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ABSTRACT
The paper presents an algorithm for the on-line joint parameter and state estimation of the state model whose innovations
are uniformly distributed. We use a Bayesian approach and
evaluate a maximum a posteriori probability (MAP) estimates
in discrete time instants. As the model innovations have a
bounded support, the searched estimates lie within a set that
is described by the system of inequations. In consequence,
the problem of MAP estimation can be easily converted to the
problem of linear programming. A joint state and parameter
estimation is performed as the alternating subtasks of state
filtration and parameter estimation. The resulting estimation
algorithm is applied to the traffic data.
Index Terms— state model, Bayesian learning, state filtration, parameter estimation, uniform innovations
1. INTRODUCTION
The state space model is frequently used for the description
of a real system. Here, the subtasks of the state filtration and
parameter estimation arise. The innovations of state evolution
as well as observation model are often supposed to have normal distribution and the problem is then solved by means of
a Kalman filtering, see e.g. [1]. The unbounded support of
the Gaussian distribution of innovations can cause difficulties
in some cases, where the estimated quantities are physically
restricted, e.g., in modelling of transportation systems [2].
Then, techniques similar to those dealing with unknownbut-bounded equation errors are used. They often intentionally give up stochastic interpretation of the innovations and
develop and analyze various algorithms of a min-max type,
cf. [3]. The unknown parameters (or states) lie then within
the bounded set. The complexity of this set is very high so
approximation is needed to obtain recursively feasible solution [4], [5].
We aim to keep the tools of the probabilistic approach together with the characteristics of unknown-but-bounded errors techniques. The introduced state uniform (SU) model
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fulfills these requirements. We suppose that the system is described by the state model with uniformly distributed innovations. To obtain on-line estimates of the states and parameters,
we use the Bayesian approach [6] and stem from the principle
moving horizon estimation [7]. The theoretical background of
the SU model is founded in the authors PhD thesis [8]. There,
the algorithm for on-line joint state and parameter estimation
uses the linearization around the newest estimates from previous step. Here, we summarize achieved results and propose
another way how a joint parameter and state estimation can
be performed.
Throughout, we use the following notation
≡
equality by definition
∝
equality up to a constant factor (proportionality)
z∗
a set of z-values, z ∈ z ∗

z
the length of the column vector z
value of quantity z in discrete time instant t;
zt
t ∈ t∗ ⊂ {0, 1, 2, . . . T }
k:l
z
the ordered sequence;

, . . . , zl ] , 0 ≤ k ≤ l
z k:l ≡ [zk , zk+1

transposition
lower and upper bound on z, respectively;
z, z
they are used entry-wise
f (·|·) probability density functions (pdf); respective
pdfs are distinguished by the argument names;
no formal distinction is made between a random
variable, its realization and an argument of the pdf
Note that integrals used are always definite and multivariate ones. The integration domain coincides with the support of the pdf in its argument. Note that vectors are always
columns.

2. BASICS OF BAYESIAN LEARNING
In Bayesian view [6], [9], the system is described by probability density functions (pdfs). The quantities describing the
system consist generally of observable outputs y 1:T , optional
inputs u1:T and internal quantities X 0:T that are never ob0:T
served directly. X 0:T consists of system states
 0:Tx and/or
0:T
⊂ x , Θ . The
a time invariant parameter Θ, i.e., X
collection of the outputs and inputs is called data and denoted
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d1:T , i.e. dt = (yt , ut ), t ∈ t∗ = {1, . . . , T }. The joint pdf
f (d1:T , X 0:T )


×

(2)

= f (yt |ut , d1:t−1 , Xt )
f (Xt |ut , d1:t−1 , Xt−1 )f (Xt−1 |d1:t−1 ) dXt−1

The described Bayesian filtering combines prior information
in f (X0 ), theoretical knowledge described by
f (yt |ut , d1:t−1 , Xt ), f (Xt |ut , d1:t−1 , Xt−1 ) and observed data
d1:t = (y 1:t , u1:t ) by using deductive rules of the calculus
with pdfs. Note that a controller is missing in (2); it doesn’t
depend on the internal quantity Xt and therefore plays no role
in its estimation. We don’t need to know controller strategy
but only the generated input values.
3. STATE MODEL WITH UNIFORM INNOVATIONS
3.1. Model description
The proposed model is composed of the following state (3)
and observation (4) equations
xt
yt

=
=

At xt−1 + Bt ut + Ft + wt
Ct xt + Dt ut + Gt + et ,

(3)
(4)

where
xt , ut , yt are unobserved state, known input and observed
output vectors respectively;
At , Bt , Ft , Ct , Dt , Gt are model matrices of appropriate dimensions; the known entries of the model matrices can be
time variant; the unknown entries are supposed to be time invariant on considered estimation horizon and (collected into
the column vector θ) they form a part of estimated Θ;
wt , et are the vectors of the state and output innovations respectively, they are assumed to have uniform distribution
f (wt ) = U (0, p) ,

f (et ) = U (0, r)

(5)

where U (μ, c) is uniform pdf on the box with the center μ
and half-width of the support interval equal to c.
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Θ ≡ [θ , p , r ] ,

(1)

describing both observed and internal quantities can be decomposed onto a product of the following elements [6]:
1:t−1
- observation model {f (y
, Xt )}t∈t∗ 
 t |ut , d
- time evolution model f (Xt |ut , d1:t−1 , Xt−1 ) t∈t∗
- controller {f (ut |d1:t−1 ) ≡ f (ut |d1:t−1 , X 1:t−1 )}t∈t∗ ; here
the validity of the natural conditions of control [6] is supposed
i.e., X 1:t−1 is unknown to the controller
- prior pdf f (X0 ) ≡ f (X0 |d0 )
The evolution of the pdf f (Xt |d1:t−1 ), called Bayesian
filtering of unknown internal quantities Xt , is described by
the following recursion that starts from the prior pdf f (X0 )
f (Xt |d1:t ) ∝ f (yt |ut , d1:t−1 , Xt )f (Xt |ut , d1:t−1 )

To collect all estimated parameters, we denote
(6)

where θ contains the unknown entries of model matrices converted into a column vector.
Further, we suppose that x0 and Θ are mutually independent and uniformly distributed on the set S0


(7)
S0 = x0 ≤ x0 ≤ x0 , Θ ≤ Θ ≤ Θ .
Possible restrictions on the state values are given by
S2 = {x ≤ xt ≤ x}, t ∈ t∗ = {1, 2, . . . , T }.

(8)

Equations (3) and (4) together with the assumptions (5)
and (7), (8) define the state uniform model (SU model).
The joint pdf (1) of data d1:T , the state trajectory x0:T and
parameter Θ of the SU model takes the form (see [8] for detail
description)




⎡

f d1:T , x0:T , Θ ∝ ⎣

y

x

(pi )
i=1

⎤−T
(rj )⎦

χ(S)

(9)

j=1

where χ(S) is the indicator of the support S,
S = S0 ∩ S1 ∩ S2

(10)

with S0 given by (7) and S2 by (8); S1 is specified by (3) and
(4) with lower and upper innovations bounds given by (5).
3.2. On-line state and parameter estimation
The real-time (on-line) estimation provides the state and/or
parameter estimates in each time step. We use the principle
of a moving horizon estimators [7] and perform the standard
Bayesian filtering (2) on a sliding window of the length δ ≥ 1,
i.e. we work with the data dt−δ:t . The internal quantity Xt ,
t ∈ t∗ consists either of the states xt−δ:t or of the parameter
Θ or of both of them. The superfluous state xt−δ−1 and data
item dt−δ−1 are integrated out from the posterior pdf in every
time step t. This integration induces non-uniform term in the
posterior pdf. In the time instant t ∈ t∗ , this term is described
by a power function containing the powers up to t. With increasing t, the estimation becomes intractable because of increasing complexity of the support of the posterior pdf. We
apply an approximation of the non-uniform term in each step
[8]. Its principle consist in the replacing of the oldest state
by its point estimate from the previous step. The approximate
joint pdf takes then the form
⎡
f (dt−δ:t , xt−δ:t , Θ) ∝ ⎣

y

x

(pi )
i=1
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⎤−(δ+1)
(rj )⎦

χ(S̃t )

j=1

(11)

with t ∈ t∗ ≡ {δ + 1, . . . , T }, 1 < δ ≤ T
where χ(S̃t ) is the indicator of the support S̃t , S̃t stems from
(10) and holds
S̃t = S̃0t ∩ S̃1t ∩ S̃2t

(12)



S̃0t = xt−δ−1 = x̂t−δ−1 , Θ ≤ Θ ≤ Θ ,

(13)

S̃1t = {−p ≤ xτ − cAτ xτ −1 − cBτ uτ − cFτ ≤ p,
(14)
−r ≤ yτ − cCτ xτ − cDτ uτ − cGτ ≤ r},
S̃2t = {x ≤ xτ ≤ x},

(15)

τ ∈ {t − δ, . . . , t}, t ∈ {δ + 1, . . . , T }.
The on-line estimation of Xt ⊂ {xt−δ:t , Θ} consist in the
evaluation of the pdf


f Xt dt−δ:t , t ∈ {δ + 1, . . . , T }, 1 < δ ≤ T,

(16)

We focus on a maximum a posteriori (MAP) estimation, see
e.g. [10], that provides a point estimate of an unobserved
quantity Xt . Here, the MAP estimate of Xt has the following
form [8]
⎛ 
⎞
y
x


pi +
rj ⎠
(17)
X̂M AP = arg minXt ∈S̃t ⎝
i=1

j=1

where S̃t is given by (12); the inequalities in S̃1t are reorganized so that terms containing Xt are on the left side.
To solve this problem, we use the method of the linear
programming (LP) [11],
Find a vector Xt such that J ≡ C  Xt




=

x

i=1

pi +

y


rj → min

(18)

j=1

while At Xt ≤ Bt , X t ≤ Xt ≤ X t , t ∈ t∗
where
C  ≡ [0(X  −x −y ) , 1(x +y ) ]; 0(len) , 1(len) are the vectors
of zeros and ones, respectively, both of the length len;
At and Bt are known matrix and vector, respectively; they
result from the inequalities describing the set S̃1t (14);
X t , X t are known vectors; they stem from the sets S̃0t (13)
and S̃2t (15).
Note that in the case of the joint estimation of the parameters and states, the conditions of the linearity are not fulfilled
because of the terms At xt−1 in (3) and Ct xt in (4). In the authors thesis [8], these terms were linearized around their point
estimates from the previous step using the Taylor expansion.
In the next subsection, we propose alternative method how
the joint state and parameter estimates can be obtained.

3.3. Swapping based on-line joint estimation
The idea of the proposed approach is to perform the task of
joint estimation as two subsequent steps for each discrete time
instant. First, in the time t ∈ t∗ , we estimate the state xt−δ:t
with parameter Θ fixed at its last point estimate Θ̂. Then, we
use the resulting estimates of states, x̂t−δ:t , to obtain new estimates Θ̂. Initial values of the parameter estimate can be found
in off-line mode using, for instance, sampling methods [12].
4. ILLUSTRATIVE EXAMPLE
The proposed algorithm is applied on the traffic data. We estimate the length of the car queue that forms on an arm of the
controlled intersection. The intersection is described by the
following quantities [13] where u.c. means unit car, per. is
sampling period, TL means the traffic light: (i) known - ratio
of the ”green time” of TL and sampling period zt [%], maximum amount of cars that is able to pass through the intersection (saturated flow) S [u.c/per.] (ii) measured on the traffic
detectors - amount of cars passing through the input detector
(input intensity) It [u.c/per.], amount of cars passing through
the output detectors (output intensity) Yt [u.c/per.], relative
time of input detector activation (occupancy) Ot [%] (iii) estimated - number of the cars before the TL (queue length)
ξt [u.c.], constants κ, β, λ describing linear relation between
ξt and Ot .
The SU model (3), (4) and (5) of considered arm of the intersection is constructed as follows. The system output yt =
[Yt ; Ot ], the input ut = zt , the state xt = [ξt ; Ot ], the estimated parameter Θ = [κ, β, λ, p, r]. The model matrices
are as follows




st 0
−st S − (1 − st ) It
At =
,
, Bt =
0
κ β




It
(1 − st ) 0
,
, Ct =
Ft =
0
1
λt


 
st S + (1 − st ) It
0
Dt =
, Gt =
,
0
0

−1
∈ [0; 1] is a queue indicator
st = 1 + eSzt −ξ̂t +It zt
(st = 0 for none or small queue); it is computed separately
using ξˆt , i.e., the estimate of ξt .
Note that we present only an estimation of one arm of
the intersection for the sake of simplicity. In the case of estimation of the complete intersection, we have to include also
turning rates because the cars turn into different output arms.
For the experiment, a one day data collection was used
with sampling period 80 seconds, i.e. 1080 data entries. The
estimation ran with the memory length δ = 5.
In the example, initial values of κ, β, λ were given at the
beginning of estimation. These parameters are not constant
but “slightly varying” during the day depending on the traffic conditions. We suppose its permanence on the window δ.
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These slow variations motivate us for the use of joint state and
parameter estimation.
Figure 1 shows the histograms of errors of queue length
estimates Et computed as the absolute value of difference between the real and estimated values of ξt ; Et = |ξt − ξˆt |.
Here, the swapping based joint estimation improve the accuracy of state estimates (compared to the “pure” state estimation that works constant parameter values). We have observed
that this algorithm is suitable for “slightly varying” parameters because the sliding window of length δ works as a forgetting factor. The algorithm requires good initial estimates of
parameter.
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