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ON THE AUBIN PROPERTY OF CRITICAL POINTS TO PERTURBED
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Abstract. We characterize the Aubin property of a canonically perturbed KKT system related to the
second-order cone programming problem in terms of a strong second-order optimality condition. This condi-
tion requires the positive definiteness of a quadratic form, involving the Hessian of the Lagrangian and an extra
term, associated with the curvature of the constraint set, over the linear space generated by the cone of critical
directions. Since this condition is equivalent with the Robinson strong regularity, the mentioned KKT system

behaves (with some restrictions) similarly as in nonlinear programming.
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1. Introduction. In nonlinear programming we have (for sufficiently smooth
data) an equivalence between the strong second-order sufficient optimality condition
(SSOSC) and linear independence constraint qualification condition (LICQ) on one
hand, and Robinson’s strong regularity of the canonically perturbed Karush-Kuhn—
Tucker (KKT) system at the solution on the other hand (cf. [24, Theorem 4.1] and
[8, Theorem 4.10]). Thanks to the results in Dontchev and Rockafellar [9, Theorems
1, 4, and 5], one further knows that these properties are equivalent with the Aubin prop-
erty of the perturbed KKT system at the solution. This last equivalence is somewhat
surprising because, at first glance, the Aubin property seems to be much less restrictive
than the strong regularity. In fact, this equivalence is violated whenever the problem
data are only in C! (continuously differentiable with Lipschitz gradient; cf. [16]) or
provided we have to do with noncanonical perturbations (cf. [14]).

This paper is devoted to the study of the following nonlinear second-order cone
programming problem (SOCP):

(SOCP) Min  f(z); ¢(2)=¢s", ()y =5, j=1,....J,
zeR", s eR™i !
where f and ¢/, =1, ..., J, are twice continuously differentiable mappings from R"

into R and R™ %!, respectively. Here we use the standard convention of indexing com-

ponents of vectors of R™+! from 0 to m;, and given s € R™*1 5 denotes the subvector

(815 +v2s smj)T. The vectors in R™ are indexed in the standard way from 1 to n, and by
|| - || we denote the Euclidean norm. The second-order cone (or ice-cream cone, or
Lorentz cone) of dimension m + 1 is defined to be
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ON THE AUBIN PROPERTY OF PERTURBED SOCP 799
Qi1 = {s € R™ 1 50 > [|5]]}.
Hence, SOCP can be written as
Minf(s): (2) € Quar. J= 12 ...
or

Min f(a); g(s) € Q.

where g(-) = (g'(-), ..., ¢’ () and Q =[], @m, 1. Clearly, under a constraint qua-
lification (CQ), one can associate with SOCP a KKT system in the form of a variational
inequality (VI), or a generalized equation (GE), with a nonpolyhedral constraint set.
The solution map of this VI, when perturbed in a canonical way, assigns the perturbing
parameter the KKT (critical) pairs of SOCP.

In Bonnans and Ramirez [5], the authors have proved a counterpart of the first
equivalence above in which the SSOSC has been appropriately changed to consider
the curvature of the constraint set, and LICQ has been replaced by the nondegeneracy
condition, standard in conical programming. In the present paper we intend to study a
possible extension of the second equivalence to the SOCP framework.

As in [9] our main workhorse is the characterization of the Aubin property via the
so-called Mordukhovich criterion; see formula (2.9) below. We, however, do not estab-
lish a counterpart of [9, Theorem 1], but reduce in the first step the perturbed KKT
system to a single GE

(L.1) n € Df(z) + (Dg(z))" No(g(x))

in variable x only. Then we prove that the Aubin property of the solution map n — z in
(1.1) around (0, z*) is equivalent with SSOSC under the nondegeneracy condition and a
restriction on the position of the KKT pair. This gives raise to a certain reduced form of
the second equivalence in nonlinear programming, which is the main result of this paper.
Our proof makes use of the following two essential ingredients:
(i) An explicit formula for the limiting (Mordukhovich) coderivative of the
metric projection onto (),,,1, which has been computed in Outrata and
Sun [22], and
(ii) a generalization of the second-order chain rule from Mordukhovich and
Outrata [21, Theorem 3.4].

Besides the mentioned paper [9] a useful characterization of the Aubin property for
inverses of strongly B-differentiable PC' functions has been provided in [13, Theorem
3.5] in terms of the so-called coherent orientation condition. This result, however, does
not completely cover the case of SOCP, due to the nature of @Q,,,.

There are many important optimization problems arising in structural design
(e.g., [2]), support vector machines and data classification (e.g., [2], [26]), robust opti-
mization (e.g., [3], [17]), and in numerous other areas, which can be advantageously
modeled or reformulated as SOCP; see [1] (and the references therein) for an overview
of such examples, as well as for a review of the theoretical properties of SOCP problems.
So, the investigation of the behavior of the critical points of SOCP with respect to the
considered perturbations is important both in postoptimal analysis as well as in a
possible control of solutions via parameters.
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800 JIRI V. OUTRATA AND HECTOR RAMIREZ C.

The paper is organized as follows. Section 2 is devoted to preliminaries. To facilitate
the reading, it is split into subsections 2.1-2.4. In section 2.1 the reader finds a few basic
facts about the Jordan algebra associated with @,,, 1. This algebra is the main tool for
studying SOCP. In section 2.2 we provide the definitions of several notions from modern
variational analysis used in what follows. Furthermore, we present the main result from
[22], i.e., the mentioned formula for the coderivative of the projection onto @,,;. This
subsection is closed by a new second-order chain rule that enables us to compute the
coderivative of normal-cone mappings associated with the constraints system of SOCP.
Section 2.3 deals with first-order optimality conditions. Here we define the mappings S
and 5S¢ whose local behavior is the main object of this study. Finally, in section 2.4 we
recall the notion of strong regularity and its connection with SSOSC, taken over from [5]
and [28]. Our main results are stated in section 3. Therein, Theorem 21 concerns SOCP
with J = 1. For this case, under nondegeneracy, the Aubin property is characterized in
terms of SSOSC. In this way we establish a similar relationship between the Aubin prop-
erty and the strong regularity as in [9]. Theorem 26 concerns SOCP in its general form.
For this case, the desired characterization is proven provided that, for the local mini-
mizer z* and its corresponding (unique) Lagrange multilplier y*, there exists at most
one block j satisfying either ¢/(z*) =0 and y*/ € 9Q,, 11 \ {0} or g(z*) € 0Q\ {0}
and y* =0 or ¢’(z*) = 0 = y*. Finally, section 5 contains some short conclusions.

The following notation is employed. For a set A, symbols 04, Sp(A), and lin(A4)
stand for its boundary, span, and the lineality space, respectively. The latter, lin(A),
is defined as the biggest linear space contained in A. For a single-valued mapping f,
Df(z) and D*f(z) denote its first- and second-order derivatives at z. B is the unit ball
and I is the identity matrix. Sometimes we write I, to indicate the dimension. o(-)
denotes, as usual, a function from R, to R with the property that lim, ¢ to(t) = 0.
Finally, T4(s) == {d:s+ td + o(t) € Afor allt > 0} stands for the tangent cone to a set
A at the point s € A.

2. Preliminaries.

2.1. Algebra preliminaries on SOCP. In this section, we recall some basic con-
cepts and properties about the Jordan algebra associated with the second-order cone
@41 that are needed for this work (see [11] for more details). For any v = (v, v),
w = (wy, w) € R x R™, the Jordan product for Q,,,; is defined by

(2.1) vow = ({v,w), vy + wy?),

where (v, w) = v"w = "o vjw;. This product can be equivalently written as
(2.2) vow = Arw(v)w,

where

Arw(v) = (7’_0 v )

v v()-[m

is the arrow matrix of vector v. In the case of block vectors v, w in szlRmJH we set

ve w = vec(v' o wl, ..., v7 o w’),

where, for any block vector u = (u', ..., u’) in II/_;R™*, vec(u) denotes the row

vector (u', ..., u’)".
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ON THE AUBIN PROPERTY OF PERTURBED SOCP 801

It is clear that the product o is commutative, and it follows easily from (2.2) that
(v, w) = ve w is a bilinear function where the element e = (1,0, ...,0) € R™*! plays
the role of unit element for this algebra. On the other hand, the cone @, is not closed
under the product o.

We recall the well-known property (e.g., [1, Lemma 15]):

(2.3) For all v,w € @1, vew =0if and only if (v, w) = 0.

Moreover, it is easily checked that relations in (2.3) are satisfied if and only if v and w
belong to @,,,1 and

eitherv =0 or w =0, or there exists o > 0 such that

(2.4) vy =awy and V= —ow.

We next introduce the spectral decomposition of vectors in R™*! associated with
Qpy1- For any w = (wy, ) € R x R™, we can decompose w as

(2.5) w = A (w)ey(w) + dy(w) ey (w),

where 4, (w), Ay(w) and ¢;(w), co(w) are the spectral values and spectral vectors of w
given by

(2.6) Ai(w) = wy + (=1)"[| @],

(2.7) i(w) =

for i = 1,2 with v being any unit vector in R™. If w # 0, the decomposition (2.5) is
unique. Notice that 4;(w) < Ay(w) and the vectors c¢;(w), i = 1,2 belong to 0@, 1.

For each w = (wy, w) € R x R™, the trace and the determinant of w with respect to
Qi1 are defined as

tr(w)
(2.8) det(w) =

A (w) + Ag(w) = 2wy,
1

(w)Aa(w) = wf — [|@]]*,

These definitions can be viewed as the analogues of the trace and the determinant of
matrices.

The spectral decomposition entails some basic properties, which are summar-
ized below.

ProrosiTioN 1. For any w = (wgy, w) € R x R™ the spectral values Aj(w), Ao(w)
and spectral vectors c¢i(w), cy(w) given by (2.6) and (2.7) have the following properties:

(a) ¢1(w) and cy(w) are orthogonal for the Jordan product; i.e., ¢;(w) o cy(w) = 0,

and ||ey(w)|| = [|ea(w)]| = 5.
(b) ¢1(w) and cy(w) are idempotent for the Jordan product: c;(w) o c;(w) = ¢;(w)
fori=1,2.

(¢) A (w), Ay(w) are nonnegative (resp., positive) if and only if w € Q4

(resp., w € int Q11 ).
(d) The Euclidean norm of w can be represented as ||w||* =5 (A;(w)? + Ay (w)?).

For a proof of the previous proposition, see [1], [11].
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802 JIRI V. OUTRATA AND HECTOR RAMIREZ C.

2.2. Nonsmooth analysis. Consider a set A C R” and a multifunction ®:R" =
R™. Recall that the graph of ® is defined by Gr® = {(z,y) € R* x R™|y € ®(z)}.
DerFmNiTION 2. Let T € A and (2, y) € Grd. .
(i) The regular (Fréchet) normal-cone to A at z, denoted by N 4(Z), is defined by

Nu@) = {2 e R"|(z*, 2~ 7) < o[z — &) V& € A).

(ii) The limiting (Mordukhovich) normal-cone to A at z, denoted by N 4(Z), is the
cone

N 4(Z) = Limsup N ,(z)

=T

A .
= {z* € R"|3z;, — 7,2} — 2" such thatz; € N (z;)}.

(i) The (limiting) coderivative of ® at (z,y) is the multifunction D*®(z,y):
R™ = R" defined for all y* € R™ by

D@z, y)(y") = {z" € R"|(+", —y") € Nero (2, )}

Remark 3. When the set A is convex, both normal-cones defined in (
incide with the classical normal-cone used in convex analysis: N4(Z) :=
(z*,7) for allz € A}.

The limiting notions above ((ii) and (iii)) admit a rich calculus and play an impor-
tant role in modern variational analysis. For their properties and respective calculus
rules the reader is referred to [19] and the monographs [25], [20]. The limiting coderi-
vative enables us to characterize an important Lipschitz-like behavior of multifunctions,
called the Aubin property.

DerNTION 4. Multifunction ® has the Aubin property around (z,y), provided there
are neighborhoods U of  and V of y and a positive scalar L such that

i) and (ii) co-
{z*: (2", z) <

q)(l'l) ny - Q(.TQ) + L”.I’l - IQ”B v.Tl, Ty € U.
It turns out that ® possesses the Aubin property around (z, y) if and only if
(2.9) D*®(z,4)(0) = {0};

cf. [18, Proposition 3.5]. For different proofs and an extensive discussion on this subject,
see also [25, Theorem 9.40], [20, Theorem 4.10]. In [25], the condition (2.9) is called the
Mordukhovich criterion.

Let us now analyze the metric projection onto @,,1, which will be denoted by P. It
is easy to see that P is differentiable (even continuously differentiable) at points
z € R™" where det(z) # 0. One has that (cf. [15])

DP(z) = I . if 25 > +||z|l,
1 1 w if - -
i\g g ) o IE =2 < FEL
where w = ﬁ and H = (14 )1, — frow’
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ON THE AUBIN PROPERTY OF PERTURBED SOCP 803
Due to the symmetry of DP at these points
D*P(z, P(2))(2*) = DP(2)z* V z* € Rm*HL,

The main result of [22] consists in the computation of D* P at points (z, P(z)), where
det(z) = 0. To present this result in a simple form, consider first a fixed z with z # 0 and
define the matrices

11 i :
[l [ER
and
1|1 ﬁ :
(211) B(Z) = 5 5 32)" =] — PrOJ(Cz(z))L(')'

[ER

THEOREM 5. Let z € R™"! have the spectral decomposition as in (2.5) and let
u* € R™"L. Then one has
(i) if det(z) =0 but Ay(2) #0, d.e., 2 € 0Q,,41 \ {0}, then

ey peeu = LR e =0

(i) if det(2) =0 but 4,(2) #0, i.e., 2 € (—Q,41) \ {0}, then

ey e = e ="

So, it remains to consider the most difficult case z = 0. In order to keep the respec-
tive formula for D* P(0) in a concise form, we employ also the notion of the B-Jacobian of
P, defined by

0pP(2) = { lim DP(z;)|z, — z, Pis differentiable at zk,}.

k—+00

THEOREM 6. For all v* € R™! one has

D*P(O)(U*) :5BP(O)U* U (Qm—o—l Nu* — Qm+1)

(2.14) u U conv{u*, Au*} U Uconv{(), Bu*},
AeA BeB
where
dP(0) = {I,0} U 1 w' lwe R Jw|| =1, « €[0,1]
B o 2w 2o+ (1 —2a)ww’ ’ o T
(2.15)
and
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804 JIRI V. OUTRATA AND HECTOR RAMIREZ C.

17-1 w’ 1
A=<T+= |lw e R |w|| =1, { u*, >0,
2w —wuw' —w

11 w’ 1
B:=<= lw e R, |Jw|| =1, ( u*, > 0.
2w ww' w

In the last part of this subsection we will be dealing with the constraint set
(2.16) A= {z e R"g(z) € K},

where the map g:R™ — R™ is twice continuously differentiable and K C R™ is a general
closed and convex set. In section 3 we then put K equal to (),,,; or to the Cartesian
product of second-order cones, but Theorem 7 below can also be used in other situations
and therefore we will present it in a general form.

Let Z € A be a reference point and put 5 := g(Z). Assume the existence of a twice
continuously differentiable reduction map h:R™ — R* and a closed convex set C C R¥
such that

1. h(s) = 0, Dh(s)is surjective and there is a neighborhood O
of ssuch that

KNnO=h'C)nOo;
2. Tc(h(5))is pointed.

(R)

In agreement with |7, Definition 3.135], condition (R) means that K is (C?—) reducible
to the set C at 5, and the reduction is pointed. Further, following [7, Definition 4.40], we
will suppose that z is a nondegenerate point of the mapping g with respect to K and h;
ie.,

(2.17) Dg(Z)R" + Ker Dh(3) = R™,

As shown in [7, section 4.6], under the pointedness assumption above, (2.17) is
equivalent with the condition

(2.18) Dg(z)R" + lin(Tk(5)) =R™

or, equivalently, with the implication

(2.19) ﬁigé?]@(; 0 } =2=0,

which is independent of the reduction mapping k. So, under (R), either of the conditions
(2.18), (2.19) can be used as definition of nondegeneracy. This definition is discussed in a
general conic programming framework in [7, section 4.6] and extends, from classical
nonlinear programming, the concept of linear independence of gradients of active con-
straints. Note that other known definitions of nondegeneracy in the SOCP literature are
essentially equivalent; see, for instance, [1, Definition 18] and the references therein.

On the basis of (2.19) it can easily be proved that to each v € N 4(Z), there exists a
unique multiplier y € Ng(5) such that v = (Dg(z))"y. Moreover, D(ho g)(z) is
surjective.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ON THE AUBIN PROPERTY OF PERTURBED SOCP 805

Our aim is now to compute the coderivative of normal-cone mapping N 4(-), which
plays a crucial role in the main results of this paper. In the proof of the respective state-
ment below we make use of the following formula for differentiation of a special
composition.

Let C be an [l X p] matrix whose entries are continuously differentiable functions of
z € R™. Similarly, let the elements of b € R? be continuously differentiable functions
of z. Then one has

(2.20) D(C()b(-)ls=z = D(C()b(2))] = + D(C(2)b(-)) | ,=z-
THEOREM 7. Let x be a nondegenerate point of g with respect to K and h, and assume

that the conditions (R) are fulfilled. Let (z,v) € GrN 4 and y € R™ be the (unique) vector
from N (3) such that v = (Dg(z))"y. Then for all v € R™

(221)  D'Nu(@) (Zyzng, ) - Dg(®) D" N (5. §)(Dg ().

Proof. Denote f = h e g. By [21, Theorem 3.4] and our assumptions above, there
exists a unique multiplier vector 1 € N¢(f(z)) with (Df(z))"jt = v such that

(222) DN, (7) (Z D21 )+ D) D Nlf(@). ) (D@

Clearly,

Df(z) = D(h ° g)(z) = Dh(s) Dg(Z)
and
(2.23) Df(z)" = Dg(z)" Dh(s)".

Moreover, since Dh(3) is surjective, one has again by [21, Theorem 3.4] for all 1* € R” the
equality
k -
D*Ng(s,y)(A%) = (Z )/1* + Dh(3) " D*N¢(h(3), 9)(Dh(3)2%),

i=1

where 9 is the unique vector from RF satisfying the relations

(2.24) 9 € Ne(h(3)), Dh(35)78 =p.

As h(3) = f(), it follows by virtue of the uniqueness of ji that 8 = ji. Indeed, both 8 and
it belong to N¢(f(Z)), and by virtue of (2.23),

Df(#)"8 = Dy(3)" Dh(3)"8 = Dyg(z)"§ = .

Taking this into account we observe that
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806 JIRI V. OUTRATA AND HECTOR RAMIREZ C.
Df(z)" D*Ne(f(7), 1)(Df(z)v") = Dg(z)" Dh(5)" D*Ne(h(5), 9)(Dh(5) Dg(%)v")

~ Dy(@)" | D NG5 (Dol (Zu ) ol

It remains thus to show that
k m k
(Zﬂszzfi(i_U)> vt = <Z @iDQQi(i“)>U + Dy(z (Z ) Dg(z)v").
=1 =1 -1

To this end we invoke formula (2.20) and conclude that, taking Df;(-) and Dh,(-) as
column vectors, one has

D(Df(z)) = D(Dg(-)" Dhi(g()) =
= D(Dg(-)" Dhy(3))|,—3 + Dg(z) " D(Dhi(g()] -

Hence,
(Zk; /LD?fl(x)) vt = [D <Dg( )7 zk; [LthY(E)) _} vt
(2.:25) + Dg()T Xk; ﬁipﬂhi(g)(pg(i)v*) ,

Since Y% | jt;Dh;(3) = ¥, the first term on the right-hand side of (2.25) amounts to
(D([Dgl() ng() T T U - (Z yzD gz )

and we are done. O

Several remarks are in order.

Remark 8. Formula (2.21) has been derived in [21] under the surjectivity of Dg(Z).
In such a case one does not need to take care about the reducibility of K. In this sense,
(2.21) can be viewed as generalization of the respective chain rule from [21].

Remark 9. In [7, section 3.4] one finds important examples of reducible sets. The

reducibility of @,,,; or the Cartesian product of the second-order cones has been proved
in [5, Lemma 15].

2.3. First-order optimality conditions for nonlinear SOCP. Let z* be a
(local) solution of SOCP satisfying Robinson’s CQ condition which attains in this case
the following form:

(2.26) There exists h* € R™ such that g(z*) + Dg(z*)h* € int Q.

Under (2.26) there is a vector y* = (y*!, ..., y*)T of Lagrange multipliers associated
with z* such that the pair (z*, y*) fulfills the KKT conditions

0= Dz:L(I’ y)’
(2.27) Y€ Quurs (V.¢(x)=0 Vj=1 .../
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ON THE AUBIN PROPERTY OF PERTURBED SOCP 807

where
I
L(w,y) = f(z) = > (4, ¢/ ()
=1
is the Lagrangian function and y = (', ..., y’)". We denote by A(z*) the set of vectors

y that satisfy condition (2.27) with z = 2*. They are termed Lagrange multipliers
associated with z*. Under (2.26), A(z*) is a nonempty and compact set.
On the other hand, since the sets Q,,,L]H, j=1,2,...,J are self-dual cones, one has

g](ill') S Qmj+1 ) . . )
(2.28) v € Quu &~y €N, ,(¢(2)) & —¢/(z) € Ng, . (¥).
(v, ¢/ (z)) =0

So, Robinson’s condition (2.26) can be equivalently stated as follows:

S (D () Ty = 0
(229) y] S Qmﬁrl = Y= 0.
(W,¢(z*)=0,7=1, ..., J

Indeed, (2.26) is equivalent to saying that (see [7, Proposition 2.97 and Corollary 2.98])

(2.30) Dg(x*)R" + TQ(g(x*)) — Rm+1
(2.31) Ker Dg(z*) N Ng(g(z*)) = {0}.

Due to (2.28), condition (2.31) clearly coincides with condition (2.29). They amount to
the (generalized) Mangasarian—Fromowitz CQ for SOCP; cf. [12].

It also follows from (2.28) that KKT conditions (2.27) can be written as the
“enhanced” GE

0=D,L(z,vy),
(2.32) 0 € g(z) + Ng(y).

By virtue of (2.28), the variable y in (2.32) can be eliminated, and in this way we arrive
at the GE

(2.33) 0 € Df(z) + (Dg())" Nq(g(z))

in variable z only.
Remark 10. The GE (2.33) can also be constructed directly on the basis of the op-
timality condition

0 € Df(x) + Nr(w),

where T is the (generally nonconvex) set ¢='(Q). It suffices to realize that under the
posed assumptions

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



808 JIRI V. OUTRATA AND HECTOR RAMIREZ C.

A~

Nr(z) = (Dg(x))"Ng(g(z))

for z close to z*; cf. 25, Exercise 10.26 (d)].

The solutions to (2.33), i.e., the z-parts of the solutions to (2.32), are called the
critical points of SOCP. Clearly, under (2.26) each (local) solution of SOCP is a critical
point.

Via canonical perturbations of GE (2.32) and (2.33), we define now the
multifunctions

J J
SeR™ x Rmi+1 =3 R x HRmJ-H and S:R" =3 R

Jj=1 Jj=1

§°(61, 62) = {(z, y)[6, = D, L(z, y). 65 € g(z) + No(y)},
S(n) = {zln € Df(z) + (Dg(2))" No(g(x))}-
Multifunction S will be called the critical point map of SOCP. Both S¢ and S play a

crucial role in the further development. Clearly, « € S(n) if and only if there is a y such
that

(2.34) (z.y) € S°(n.0).

The remainder of this section is devoted to two additional notions that are exten-
sively used in the following. First, we recall from [5, Lemma 2.5] the characterization of
the tangent cone to the second-order cone.

Lemma 11. Consider the second-order cone @ = Q,,,1 and let s € Q. Then,

Rerl Zf s € int Q,
dERm+1:<d’§>_30d0§O ZfSEaQ\{O}

Another important set associated with a point z*, feasible for SOCP, is termed the
cone of critical directions at z* and defined by

(2.36) C(2*) = Df(z*)* N Dg(z*) "' To(g(a")).
If A(2*) is nonempty, and y* € A(z*), then
C(z*) = {h: Dg(z")h € To(g(a")) N ()"}
From now on, we use the notations s’ := g/(2*) and d’(h) == Dg¢/(z*)h (for a
given h € R").

CoROLLARY 12. Let z* be a critical point of problem SOCP and y* € A(z*). Then, the
cone of critical directions C(x*) is given by
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d/(h) € T, +1(sj) if Y9 =0
J
di(h) =0 if v € int Q,,
237 )= her| T I if g €t Qi |
d(h) € R, (- =5) i 47 € 0Qy, 41\ {0}, 5 =0
(d(h), y7) = 0 if . s €0Q, 1\ {0}

2.4. Strong regularity and its relationship with constraint qualification
and second-order optimality conditions. The notion of strong regularity has been
introduced and investigated by Robinson in the landmark paper [24]. To the GE (2.32),
it can be adapted as follows.

DeriNITION 13. We say that the GE (2.32) is strongly reqular at (z*, y*) (satisfies the
strong regularity condition (SRC) at (x*,y*)), provided the (partially linearized)
mapping Z[R" x TI_ R™ = R™ x T, R™ "] defined by

2(81,65) = {(x. y)| 6, = D}, L(z*, y*)(x — %) — Dg(z*) " (y — y*),
8y € g(z*) + Dg(z*)(z — %) + No(y)}

has a single-valued Lipschitz localization around (0,0, z*, y*); i.e., there exist a neigh-
borhoodU of 0 in R"™ x H‘tleRmJ“ and a neighborhoodV of (x*, y*) such that the mapping

A:((Sl, 52) = 2(51, 62) ny

is single-valued and Lipschitz on U and A(0,0) = {(z*, y*)}.

From [10, Theorem 2C.2] we know that the strong regularity of (2.32) at (0,0,
x*, y*) is equivalent to the existence of a single-valued Lipschitz localization of S¢ around
(0,0, 2%, y*).

Already in [24] the author examined the relationship between strong regularity and
the SSOSC in the context of a classical mathematical programming problem. In SOCP,
this relationship has been analyzed in [5]. To present this result, we invoke first the
notion of nondegeneracy from section 2.2.

DErmiTION 14. Let z* be a feasible point of SOCP. We say that x* is nondegenerate if

(239) Dy(a )R +lin( To(g(a")) = TR,

Observe that (2.38) amounts exactly to condition (2.18) with K = Q.

One can easily see that z* is nondegenerate whenever Dg(z*) is surjective. On the
other hand, from (2.30), nondegeneracy directly implies Robinson’s CQ) condition (2.26)
and, consequently, the existence of a Lagrange multiplier when z* is a local minimizer
of SOCP. Moreover, in this case nondegeneracy also implies the uniqueness of this
multiplier.

To introduce the SSOSC in SOCP, we define first the n x n matrix H(z,y) as
H(z,y) = 3-]:17-[‘7(3:, y’), where, for j =1, ...J, we set

(239) Hj(fL', y]) — { _ZizDgJ(x)Tijng(x) if S'j € an-‘rl \ {0},
0

otherwise.
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In (2.39) one has (as defined above) s’ = ¢/(z), j =1, ...J, and

1 0T
Rm] = <O _Im]>.

DEermNiTION 15. (cf. [4, equation (3.20)] and [5, equation (46)].) Let z* be a critical
point of SOCP and y* € A(z*). We say that the second-order sufficient condition (SOSC)
holds at (z*,y*), provided

(2.40) Qo(h) == h" D%, L(z*, y*)h + A H(z*, y*)h > 0 Vh € C(z*)\ {0}.
We say that the SSOSC holds at (z*, y*), provided
(2.41) @Qo(h) >0 Vh e Sp(C(z*))\{0}.

On the basis of (2.37), when z* is nondegenerate, we easily derive that

d/(h) =0 if y* € int Q11
(242) Sp(C(a")) = h e R di(h) € R(yy', ~57) if y7 € 0Qy 1\ {0}, s/ =0
(di(h), y7) =0 if y*, s € an]-o—l \ {0}

In particular, there is no condition on d’(h) if y*/ = 0.

The main result of Bonnans and Ramirez [5, Theorem 30] can now be stated as
follows.

TureorReM 16. Let z* be a local solution of problem SOCP and y* € A(x*). Then the
GE (2.32) (KKT conditions) is strongly reqular at (z*, y*) if and only if x* is nondegene-
rate (Definition 14) and SSOSC holds at (z*, y*).

In a recent paper [28], the previous characterization was extended in the follow-
ing way.

THEOREM 17. Let z* be a local solution of the problem SOCP satisfying Robinson’s
CQ condition (2.30). Consider y* € A(z*). Then, the following statements are
equivalent:

(a) 2* is nondegenerate and fulfills SSOSC at (z*, y*);

(b) the GE (2.32) is strongly regular at (z*, y*);

(¢) any matriz of the form

D2 L(z*,y*)  —(Dg(z)T

@43) | V) Dg(a) v

with V € convagP(g(z*) — y*)

18 nonsingular.
This statement is strongly related to the results in the article of Sun [27], developed
in a nonlinear semidefinite programming context; see also [6].
Besides these crucial results, we will also make use of the second-order necessary
optimality conditions stated below.
TurOREM 18. Let the assumptions of Theorem 17 be fulfilled. Then, it holds that

(2.44) sup h' D2, L(z*,y)h + h"H(z*,y)h >0 Vh e C(z*).
yeA(z")
Proof. See, for instance, [7], [5]. O
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3. Aubin property and SSOSC. In this section we prove the main result of this
paper: the characterization of the Aubin property of the critical point map S in terms of
the SSOSC condition.

We limit first our attention to the problem SOCP with J =1; i.e.,

(3.1) Min f(2): () € Q.
Hence,
(32) S(u) = {zlu € Df(z) + (Dg(z))" Ng,, (9(z))}.

The first aim of this section is to characterize the Aubin property of S around (0, z*),
where z* is a (local) solution of (3.1). To this purpose we utilize the Mordukhovich
criterion (2.9) and employ the following auxiliary statement. We recall that P denotes
the metric projection onto @, 1.

Levva 19. Let (a,¢) € GrNg, . Then

pE D*NQW(EL, ¢)(q) if and only if —gqe€ D*P(a+c¢,a)(—q— p).
Proof. Since the well-known projection theorem (e.g., [10, p. 63]), we clearly have
[a + c} € GrP}.

a

Hence one has by virtue of [20, Theorem 1.17]

GrNg = {(a, c)

Neww,,  (0.€) ={(p.7)lp = u+ w.r = v, (u.w) € Ng;p(a+ . a)},

and the result follows from the definition of the coderivative. 0

Throughout the following we will assume that z* is nondegenerate (Definition 14).
This implies in particular the Robinson CQ condition. In the following result we estab-
lish a workable rule for verification of the Aubin property.

TraEOREM 20. Assume that x* is nondegenerate. Then the multifunction S, given by
(3.2), has the Aubin property around (0, z*) if and only if in any solution pair (v, b) of the
relations

(3.3a) 0= D3, L(z", y*)v+ (Dg(a)) " (b — Dg(a*)v).
(3.3b) —Dg(a")v € D*P(g(z") — y*, g(z")) (=)

one has v = 0.
Proof. In order to compute the coderivative of S, we first note that

S0) = {

[u—lx)f(x)] EGer-}, where I' = g7 1(Q,11)-

GrS is thus the preimage of GrNr in the mapping

0=y

Since
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D®(0, z*) =

0 I,
In 7D2f(I*)

is surjective, we can invoke [25, Exercise 6.7] and conclude that for all z € R",
D*S(0,2*)(z) = —{v € R"|0 € z + D*f(z*)v+ D*Np(z*, —Df(z*))(v)}.

On the other hand, since the nondegeneracy assumption is fulfilled, the coderivative
D* Ny can be computed via (2.21) of Theorem 7, which yields

D*S(0,2%)(2) = —{v € R"0 € z + D2, L(z*, y*)v
+(Dg(a*)) ' D* N, (9(a"). —y*)(Dg(a*)v) }

for all z € R". On the basis of the Mordukhovich criterion we now infer that S possesses
the Aubin property around (0, z*) if and only if the GE

0 € Di,L(z", y")v+ (Dg(a") ' D*Ng, ,(9(z"). —y*)(Dg(a")v)

has only the trivial solution v = 0. So, it only remains to apply Lemma 19 with
p=>b— Dg(z*)v, ¢= Dg(z*)v (consequently —b= —p — q), and relations (3.3a)
follow. |
On the basis of (3.3a) and Theorems 5 and 6, we are now in position to state our
main result of this section.
THEOREM 21. Let x* be a local solution of the problem SOCP, and let y* be a corre-
sponding Lagrange multiplier. Then, the following assertions are equivalent:
(i) z* is nondegenerate (Definition 14) and SOCP fulfills the SSOSC (2.41)
at (2", y");
(i) the GE (2.32) (KKT conditions) is strongly regular at (z*, y*);
(iii) «* is nondegenerate, and S has the Aubin property around (0, z*);
(iv) z* is nondegenerate, and in any solution pair (v*, b*) of (3.3a) one has v* = 0.
Proof. Equivalence between statements (i) and (ii) has been established in [5,
Theorem 30]. From statement (ii) it follows in particular that the mapping S® has a
single-valued Lipschitz localization around (0, (z*, y*)). Consequently, S has a single-
valued Lipschitz localization around (0, z*) by virtue of (2.34). It follows that S
possesses the (less stringent) Aubin property around (0, z*). Statements (iii) and (iv)
are equivalent by virtue of Theorem 20 and so it remains to prove the implication

(iv) = (i).

This statement is proved by contradiction. We split the proof according to the posi-
tion of g(z*) and y* in @,,., into six different cases:

Case 1. y* € int Q,,41, g(z*) = 0. Since second-order necessary condition (2.44)
holds at z*, it is easy to see that SSOSC (2.41) is violated if and only if there is a nonzero
vector h € R” such that

Dg(z*)h =0 and D? L(z*,y*)h = 0.

Indeed, it suffices to consider the standard spectral decomposition

y) = Z/lz‘%‘q;-
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Necessary condition (2.44) amounts exactly to condition (g;,h) =0 for all i€
{{1,2, ..., n}4; < 0} and all h € Ker Dg(z*). Consequently, if SSOSC (2.41) is vio-
lated, say by a nonzero vector h, it follows that (qi» ﬁ) = 0 for all 4. This argumentation
will also be used in the remaining cases, possibly with other matrices, different from
DLL(. ).

In this case, it is easy to check that v =h and b =0 satisfy (3.3a) and, since
D*P(—y*,0)(0) = {0}, they also satisfy (3.3b). We thus obtain a solution (v, b) of
(3.3a) satisfying v # 0.

Case2. g(z*) € int @, and y* = 0. The second-order necessary condition (2.44) is
equivalent to positive semidefiniteness of the Hessian D% L(z*, y*). Thus, in this case,
(2.41) is violated if and only if there is a nonzero vector h € R"™ such that
D%, L(z*, y*)h = 0. Hence, since I, € D*P(g(z*), g(z*)), vectors v = h = h — D2 L(x*,
y*)h and b = Dg(z*)h are a solution of (3.3a) satisfying v # 0.

To simplify the notation, from now on we set s := g(z*) and d := Dg(z*)h.

Case3. g(z*),y* € 0Q,,41 \ {0}. In this case, (2.41) does not hold if and only if there

is a nonzero vector h such that (d, y*) =0 and
Qu(h) = h" D3, L(a*, y*)h — ah” Dg(z*) " RDg(z")h < 0,
where a = f—[‘)‘ (> 0) and we have set R:= R, 1 = (; _O;m) This together with second-

order necessary optimality condition (2.44) (which says that the quadratic function
Qy(h) is nonnegative over the linear space (y*)*) yields

(3.4) D2, L(z*, y*)h = 22 Dg(z*)T RDg(2*)h.

50

We claim that the vectors v = h and b = (I, — ¢ R)d satisfy (3.3a). Indeed, by repla-
cing v by h and using equality (3.4), the right-hand side of (3.3a) is written as

Dg(z*) " [@Rd + b — d],

which is equal to 0 if and only if b = (I,,,1 — ¢ R)d.
In order to prove (3.3b), we need only prove that d solves

(3.5) d=A(2)(I4+1 — @R)d,

where z = g(z*) — y*, and

=3[k ]

with w = H_;I’ H=(1+ ﬁ)jm - ”Z7“” ww . This is a particular form of inclusion (3.3b) in

this case. To prove the above claim, observe that

(I — @R)d = m +Z§§o}

From the orthogonality of s = g(z*) and y*, it follows that sy(z*)yj + (5, ¥*) = 0, and

36) 3l =I5+ 1712 = 26.57) = /(50)* + ()2 + 25085 = 50 + 06
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The first row in (3.5) attains the form

2dy = (1 —a)dy + (1 + a)(, d),
which reduces to
(3.7) dy = (W, d).

This is equivalent to the orthogonality condition

(o[-

By virtue of (3.6),

1 1 - 1 _
d, Z =——]|d 5) —{d, s —y")| =——=Id d,—s)],
(2] _a]) =5 oton t 90) = (05 = 7)) = oz s + (25

because (y*, d) = 0. Moreover, since the vector (sy, —s) is orthogonal to s = g(z*) and
belongs to 4@, \ {0}, it is colinear with y* (see (2.4)) and equality (3.8) holds true.
The “second" row of the right-hand side of (3.5) attains the form

V50 =W0 g4 2a— 0 =% gp7g
2 S0 0 S0 ’

From (3.7) it follows that dyw = @' d and so the whole above expression reduces
to d. Consequently, we have found a solution (v, b) of (3.3a) such that v # 0, which
contradicts (iv).

Cased. y* € 0Q,,.1 \ {0}, g(«*) = 0. In this case, (2.41) does not hold if and only if

there is a nonzero vector h € R" such that

(3.9) Dg(z*)h € RRy* and D2 L(z*,y*)h = 0.

Indeed, note that in this case the second-order necessary condition (2.44)
h"D2, L(z*,y* )h >0 Vh:Dg(z*)h € R, Ry*

is actually equivalent to
h' D%, L(xz*,y*)h > 0 Vh:Dg(z*)h € RRy*,

deducing that if (2.41) does not hold, then there exists h # 0 satisfying (3.9). The equiva-
lence follows.
Now, from the spectral decomposition of y*, it follows that

1 1
y* € Rey(y*) = R{ 7 } so that Ry* € R[_ 7 } = Rey(—y*)

and from Theorem 5 (ii) it follows that for any u* € R™"!

u* — Proj .,y (u) € D*P(—y*,0)(u").
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Hence, with u* = —Dg(z*)h, we conclude that the element
—Dg(z*)h — Proj,,_y)): (—=Dg(z*)h) = —Dg(z")h

definitely belongs to the coderivative D* P(—y*, 0)(—Dg(z*)h). It follows that (3.3a) has
a solution

v="h#0, b = Dg(x*)h.

Case 5. g(z*) € 0Q,,41 \ {0}, y* = 0. The second-order necessary condition (2.44)
attains the form

h" D2, L(z*,y* )h >0 Vh:g(z*)" RDg(x*)h > 0,

which is equivalent to positive semidefiniteness of the Hessian D? L(z*, y*). Indeed,
for any vector h such that the real number g(z*)" RDg(z*)h is negative, it suffices to
take —h instead of h in the above relation, and the positive semidefiniteness of
D%, L(z*,y*) follows directly. Thus, in this case, (2.41) is violated if and only if
there is a mnonzero vector h € R"™ such that D2 L(2*,y*)h =0. Hence, since
I.+1 € D*P(g(x*), g(z*)), vectors v="h and b= Dg(z*)h are a solution of (3.3)
satisfying v # 0.

Case 6. y* =g(2*)=0. In this case C(2*)={heR":Dg(z*)h € Qi1} =
{h € R"|dy > ||d||}. Consequently, we have

(Dg(x*))il(Qm+1 U _Qm+1) = {h € Rn|d(2) Z ||a||2}
= {h € R"|h" Dg(x*)" RDg(z*)h > 0},

and then the second-order necessary condition attains the form
(3.10) h" D2, L(z*,y*)h >0 Vh:h" Dg(z*)" RDg(x*)h > 0.

On the other hand, since in this case Sp(C/(z*)) = R", we infer that the SSOSC (2.41) is
violated if and only if D2, L(z*, y*) is not positive definite. Then, thanks to S-lemma (see,
e.g., [3, Theorem 4.3.3]), we know that (3.10) is equivalent to saying that there exists
y > 0 such that

(3.11) D3, L(z*, y*) — yDg(z*) " RDg(a*) > 0.

We split here our proof into two subcases:

(a) Let us suppose that (2.41) is violated due to the existence of a nonzero vector h
satisfying h" D2, L(z*, y*)h < 0. Then we can reduce y (if necessary) until the
matrix D2, L(x*, y*) — yDg(z*) T RDg(z*) loses its positive definiteness but not
its positive semidefiniteness (note this is always possible due to the continuity of
the eigenvalues). Hence, in its kernel, there exists a nonzero vector which is, for
the sake of simplicity, also denoted by h. We thus obtain

D2, L(x*, y*)h = yDg(a*) T RDg(x")h.

We claim that the vector —d = —Dg(z*)h belongs to the set
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35P(0)(~d+ yRd) = 35P(0) ( [8 N %0])

(where 05 P(a)b stands for the set of elements of the form Ab with A € dzP(a)).
Indeed, it suffices to select in (2.15) a matrix specified by a unit vector w such
that d"(1,—w) =0 and a = 1 /(1 + y). Note that the existence of such w is
ensured due to inequality h" D2, L(z*, y*)h < 0 which, together with (3.11), im-
plies that ||d||> > d? or, equivalently, | d| > |dy|. This condition clearly ensures
the existence' of a unit vector w such that (d, w) = dy. Now, since D* P(0)u*
contains dzP(0)u* for all u* (see (2.14)), we conclude that —d belongs to
D*P(0)(—d + yRd). Our claim is proven.
Finally, it is easy to see that relations (3.3a) are solved by the vectors v = h and
b=d—yRd= (I,,,1 — yR)Dg(z*)h. This contradicts the statement (iv).

(b) Otherwise, if this situation is due to the existence of a nonzero vector h
satisfying h'" D2, L(z*, y*)h = 0 (so that D2 L(z*,y*) is positive semidefinite),
it necessarily follows that

D2 L(z*, y*)h = 0.

Here, from the fact that I,,.; € d5P(0), the vector —d = —Dg(z*)h trivially
belongs to the set

pP(0)(—d).

Now, since D* P(0)u* contains d5P(0)u* for all u* (see (2.14)), we conclude that
—d belongs to D* P(0)(—d) in this case. We thus deduce that relations (3.3a) are
solved by v = h and b = Dg(x*)h, arriving at a contradiction with the statement
(iv). 0
Remark 22. As pointed out by one of the reviewers, the statement of Theorem 21
can also be derived directly on the basis of available results from standard nonlinear
programming whenever go(z*) > 0. Then, namely, under the imposed assumptions,

—2go(7")
| 201027
Ny1(g,.)(#") = (Dg(z")) ; Ng_(he g(z")),

2gm.(w*)

where h(y) == y* — y3. Moreover V(h o g)(z*) is surjective and so one can employ the
results in [9] concerning variational inequalities with polyhedral convex sets. When
go(z*) = 0, however, this direct way is not passable.

Remark 23. The previous proof could be much shortened by using the results of [28]
(see Theorem 17). Indeed, by comparing Theorem 17, condition (¢) and Theorem 20, the
proof of Cases 1-5 is straightforward, and so it remains only to prove (the most difficult)

'Notice that this argument fails when m = 1, i.e., when w is a real value. However, in this case, constraint
g(7) € @, can be rewritten as two nonlinear constraints h;(z) < 0, i = 1,2, where h;(z) = gy(z) + (—1)"g, (2).
In this context, nondegeneracy (Definition 14) coincides with the linear independence of Vi, (z*) and Vhy(z*)
(both functions are clearly active at z*), and consequently, known results on nonlinear programming (e.g., [9])
give us the desired implication (iv) = (i).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ON THE AUBIN PROPERTY OF PERTURBED SOCP 817

Case 6 (when y* = g(z*) = 0). However, the arguments used in the above proof are ne-
cessary in order to extend our main result to the several cone framework conducted in
Theorem 26.

4. Extension to several second-order cones. In this section we intend to
extend Theorem 21 to the general SOCP problem
Min f(2);  ¢/(#) € Qe G=12,....J.

zeR”

By following the same arguments as in Lemma 19 and Theorem 20 we can prove the
following equivalence.

THEOREM 24. Assume that x* is nondegenerate. Then the multifunction S, given by
(3.2), has the Aubin property around (0, z*) if and only if the equality v = 0 holds for any
solution pair (v, b) of the relations

(4.1a) 0= DL L(z".y")v+ (Dg(z*))" (b — Dg(a*)v),
(4.1Db) — Dg(z")v € D" P(g(z") — ", g(z")) (=),

where P now stands for the projection operator onto the Cartesian product of second-
order cones Q = 1'[']-7:1 QmJ_H.

Proof. Tt follows from Lemma 19 and the fact that the limiting normal-cone to the
Cartesian product of a finite number of sets amounts to the Cartesian product of the
normal-cones to the single sets; cf. [25, Proposition 6.41]. O

Remark 25. Note that condition (4.1b) can be written in a product form

—Dg/(z*)v € D*PI(g/(z*) =y, g/ (z*))(=b7),  j=1,....J,

where P/ is the projection operator onto the second-order cone Qm] 11

On the basis of (4.1a) and Theorems 5 and 6, we are now in position to state our
main result.

THEOREM 26. Let x* be a local solution of the problem SOCP, and let y* be a corre-
sponding Lagrange multiplier. Suppose that there is at most one block j such that either
¢ (") =0 and y? € 0Q,, 11\ {0} or ¢g’(z%) € 0Q,, 11 \ {0} and y* =0 or ¢’(z*) =0
= y*/. Then, the following assertions are equivalent:

(i) z* is nondegenerate (Definition 14) and SOCP fulfills the SSOSC (2.41)
at (ZIJ’*, y*),
(ii) the GE (2.32) (KKT system) is strongly regular at (z*, y*);
(iii) z* is nondegenerate, and S has the Aubin property around (0, z*);
(iv) z* is nondegenerate, and in any solution pair (v, b*) of (4.1a) one has v* = 0.

Proof. Since the results established in [5] and [22] are valid for the Cartesian
product of several second-order cones Q = H‘j]:1 @m,+1, we can argue exactly as at
the beginning of the proof of Theorem 21. So, only the implication

(iv) = (1)

needs to be demonstrated. This statement is also proved by contradiction and the
proof uses the same approach as the proof of Theorem 21, where only one cone has
been considered. However, the combination of different cases (corresponding to dif-
ferent positions of ¢/(z*) and y*/ in Q,, ;1) is not straightforward and deserves to be
explained in detail. For this, let us denote by J;, with ¢ =1, ..., 6, the sets of indexes
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corresponding to cases 1 to 6 in the proof of Theorem 21. So, by our assumptions, we
know that |J, U J5 U Jg| < 1.

For the sake of simplicity, we employ again the notation: s’ := ¢/(z*) and
d’(h) = Dg’(z*)h.

Note that h"H/(z*, y*/)h # 0 only when j € J;. Consequently,

*J
WH( g )h =Y K1 (2 y b= = S di(h)TR,, di(h).

j€Ts jeds 5o

Then, the quadratic form Q(-), appearing in SSOSC (2.41), is given by

*J
Qo(h) = hT D% L(a* y")h— > YT di(h)TR,, & (h).

jeds 50

Second-order necessary optimality condition (2.44) says that @Qy(h) is non-
negative over the critical cone C(z*), and consequently, it is also nonnegative over
C(z*) U —C(z*). But, since |J, U J5 U Jg| < 1, the latter set is exactly equal to

Cla) = {h e R :di(h) € £Tq  (s) N (y9) Vi=1,...,J}

Assume now that Jg = @ so that we have to do with either J, U J5 U Jq = @, or
with a unique j € J4 U J5. In both cases one has

This implies that (2.41) is violated if and only if Qy(h) = 0 for some h € Sp(C(z*)) \ {0},
or, equivalently, if and only if there exists a nonzero vector h € Sp(C(z*)) such that

(4.2) D%, L(z*, y*)h + H(z*, y*)h = 0.

The proof can now be finished on the basis of arguments provided below after
formula (4.5).

To deal with the situation when |.Jg| = 1, we introduce a subspace E of R" defined
by

dj(h) =0 if yj € intQmj+1

039 P {ReR L ity coguiioy I b2

(there is no restriction on d’(h) if y/ = 0). Clearly, one has the inclusions

C(z") € Sp(C(z7)) C E.

Moreover, we observe that for j € Jg the condition h € C(z*) amounts to h € C(z*) and
the nonnegativity of the quadratic form

Qu(h) = d/ ()T Ry, ' (h) = (dj(h))* — ||’ (B)]|*.
It follows that

C(z*) =Sp(C(z") N Q1Y (Ry) = EN Q1 (Ry).
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Thanks to a slightly improved version of the S-lemma (e.g., [23, Proposition 3.9]), we
now infer that there exists a real y > 0 such that

(4.4) Qo(h) — y@u(h) >0 Vhe E.

Suppose now the existence of h € Sp(C(z*)) \ {0} such that (2.41) does not hold;
that is, @Qy(h) < 0. Now, following the arguments given in Case 6 of Theorem 21, we split
our proof into two subcases:

(a) If (2.41) is violated because Qy(h) < 0, then (4.4) yields @ (h) < 0. In this case,

without loss of generality, we can assume (reducing y if necessary) that
Qo(h) — y@,(h) = 0. So, we obtain from (4.4) that

DiL(z*, y* )h + H(z*, y*)h = yDg’ ()" Ry, Dg’(z*)h.

It can be proven that —d = —d’(h) = —Dg’(z*)h belongs to the set

35PI(0)(—d + yR,, d) = 35P(0) <— [ 8 . )’3 §0D

Indeed, it suffices to choose a unit vector w such that d" (1, —w) = 0 and « =
1/(1 4 y) in (2.15). As in the proof of Case 6 of Theorem 21, the existence of
such w is ensured due to inequality Qy(h) < 0 which, together with (4.4), im-
plies that ||d||* > d3 or, equivalently, ||d|| > |do|. This condition clearly ensures
the existence of a unit vector w such that (d, w) = dj. For the case when
m; = 1, see Remark 28 below.
Now since D* P7(0)(u*) contains a5 P7/(0)(u*) for all u* (see (2.14)), we conclude
that —d belongs to D* P7(0)(—d + y Ry, d). Consequently, (v, b’) with v = hand
b =d— YR, d= (11— VR, )Dgf( *)h solves (4.1a) for the block j € J;.
(b) Otherwise, if this situation is due to the existence of a nonzero vector h satisfy-
ing Qy(h) =0 (so that @Qy(-) is nonnegative), it necessarily follows that

(4.5) D2, L(z*, y*)h + H(x*, y*)h = 0.

Then, from the fact that I, ,, € 05 P7(0), it trivially holds that vector —d =
—d’(h) = —Dg’(x*)h belongs to

0P’ (0)(—d).
Once again, since D*P7(0)(u*) contains dzP7(0)(u*) for all u*, we obtain that
—d belongs to D*P/(0)(—d). We thus conclude that the solution of (4.1a), for
the block j € Jg, is v = h and b/ = Dg’(z*)h.
For the other blocks j, the same arguments as in Theorem 21 ensure that the
respective vectors b/ can be chosen as follows:

0 if jeJ,,
bl = ¢ d(h)(= Dg’(z*)h) - dfje
(ImJJrl ]Rm])d (h) Wlth aj = ygj /36 lf .7 S J3'

If the unique index j belongs to J, U Jj, then, on the basis of (4.2) and the
above discussion, one can put v = h and b’ = D¢/ (z*)h (as in the case of J,) and we

obtain again a solution of (4.1a) with a nonzero vector v. The statement has been
established. d
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Remark 27. If the index sets J,4, J5, and Jg are empty, one says that z* is a strict
complementary solution of SOCP. In this case, it is possible to prove the statement of
Theorem 26 in a simpler way, by using the classical implicit function theorem. In fact,
this statement then holds true even if Q is a general symmetric cone, provided the
projection onto Q is continuously differentiable at g(z*) — y*.

Remark 28. In the case when J, and J5 are empty, Jg is a singleton and, for this
index j € Jg, one has m; = 1; the statement of Theorem 26 follows from the previous
remark and the fact that constraint g;(z) € @, with j € Jg, can be cast as classical
nonlinear programming constraint (see footnote ').

Let us now illustrate the situation when |J, U J5 U Js| > 1 by means of the para-
metric SOCP consisting of minimizing the function

1 1
(4.6) fel@ ) = Sl = allP + 5110 bl + 2l (212 € )

over the product of two second-order cones of dimension 3 (that is, z = (z', 2%) is con-
strained to @3 x Q). Here & is a positive parameter and we have set the vectors a =
(6.6/(1+¢).0)" and b= (£.0.§/(1+§))".

It can be easily proved that z* = (2, 2*?), with 2" = (§ /(1 +£),6 /(1 +&),0)7
and 22 = (§/(1+£),0,£/(1+§&))T, is a critical point of this problem for each
& > 0, with y* = 0 being its corresponding unique Lagrange multiplier. Moreover, x*
(in fact every feasible point) is nondegenerate, because ¢(-) is the identity function
and hence Dg(z*) is surjective. So, we have to do for all £ > 0 with Case 5 of the pre-
ceding analysis (i.e., both blocks are in J5). Let us first examine the Aubin property of
the corresponding map S, where the subscript signalizes the dependence on £. Since g(-)
is the identity, the Hessian of the Lagrangian coincides with the Hessian of f, which is
given (for all z) by the block matrix

I; C
(4.7) VQfE(CE)<C?; I;)
where
£ 00
Ce=[0 0 0
0 0 O

Moreover, condition (4.1a) attains a simpler form

(48) <Z;> € (Is VQfE(x*))(giggzgng) S

where P! and P? are both equal to the projection onto Q5. From now on, this projection
is simply denoted by P.

Thanks to the particular structure of the matrix (4.7), the relation of the left-hand
side of (4.8) can be written as

v; € CeD*P(2*?)(vy) and vy € CeD*P(a*)(vy).

Now, we observe that by part (i) of Theorem 5 each element u € D*P(x*!)(v;), w €
D*P(z*%)(vy) can be expressed in the form
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TaBLE 4.1
Summary of the example.

& z* is a local minimum Strong regularity ~ Aubin property
0<é<1 Yes Yes Yes
1<&<2 Yes No No

E=2 No No No
£E>2 No No Yes

u= GV, w= H(z?)uv,

with appropriate matrices G(z*!), H(2*?) € R given by (2.12). This, along with the
fact that D* P(z*1)(0) = D*P(2*?)(0) = {0} (because P is Lipschitz), enables us to char-
acterize the Aubin property of S around z* by the simple condition

(4.9) E2 g1 (2 ) hyy (22) # 1,

where gy (z*1) and hy; (2*?) are the entries located in the position (1,1) of matrices G(z*!)
and H(z*?), respectively. In this way we have proved the following statement: The map
Sg has the Aubin property around z* if and only if either § <1 or & > 2.

The proof follows directly from (4.9) and the fact that, by (2.12), both entries
g1 (z*!) and hy;(2*%) range in the interval [0.5,1].

Next we will analyze for what values of & the point z* is a minimizer of our problem,
and when the perturbed KKT system is strongly regular at (z*, 4*). Since the KKT sys-
tem is strongly regular at (z*, y*) if and only if the SSOSC (2.41) is fulfilled at (z*, y*),
and since in this case Sp(C(z*)) = R®, this holds true if and only if the Hessian of f; is
positive definite. This is clearly equivalent to & < 1. Now, by using the characterization
of C(z*) given in (2.37), we can verify that the second-order sufficient condition (2.40) is
fulfilled if and only if & < 2, but the second-order necessary optimality condition (2.44) is
fulfilled if and only if & < 2. It follows that a discrepancy between the Aubin property
and the strong regularity appears only for £ > 2, when z* is not a local minimum of the
analyzed SOCP. Finally, when & = 2, we can verify by simple inspection that z* is not a
local minimum of our problem. Indeed, for z = ((0,0,0)",(2,0,2/3)") belonging to
Qs x @3, it is easy to check that the directional derivative of f; at z* in the direction
d = z — z* is negative.

On the basis of the preceding analysis we display a summary for this example in
Table 4.1.

5. Conclusions. This paper presents three new results associated with conical pro-
gramming. First, Theorem 7 contains a new formula for the coderivative of the normal-
cone mapping N 4(-), when A is a preimage of a convex set K in a smooth mapping g(-).
This formula generalizes [21, Theorem 3.4] and has potential to be applied even when K
is not a cone.

On the basis of this result and [22], where the limiting (Mordukhovich) coderivative
of the metric projection onto the second-order cone has been computed, we have derived
a workable condition characterizing the Aubin property of a canonically perturbed
necessary optimality condition for SOCP under nondegeneracy (Theorem 24).

Our main result is Theorem 26, providing a relationship between the Aubin
property and Robinson’s strong regularity of the canonically perturbed KKT system
associated with SOCP. For this, we use a characterization for the strong regularity
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property in terms of the SSOSC and the nondegeneracy condition given in [5] for SOCP.
It is very close to the relationship between the Aubin property and the strong regularity
of the canonically perturbed KKT system in the case of nonlinear programming.
Unfortunately, the equivalences stated in Theorem 26 have been proved only under
the assumption that, at the reference pair (z*, y*), among all blocks j € {1, ..., J} there
is at most one violating the strict complementarity condition; i.e., there is at most one
block j satisfying either ¢/(z*) =0 and y*/ € 0Q,, 1\ {0} or g(z*) € 9Q\ {0} and
y* =0 or ¢/(z*) = 0 = y*. It is currently not clear whether this restriction is due to
the applied proof technique, based on the S-lemma, or whether it is principally related
to the geometry of the second-order cones.
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