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Abstract

The paper gives instructions how
to read conditional independence re-
lations for multidimensional proba-
bility distributions represented in a
form of a compositional model.
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1 Introduction

Most of the graphical Markov models offer
a way how to read conditional independence
relations from their underlying graphs. For
Bayesian networks one can do it either using
Pearl’s d-separation criterion [6, 1], or with
the help of moralization criterion of Lauritzen
et al. [5]. For the same purpose we introduced
in [4] persegrams, special tables representing
structures of compositional models, i.e. mul-
tidimensional distributions assembled from a
system of low-dimensional distributions by it-
erative application of an operator of compo-
sition. In [4] we also proved theorem saying
that two groups of variables are (uncondition-
ally) independent if there does not exist a sim-
ple trail between the corresponding variables.
In the present paper we present a new term:
L-active trail (hopefully a more transparent
modification of the formerly introduced no-
tion of an avoiding trail), which is a general-
ization of a simple trail enabling us to read
conditional independence relations. We show
that persegrams can also be used to recog-
nize whether two permutations of a generat-

ing sequence define the same model or not.
Both the important notions, persegram and
L-active trail, are abundantly illustrated with
examples.

2 Probabilistic compositional
models

In the whole paper we shall deal with a fi-
nite number of variables X1, Xs,..., X,, each
of which is specified by a finite set X; of its
values. A projection of v = (x1,x9,...,2,) €
Xy =X; X...x X, into Xg = X;exgX; is
denoted ', 7(K) denotes probability dis-
tribution defined for the group of variables
Xr = {Xi}iex. 7(x) for x € Xk denotes
the value of this distribution for the vector
z € Xg. For L ¢ K, symbol 7t* denotes
the marginal distribution defined for variables
Xy, i.e. for each x € X,

@)= >«

yeX gytl=x

(Realize that 7! = 1.) Consider three
disjoint sets I,J, K < N (I # 0 # J).
We say that for distribution x(N) groups
of variables X; and X; are conditionally
independent given variables Xk (in symbol
Xy AL XJ|XK[K,]) if for all z € Xjyyuk the
following equality holds true

HLIUJUK(:E) . RLK(le)
_ HLIUK(xlIUK) . HLJUK@:LJUK).

It is well known that this is equivalent to the
fact that for all z € Xy juk

RLIUJUK(JU) — KLIUK(xlIUK).RlJUK(leuJK)'
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From two low-dimensional distributions
and 79 one can get a distribution of a higher
dimension with the help of the following op-
erator of composition.

Definition 1 Consider arbitrary two distri-

butions 7(K7) and w(Ka) (K1 # 0 # Ka). If

KinKs . . KiNK
mF10K2 g dominated by s

z € XKIQKQ

, i.e. for all

w%KlmK? (2) =0= W%Kanz(z) =0,

then 7 >y is for all z € Xk, Uk, defined by
the expression

1K1 1K
_om (1’ ) . 7T2(.Z' )
(m1 > 72)(2) = W%Klsz(lelsz) '
0-0

(T = 0.) Otherwise the composition 7 > 7o

remains undefined.

We proved it in the paper [2] that the result of
composition, if defined, is a probability distri-
bution of variables Xx, uk,. Therefore, if the
operator is applied iteratively to a sequence of
distributions (K1), m2(Ka2),...m(K,) (we
will call it a generating sequence in the se-
quel), and if the resulting distribution

T .. D7y = (... (M Dm)>...D>Ty)

is defined, it is a probability distribution for
variables X, uk,u.. .Uk, . Remember that the
operators are always, if not specified by brack-
ets otherwise, applied from left to right.

In the rest of the paper we will consider a gen-
erating sequence (K1), ma(K2),. .. m(Ky),
for which 7 > 7w >...>m, is defined, and will
deal with the problem how to read conditional
independence relations for this distribution.

3 Persegrams

Definition 2 Persegram of a generating se-
quence is a table in which rows correspond to
variables (in an arbitrary order) and columns
to low-dimensional distributions; ordering of
the columns corresponds to the generating se-
quence ordering. A position in the table is
marked if the respective variable is among the
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Figure 1: Persegram

arguments of the corresponding distribution.
Markers for the first occurrence of each vari-
able (i.e. the leftmost markers in rows) are
squares (we will call them boz-markers) and
for other occurrences they are bullets.

Example 1 In Figure 1 we can see a perseg-
ram for the sequence

m({1,2}), m2({3}), m3({4}), m({1,2,3,5}),
7T5({3, 4, 6})7 71—6({57 7})7 777({67 8}>

T 1 T4 e M35 7

X1—1 X1— i

Xo—1 Xo—1

X3—— X3 —

X4 .—; X4 .—;ﬁ

X5 “—? ngi—?

Xg +—’ X6

X X
T

(a) (b)

Figure 2: Persegram

QW4T T35 T7 1

Taking another permutations of this gen-
erating sequence T2, T1,T4,T6, T3, 5,77
and w9, T4, g, T3, W5, w7, w1 we get different
persegrams presented in Figure 2(a) and (b),
respectively. Notice the difference between
these persegrams. Whilst the only difference
between persegrams in Figures 1 and 2(a) is
the ordering of distributions 71, ms,..., 77,
the difference between persegram in Fig-
ure 2(b) and the other two ones is more
fundamental. Examine, for example, the
markers of the distribution m4. In Figures 1
and 2(a) this distribution has only one
box-marker: Xsmy. On the other hand, in
persegram in Figure 2(b) there are 3 box-
markers for this distribution: Xjmy, Xomy
and Xsmy. Importance of this difference will
be clear from the following assertion.
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Theorem 1 Consider a generating se-
quence Ti,T,...,Tn and its permutation
Tiys Tigs - - -, Wi, - If the corresponding perseg-
rams have the same boz-markers (i.e. X;m;
is a box-marker in the persegram of sequence
T, ..., Ty if and only if it is a box marker
also in the persegram of m;,,...,m, ), then
these two generating sequences represent the
same multidimensional distribution:

Tl . .. DTy =T DT, > DTy,

Proof Consider the persegram of the gener-
ating sequence my,ms,..., T, and denote for
eachi =1,...,n by B; the set of those indices
j from Kj;, for which X;m; is a box-marker.

Generating sequence my, o, . .
multidimensional distribution

., T, Tepresents

n
Uy
mb.. >y =T H 1Kiﬂ(K1u...uK1~_1) '
i=2 T

From the definition of a persegram it is
obvious that j € K; N (K; U ... U K;_q) if
and only if the corresponding marker X;m;
is a bullet. Since all markers corresponding
to 71 (in the persegram of my,ma,...,m,) are
box-markers, and 7#@ =1, we see that

n

=1
T DTy, = —
11 LKG\B;
>
(2
=1
An analogous expression can be deduced also
for generating sequence 7, , W, ..., T, . Due

to the assumption of this assertion, sets B; are
the same for both the considered generating
sequences and therefore also the correspond-
ing multidimensional distributions must coin-
cide. O

Remark Let us stress that this assertion
holds true only under the implicit assumption
that both 7y >...>m, and m, >...>m;, are
defined.

Definition 3 Consider a persegram of
a generating sequence mi,...,7T, and
L C KiU...UK,. A sequence of markers
mo, mi,...,my of a persegram is called an
L-active trail (L C K1 UKy U...UK,) that
connects mg and my if it meets the following
4 conditions:
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T1 T T3 4T TeTT T1 T T3 T4 T T T
le le
X2 X2
Xs——M Xt -
Xy — Xy —
X5 X5
Xs Xs
X7 [ X7 [
Xs XS
(a) (b)
Figure 3: Active trails: (a) Xymg, X576,

X5my, X3my, X35, X755, Xem7, Xg77;
(b) Xsma, Xams, Xems, Xams, Xams

1. for each s = 1,...,t a couple (ms_1,ms)
is in the same row (i.e. horizontal con-
nection) or in the same column (vertical
connection);

2. each vertical connection must be adja-
cent to a box-marker (one of the markers
is a box-marker);

3. no horizontal connection corresponds to
a variable from Xy ;

4. vertical and horizontal connections
regularly alternate with the following
possible exception:
nections may be in a direct succession
if their common adjacent marker is a
box-marker of a variable from X7,.

two vertical con-

If an L-active trail connects two box-markers
corresponding to variables X; and Xy, j € L,
k ¢ L, we also say that these wvariables are
connected by an L-active trail. This situation
will be denoted X; ~~, Xj.

Remark Notice, that in an L-active trail one
marker may appear several times.

Example 2 An example of a {2,4}-active
trail is the trail in Figure 3(a); horizontal con-
nections of this trail correspond to variables
X3, X5 and Xg, so all the conditions of Def-
inition 3 are fulfilled. (Notice, it is also an
(-active trail, which is also called a simple
trail.) However, this trail is not a {3, 4}-active
trail because there is a horizontal connection
(X3m4, X3ms) corresponding to variable Xs.

A little bit more complex example of an ac-
tive trail is in Figure 3(b): it is a {6}-active
trail. It starts with a horizontal connection
(X3me, X3ms), after which two vertical con-
nections (Xsms, X¢7ms5) and (Xg¢ms, X475) go in
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T1T2T3T4T5TeTT T1T2T3T4T5T6TT

le le

X2 Xa

Xg—|— — X -
X4 — X4 —
X5 X5

Xs Xe

Xs Xs

(a) (b)

Figure 4: Active trails: (a) {7}-active trail
Xomy, Xoma, Xsma, X5me, X776, Xsme, X574,
X3y, Xgme; (b) {5,6}-active trail Xomi,
Xomy, Xsmy, Xgmy, X3ms, Xems, Xams, X473

a direct succession. This is possible because
both of them are adjacent to a box-marker
XgTs.

Other examples of active trails can be seen
in Figure 4. The trail in Figure 4(a) con-
tains two consecutive vertical connections
X576, X7mg, X5m6 with the common box-
marker X7mg. This is possible because the
trail is 7-active. Notice also that in this trail
there appear some connections twice, which is
not forbidden by the definition.

The trail in Figure 4(b) is {5, 6 }-active.In this
trail there are two consecutive vertical con-
nections Xomy, X574, X3myg, which is allowed
since the common adjacent marker X5my cor-
respond to variable X5 and the trail is {5,6}-
active. An analogous property holds also for
the other couple of consecutive vertical con-
nections X3ms, X¢ms, X47s.

Let us now present the main result of this
contribution.

Theorem 2 Consider a generating Se-
quence T, ...,T,, and three disjoint subsets
I,JJL C K1U...UK, such that I # 0 # J.
If there does mnot exist an L-active trail
Xi; ~r1 Xj in the corresponding persegram
with ¢ € I and j € J then the groups
of wariables X; and Xj are conditionally
independent given wvariables Xy under the
distribution w1 > ... > Wy,
X[ AL XJ‘XL[']Tl > . ..I>7Tn].

The proof of this assertion is rather technical
and requires some lemmas proved in previous
papers and therefore we adjourn it to the ap-
pendix.
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Remark Let us say that conditional inde-
pendence relations determined from a perseg-
ram are those, which are necessary for any
distribution represented by a generating se-
quence with the given persegram. This sys-
tem of conditional independence relations is
also maximal in the sense that if there ex-
ists an active trail X; ~»; X} then there ex-
ists a distribution represented by a generat-
ing sequence with the given persegram, and
variables X, X}, are conditionally dependent
given variables X under this distribution.

Example 3 Consider a generating sequence

m1(z1), mo(x2), m3(x1, T2, 23),

mu(22, T3, 24), 5 (23, T5),

and show how to read all the (conditional) in-
dependence relations from its persegram (see
Figure 5(a)). Let us stress that we do not
present here a general algorithm; this should
be based on the principles employed in algo-
rithms for seeking all paths in graphs.

T1T2T3T4Ts T1T2T3T4T5
X1 X1
Xo— Xo—
X3 X3
X4 [ X4 [
X5 X5

(a) (b)
Figure 5: Persegram of a sequence from Ex-
ample 3

It is obvious that the trail connecting X; and
X3 (see Figure 5(b)) is an L-active trail for
any L C {2,4,5} (including @). Therefore,
variables X and X3 cannot be (conditionally)
independent. The same holds also for cou-
ples (XQ,Xg), (X27X4), (X37X4), (Xg,X5).
Therefore, in what follows we shall investi-
gate only the remaining couples: (X7, X3),
(X1, X4), (X1,X5), (X, X5), (X4, X5).

Let us examine for which L there exist
L-active trails connecting X; and X5. One
can eagsily verify that there is no such a trail
with L = (.

The trail in Figure 6(a) is L-active for any L
equaling to {3}, {3,4}, {3,5}, {3,4,5}. The
trail in Figure 6(b) is L-active for L = {4} and
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T1T2T3T4T5 T1T2T3T4Ts T1T2T3T4Ts
X1 X, X1
Xo— Xo— Xo—
X3 X3 X3
X4 [ X4 [ X4 [
X5 X5 Xs

(a) (b) (c)
Figure 6: Active trails connecting X; and
Xo: (a) Xymi, Xyms, X3mg, Xows, Xomo; (b)
Xy, Xams, X3ms, Xgmy, Xymy, Xomy, Xomo;
(c) Xymi, Xim3, X3m3, Xams, Xsms, X3ms,
X3m3, Xomg, Xomo

T1T2T3T4Ts T1T2T3T4T5
X1 X1
Xo— Xo—
X3 X3
X4 [ X4 [
X5 X5

(a) (b)
Figure 7: Active trails connecting X; and
Xy (a) Xymy, X3, Xgms, Xgmy, Xyms, (b)
Xy, X173, X3ms, Xomws, Xomy, Xymy

L = {4,5}. The trail in Figure 6(c) is L-active
for L = {5} (and also L = {4,5}, for which
the previous trail was also L-active). Summa-
rizing the up to now achieved results we get
that there exist L-active trails connecting X3
and X9 whenever L is a non-empty subset of
{3,4,5}. Therefore X; and Xy are (uncon-
ditionally) independent but not conditionally
independent given any (non-empty) subset of
the remaining variables.

How is it with the couple X; and X47 Ex-
amining the persegram in Figure 7 one can
see that all L-active trails connecting X; and
X4, must contain at least one horizontal con-
nection corresponding either to X5 or to Xj.
Therefore, there exists neither a {2, 3}-active
trail nor {2, 3, 5}-active trail connecting vari-
ables X7 and X4. On the other hand, for all
the remaining subsets there exists at least one
L-active trail connecting X7 and X4: trail in
Figure 7(a) is L-active for L = 0, {2}, {5}
and {2,5}, whereas the trail in Figure 7(b) is
L-active for L = {3} and {3,5}. Summarizing
this we get that variables X; and X4 are con-
ditionally independent only for conditioning
sets {XQ, Xg} and {XQ, X3,X5}.

Proceedings of IPMU'08

The rest of the example is simple since all
the remaining couples contain variable X5 and
all trails connecting this variable with any
other must contain marker Xgm5. Therefore
we leave it to the reader to show that

Xo 1L X5|X3, Xo 1L X5\ X1, X3,
Xo AL X5|X3, Xy,  Xo A X5|X1, X3, Xy,
X, AL X5|X3, Xy I X51X1, X3,

X AL X5|X0, X3, Xy AL X5[Xq, Xo, X3.

4 Conclusions

In the paper we presented a new notion of an
L-active trail. It enabled us to read from a
persegram corresponding to a generating se-
quence all the conditional independence re-
lations guaranteed by a structure of a com-
positional model. We also showed in Theo-
rem 1 that persegrams can be used to uncover
that two permutations of a system of low-
dimensional distributions represent the same
multidimensional model.
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Appendix: Proof of Theorem 2

Lemma 1 Let K,L,M C N. If KUL 2
M O K N L then for any probability distribu-
tions = € 1Y) and r € I

(7> k)M = g LEOM o 1LY
Lemma 2 Let v(zgyur) = m(zk) > k(xp) be
defined. Then

X AL X\ x| XknLlV]:

Lemma 3 Consider a distribution m(xg)
and two subsets Li,Ls C K such that L;j \
L2 7& (Z) ;é LQ\LI. Then

Xp\ry AL XLQ\LJXLmLz []
e qptaUle _ L1 ollo

Proof of the preceding Lemmas can be found
in [2], the next Lemma was proved in [3].

Lemma 4 If Ko DO (K1 N K3) then

7T1[>71'2[>7T3:7T11>(71'2[>7T3)=7T2D7T3<17T1.

Proof of Theorem 2. The proof will be per-
formed with the help of mathematical induc-
tion with respect to the length n of the gen-
erating sequence in question.

Let us start considering a generating sequence
m(TK, ), m2(2K,). We know that any X;, X; €
Xy, are connected by a trail consisting of
a single vertical connection (X;mi, X;m1) (see
Figure 8(a)). The same holds also for i,j €
K>\ K. Realize that these single-connection
trails (X;m, Xjm) are L-active trails for any
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T2 172

X1 X1
X2 X2
X3 X3
X4 X4
X5 X5
X()' XG
X X
KiNnK; =0 de KinKy #0

Figure 8: Examples of persegrams for a gen-
erating sequence 71, mo

L C Ky UK\ {i,5}. From Figure 8(b) we
can also see that if k € K7 N Ky # () then

Ximy, Xpmy, Xgma, Xjmo

is a an (-active trail X; ~»¢ X; for i € K\ Ko
and j € Ky \ K;. Moreover, it is also an
L-active trail X; ~» X; for any

L - (Kl U KQ) \ {i7j7 k}

Therefore, we can easily answer the question
when there does not exist a trail X; ~ Xj.
It happens if and only if ¢ and j are not simul-
taneously in one of the sets K; or K», and if
L O K1NK,. It means that if I, .J, L meets all
the assumptions of the theorem, we know that
(because there does not exist an L-active trail
X; ~p Xjforieland je J) I must be a
subset of one of the sets K7\ Kg or Ko\ K1, J
must be a subset of the other one from these
two sets, and L O K N K. Without loss
of generality assume that I C K; \ Ko and
J C Ky \ Kj, and, applying Lemma 1, com-
pute

TU(LNK JU(LNK:
(1 B 7o) VL = w% (LNK1) DW% ( 2)’

from which, using Lemma 2, we get

Xiunr )\ K L X jupnr)\ k[ X K1 nK, [T1672),

which, when marginalized, yields the required
conditional independence

X] A XJ|XL[7T1 Dﬂ'g],

which finishes the proof for n = 2.

Now, assume the assertion holds for all gener-
ating sequences of length less or equal n > 2.
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We have to prove that it also holds for a gen-
erating sequence mi(Zg,),.. ., Tnt1(TK,.)-
This part of the proof, in which

M=K, N(KijU...UK,),

will be performed in four successive steps:

A we will show that the assertion holds in
casethat TUJ UL C Ky U...UK,;

B under the assumption that I U J C
KiU...UK, and LN (K41 \ M) # 0
we will prove validity of the extended
property:
there is no L-active trail X; ~; Xj
in the corresponding persegram with
i€ ITU(MN\L)and j€ J;

C we will show that the extended property
holds also in case that J C K7 U... UK,
and Iﬂ(Kn_H\M) #* 0;

D we will finish the proof by showing that
the required conditional independence
can be deduced from the extended

property.

Notice that we need not consider the case with
IN(Kpy1\M) # 0 # JN(Kpy1\ M), because
in this situation there exists an L-active trail
(X3 ~r X with ¢ € I and j € J) consist-
ing of one vertical connection, which violates
assumptions of the theorem. Situation when
ICKiU...UK, and JN (Kpy1 \ M) # 0
is covered by step C after exchanging denota-
tion of sets I and J.

Step A. So, let us assume the simplest sit-
uation when T UJ UL C K7 U...UK,, ie.
the box-markers of all the variables X Uz
are not in the last column of the perseg-
ram corresponding to the generating sequence
T1,...,Tht+1. Regarding the assumption that
for any ¢ € [ and j € J there is no L-active
trail X; ~»; X, in the persegram corre-
sponding to 7y, ...
trail can exist in the persegram of my,...,m,.
Therefore, due to the induction assumption,

, Tn+1, N0 such an L-active

X[ A XJ|XL[7T1 >.. .[>7Tn].
Since 7w >...>m, is marginal to w1 >. . .> T4,

X[ _|J_XJ|XL[7T1>...>7Tn+1]

Proceedings of IPMU'08

TTn+1

/ m s
my
X; .:44?
% ;

Figure 9: Construction of a trail X; ~r X;

holds also true.

Step B. Consider the situation when I, J C
KiU...UK, and LN (Kp41 \ M) # 0. We
will show that the set M \ L can be added
either to I or to J without violating the as-
sumption of the theorem; we will show that
either there does not exist an L-active trail
X; g Xjfori e TUMN\L) and j € J,
or there does not exist such a trail for ¢ € I
and j € JU (M \ L). Assume the opposite.
Since there are not L-active trails from I to
J, this assumption means that there are two
L-active trails X; ~p X and X; ~~p Xy
forieI,j € Ji,577 € M\ L Now we will
show that from these two L-active trails it is
always possible to construct an L-active trail
X,L' ML Xj.

Let mg,...,my and my,...,ms denote trails
X; ~r Xy and X; ~ Xy, respectively.
Choose any ¢ € LN (K41 \ M). From Figure
9 it is obvious that:

1. if both (my—1,m¢) and (ms—_1,Mms) are
vertical connections, then
mo, .- - Mg, XjrTpt1, XeTptt,
Xt Tp1, Mg, Ms_1,...,M0
is a required L-active trail X; ~7, Xj;
2. if (my—1,my) is a vertical and (ms—1, M)
is a horizontal connection, then the

required L-active trail is
mo, .« - Mg, XjrTpt1, XeTnt1,

Xy Tpg1, Ms—1,Ms—2 . ..,M0;

3.if  (my—1,m¢) is a horizontal and
(ms—1,Mms) is a vertical connection, then

MOy -+ M1, XjrTpt1, XeTnit,

Xir g1, Mg, Ms—1 -+, T
is Xz ad ¥ Xj;
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4. if both (my—1,m;) and (ms_1,ms) are
horizontal connections, then one can
consider L-active trail

M, - M1, Xjr Ty 1, XeTntt,

Xy Tpgp1, Ms—1,Ms—2, . ..,M0,

which connects X; and X;.

Thus we have proved that M \ L can always
be added either to I or to J without violat-
ing the assumptions on non-existence of an
L-active trail from I to J. Without loss of
generality assume we can add it to I. So there
does not exist an L-active trail X; ~; X; for
i€ IU(M\L)and j € J in the persegram
corresponding to w1, ..., Tpt1-
Step C. Now, we will show that the same
property (extended property) holds also
in the last case we have not considered
yet. This step will again be performed by
contradiction. Assume J C K; U ...U K,
and I N (K41 \ M) # 0, and assume there
is an L-active trail mg, m1,...,ms, which is
Xj ~p Xy for j € J and i'e ITU(M\L).
Since we assume that there is no such a trail
between I and J we know that the assumed
trail must connect j € J with i/ € M \ L.
However, again, this trail can be prolonged
in a simple way to get an L-active trail
Xj ~p X; for any i € IN (Kn+1\M). If
(my—1,my) is a vertical connection then such
a trail is mo, My, ..., Mg, Xi/ﬁn+1, Xﬂrn—l—l-
If (my—1,my) is a horizontal con-
nection then the required trail is
M, My e ey M1, Xt g1, XMt

Step D. So, up to now we have proved that
if J € KyU...UK, and either I or L
(or both) has a nonempty intersection with
(Kp41 \ M), then there does not exists an L-
active trail X; ~p X; fori € TU (M \ L)
and j € J in the persgram corresponding to
T, 72, ..., Tnt1- Lhe more there does not ex-
ist an L-active trail X; ~rqxu..uk,) Xj in
the presegram of my,...,m, (fori e IN(K3U
LLUKR) UM\ L) and j € J).

In the rest of the proof we will use the fol-
lowing symbols: k, = m>...bw,, I~ =1N
(K1U...UK,), It =I\(K1jU...UK,), L™ =

922

LN(K U...UK,) and L = L\ (K U...UK,).
Using them the above expressed nonexistence
of an L-active trail says that in the perseg-
ram of 7y,...,m, there is no L-active trail
X; ~»p- XjforieI"TU(M\ L) and j € J.
According to the induction assumption we can
deduce that

Xr-uonn) L Xg|Xp-[me ... >,

or, expressing this equivalently (due to
Lemma 3)
K#JUI_UL_UM _ H#JUI_UL_U(M\L)

S E}LI—U(M\L)UL—

— Kj;{UL’ UMUL*‘ (1)

>
Since K, is marginal to 7 > ... > w4, it is
evident that

kLT = (b)) VYR (2)
In the next computations we will also need
the following equality (which is deduced with
the help of Lemma 1)

(mp>...> 7Tn+1)UULUM = (Kn D> Tpt1

_ K}’LI*UL*UM l)lIJFUL*UM. (3)

)uuLuM

> (7Tn+

In the following computation we use in suc-
cessive steps Lemma 1, equality (1), Lemma 4
and finally equalities (2) and (3).

(7‘(’1 >...D> 7Tn+1)lIUJULUM

= (Kn > Tpt1)
_ I ITuUJuL—uM
= ’{//n/

| TUJULUM
ItuLtuM
n+1

I"UMUL~ LItuLtumM
n > 7Tn—s—l

u+uL+uM>
T

>
=k bk

>

JUL™ [ I"UMUL™
Ky > (Hn n+1

= (71'1 >...D 7Tn+1)lJUL7

DT> D Ty ) HUEIM,
This yields (see Lemma 3)

Xy L Xroproone—) 1 Xp-[me ..o mpgal,
from which the required independence

XJ JLX[|XL[7T11>...I>7Tn+1]

can be received by marginalization. O

Proceedings of IPMU'08



