ic = Ng,.. 0 icty Tic) =
f ( ,t|¢ it ) dw,t( zcw ity T ) m

We don't need to introduce a shift in the mean value, because the regression vector can contain number
1. See Remarks 2. The shifting constant is then placed to the corresponding place of the vector of regression
coefficients.

The prior conjugate to this model is the Gauss inverse Wishart pdf with pararseters: (vic.t, Vieit).
wherev;..; is scalar count of degrees of freedom afg; is so called extended information matrix (symmetric,
positive definite, of typgw, ¥) ).

c

_ I S 1
Tie(OiclSicst) = GiWa,. i (Viests View) o< i ”’f*””””exp{ 1 (Viest [ 1, 0] [ Lew}

2ric

Note that the matri¥;. can be equivalently manipulated throughiitdD L. decomposition (i.e. with lower
triangular matrixZ;. and diagonal matrixD,. which fulfills the relationV;. = L} _D,.L;.). Next, the matrices
L;. andD;. can be equivalently expressed via mattix., vectorf;. and scalart’D;...

Because all three representations described above are equivalent, we will not formally distinguish between
them. If V. is a statistic of GiW factor, under the terms., D;.., Hw, Cic, 1D;, we automatically mean the
parts of corresponding representation of the matfix

Now, we specify the steps 1,4,5 in the general algorithm 2 for Normal factors.

5.1 EvaluatingZ,..,

Z;. is defined as
Iic;t = /fic(dic;tld}ic;ta @ic)ﬂ-ic(@ic|8ic;t—1)d®ic = /Ndic;t (egcwic;taTic)GiWOic,ric(Vvic;t—la Vic;t—l)daicdric-

Z,c;+ for normal factors is evaluated as:

—-0.5
F(0-5(Vic;t71 + 1)) [ Ld-Dic;tfl(l + C’ic;t)}

62 )0-5(V'ic;t—l+1)

z-ic;t =
ﬁr(o.{)yic;t_l) (1 -+ m

(14)

where

Eicst = dicst — 0leyy_1ic = prediction error
Cic;t = d)gc;tcic;t—lwic;t

Remarks 8 According to remarks 4, we need to evaludtg,, = InZ,.;. It can be done efficiently via the
product form of (14). The following algorithm summarizes this task. Recallthat = [d;..;, tic;t)-

Algorithm 4 (evaluation of L;.;) Lie = FACNORM(Cicr 1, 0icit—1, Dicst—1, Viest—1, Wicst )

1. Evaluatq’ic;t = wz{c;tcic;tflwic;t



2. Evaluateéic;t = dic;t — Qgc;t_lwic.’t
3. Evaluate

Lict =Ty = InT (0.5vet—1 + 1)) — InT (0.5004-1) — 0.51n ( ldDic;t,l) — 0510 (1+ Ciext) —

52
eic‘t
—0.5Wie4—1+1)In | 1+ : —0.5In
( it—1 ) < LdDic;t—l(]-“i'Cic;t)) (77)

Remarks 9 FunctionlnT" can be evaluated without computindirst (Abramowitz & Stegun 1972).

5.2 EvaluatingSY.

icit

Sf., = [V, V] can be evaluated in the following way:
‘/z[c]t = Vigt—1 + \IJiC;t‘Ich;t (15)

U
Viest = Viest—1 +1

The relation (15) can be rewritten in terms@fé, 2D:

1 A 1(' t
CY, = Cieto1 — ———Zicst ) 0. = Orop1 + Zic;
t — Vicit—1 icit t it icit—1 ic;t
e 1+ Cic it e T 1+ Czc it
A2
anU d zct
. Dic;t =1 Dwt 1+ Tét Zicst = Cic;t—ﬂ/’ic;t

1C;

5.3 Minimizing the KL distance
According to the proposition 2, we need to minimize
(1 - wc;t)D (ﬂic(@ic|8ic;t—1) H 7Tic(@ic‘sic;t)> + wc;tD (Wic( 1c|8u t) H 7Tic(@ic‘sic;t)>

for each factor within the component¢. The minimization can be done factor-vise (see alg. 2), thus we can
simplify the notation by considering one particular factor.

Sic;tfl = (‘/;ct 15 Viest— 1) - (‘/a V)
Szct = (V:Lct»yzct) - (V‘,I/‘)
Sz[it = (Vfcjt 1’I/zct )= (VUY)
We;t — w

1Z)ic;ty \Ijic;ta dt - ¢7 \117 d

Thus, we minimize

min, {(1 —w)D (Giw(,,r(v, V) H GiWe, (V®, u*)) +uD (Gz’Wayr(VU, W) H GiWo,, (V4 y*)) } .
| (16)

Remarks 10

1. It can be proven that this minimization task can be divided into two independent algebraic subproblems.
First of them is minimization on two dimensional sp&c®, L“D*), the second is minimization on multi-
dimensional spacg&®, C*). Both subproblems are solved in the following sections.

2. If we approximate (Gz’Wem(V, v) H GiWy . (V#, z/*)) with ||V — V*||2 + ||v — v*||2, we can quickly
achieve the resulv® = V + wW¥’, v* = v + w, which is exactly the same as the quasi-Bayes update
(Karny et al. 1998).



5.3.1 Searching forl“D* and »*
Proposition 4 For v*, lYD* minimizing (16) it holds:
U* T/U
Tapa = 1-w)
In (0.5V‘) — (0.51/‘) =7, where

T=(1-w) (wo (0.5v) —1In ( LDD)) +w (1/}0 (0.50Y) —In ( LDDU)) -

14 VU

v
DD tw [DDU

Straightforward application of Proposition 4 yields the following algorithm. Recall¥hat [d, ¢].
Algorithm 5 (Updating LD andv) (l4D*,v*) = UPDATE.DFM(w, C,v, 0, \PD, ¥)
1 é=d—0, ¢=¢'C¢

é2

U _ DpHU _ |D
wW=v+1, PD —LD—f—1+C

2.

3. X5 = (1 - w) g + wibgr
4. T = (1—w) [th (0.5v) —In (LPD)] + w [ (0.50Y) — In (1PDY)] —In (0.5X°)
5. Solve the equation for®: In (0.50%) — v (0.50%) =Y

6. liDd — 1%

Remarks 11

1. Step 5 must be solved numerically or using some suitable approximation.
For detail description of the numerical solution and for proof of unicity of the solution see (Nenutil 2004).
2. The proof of existence of solution fulfillin@ > 0, [YD* > 0 can be found in (Andtsek 2004).

5.3.2 Searching ford® and C*
Proposition 5 For * and C* minimizing (16) it holds:

C‘ — C+ wczz/ (17)
é* = é —+ wgz (18)

where

2=C0Y, é=d—0¢, ¢(=¢'Cy

o[ # XXV w [ e XU
T lO0+02X+X0U  1+c¢) T |14l X+ XU
U
. . 1% U _ 14
X=(1 w)—LDD7 X =W phT

Algorithm 6 (Updating 6 and C) (C*,6%) = UPDATE C(w,C, v, 0, \PD, ¥)
1. é=d—0, (=y¢'Cy
2. W =v+1, PDV=IPp4

é
1+¢

U
3. X:(l—w)LT”D, XU:ngiDU

4. z =Cv

2

. _ é xxY



6. é*zé—l—[ﬁ%]z

Remarks 12

1. The keystone of the previous algorithm is step 5. The formula is very simple, but its iterative use can cause
numerical troubles. Therefore, in practice, we always work with mattiin its L' DL decomposition.
Numerical stability of this operation is discussed in (Nenutil 2004).

2. It can be proven thaf'® obtained by this algorithm is positive definite.

6 Resulting PB algorithm

In this Section, we summarize all the elaborated parts into one consistent algorithm.

Algorithm 7 (PB)
Inputs - Rejt—1, Coo;tfh é..;tflv l‘dDoo;tflv Vee;t—15 \Ijoo;t
OUtpUtS - Rest Coo;ta 900;1&; \'dDoo;h Voot

1. Foreach factotic: L. = FACNORM(CiC;t_l,éiC;t_l, WDic;t_l, Viet—1, Vicit) - (‘algorithm 4)
2. Evaluatew,; = EVAL WEIGHT(Lqe:t, Ke:t—1)- (algorithm 1)
3. Evaluates,,; = NEW_KAPPA(ws., Fe:t—1)- (algorithm 3)

4. For each factoic: ("D, vicy) = UPDATE DFM (we:t, Cicst— 1, Viest—15 Gicst—1> ¥Dict—1, Wicst ).
(algorithm 5)

5. For each factotic: (Ciet, ficx ) = UPDATE Clwess, Cest 1, Viest—1, ficst—1, /it 1, Wica).
(algorithm 6)

7  Comparison of PB and QB algorithms

In this Section, we compare the performance of the PB algorithm with the performance of the standard QB
algorithm. The QB algorithm has been used extensively in real-life applicaticrsy(ket al. 2003), and it is
proven to be reliable and computationally efficient. Therefore, we study differences of the PB algorithm from
the QB in terms of numerical properties and quality of estimation. The algorithms are based on different objec-
tive criteria for which they are optimal. Therefore, comparison of their behaviour is presented in a subjective
way: arguing what seem to be more "rational”.

In order to compare the analytical properties, we review the QB algorithm. Then, we investigate the dif-
ferences between the two algorithms from analytical and computational point of view. Those finding are sup-
ported by experimental results.

7.1 The Quasi-Bayes algorithm
The general QB algorithm uses the following rule(seért et al. 1998)):

Kt = Rg—1 + Wy
Tic(Oic|Sicit) < [fic(dicst|icit, ©ic)] ™ Tic(Oic|Siest—1)

Let’'s mark the statistics corresponding to the QB algorithm by the subggriapplication of the general
algorithm to the case with Normal factors yields:

Vo=V + wIW’ vg =v—+w, KQeyt = Heost—1 + West (19)

We would receive exactly this result, if we approximate the KL distances in the PB algorithm with squares
of euclidian norms of the parameter difference (see remarks 7 and 10).

For better comparison of the QB algorithm with the PB algorithm, we rewrite the relations (19) in terms of
C,6, lD:



CQ =C+ U}QCZZ, (20)
0o =0+ wgez, LD —U:’D+w7é2 (21)
@~ @05 e~ 1+ w¢

where
2=C0Y, é=d—0, ¢=v¢Cy

—w we

oo = 14w’ oo = 14+ w(

7.2 Analytical comparison

Nature of both algorithms allows us to divide the analytical investigation into two parts. In the first part,
we investigate the update of factors. This part is discussed next. In the second part, computing of the new
component weights can be studied, see (Nenutil 2004).

7.2.1 Differences of the algorithms

Note that the expressions for the QB update (20), (21) are very similar to the expressions
for the PB update (17),(18). Hence, it suffice to investigate differences between the pairs
(v*,vg), (LD*, l9Dg), (we, wge), (we, wge). This involves observation of 4 scalar variables, no
matter what is the full dimension of the parameters.

We illustrates differences in behavior on the following examples. Consider the following situations:
a) v =165.39, \PD =9.77,¢ = —0.0140, ¢ = 0.59
b) v =102.82, |PD =1.14,é = —0.7386,( = 1.20
The figures 1 and 2 shows the parametet, 1), (LYD*, 19Dg), (we, wg. ), (wg, wge) as functions of
w €< 0,1 >. The parameters related to the PB algorithm are plotted with the thick line. It is clear, that values
obtained using PB equals to those of QB §oe= 0, w = 1.

7.2.2 Bahaviour of the PB algorithm

In this Section, we study two particular factors and evaluate marginal distributions of their updates provided
by both algorithms. For better comparison, we will also show the marginal pdf of the correct Bayesian update
(12) which is a mixture of two GiW factors.

Consider the GiW factor (6©|S) = GiW, . (V,v) and denote the associated densities as follows:

trial update 7(0|SY) = GiWy . (VYY) VU=V 4+ 00, U =p+1
QB update7r(6)|SQ) = Gin’T(VQ, l/Q) Vo=V + wP W’ vg=v—+w
PB updater(0]|S*) = GiWy . (V*,1*) result of the algorithms 4 and 5

correct update 7(©) = (1 — w)7(0[S) + wr(6|SY)

Consider the statisticl, v of the GiW factor, updating weights and actual data vectors of the factbr
to be:

a) b)

1.16 0.12 1.96 —1.47
V= (0.12 0.83) V.= (1.47 6.07 )
v = 102.82 v = 108.06
U =(-0.59 1) v = (=079 1)
w = 0.43 w = 0.39

The figures 3 and 4 shows marginal pdfs of all discussed densities for both cases. From visual inspection
of these figures, we can conclude that the PB algorithm can provide results significantly different from those
of the QB algorithm. We also consider behavior of the PB algorithms as reasonable.
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Figure 1. Similar behavior of the QB and PB algorithms for case a)

The figure shows the parametdig®, vp), (L9D*, L9Dg), (we, wqe.), (we, wqe) as the functions
ofw €< 0,1 > for the case ay = 165.39, |PD = 9.77,é = —0.0140, ¢ = 0.59. The parameters

related to PB algorithm are plotted with the thick line. In this case the difference between the QB
and PB algorithms is rather small.

a)we, wQc b) we, wee
e} R
3 - 3
w w
C) V‘, vQ d) Ldl)‘, LdDQg
S Ny
= 13f
N =
w w

Figure 2. Different behavior of the QB and PB algorithms for case b)

The figure shows the parametdis®, v), (L9D*, L9Dg), (we, wqe.), (we, wge) as the functions
ofw €< 0,1 > for the case by = 102.82, lPD = 1.14,é = —0.7386, ¢ = 1.20. The parameters

related to the PB algorithm are plotted with the thick line. In this case, the difference between the
QB and PB algorithms is significant.



a)m(0[S), 7(0[sY), #(0) b) 7(©|S*), 7(8]Sq), #(f)

Figure 3. Marginal pdfs of the QB and PB updates for the case a)

The left part shows original factor (dashdot), its trial update (dotted) and the correct Bayesian
update (thick), i.e. the mixture of the two mentioned factors. The right part shows how the QB update
(dashdot) and the PB update (solid) approximates the correct Bayesian update (thick). It can be seen
that the PB update is in this case flatter then the QB update which concentrates on smaller interval.

a)m(0[S), 7(0[sY), #(0) b) 7(©|S*), 7(8]Sq), #(0)

Figure 4. Marginal pdfs of the QB and PB updates for the case b)

The left part shows original factor (dashdot), its trial update (dotted) and the correct Bayesian
update (thick), i.e. the mixture of the two mentioned factors. The right part shows how the QB update
(dashdot) and the PB update (solid) approximates the correct Bayesian update (thick). It can be seen
that the PB update in this case better approximates the correct pdf.

7.3 Experimental comparison

Intensive tests consisting of 1396 data sets were done. Data used for this test represent various types of systems
(static, dynamic, multidimensional) and are part of standard testing procedure of new algorithms. As a quality
measure, we used the likelihoodgKy et al. 2003) of the estimated model. For each set, we evaluated a
criterionh which is the difference between the likelihood obtained by the PB algorithm and the QB algorithm.

(i.e h > 0 if the PB algorithm was better.) The table 1 shows the results. Mean valuewar all sets i%.18.

7.4 Comparing of computational complexity

We compare all 5 steps of the PB algorithm (algorithm 7).

1. This step is needed in both algorithms.
2. This step is needed in both algorithms.



condition [number of setpercentage
h >0 1125 80.6%
h <0 271 19.4%
abgh) < 2 1126 80.6%
h>2 251 18.0%
h < -2 19 1.4%

Table 1. Results of experimental comparison

The table shows some conditions foand
number of sets fulfilling each condition.

3. We have to find minimizer of a convex function witlvariables. There exist a good approximation of the
starting point for iterative numerical algorithm, which warrants quick solution of this task (Nenutil 2004).

4. Solution of one-dimensional nonlinear equation must be found. However, a good approximation which
always leads to solving the equation in a few steps was found (Nenutil 2004).

5. This step has the same complexity in both algorithms.

Addressing the previous considerations, we conclude that computational cost of humerical evaluation of
the PB algorithm is comparable to the computational cost associated with the QB algorithms. Detailed case
study of the computational costs of both algorithms can be found in (Nedoma &#eid2004).

8 Conclusions

This work describes a novel and efficient algorithm for recursive estimation of finite probabilistic mixture. The
algorithm has the potential of providing more accurate results than the well-established quasi-Bayes estimator.
This improvement is important as mixtures represent a universal approximating tool for modelling of non-
linear stochastic systems. Therefore, mixture models can be used to address complex control and decision-
making problems in changing environments, such as multiple-participants decision making. Each participant
(or group of participants) can be modelled by a component of the overall mixture model. All subsequent
decision-making task can be easily formalized within the consistent formal framework of probabilistic mixture
models. We believe, that the algorithms presented in this paper will be an important part of this framework.
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