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(2006) 167-181] have generalised the t-norm T to any general conjunctor C and investi-
gated the minimal assumptions required on such operations, called duality fitting conjunc-
tors, such that the fuzzification of the equivalence relation admits any value from the unit
interval and also the one-one correspondence between the fuzzy equivalence relations and

ﬁflﬁ‘;z;fzr fuzzy partitions is preserved. In this work, we conduct a similar study by employing a
Conjunctor related form of C-transitivity, viz., I-transitivity, where I is an implicator. We show that
Fuzzy equivalence relation although every I-fuzzy equivalence relation can be shown to be a C-fuzzy equivalence rela-
Fuzzy partition tion, there exist C-fuzzy equivalence relations that are not I-fuzzy equivalence relations
Semi-copula and hence these concepts are not equivalent. Most importantly, we show that the class

of duality fitting implicators I is much richer than the residuals of the duality fitting conjunc-
tors in the study of Mesiar et al. We also show that the I-fuzzy partitions have a “constant-
wise” structure.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction
1.1. Equivalence relations and partitions

Let X be a non-empty set. An equivalence relation on X is a binary relation on X that is reflexive, symmetric and tran-
sitive. Every equivalence relation gives rise to a partition on the underlying set X. Formally, a partition of a set X is a col-
lection P of pairwise disjoint subsets of X whose union is equal to X. Once again, every partition of X gives rise to an
equivalence relation on X.

Let us denote the set of all equivalence relations by &(X) and the class of all partitions on X by 2(X). Then, we have the
following relations:

e Let E € &£(X). For every x € X, let Ey = {y € X|(x,y) € E}. Then

Pr = {EJx € X} € 2(X). (1)
e Let P e 2(X). Then
Ep = {(x,¥) € X?|{x,y} € U for some U ¢ P} € §(X). )
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In fact, the following one-one correspondence between partitions and equivalence relations exists: Ep, = E and Pg, = P for
all E€ &(X) and P € 2(X), i.e., the relationships (1) and (2) define a bijection between the equivalence relations and
partitions.

1.2. Fuzzy equivalence relations and fuzzy partitions

A fuzzification of the above concepts, viz., fuzzy equivalence relation and fuzzy partition, have been dealt with in many
works. In fact, the first such definition was proposed by Zadeh himself [60], wherein he proposed the following definition,
which have now come to be termed as similarity relations.

Definition 1.1. A fuzzy subset E of the Cartesian product X? is called a fuzzy equivalence relation on X if the following
properties are satisfied for all x,y,z € X:

E(x,x) =1 (Reflexivity),

E(x,y) = E(y.x) (Symmetry),
E(x,z) > max min(E(x,w),E(w,z)) (Transitivity).
(S

Of course, the transitivity of E can be, and usually is, written equivalently as follows:
min(E(x,y),E(y.2)) <E(x,2), xy,zeX. 3)

Following Zadeh [60], many works have appeared generalising the above concept of a fuzzy equivalence relation. For in-
stance, many types of reflexivity have been proposed and discussed, see for instance, [7,8,26]. Similarly, other types of tran-
sitivity have also been discussed. Bezdek and Harris [2] replaced the operator “min” in (3) by the Lukasiewicz t-norm
Tik(x,y) = max(0,x +y — 1), while Faurous and Fillard [21] substituted it by the product t-norm Tp(x,y) = x - y. Further
works have started to consider any general t-norm T instead of “min” (see [17,18,30-35]). Other generalisations have also
appeared, see for example, [26,23,28,29].

Analogously, the concept of a fuzzy partition is a generalisation of the parition of a set X. Ruspini [52] was the first to
propose one such generalisation. Butnariu [6] proposed another generalisation of the concept of a fuzzy partition based
on an equivalent definition of the disjointedness using the Lukasiewicz operators, which was subsequently shown by Mesiar
and Rybarik [43] to be equivalent to that of the definition of Ruspini. For works dealing with either different or more general
definitions see, for instance, [3-5,16,44,45]. The following is an equivalent form of the above definitions that is more or less
established in the literature.

Definition 1.2 (cf. [27,29,50,59]). A system P of fuzzy subsets of X is called a fuzzy partition of X if the following properties
are satisfied:

(i) For all U € P there is some x € X such that U(x) =1,
(ii) For all x € X there is exactly one U € P such that U(x) =1,
(iii) If U, V € P such that U(x) = V(y) = 1 for some x,y € X, then U(y) = V(x).

1.3. Motivation for this work

Many of the works on fuzzy equivalence relation and fuzzy partition deal either exclusively with fuzzy equivalence
relations [7-9,12,14,21,24-26,31,32,36,47,48,56,57] or with fuzzy partitions [3-6,13,16,17,19,11,30,38,39,41,45,52]. The
correspondence between fuzzy equivalence relations and fuzzy partitions was discussed, e.g. in [12,22,33,42,44,46,49,50],
and a one-one correspondence between them explicitly stated in [53-55]. However, all these generalisations only consider
a t-norm to model the fuzzy transitivity in (3) in the concept of fuzzy equivalence relation and the fuzzy disjointedness in the
concept of fuzzy partition.

Recently, Mesiar et al. [42] - noticing that the associativity of a t-norm is superfluous in the above context, especially
since we never have to aggregate more than two arguments - have substituted a conjunctor instead of a t-norm in the above
setting and determined the minimal properties required on such operations so that the following properties of fuzzy
equivalences and fuzzy partitions are preserved:

Fuzzification: The concepts are such that each value a € [0, 1] is acceptable as a membership value of a fuzzy equivalence
relation (respectively, a member of a fuzzy partition);

Fuzzy extension: Fuzzification of these concepts is such that each equivalence (partition) is also a fuzzy equivalence rela-
tion (respectively, fuzzy partition), and vice-versa, each fuzzy equivalence relation which is (respectively, each fuzzy par-
tition with members only) is an equivalence relation (respectively, a partition);

Fitting fuzzy extension: Fuzzy extension of these concepts is such that there is a bijection between the class 7 &(X) of all
fuzzy equivalence relations on X and the class #2(X) of all fuzzy partitions on X.
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An alternative approach based on implications, which are rather general and not necessarily the residuals of some t-
norms, has been considered in [54,55]. In this work, we continue in the spirit of Mesiar et al. [42] with a general implicator,
i.e.,, we investigate the concepts of fuzzy equivalence relation and fuzzy partition by employing a related form of C-transi-
tivity, viz., I-transitivity, where the implicator I is nothing more than a binary operator satisfying the boundary conditions
of a implication, as given below.

Definition 1.3. An implicator I : [0,1]* — [0, 1] is a mapping whose restriction to the domain {0, 1} coincides with the binary
implication, i.e.,

I(1,0)=0; 1(0,0)=1(0,1) =I(1,1) = 1.

This work differs from [53-55] in that we do not suppose any kind of monotonicity for implicators, while in [53-55] the
hybrid monotonicity - decreasing in the first and increasing in the second coordinates - is assumed.

1.4. Organisation of this work

This paper is organised as follows. In Section 2 we introduce the concept of an I-fuzzy equivalence relation and investigate
the properties required on a general implicator I so that the 3 properties mentioned in Section 1.3 and considered in the work
of Mesiar et al. [42] are satisfied for any I-fuzzy equivalence relation. In Section 3 after introducing the concept of an I-fuzzy
partition, similar investigations are carried out. In particular, we show that the conditions required on an implicator I so that
a fuzzy relation E on a set X is an I-fuzzy equivalence relation is different from the conditions required on I for a fuzzy par-
tition P on X to be an I-fuzzy partition.

In Section 4, we discuss the correspondence between the above concepts of I-fuzzy equivalence relation and I-fuzzy par-
tition and determine the minimal conditions on an implicator to be a duality fitting implicator, i.e., an implicator I such that
every I-fuzzy equivalence relation is also an I-fuzzy partition and vice-versa. Once again, our studies show that not all of the
properties possessed by residuals of left-continuous t-norms are necessary; for example, the exchange principle does not
play any role in our study. We determine the exact bounds for the class of duality fitting implicators and propose a rather
special subclass of duality fitting implicators which play an important role in the rest of the work. We also show that the
I-fuzzy partitions have a “constant-wise” structure.

Sections 5-7 deal with the relationships between the concepts of I-fuzzy equivalence relation and I-fuzzy partition, on the
one hand, and the concepts of C-fuzzy equivalence relation and C-fuzzy partition introduced in Mesiar et al. [42], on the
other.

In Section 5 we recall the main definitions and relevant results regarding C-fuzzy equivalence relation and C-fuzzy par-
tition. Conjunctors C for whom there exists a one-one correspondence between the concepts of C-fuzzy equivalence relation
and C-fuzzy partition are called duality fitting conjunctors in [42].

In Section 6, after noting that every I-fuzzy equivalence relation (I-fuzzy partition) is also a C-fuzzy equivalence relation
(C-fuzzy partition), we attempt the converse poser, i.e., is every C-fuzzy equivalence relation (C-fuzzy partition) also an I-fuzzy
equivalence relation (I-fuzzy partition)? Towards this end, we investigate in detail the relationship between duality fitting
conjunctors and duality fitting implicators and present many results concerning them. We show that from every duality fit-
ting implicator I we can obtain a duality fitting conjunctor C. From the obtained results we show that there exist C-fuzzy
equivalence relations that are not I-fuzzy equivalence relations for any duality fitting implicator I. We also give an example
to illustrate the above (see Example 6.18). The classical logic operations of residual and deresiduum play an important role in
this section.

In Section 7 we investigate monotonic duality fitting operations. Note that a monotonic duality fitting conjunctor is a
commutative semi-copula, while a monotonic duality fitting implicator is a fuzzy implication, which is a minimal general-
isation of an implicator on {0, 1} to the unit interval [0, 1]. We give the minimal assumptions required on a conjunctor so that
its residual is a fuzzy implication. From the obtained relationships on the bounds of such operators, we show that the class of
duality fitting implicators is much richer than the class of residuals obtained from duality fitting conjunctors.

2. I-fuzzy equivalence relation

In this section, we define the concept of an [-fuzzy equivalence relation and show that not all implicators give rise to
I-fuzzy equivalence relations that accept any value a € [0, 1]. Similarly, not all implicators give rise to consistent I-fuzzy
equivalence relations (see Definition 2.6). Hence, we investigate the conditions required on an implicator I for it to satisfy
the above properties.

Definition 2.1. Let I be an implicator. A fuzzy subset E of the Cartesian product X? is called an I-fuzzy equivalence relation
on X if the following properties are satisfied for all x,y,z € X:

(i) E is reflexive, i.e., E(x, x) =1,
(ii) E is symmetric, i.e., E(x, y) = E(y, x),
(iii) E is I-transitive, i.e., I(E(x, y), E(y, z)) > E(x, z).
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Example 2.2. Not all implicators I give rise to I-fuzzy equivalence relations, i.e., some implicators are such that they allow
E(x,y) € {0, 1} only, which is hardly fuzzy! To see this, consider an implicator I such that I(x, y) = 0, when x, y ¢ {0, 1}. If X is
non-singleton and E(x, y)=a < (0, 1), we have

I(E(x,y),E(x,x)) =1(a,1) =02a =E(x,y).

Remark 2.3. It should be emphasised that each equivalence relation can be understood as an I-fuzzy equivalence relation
with respect to an arbitrary implicator I. Conversely, each I-fuzzy equivalence relation that takes values only from the set
{0, 1} can be understood as an equivalence relation.

We say an I-fuzzy equivalence relation admits a value a € [0, 1], if there exists a fuzzy equivalence relation E such that E(x,
y)=a for some x,y € X.

Proposition 2.4. For a given implicator I the following are equivalent:

(i) The concept of I-fuzzy equivalence relation admits any value a € [0, 1].
(ii) I satisfies the following:

(@) I(1,a)>=aq,

(b) I(al1)>aq,

() I(a a)=1.

): Let there exist a fuzzy equivalence relation E such that E(x, y)=a € (0, 1). Then
a) I(1,a) =I(E(x,x),E(x,y)) = E(x,y) =aq,

b) I(a,1) =I(E(x,y),E(x,x)) > E(x,y) =a,

c) I(a,a) =I1(E(x,y),E(x,y)) = E(x,x) = E(y,y) = 1.

(ii)= (i): Let X be any non-singleton set. Define the fuzzy subset on X? as follows: For an x#ye X let
E(x,y) = E(y,x) = a € (0,1),and E(u, ) = 1 for all (u, v)#(x,y) € X2 Clearly, E is an I-fuzzy equivalence relation. O

In the case of equivalence relations, we know that if there exist x,y € X and x # y such that E(x, y)=1, i.e.,, x and y are
related to each other, then the equivalence classes of x and y are identical. However, it is possible that an I-fuzzy equivalence
relation E w.r.to an implicator [ is such that E(x, y) = 1 but E(x, z) # E(y, z), for some z € X, as the following example illustrates.

Example 2.5. Consider the following implicator I:

0, if (p.q) = (1,0),

I - 1).
(. q) {17 otherwise, p,q €[0,1]

Note that I satisfies the properties in Proposition 2.4, but displays the rather undesirable property mentioned above. For any
a, b (0, 1] such that a # b, it can be easily verified that the following is an I-fuzzy equivalence relation on the set
X ={x,y,z}:

N< X |m
Q = o X
(S N
- S Q | N

Definition 2.6. A fuzzy relation E on a non-empty set X is said to be consistent if E(x, y)=1 for any x,y € X, then E, = E,,
where E,(z) = E(x,z), for every z € X.

Definition 2.7. An implicator I is called an equivalence relation fitting implicator if every E that is an I-fuzzy equivalence rela-
tion is consistent.

Proposition 2.8. If an implicator is such that I(1, a) = a, for any a € [0, 1], then I is an equivalence relation fitting implicator.

Proof. Let E be an [-fuzzy equivalence relation for a given implicator I with the above property. If possible, let for some
x#y € X, E(x, y) = 1. We will show that for all z € X, we have E(x, z) = E(y, z). Indeed, we have
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E(x,z) = I(1,E(x,2)) = [(E(x,y),E(x,2)) > E(y,2),

while
E(y.2) = I(1,E(y.2)) = [E(y.X).E(y.2)) > E(x.2),

from whence we get that E, = E,, i.e,, I is an equivalence relation fitting implicator. O

Remark 2.9. It should be mentioned that the property I(1, a) = a is not necessary for an I to be an equivalence relation fitting
implicator. However, the following conditions are necessary whenever [ is an equivalence relation fitting implicator:

(i) Whenever I(1, a)=b > a, not both I(a, b)=1 and I(b, a) =1,
(ii) Equivalently, if I(a, b) = I(b, a) = 1 with a < b, then I(1, a) # b,
(iii) I(1, a) # 1.

One can easily verify that the I-fuzzy equivalence relation given in Example 2.5 serves as an illustrative counter-example
w.r.to the above necessary conditions.

Theorem 2.10. For an implicator I the following are equivalent:

(i) Iis an equivalence relation fitting implicator and the concept of I-fuzzy equivalence relation admits any value a € [0, 1].
(ii) I satisfies the following properties for any a, b € [0, 1]:

I(a,b) = anb, wheneveravb=1, (IET)

I(a,a)=1, (IE2)

If I(1,a) >b and I(1,b) >a and I(a,b)=1 then a=bh. (IE3)
Proof

(i)= (ii): IfI1is such that the concept of I-fuzzy equivalence relation admits any value a € [0, 1], then from Proposition 2.4
we know that [ satisfies all the properties (a)-(c) there. Clearly, (IE1) is only a reformulation of properties (a) and
(b), while (IE2) is the property (c). Let I be an equivalence relation fitting implicator such that I(1, a) > b,
I(1, b) > a and I(a, b)=1 for some a, b € [0, 1]. Let us assume to the contrary that a # b. Let us now consider
the fuzzy relation E given in Example 2.5. Then it is immediate that E is an I-fuzzy equivalence relation. However,
E is not consistent, contradicting the fact that I is an equivalence relation fitting implicator.

(ii)= (i): From Proposition 2.4 and (IE1), (IE2) we see that the concept of I-fuzzy equivalence relation admits any value
a € [0, 1]. On the one hand, if for any a € [0, 1], I(1, a) = a then from Proposition 2.8 we see that I is an equivalence
relation fitting implicator. On the other hand, let E be an I-fuzzy equivalence relation on X and let E(x, y) =1 for
some x,y € X. For any arbitrary but fixed z € X, let a = E(x, z) and b = E(y, z). Then,

I(a,b) =I(E(x,2),E(y,2)) = E(x,y) =1,
I(1,a) =I(E(y,x),E(x,2)) = E(y,z) = b,
I(1,b) = I(E(x,y),E(y,2)) = E(x,z) =a.

From (IE3) we have that a = E(x, z) = E(y, z) = b. Since z € X was arbitrary, we have that E, = E,, i.e., E is consistent and I is an
equivalence relation fitting implicator. O

3. I-Fuzzy partitions

In this section, we define the concept of an I-fuzzy partition and, once again, show that not all implicators give rise to I-
fuzzy partitions that accept any value a € [0, 1]. Similarly, not all implicators give rise to consistent I-fuzzy partitions (see
Definition 3.5). Hence, we investigate the conditions required on an implicator [ for it to satisfy the above properties.

Definition 3.1. Let I be an implicator. A system P of fuzzy subsets of X is called an I-fuzzy partition of X if the following
properties are satisfied, for all x,y,z € X:

(i) for all U € P there is some x € X such that U(x) =1,
(ii) for all x € X there is some U € P such that U(x) =1,
(iii) if U(x) =1 for some x € X then for y € X and all V € P the following inequality holds:

[(V(y),Uy)) = V(x).
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Remark 3.2

(i) We again emphasise that each partition can be understood as an I-fuzzy partition with respect to any arbitrary impli-
cator I. Conversely, each I-fuzzy partition that takes values only from the set {0, 1} can be understood as a partition.
(ii) Note also that the Definition 3.1 is equivalent to the one given in Definition 1.2.

Once again, we have the following equivalence condition for an implicator I to give rise to an I-fuzzy partition P that ad-
mits any value in [0, 1].

Proposition 3.3. For a given implicator I the following are equivalent:
(i) The concept of I-fuzzy partition admits any value a € [0, 1].
(ii) I satisfies the following for any a € [0, 1]:

(@) I(a,a)=1,
(b) there exists b € [0, 1] such that I(1, a) > b and I(1, b) > a.

Proof

(i)= (ii): Let P be an I-fuzzy partition and let U € P be such that U(x) =1 and U(y) = a for some x,y € X and a € (0, 1). Then
I(a,a) =I(U(y),U(y)) = U(x) = 1.

Let V € P be such that V(y) = 1. Then
I(1,V(x)) = 1(U(x),V(x)) = Uly) = a,

and

I(1,a) = 1(V(y),Uy)) = V(x).

Now, letting b = V(x) we have the result.

(ii)= (i): Let I satisfy the above properties. Let X be any non-singleton set. Define the fuzzy subsets on X as follows:

1, y=x (b, y=x,
U(Y)f{a., y#X, V()f{l, y#X.

From the following inequalities, where y # x,

[(V(y),Uy)) =1(1,a) > b=V (),
[(U(x),V(x)) =1(1,b) > a=U(y),

we see that the system P = {U, V} is an I-fuzzy partition. O

Note that even if an implicator I is such that the concept of [-fuzzy partition admits any value a € [0, 1], it is possible that I
is such that the concept of I-fuzzy equivalence relation does not admit all values a € [0, 1]. The following example illustrates
this.

Example 3.4. Let us define an implicator I : [0,1]> — [0, 1] as follows:

0, if (p,q) = (1,0),
I(p,q9)=q1-¢q, ifp=1andqe(0,1), p,qecl0,1]
1, otherwise,

From Proposition 3.3 we see that I is such that the concept of I-fuzzy partition admits any value a € [0, 1]. Let X = {x,y}. Let
us define two fuzzy sets U, V on X as follows:

1, p=x, b, p=x
U :{ v :{ : ,
®) a, p=y, ) 1, p=y,

where a, b € [0, 1] are such that a + b < 1. Once again, it is a routine verification that P = {U, V} is an I-fuzzy partition. How-
ever, from Proposition 2.4 we see that the I-fuzzy equivalence relations on X do not admit the values a € (0.5, 1].

Once again, in the case of partitions we know that two members of a parition P on X are either non-overlapping or iden-
tical. However, it is possible that there exist an I-fuzzy partition P w.r.to an implicator , such that there exist U, V € P with
U(x)=V(x)=1 but U # V (see Example 3.7 below).
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Definition 3.5. A fuzzy partition P of a non-empty set X is said to be consistent, if P is such that whenever for any elements U,
V € P there exists x € X such that U(x)=V(x)=1 then U=V.

Definition 3.6. An implicator [ is called a partition fitting implicator if every fuzzy partition P that is an I-fuzzy partition is
consistent.

Example 3.7. Note that not all implicators are partition fitting implicators. For example, let us once again consider the impli-
cator I given in Example 2.5. It can be easily verified that the P = {U, V, W} as defined below is an I-fuzzy partition on the set
X = {x,y,z}, for any a, b € [0, 1] but a # b:

a7 p:X7
1, p=xory, 1, p=xory,
T 1, p=z o

Note that U(x) = W(x) = 1, but that U(z) # W(z), i.e., P is not consistent.
Proposition 3.8. If an implicator I is such that I(a,b) =1 = a < b, for any a, b € [0, 1], then I is a partition fitting implicator.
Proof. Let P be a system of I-fuzzy partition such that for some U, V € P and some x € X, U(x) = V(x) = 1. Indeed, for any z € X,
we have

I(V(y),Uy)) = V(x) =1=V(y) <Uy),
for any y € X and similarly, U(y) < V(y). Hence U =V, i.e,, I is a partition fitting implicator. O

Remark 3.9

(i) In Proposition 3.8, one could, instead, ask for the following condition: I(a,b) =1 =-a > b, for any q, b € [0, 1]. How-
ever, this would be absurd, since I(0, 1) =1 would imply that 0 > 1!!!

(ii) Once again, the above property is not necessary for an I to be a partition fitting implicator. However, interestingly, pre-
cisely the same conditions given in Remark 2.9 can be shown to be necessary for an I to be a partition fitting
implicator.

(iii) Example 3.7 also shows that if I(a, 0) = 1 for any a > O, then again I is not a partition fitting implicator.

Theorem 3.10. For an implicator I the following are equivalent:

(i) Iis a partition fitting implicator and the concept of I-fuzzy partition admits any value a € [0, 1].
(ii) I satisfies the following properties:

I(a,a) =1, foranyace€]0,1], (IP1)

For any a € [0,1] there exists b € [0,1] such thatI(1,a) > b and I(1,b) > a, (IP2)

Forany a,b €[0,1], I(a,b)=1=a<b. (IP3)
Proof

(i)= (ii): Let I be a partition fitting implicator and let the concept of I-fuzzy partition admit any value a € [0, 1]. The fact that
I satisfies (IP1) and (IP2) is immediate from Proposition 3.3. To see that (IP3) is necessary, let us assume that for
some a, b € [0, 1] with a > b, I is such that I(a, b) = 1. By (IP2), for the above a, b there exist a’,b’ € [0, 1] such that

a, (4)
b. ()

Let ¢ = min(a’, b'). Note that it suffices to consider the case c € (0, 1]. Indeed, if ¢ = 0 then either a=0 or b = 0 from (IP2). a=0
is a contradiction to our assumption, while if b =0 then from Example 3.7 and Remark 3.9(iii) we know that I is not a par-
tition fitting implicator, a contradiction to our hypothesis. With respect to the above c, let us define the function
I : [0,1]* = [0,1] as follows:

1, if p<q,
I(p.q) =41, ifg=c, p.qel01]
I(p,q), otherwise,
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Note that I. is an implicator such that I.(a,b) = 1 for the above considered a, b € [0, 1] with a > b. Let X = {x,y} and consider
the partition P={U, V, W} on X as follows:

1, p=x, {a p=x, {1,p:&
®) {m p=y, ®) 1, p=y, ®) b, p=y

A routine calculation shows that P is an I.-fuzzy partition However, note that U # W, i.e., P is not consistent.

(ii)= (i): The sufficiency is immediate from Propositions 3.3 and 3.8. O
Remark 3.11. Note that the conditions in Theorems 2.10 and 3.10 are not equivalent. To see this, consider the following
implicator:

0, ifpe(0,1) and g=1,
0, ifp>q and p#1,
q, ifp=1,
1, otherwise,

I(p,q) = p,q<[0,1].

It is easily verifiable that I satisfies all the conditions in Theorem 3.10, viz., IP1, IP2 and IP3, but does not satisfy (IE1), since
I(a,1) = 0#a for any a € (0, 1). Note, however, that I satisfies (IE2) and (IE3) - for the only applicable value a = 0.5 - of The-
orem 2.10.

4. Correspondence between I-fuzzy equivalence relations and I-fuzzy partitions

As noted in Section 1, there exists a one-one correspondence between partitions and equivalence relations given by the
relationships (1) and (2). Hence, it is only natural to expect, and in fact enforce, such a correspondence between their I-fuzzy
counterparts. However, from Theorems 2.10 and 3.10 and Remark 3.11 it is immediate that there are I-fuzzy partitions with-
out the corresponding counterpart among I-fuzzy equivalence relations (see also Example 3.4).

In the following, we propose relations, similar to Eqs. (1) and (2), in the case of [-fuzzy partitions and I-fuzzy equivalence
relations and determine conditions on an implicator I so as to obtain a one-one correspondence between these concepts.

Definition 4.1

(i) LetIbe an equivalence fitting implicator and E be an I-fuzzy equivalence relation on X. Let us denote by P the set of all
fuzzy sets on X, P = {Ex|x € X}.

(ii) LetIbe a partition fitting implicator and P be an I-fuzzy partition on X. Let us denote by Ep the fuzzy set on X given by
Ep(x,y) = inf{U(y)|U € P,U(x) = 1} for any x,y € X.

Theorem 4.2. Let | be an equivalence fitting implicator and E an I-fuzzy equivalence relation on X. Then Pg is always an I-fuzzy
partition.

Proof. From the definition of P it is obvious that Pg satisfies both the axioms (i) and (ii) in Definition 3.1. To see that Pg sat-
isfies also the axiom (iii), let U = E, and U(x) =1 for some x,u € X. Then, we know that E, = E,. Now, for any v,y € X and
letting V = E, we have

I(V(y),U(y) = I(E,(y), Eu(y)) = I(E(v,y), E(y, 1)) > E(v,u) = Eu(v) = Ex(v) = E,(X) = V(x). O
Theorem 4.3. Let I be a partition fitting implicator. The following are equivalent:

(i) For any non-empty set X and any I-fuzzy partition P, Ep is an I-fuzzy equivalence relation on X.
(ii) I(1, a)=a for all a [0, 1].

Proof

(i)= (ii): LetI(1,a)=b > a, for some a € [0, 1]. Consider the partition P={U, V} on a set X = {x,y} with U(x) = V(y)=1,U(y) =a
and V(x)=b. It can be easily verified that P is an I-fuzzy partition of X. However, Ep(x,y) =U(y) =
a#=b = V(x) = E(y,x), i.e., Ep is not an I-fuzzy equivalence relation on X.

(ii)= (i): LetI(1,a)=a for all a € [0, 1]. Let P be an I-fuzzy partition on some universe X. Firstly, note that Ep(x,x) = 1 for all
x € X, i.e, Ep is reflexive.To see that Ep is symmetric, we have to show that the equality U(x) = V(y) = 1 for some U,
Ve Pandx,y € X ensures the equality U(y) = V(x). This follows easily from the following inequalities. Since P is an
I-fuzzy partition, with V(y) =1 we have that I(U(x), V(x)) > U(y) for any x,y € X and any U € P.
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V() =1(1,V(x) = [(U(x),V(x)) = U(y),
and similarly, U(y) = V(x).To see that Ep is I-transitive, i.e., for any x,y,z € X we need to show that

I(Ep(x,y), Er(y.2)) = Ep(x,2). (6)
However, note that from the above we have that if U(x) = V(z) = 1 then V(x) = U(z) for any x,z € X and hence

[(Uy),V(y) = V(x) = U(2),

for any y € X, which by the definition of E» implies (6), i.e., Ep is I-transitive. Thus, Ep is an I-fuzzy equivalence relation. 0O

4.1. Duality fitting implicators

Theorems 4.2 and 4.3 direct us towards conditions on an implicator I to ensure a one-one correspondence between the
concepts of I-fuzzy partitions and I-fuzzy equivalence relations.

Definition 4.4. A duality fitting implicator I : [0,1]*> — [0, 1] is an implicator that also satisfies the following:

Ila,a)=1, ael0,1], (IP)
I(a1)>a, acl01], (RBC)
I1,0)=a, ac[0,1], (LNP)
I@b)=1=a<b, abel01]. (oP)

The set of all duality fitting implicators will be denoted by .#.
Remark 4.5

(i) Note that the above conditions on an implicator I to be a duality fitting implicator is minimal - in the sense of ensuring
a one-one correspondence between the concepts of I-fuzzy partition and I-fuzzy equivalence relations as the many
examples in Sections 2 and 3 have amply demonstrated- and cannot be weakened. Also the conditions are, in general,
mutually independent. However, with the additional assumption of monotonicity this is not the case (see Lemma 7.3).

(ii) The class of all duality fitting implicators is convex, i.e., if I;, I, are any duality fitting operators, then for any 1 € [0, 1]
we have that 2-I; + (1 — ) - I, is also a duality fitting implicator.

(iii) Also the class of all duality fitting implicators is closed under lattice operations, i.e., if Iy, I, are any duality fitting oper-
ators, then their pointwise minimum or maximum, viz.,

(i AL)(p,q) = min(li(p,q), 12(p. 9)).
(Il VIZ)(pa q) = maX(I](p,q),Iz(p, q))7 D.q € [0”7

are also duality fitting implicators.
(iv) Finally, we would like to mention that the peculiar labeling of the above properties is so done as to retain consistency
with the terms used in literature and will become clear later on in Section 7. In the context of fuzzy implications, (IP) is
also known as the identity principle, (LNP) is the left-neutrality property and (OP’) is related to the ordering property of a
fuzzy implication, while (RBC) is a right-boundary condition.

For a given non-empty set X, let us denote the set of all I-fuzzy equivalence relations by .# # ¢(X) and the set of all I-fuzzy
partitions by .# # 2(X). We have the following main result of this section.

Theorem 4.6. LetI € .7, i.e., I is a duality fitting implicator and X any non-empty set. Then there exists a bijection between the set
of all I-fuzzy equivalence relations and I-fuzzy partitions. Namely, for every E € 47 &(X), Pg € 4 2(X), and conversely, for every
P e 57 2(X), Ep € 7 &(X). Moreover, Ep, = E and Pg, = P.

Proof. Let I € # and X any non-empty set. From Definition 4.4 and Theorems 4.2 and 4.3 we have that for every
E e s7&(X), Ps € 7 2(X), and conversely, for every P € 47 2(X), Ep € S 7 &(X).

Let E be a given I-fuzzy equivalence relation on X. The corresponding I-fuzzy partition is given by Pr = {Ex|x € X}. Let
x,y € X. Then

Ep, (x,y) = Inf{E,(y)|z € X,E,(x) = 1} = E(x,y).

The last equality follows from Proposition 2.8 and the fact that E being an I-fuzzy equivalence relation for an I € .7 is con-
sistent, i.e., E;(x) = E(z,x) = 1 ensures E, = E,, and consequently E,(y) = E,(y) = E(x,y).
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Now, let P be a given I-fuzzy partition on X. The equality Pg, = P is equivalent to the equality U = Ep, for all U € P and
x € X such that U(x) = 1. Assuming these conditions, let y € X. Then
Ep,(y) = Ep(x,y) = inf{V(y)[V € P,V(x) = 1} = U(y),
where the last claim follows from the fact that V(x) =1 implies that V=U, i.e, V(y)=U(y). O

4.2. Bounds on duality fitting implicators

Remark 4.7

(i) It can be easily seen that the class of duality fitting implicators .# is bounded below and above by, but not including,
the following implicators:

1, if (p,q)=(0,1)orp=q,
L(p,q) =< pArgq, ifpvg=1, F@ﬂ):{
0, otherwise,

1, ifp<1,
q, ifp=1,

iie,if e .7 thenI, <I<1I.I is the Weber implication (see [58]), which however, is not a duality fitting implicator
since it does not satisfy (OP’).

(ii) Let X be any non-empty set and E a fuzzy set on X2. Let J,I € .# such thatJ > L If E is I-transitive, then E is also J-tran-
sitive. Hence every I-fuzzy equivalence relation is a J-fuzzy equivalence relation, and simultaneously, every I-fuzzy
partition is also a J-fuzzy partition.

(iii) Let us denote the set of all I-fuzzy equivalences on a non-empty set X w.r.to a duality fitting implicator I by .#.# &,(X).
If J,I € # such that J > I, then we have the following inclusions:

SFEX)CIFEX) and  SFP(X) CIFP(X).

(iv) In particular, every I,-fuzzy equivalence relation is an I-fuzzy equivalence relation and every I-fuzzy equivalence rela-
tion is an I"-fuzzy equivalence relation, i.e., for any I € .# we have the following inclusions:
IFE(X)CIFEX)CIFE(X),

IF P, (X)CIFP(X)CIFPr(X).

(v) Let P be any I-fuzzy partition w.r.toanl € .#. If U € P is such that, for some x,y € X, U(x) = U(y) = 1, then for all V € P we
have that V(x) = V(y). This follows from the fact that I satisfies property (iv) in Definition 4.4. In other words, I-fuzzy
partitions have “constant-wise” structure.

(vi) LetI,] € # and let X be non-empty. If E is both an I-fuzzy equivalence relation and J-fuzzy equivalence relation on X,
then E is also an I A J-fuzzy equivalence relation on X. Of course, E is also an I v J-fuzzy equivalence relation on X.

The proofs of the following lemmas are quite straightforward.
Lemma4.8. AnE € #7 & (X) if and only if E is reflexive, symmetric, consistent and whenever for some x,z € X there existsy € X
such that E,(x)#E,(z) then E(x, z) = 0.

Lemma 4.9. AP € 72, (X) if and only if P is consistent and whenever there exist U, V € P and x,y € X such that U(x) =1 and
U(y) # V(y) then x ¢ supp(V), where supp(V) = {x € X|V(x) > 0}.

4.3. A special class of duality fitting implicators

We now introduce a rather special class of duality fitting implicators.
Definition 4.10. Let € < (0, 1]. Let us define the function I : [0, 1]? — [0, 1] as follows:
1, if p<q,
Ig(p,q) = 4 a. ifp=1 pqel01]
1 — ¢, otherwise,

Remark 4.11. Let us denote by I the above family of functions, i.e., Iy = {Ijg|€ € (0, 1]}. Then the following remarks can be
made about Ij.

(i) Clearly, every member of this family is a duality fitting implicator, i.e., [ C.7.
(ii) This family is monotonically increasing with decreasing parameter € and
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I'= liH(}I[E] = SUpI[E].
€l

Hence we can write I" = Ijg;.

(iii) Moreover, if I € .7, then there exists an € € (0, 1] such that I;g > L

(iv) From Remark 4.7(ii) we see that every fuzzy relation E that is I-transitive for an I € .#, is also I,4-transitive for some
€ €(0, 1]. This fact will be used in the sequel.

Remarks 6.5 and 6.13 show further interesting properties of this class of implicators.

5. Conjunctor-based fuzzy equivalences and partitions

As noted in Section 1, in Mesiar et al. [42], the authors have discussed fuzzy equivalence relations based on a general
conjunctor C. In this section, after recalling the relevant definitions and results, we investigate the relations between the
concepts of C-fuzzy equivalence relations and C-fuzzy partitions with the concepts of I-fuzzy equivalence relations and
I-fuzzy partitions, proposed in this work.

Definition 5.1. A conjunctor C : [0, 1]2 — [0,1] is a mapping whose restriction to the domain {0, 1} coincides with the binary
conjunction, i.e.,

C(0,0) = C(1,0) = C(0,1) = 0;C(1,1) = 1.

Definition 5.2. ([42], Definition 2.2). Let C be a conjunctor. A fuzzy subset E of the Cartesian product X? is called a C-fuzzy
equivalence relation on X if E is reflexive, symmetric and is C-transitive, i.e., for all x,y,z € X,

C(E(x,¥),E(y,2)) < E(x,2).

Definition 5.3. ([42], Definition 2.3). Let C be a conjunctor. A system P of fuzzy subsets of X is called a C-fuzzy partition of X
if the following properties are satisfied, for all x,y,z € X:

(i) for all U € P there is some x € X such that U(x) =1,
(ii) for all x € X there is some U € P such that U(x) =1,
(iii) if U(x) =1 for some x € X then for all y € X and all V € P the following inequality holds:

CVx),V(y)) <U®Y). (CFP)

Definition 5.4. A C:[0,1]> — [0,1] is said to satisfy the right neutrality property, if
Cp,1)=p, pel01] (RNP)
Definition 5.5. ([42], Definition 3.2). AC:[0,1]* — [0, 1] is called a duality fitting conjunctor if it is a commutative conjunctor

that satisfies (RNP), or equivalently (LNP), i.e., for all a € [0, 1] it is C(a,1) = C(1, a) = a. The set of all duality fitting conjunctors
will be denoted by %.

Theorem 5.6. ([42], Theorem 3.1). Let C be a duality fitting conjunctor, i.e., C € 6. Then there exists a bijection between the set of
all C-fuzzy equivalence relations, denoted as 4.7 &(X) and C-fuzzy partitions, denoted as 47 2(X). Namely, for each C-fuzzy equiv-
alence relation E, Pg is a C-fuzzy partition, and for each C-fuzzy partition P, Ep is a C-fuzzy equivalence relation. Moreover, Ep, = E
and Pg, = P.

Remark 5.7. ([42], pp. 175-177).

(i) The class of duality fitting conjunctors % is bounded below and above by the following conjunctors:

C.( )—{07 040D, o g (r)ﬁm( ) y %3(: (())’f))i
*p:q - n,lin(qu)7 Otherwise7 pq - 1 p7q7 OtherWlIS)éq - 5

C, is also known as the drastic t-norm Tp (see [37]).

(ii) Let X be any non-empty set and E a fuzzy set on X2. Let C,C’' € % such that C > C'. If E is C-transitive, then E is also C'-
transitive. Hence every C-fuzzy equivalence relation is a C'-fuzzy equivalence relation, and simultaneously, every C-
fuzzy partition is also a C'-fuzzy partition.

(iii) Unlike in the case of duality fitting implicators, for duality fitting conjunctors we have the reverse inclusions, i.e., if Cis
any duality fitting conjunctor such that C, < C < C7, then
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CF6c.(X) DCFE(X) DCF Ec (X),
CFPc.(X) D CFPc(X) D CFPe-(X).

(iv) An E € 47 &c,(X) if and only if E is reflexive, symmetric and consistent.

(v) AnE € 7 &¢(X) if and only if E € 7 &¢,(X) and there exists a € [0, 1] such that, for all x,y € X, E(x, y) € [a,1]. Com-
paring with Lemma 4.8 it is clear that the concepts of C*-fuzzy equivalence relation and I,-fuzzy equivalence relation
are different.

(vi) AP € 72 (X) if and only if {ker(U)|U € P} is a partition of X and U(x) = V(y) whenever for any x,y € X and U, V€ Pit
is U(y)=V(x)=1.

(vii) AnP € 7 2. (X) if and only if P is a partition or P = (U, V), where ker(U) = X \ ker(V) and U(x) = V(y) = a € [0, 1] when-
ever x € ker(V),y € ker(U).

6. Comparison of the concepts of I- and C-fuzzy equivalences and partitions

It is immediately interesting to investigate the relation between the concepts of I- and C-fuzzy equivalences and parti-
tions. Firstly, we show that every I-fuzzy equivalence (and hence every I-fuzzy partition) is also a C-fuzzy equivalence (C-
fuzzy partition).

Lemma 6.1. Let X be any non-empty set. If  is a duality fitting implicator, then every I-fuzzy equivalence relation (equivalently, I-
fuzzy partition) on X is a C-fuzzy equivalence relation (equivalently, I-fuzzy partition) on X for some duality fitting conjunctor C.

Proof. Since I € .7, I is an equivalence relation fitting implicator and hence by Definition 2.7, if E € .## &(X) then E is reflex-
ive, symmetric and consistent. Thus, by Remark 5.7 (iv), we see that E € ¥# 2, (X). In other words, # 7 &(X) Cc €7 &(X). O

In the rest of this section, we attempt to answer the converse question, i.e., given a set X, is every C-fuzzy equivalence rela-
tion (equivalently, C-fuzzy partition) on X for a duality fitting conjunctor C also an I-fuzzy equivalence relation (equivalently, an I-
fuzzy partition) on X, with I a duality fitting implicator? As can be seen the answer to this poser is not straightforward and we
resort to some concepts relating conjunctors and implicators from classical logics.

6.1. Relations between conjunctors and implicators

In some classical logics, for instance, Intuitionistic logic, where only a conjunctor is available, an implicator is obtained as
its residual. This relation has been generalised to the framework of fuzzy logic with much success and the residuals of many
generalisations conjunctors in fuzzy logic, viz., t-norms, uninorms, t-subnorms, etc, are widely studied and applied (see, for
instance, [1,10,40,51]).

In fact, for certain classes of left-continuous conjunctors, a C belonging to this class and the residual I obtained from C are
such that the pair (C, I) satisfies the following residuation property:

Cp,q) <r<=1I(p,r) 2 q, p.q,rel01]. (RP)

One can immediately note that the C-transitivity in Definition 5.2(iii) and the I-transitivity in Definition 2.1(iii) can be made
to relate to each other if the duality fitting conjunctor and the duality fitting implicator satisfy (RP). In fact, the conjunctors
from the above classes are in a one-one correspondence with their residuals. Thus, in the following we investigate the rela-
tions between duality fitting conjunctors and duality fitting implicators.

6.2. Residuals of duality fitting conjunctors

Definition 6.2. Let C be a function from [0, 1]° to [0, 1]. A function I : [0, 1]2 — [0, 1] defined as follows
IC(pvq):Sup{tE [071]‘C(pt) <Q}7 p~q€ [01]1 (7)

is called the residual of C.
Remark 6.3

(i) In the case C and I¢ are restricted to {0, 1}?, if C is a conjunctor, then I¢ is an implicator.
(i) If C, C’ are any two functions from [0, 1] to [0, 1] such that C < C', then their residuals have the opposite ordering, i.e.,
Ic = I¢. Indeed, for any x,y,t € [0,1] we have that
C'(p,t) < q implies C(p,t) < q,
e, {te[0,1]C(p.t)<q} C {te[0,1]C(p.t) < g},
i.e., sup{t € [0,1]|C'(p,t) < q} <sup{t € [0,1]|C(p,t) < q},
i'e'7 IC'(p7 q) < IC(p7 q)
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We also have the following result regarding a binary operation and its residual.

Theorem 6.4 (cf.[15], Theorem 4.1). Let C be a function from [0, 1] to [0, 1] and let I denote its residual. Then the following are
valid:

(i) Ic(0,0) =1 if and only if C(0, 1) =0.
(ii) Ic(1,1) =1 always.
(iii) Ic(1,0) = 0 if and only if C(1, x) > 0 for all x € (0, 1].

From Theorem 6.4 and the definition of a duality fitting conjunctor (see Definition 5.5) it immediately follows that if C € #
then its residual I¢ is an implicator. However, this residual I¢ is not always a duality fitting implicator. For example, we know
that if C € %, then C, < C < C". The residual of C" is I~ = Ij;; which is a duality fitting implicator (see Remark 4.11(i)), while
that of C, is I, =I" = Ijg;, which is not a duality fitting implicator, since I"'(p,q) = 1 even if p > q.

Remark 6.5. Let us consider the family I of duality fitting implicators.

(i) Recall that I and I¢, are, respectively, the lower and upper bounds of the family Ijg.

(ii) Note that the class of duality fitting implicators is much richer than the class of residuals obtained from duality fitting
conjunctors, i.e., if Cis any duality fitting conjunctor, then we have I, < I = Iy < Ic <I" = I;g.. Of course, it is clear that
there exist I € .# such that I, <I < I¢.

(iii) However, it should be emphasized that the residuals obtained from duality fitting conjunctors strictly contains the
family I of duality fitting implicators. To see this, consider the tukasiewicz t-norm T (p,q) = max(0,p+q—1)

which is a monotonic duality fitting conjunctor such that Tp < Tix < Tm. However, its residual is the fuzzy implication
Iik(x,y) =min(1,1 —x+y) and Ik ¢ I .

Unfortunately, the properties available for a duality fitting conjunctor are not strong enough to obtain conditions under-
which its residual is a duality fitting implicator. However, if the condition of monotonicity is also assumed, then necessary
and sufficient conditions underwhich the residuals of these monotonic duality fitting conjunctors become duality fitting
implicators can be obtained. This study will be taken up in Section 7.2.

6.3. Deresiduum of duality fitting implicators

Let us now turn to the converse procedure of obtaining a conjunctor from an implicator. Once again we will be interested
only in duality fitting operators.

Definition 6.6. Let I : [0,1]* — [0, 1] be any function. We define a mapping C; : [0, 1]* — [0, 1] as

Ci(p.q) = inf{t € [0,1]|(p,t) = q}, p,q<€[0,1]. 8)
C, is also known as the deresiduum of I (see e.g., [20]).
Remark 6.7

(i) Note that in the case I and C; are restricted to {0, 1}?, if I is an implicator, then C; is a conjunctor.
(ii) If I,I' are any two functions from [0, 1]° to [0, 1] such that I < I, then their deresidua have the opposite ordering, i.e.,
C; > Cy. This can be proven analogously to Remark 6.3(ii) using the fact that if A C B then infA > infB.

Remark 6.8. Once again, not for every I € .# we have that its deresiduum C; € %. To see this, consider the Lukasiewicz impli-
cation Iix € .# and whose deresiduum is the tukasiewicz t-norm C;,, = Tix € ¥. Whereas, the deresiduum of I, € .# is

pArg, ifpvg=1,
C.(p.q) =40, if pArq=0, p,qe(0,1], 9)
D, otherwise,
which is not commutative and hence C;. ¢ 4.
Towards characterizing I € .# whose deresiduum C; € %, we introduce the following important algebraic property.

Definition 6.9. An | : [0,1]* — [0,1] is said to satisfy the weak exchangeability property, if

I(p,r) = q<1(q,r) = p, p,q,r<l0,1] (WE)
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Lemma 6.10. Let I : [0,1)* — [0, 1] be any function and C; its deresiduum as defined in (8). Then,

(i) If I satisfies (LNP) then C; satisfies (LNP).
(ii) If I satisfies (IP) and (OP’) then C; satisfies (RNP).
(iii) If I satisfies (WE) then C; is commutative.

Proof

(i) That C; satisfies (LNP) follows from the following equality:
Gi(1,q) = inf{t € [0,1]|I(1,t) > q} = q, by (LNP).

(ii) By (IP) we know thatp € «# = {t € [0,1]|I(p,t) = 1} for any p € [0, 1]. To see that p = inf .=z, if possible, let there exist a
g<p such that I(p, q)=1. However, this is a contradiction to the fact that I satisfies (OP’). Thus, we have
Ci(p,1) =inf{t € [0,1]|I(p,t) = 1} =p for all p € [0, 1], i.e., C; satisfies (RNP).

(iii) Let p, g € [0, 1] be fixed. then
Ci(p,q) = inf{t € [0, 1]|I(p,t) > q},
Ci(q,p) = inf{t € [0,1]|I(g, t) > p}.

It is clear now that if I satisfies (WE) then C; is commutative. [

It can be easily verified that while I;k satisfies (WE), I, does not. However, if an I € .#, then it satisfies both (LNP) and (OP’)
and hence its deresiduum C; is such that G;(1,p) = C;(p,1) = p for all p € [0, 1]. The only property C; lacks is commutativity.

Definition 6.11. Let | € .# satisfy (LNP) and (OP’) and let C; be its deresiduum. The modified deresiduum of I is defined as

Ci(p.q) = min(Ci(p,q). Ci(q.p)), p.q€[0,1]. (10)
The following result is now immediate.

Proposition 6.12. Let I € .# satisfy (LNP) and (OP’) and let C; be its deresiduum. The modified deresiduum is a duality fitting
conjunctor, i.e, C; € €. Moreover, C; < C.

Remark 6.13. Let us once again consider the family I of duality fitting implicators.

(i) It can be easily verified that for no € € (0, 1] does I 4 satisfy (WE) and hence the deresidua of Iz are not duality fitting
conjunctors. Of course, their modified deresidua are duality fitting conjunctors. In fact, for any € € (0, 1] the deresid-
uum of I is given as follows:

pAg, ifpvg=1,

0, if pAq=0,

D, ifg>1-k¢,

0, ifg<1—e,

Cry(p.q) = p,q €[0,1]. (11)

(ii) Note that C;, = C,. given in (9). Now, for any I € .# such that I, <I <y, we know from Remark 6.7(ii) that
Gy, =G = G, e, G is exactly as given in (9). Thus the deresiduum of I}y is the upper bound of the deresidua of
the class of all duality fitting implicators .#.

(iii) Moreover, the modified deresiduum of I;; is the minimum operation (also a t-norm on [0, 1]?). Thus no duality fitting
conjunctor C > Ty can be obtained as a deresiduum of a duality fitting implicator.

(iv) Note that C;,, = C. only if € =0 and hence cannot be obtained as a deresiduum of any member of the class of Ig.

(v) Finally, and most interestingly, for any € € (0, 1] the residual of C;, given in (11) is precisely g, i.e, IQM =Ijg.

6.4. Relations between the concepts of I- and C-fuzzy equivalences and partitions
Lemma 6.14. Let X be any non-empty set and E be a fuzzy set on X2.

(i) Let C €  be such that C > C, and I¢ be its residual. If E is C-transitive then E is also Ic-transitive.
(ii) Conversely, if E is I-transitive for any I € .#, then E is also C-transitive.

Proof. Let X be any non-empty set and E be a fuzzy set on X2.

(i) Let C € € be such that C > C,, I¢ be its residual and let E be C-transitive. To show that E is Ic-transitive, we need to
show that for any x,y,z € X we have that Ic(E(x,y),E(y,z)) > E(x,z). By the definition of I, we have
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Ic(E(x,y),E(y,2)) = sup{t|C(E(x,y).t) < E(y,2)}.
Since E is C-transitive, we have that C(E(x,y),E(x,z)) < E(y,z) for any x,y,z € X, i.e,,
E(x,2) € = {tIC(E(x.¥).t) < E(y.2)},

and hence E(x,z) < sup /. Now it is clear that Ic(E(x,y),E(y,2)) > E(x,2), i.e., E is Ic-transitive.
(ii) The proof in this case can be proven similar to the above, using the fact that infimum of a set is less than or equal to
any element of the set. [

Theorem 6.15. Let X be any non-empty set and E be a fuzzy set on X2.

(i) Let C € % be such that C > C, and its residual I¢ satisfies (OP’). I E is a C-fuzzy equivalence relation on X, then there exists an
I € 7 such that E is also an I-fuzzy equivalence relation.

(ii) Conversely, if E is an I-fuzzy equivalence relation on X for any I € .#, then there exists a C € € such that E is also a C-fuzzy
equivalence relation.

Proof. Let X be any non-empty set and E be a fuzzy set on X2.

(i) Let C € ¢ be such that C > C, and let I¢ be its residual. If E is a C-fuzzy equivalence relation on X, then E is C-transitive.
From Lemma 6.14(i) we know that E is also Ic-transitive. Now, we have the following two cases. On the one hand, if
Ic € .7, then E is an Ic-fuzzy equivalence relation and the result follows. On the other hand, if I¢ ¢ .#, then we know
from Remark 4.11(iv) that there exists an € > 0 such that I)q € .# and Iy > Ic and E is Ig-transitive, or equivalently E
is an I ;4-fuzzy equivalence relation.

(ii) Let I € .7 and let C; be its deresiduum. If E is an I-fuzzy equivalence relation on X, then E is I-transitive. From Lemma
6.14(ii) we know that E is also C,-transitive. Once again, we have two scenarios. On the one hand, if C; € .#, then E is a
Ci-fuzzy gquivalence relation and the result fgllows. On theN other hand, if C; ¢ ¥, then we consider the modiﬁ~ed dere-
siduum C; of I (see Definition 6.11). Clearly, C; € . Since C; < C;, from Remark 5.7(ii) we see that E is also C;-transi-
tive. Thus, E is also a C;-fuzzy equivalence relation. Hence the result. O

Remark 6.16. It should be emphasised that, in Theorem 6.15(i), the condition that the residual Ic of the duality fitting con-
junctor C does satisfy (OP’) is important, since without it there does not exist any € > 0 such that Iy > I¢.

The final result in this section - see also Example 6.18 — shows that there can exist C-fuzzy equivalence relations that are
not I-fuzzy equivalence relations for any I € .7.

Proposition 6.17. Let X be any non-empty set and E be a fuzzy set on X2. If E is such that E is a C,-fuzzy equivalence relation and
is not a C-fuzzy equivalence relation for any C > C,, then there does not exist any I € .# such that E is an I-fuzzy equivalence
relation.

Proof. Let us assume to the contrary that there exists some I € .# such that E is an I-fuzzy equivalence relation. We know
from Remark 4.11(iv) that there exists an € > 0 such that Iy € # and I > I and E is an Ij¢-fuzzy equivalence relation. Con-
sequently, from Theorem 6.15(ii) we have that E is also a C;,,-fuzzy equivalence relation for the modified deresiduum of Iq.
However, by the hypothesis, since C,M € ¥, we see that C,M < C.. Since C, is the lower bound of ¥ we see that C,é] =C,,a
contradiction to the fact that € > 0 (see Remark 6.13(iv)). Thus, there does not exist any I € .# such that E is an I-fuzzy equiv-

alence relation. O

Example 6.18. Let X = [0, 1] and consider the following fuzzy relation E on X:

0.25, if x=0.5and y €[0,1]\ {0,0.5},
1 —max(x,y), if min(x,y) =0,

Eixy) = ¢ | 7T e xyex=[01]
0, otherwise,

It is easy to verify that E, indeed, is a C.-fuzzy equivalence relation. However, E is not an I-fuzzy equivalence relation for any
duality fitting implicator ], i.e., for any I € .#. On the contrary, if E were to be an I-fuzzy equivalence relation for some duality
fitting implicator , then the following inequality must be valid for any z € [0,1] \ {0,0.5}:

1(0.5,0.25) = I(E(0,0.5),E(0.5,2)) > E(0,2) = 1 — .

However, this implies that 1(0.5, 0.25) =1 and I is not a duality fitting implicator, since I violates (OP’).
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Remark 6.19. The following remarks highlight many interesting properties about the relation E in Example 6.18.

(i) There exist C € % such that C > C, = Tp and the relation E above is a C-fuzzy equivalence relation. For instance, the
following duality fitting conjunctor C’ is the largest duality fitting conjunctor such that E is a C-fuzzy equivalence

relation:
pAg, ifpvg=1,
, 1, if p=q and p#0,
C(p,q) = 0,1].
P9=9025 ifprq=0s5. p.q<(0.1]
0, otherwise,

(ii) Now, by Remark 5.7(ii), E is a C-fuzzy equivalence relation for every C € ¥ such that C, < C < C.

(iii) Note thatI~(0.5,0.3) = 1 and hence I does not satisfy (OP’). Hence, from Remark 6.3 (ii) we see that for no C such that
C. < C< C the residual I. satisfies (OP).

(iv) However, in the case we consider only monotonic duality fitting conjunctors, which form the topic of the next section,
then E is a C-fuzzy equivalence relation only for C = C..

7. Relations between monotonic duality fitting operations

In this section, we investigate monotonic duality fitting operations. Note that a monotonic duality fitting conjunctor is a
commutative semi-copula, while a monotonic duality fitting implicator is a fuzzy implication, which is a minimal general-
isation of an implicator on {0, 1} to the whole unit interval [0, 1]. It is important to emphasize that a fuzzy implication is
hybrid monotonic, i.e., it is non-increasing in the first variable and non-decreasing in the second variable.

Firstly, we give the definition of a fuzzy implication and determine the exact class of fuzzy implications that could be em-
ployed as duality fitting implicators. Then we introduce semi-copulas and some subclasses of them, mainly w.r.to the differ-
ent types of continuity they exhibit. Though left-continuity of a conjunctor is a must for it to satisfy (RP) with its residual, we
show that, in our context, the class of fuzzy implications that are duality fitting implicators can be obtained as residuals of
more general semi-copulas.

7.1. Fuzzy implications and semi-copulas

Definition 7.1. A function I:[0,1]> — [0,1] is called a fuzzy implication if it satisfies the following conditions for all
P,p1,P2,9,91,92 € [0, 1]:

if p; <p,, then I(p,,q) > I(p,,q), i.e., I(-,q) is decreasing, (I1)
if ¢, < q,, thenI(p,q;) <I(p, fh) i.e, I(p,-) is increasing, (12)
I(0,00=1, 11,1)=1, I(1,0)= (I3)

The set of all fuzzy implications will be denoted by 7 .7.

Definition 7.2. An | € # .7 is said to satisfy the ordering property, if

I(p,q9)=1<=p<gq, p,qel01] (OP)

It can be immediately noted that Definition 7.1 is the minimal generalisation of the concept of an implicator with monoto-
nicity. The following interdependencies, which are important in our context, exist among the above algebraic properties of a
fuzzy implication I, the proof of which is straight-forward and hence not presented.

Lemma 7.3. Let I be an implicator.
(i) If I satisfies (11), then I(p,1)=1 for any p € [0, 1].
(ii) If Isatisfies (OP) then it also satisfies (IP).
(iii) Let I satisfy (11). I satisfies (IP) if and only if I satisfies the following:
p<q=1Ip,q)=1, pqel01] (12)
(iv) If I satisfies (11), (IP) and (OP’) then I satisfies (OP).

Remark 7.4. From the above result and Definition 4.4, it is clear that the class of monotonic duality fitting implicators are
exactly the class of fuzzy implications that satisfy (LNP) and (OP).

Definition 7.5 (cf[37,20]). Consider a mapping C : [0,1]* — [0,1].



1294 B. Jayaram, R. Mesiar/Information Sciences 179 (2009) 1278-1297

(i) Cis a semi-copula if it is monotonic increasing in both variables and C(1,p) = C(p, 1) = p for every p € [0, 1].
(ii) Cis said to be border continuous in the first variable if for every increasing sequence {p,} in [0, 1] that converges to 1,
we have that, for any q € [0, 1]

lim C(p,.,q) = C(lim p,,,q) = C(1,9) = 4.

(iii

—

Cis said to be left-continuous in the first variable if for every increasing sequence {p,} in [0, 1] we have that, for any
q<[0,1]

lim C(p,, ) = C(lim py, q)-

(iv) Cis said to be right-continuous in the first variable if for every decreasing sequence {p,} in [0, 1] we have that, for any
q€[0,1]

lim C(py. ) = C(lim py, q)-

(v) Border-, left- and right-continuities in the second variable can be defined analagously. In the case the semi-copula is
also commutative, then any of the continuities in one variable immediately implies the same in the other.

7.2. Semi-copulas and their residuals

As seen earlier, from a conjunctor C one can obtain an implicator as its residual. Noting that monotonic duality fitting
conjunctors are commutative semi-copulas, in the following, we consider this procedure in the case of semi-copulas. From
Remark 7.4 we know that the minimal assumptions on a fuzzy implication I € .#.# for it to be a duality fitting implicator are
that I satisfies (LNP) and (OP). Hence, in the following we show the minimal assumptions on a semi-copula C whose residual
is a duality fitting fuzzy implication.

Theorem 7.6

(i) If Cis a semi-copula that is border-continuous in the second variable then Ic € #.# and satisfies (LNP) and (OP).
(ii) Conversely, if an I € .7 satisfies (LNP) and (OP), then C; is a semi-copula that is border-continuous in the second variable.

Proof. Firstly, we note the following. Let C be any semi-copula and for any fixed p € [0, 1], consider the vertical segment
Cp(-) = C(p,-). Obviously, C, is a one-variable function from [0, 1] to [0, p]. Now notice that if C is border continuous in
the second variable, then for every p € (0, 1) there exists a neighborhood U, = («p, 1], where o, € (0,1) is dependent on
the chosen p, such that C, is continuous on U,,.

(i) This is straight forward. The hybrid monotonicity of I follows from the monotonicity of C, while the boundary con-
ditions of I¢ follow from the boundary conditions on C. Note also that I¢ satisfies (LNP), since

Ic(1,q) = sup{t|C(1,t) < q}=q, q<]0,1].

Let C be a semi-copula that is border-continuous in the second variable. On the contrary, let I not satisfy the ordering
property (OP). Since for any C we have that p < q=Ic(p,q) =1, there exists py,q, € (0,1) such that p, > q, and
Ie(py, o) = 1. Let p' = Cpy(0tp,) = C(Pyg, ttp,) < Po- Now, we have two cases. If g, > p’ then there exists t € U,, and
t # 1 such that G, (t) = q, contradicting our assumption that I¢(py,q,) = 1. On the other hand, if g, < p’ then by def-
inition Ic(py, o) < op, < 1. Hence I satisfies (OP).
(ii) Let I € #.# and satisfy (LNP) and (OP). Let C; be defined as in (8).
e (; is monotonic in the first variable: Let p,,p,,q € [0,1] such that p; <p,. By (I11) if a t €[0, 1] is such that
I(p,,t) = q then I(p,,t) > q, i.e,

{t € 10,1][l(p1,t) = q} 2 {t € [0, 1]I(p,, 1) > q},

from which we obtain that C;(p;,q) < Ci(p,,q) for any p;,p,,q € [0,1].
e (; is monotonic in the second variable: Let p,q;,q, € [0,1] and q; < g,. Once again from (I2) we have

{t [0, 1][I(p,t) = q,} 2{t € [0, 1][I(p, 1) > q,},

from which we obtain that C(p,q,) < Gi(p,q,) for any p,q,,q, € [0,1].

e The following equalities show that C; indeed is a semi-copula (see also Lemma 6.10):
1} =p, by (OP),

p}=p, by (LNP).

Gi(p,1) = inf{t € [0, 1]|I(p, )

>
Gi(1,p) = inf{t € [0,1]I(1, ) >
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e Let I satisfy (OP). On the contrary, if C is not border continuous in the second variable, then there exists an
Do € (0,1) such that limg_.1-C(py, q) = Z < po. Now, by definition

Ic(po,z) = sup{t € [0,1]|C(py, ) <z} =1,
a contradiction to the fact that I satisfies (OP). O

Remark 7.7. We emphasize the following important remarks on Theorem 7.6:

(i) The assumptions on an I to obtain a semi-copula C; as its deresiduum are minimal.
(ii) The semi-copula C is not assumed to be commutative. However, note that this class of semi-copulas does not subsume
the class of monotonic duality fitting conjunctors, since they are not expected to be border-continuous.
(iii) It should be emphasized that, in general, border-continuity of a duality fitting conjunctor is not required for the cor-
responding residual to satisfy (OP). For example, consider the largest duality fitting conjunctor C*, which is not border-
continuous, but whose residual I;; satisfies (OP).

Theorem 7.8. (|20], Theorem 3.2 and Proposition 3.3).

(i) If Cis a semi-copula that is left-continuous in both the variables then I € .7, satisfies (LNP), (OP) and I is left-continuous
in the first variable and right-continuous in the second variable.

(ii) Conversely, if an I € 7 . satisfies (LNP), (OP) and is left-continuous in the first variable and right-continuous in the second
variable, then C; is a semi-copula that is left-continuous in both the variables.

Now, we give a characterisation of monotonic left-continuous duality fitting conjuctors C, i.e., left-continuous commuta-
tive semi-copula, such that their residuals I¢ are not only duality fitting implicators but also such that every C-fuzzy equiv-
alence relation E on a set X is also an I-fuzzy equivalence relation and vice-versa, i.e., E € 47 6¢(X) < E € 47 &.(X).

Theorem 7.9. (|20], Theorem 3.5).

(i) If Cis a left-continuous commutative semi-copula, then Ic € 7 .4, is left-continuous in the first variable and right-continuous
in the second variable and satisfies (LNP), (OP) and (WE).

(ii) Conversely, if an I € 7 .7, is left-continuous in the first variable and right-continuous in the second variable and satisfies
(LNP), (OP) and (WE), then C; is a left-continuous commutative semi-copula.

7.3. Bounds on monotonic duality fitting operations

We know that the class of duality fitting conjunctors is bounded below by C, and above by C*, while the class of duality
fitting implicators is bounded below by I, and above (but not including) by I".

As noted in [42, p. 175], monotonic duality fitting conjunctors are binary aggregation operators on [0, 1] with neutral ele-
ment 1 and annihilator 0, which are symmetric non-decreasing functions between C,, which is the weakest t-norm known as
the drastic t-norm Tp, and the strongest t-norm Ty, the minimum function. Interestingly, their residuals form the bounds for
the monotonic duality fitting implicators, i.e., any I € #.7 that is also a duality fitting implicator is bounded below by the
Godel implication

1, ifp<aq,
q, ifp>gq,

and bounded above by, but not including, I which is the residual of C..

Ien(p.q) = {

8. Concluding remarks

In this work we have investigated fuzzy equivalence relations and fuzzy partitions where the respective transitivities
were defined with respect to an implicator I, instead of a conjunctor C as done in Mesiar et al. [42]. We have determined
the minimal conditions on an implicator to be a duality fitting implicator, i.e., an implicator I such that every I-fuzzy equiv-
alence relation is also a I-fuzzy partition and vice-versa. Our studies show that not all of the properties possessed by resid-
uals of left-continuous t-norms is quite relevant, for example, the exchange principle does not play any role in our study. This
can also be seen from the fact that not all residuals of duality fitting conjunctors, i.e., conjunctors C such that every C-fuzzy
equivalence relation is also a C-fuzzy partition and vice-versa, are duality fitting implicators. Also there exist duality fitting
implicators that cannot be obtained as residuals of duality fitting conjunctors.



1296 B. Jayaram, R. Mesiar / Information Sciences 179 (2009) 1278-1297

Regarding the relationships between the concepts of C-fuzzy equivalence relations and I-fuzzy equivalence relations, we
have shown that although, in general, every C-fuzzy equivalence relation can be shown to be an I-fuzzy equivalence relation
and vice-versa, there does exist C-fuzzy equivalence relations that are not I-fuzzy equivalence relations for any duality fitting
implicator even though C is a duality fitting conjunctor, showing that these concepts are not equivalent. Note also that, due
to Lemma 4.8, for a non-singleton X, we see that the smallest class .## &, (X) of all fuzzy equivalence relations on X based
on a duality fitting implicator is a proper subclass of the smallest class ¥ &¢(X) of all fuzzy equivalence relations on X
based on a duality fitting conjunctor (see Remark 5.7(v)).

It should be remarked that, in the Definition 3.1 of an I-fuzzy partition, one could instead use the following equivalent
condition in the case of partitions:

(iii") if U(x) =1 for some x € X then for all y € X and all V € P the following inequality holds:
[(V(x),Uy)) = V(y).

However, it can be verified, without much tedium, that considering the above inequality does not alter the conditions
eventually required on a duality fitting implicator. .

Finally, we remark that all thg concepts proposed and the results proven in Klawonn and Jacas [33] in the framework of -
fuzzy equivalence relation with being a conjunction in a*GL-monoid, can be, in a natural way, reformulated and proven for
the fuzzy equivalence relations based on the residual of .
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