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1. Introduction

The theory of nonadditive measures and integrals was a powerful tool in several fields [6,13]. Sugeno integral [29] is a
useful tool in several theoretical and applied statistics. For instance, in decision theory, the Sugeno integral is a median,
which is indeed a qualitative counterpart to the averaging operation underlying expected utility [7].

In most decision-making problems a global preference functional is used to help the decision-maker make the “best”
decision. Of course, the choice of such a global preference functional is dictated by the behavior of the decision-maker
but also by the nature of the available information, hence by the scale type on which it is represented. The use of the Sugeno
integral can be envisaged from two points of view: decision under uncertainty and multi-criteria decision-making [8]. Su-
geno integral is analogous to Lebesgue integral which has been studied by many authors, including Pap [11,23], Ralescu
and Adams [24] and Wang and Klir [30], among others.

Integral inequalities play important roles in classical probability and measure theory. These are useful tools in several
theoretical and applied fields. For instance, integral inequalities play a role in the development of a time scales calculus
[22]. In general, any integral inequality can be a very powerful tool for applications. In particular, when we think of an inte-
gral operator as a predictive tool then an integral inequality can be very important in measuring and dimensioning such pro-
cess. The study of inequalities for Sugeno integral was initiated by Roman-Flores et al. [9,25-28], and then followed by the
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authors [1,3,4,15-17]. Recently, the authors generalized several classical inequalities, including Minkowski’s, Chebyshev’s
and Hoélder’s inequalities, to the frame of Sugeno integral [1,2,15,18].

The aim of this paper is strengthened versions of the Minkowski, Chebyshev and Holder type inequalities for Sugeno inte-
gral and relate them to T-evaluators and S-evaluators. As an application, some equivalent forms and some particular results
have been established.

The paper is arranged as follows. For convenience of the reader, in the next section, we review some basic concepts and
summarization of some previous known results. In Sections 3 and 4, we construct strengthened versions of the Minkowski,
Chebyshev and Hoélder type inequalities for Sugeno integral and relate them to T-evaluators and S-evaluators. Finally, some
conclusions are given.

2. Preliminaries

In this section, we are going to review some well known results from the theory of nonadditive measures, Sugeno’s inte-
gral and T-(S-)evaluators. For details, we refer to [24,29,30,12,5].

As usual we denote by R the set of real numbers. Let X be a non-empty set, F be a g-algebra of subsets of X. Let N denote
the set of all positive integers and R, denote [0, +oo]. Throughout this paper, we fix the measurable space (X, F), and all con-
sidered subsets are supposed to belong to F.

Definition 2.1 ([24]). A set function u : F — R, is called a nonadditive measure if the following properties are satisfied:

(FM1) p(0)=0;
(FM2) A c B implies u(A) < u(B);

(FM3) A; c Ay C --- implies p(U,_1An) = lim,_. tt(As); and

(FM4) A; > A; > -+, and p(Ay) < +oo imply u(;7,Ar) = limy .. i(An).

When p is a nonadditive measure, the triple (X, 7, 1) then is called a nonadditive measure space.

Let (X,F,u) be a nonadditive measure space, by F,(X) we denote the set of all nonnegative measurable functions
f:X — [0, 00) with respect to F. In what follows, all considered functions belong to 7, (X). Let f be a nonnegative real-valued
function defined on X, we will denote the set {x € X|f(x) > o} by F, for « > 0. Clearly, F, is nonincreasing with respect to o,
i.e,, o < p implies F,2F;. Moreover, for any fixed k in (0,0) denote by F;(X) the set of all measurable functions f : X — [0, k.
Observe that the system (F,(X)) is strictly increasing and |J Fi(X)GF ,(X).

Definition 2.2 ([23,30]). Let (X, F, i) be a nonadditive measure space and A € F, the Sugeno integral of f on A, with respect
to the nonadditive measure g, is defined as

) [ Fdu=\/ (@A pANEy).
a=0
When A =X, then

) [ Fau= () [rau=\/ @nuiF).

=0
It is well known that Sugeno integral is a type of nonlinear integral [14]. Le., for general case,

) [(ar + bgd = a(s) [ fdu-+b(s) [ gau

does not hold. Some basic properties of Sugeno integral are summarized in [23,30], we cite some of them in the next
theorem.

Theorem 2.3 ([23,30]). Let (X, F, 1) be a nonadditive measure space, then
(i
(ii

) MANF,) = o= (S) [,fdu > o
) I
(iii) (S) [,fdu < o < there exists y < o such that y(AnF,) < o
V)
)
)

ANFy) <oa=(S) [fdu<ao

( (S) [fdu > oo <= there exists y > o such that y(AnF,) > o
(V) If i(A) < oo, then w(ANF,) = o< (S) [,fdu > o
(vi) If f< g then (S) [ fdp < (5) [ gdu

In [16], Ouyang and Fang proved the following result which generalized the corresponding one in [27].
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Lemma 2.4. Let m be the Lebesgue measure on R and let f: [0,00) — [0,00) be a nonincreasing function. If (S) fé’ fdm =p, then

fo-)> O | “fdm=p

for all a > 0, where f(p—) = limy_, f(x).

Moreover, if p < a and f is continuous at p, then f(p—)=f(p) =p.

Notice that if m is the Lebesgue measure and f is nonincreasing, then f(p—) > p implies (S) J; fdm > p for any a > p. In
fact, the monotonicity of f and the fact f{(p—) > p imply that [0,p) C F,. Thus, m([0,a] N F,) = m([0,a] n[0,p))=m([0,p)) = p.
Now, by Theorem 2.3(i), we have (S) f; fdm > p.

Based on Lemma 2.4, Ouyang et al. proved some Chebyshev type inequalities [17] and their united form [15]. Notice that
when proving these Theorems, the following lemma, which is derived from the transformation theorem for Sugeno integral
(see [30]), plays a fundamental role.

Lemma 2.5. Let (S) [,fdu=p. Thenvr > p, (S) [,fdp=(S) Jo L(ANF,)dm, where m is the Lebesgue measure.

In this contribution, we will prove strengthened versions of the Minkowski, Chebyshev and Holder inequalities for Sugeno
integral and T-(S-)evaluators of comonotone functions. Recall that two functions f,g: X — R are said to be comonotone if for
all (x,y) € X2, (fix) — fly))(g(x) — g(y)) = 0. Clearly, if f and g are comonotone, then for all non-negative real numbers p, q
either F, c G4 or G, C F,. Indeed, if this assertion does not hold, then there are x € F,\Gq and y € Gg\F,,. That is,

fx) >p.gx)<q and f(y)<p.gly) >gq,
and hence (f{x) — f(y))(g(x) — g(y)) < 0, contradicts with the comonotonicity of f and g. Notice that comonotone functions can

be defined on any abstract space.
In [15], Mesiar and Ouyang proved the following Chebyshev type inequalities for Sugeno integral.

Theorem 2.6. Let f,g € 7. (X) and u be an arbitrary nonadditive measure such that (S) [, fdu and (S) [, gdu are finite. Let
*:[0,00)? > [0,00) be continuous and nondecreasing in both arguments and bounded from above by minimum. If f, g are
comonotone, then the inequality

© [ £rzdn= () [ rau) x () [ ) @1

holds.
It is known that

© [ £xgdus () [1an)* ( [ an) 22)

where f, g are comonotone functions whenever * > max (for a similar result, see [19]), it is of great interest to determine the
operator % such that

© [ £rgdn=((s) [ rau) x () [ gan) 23)

holds for any comonotone functions f, g, and for any nonadditive measure x and any measurable set A. Ouyang et al. [21,20]
proved that there are only 18 operators such that (2.3) holds, including the four well-known operators: minimum, maxi-
mum, PF (called the first projection, PF for short, if x % y = x for each pair (x,y)) and PL (called the last projection, PL for short,
if x % y =y for each pair (x,y)).

Now, we give the following definitions which will be used later.

Definition 2.7 [5]. For a complete lattice (X,<, 1, T) with the least and the greatest elements 1 and T, respectively, a
function ¢ :X — [0,1] is said to be an evaluator on X iff it satisfies the following properties:

(1) @(L)=0, (T)=1.
(2) forall @, b € L, if a < b then ¢(a) < ¢(b).

Definition 2.8 [12]. A binary operation T:[0,1] x [0,1] — [0,1] is said to be a t-norm iff it satisfies the following properties:

i) for eachy € [0,1] T(1,y) =y,

(ii) for all x,y € [0,1] T(x,y) = T(y,x),

(iii) for all x,y1,y2 € [0,1] if y1 <y> then T(x,y1) < T(X,y2),
(iv) for all x,y,z € [0,1] T(x,T(y,2)) = T(T(x,y),2).
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The four basic t-norms are:

e the minimum t-norm, Ty,(x,y) = min{x,y},

e the product t-norm, Tp(x,y)=x -y,

e the Lukasiewicz t-norm, T;(x,y) = max{0,x +y — 1},
o the drastic product,

0 if max{x,y} <1,

TD(va) = {min{x.,y} if maX{X-,y} =1

A function S:[0,1] x [0,1] — [0,1] is called a t-conorm [12], if there is a t-norm T such that S(x,y)=1 — T(1 — x,1 — y). Evi-
dently, a t-conorm S satisfies:

(i") S(x,0) = S(0,x) = x, Vx € [0,1] as well as conditions (ii), (iii) and (iv). The basic t-conorms (dual of four basic t-norms)
are:

e the maximum t-conorm, Sy,(x,y) = max{x,y},

o the probabilistic sum, Sp(x,y)=x+y — xy,

o the Lukasiewicz t-conorm, S;(x,y) = min{1,x +y},
e the drastic sum,

1 if min{x,y} >0,

Sp(x,y) = {max{x, y} if min{x,y} =0.

Definition 2.9 [5]. Consider a complete lattice (X,<, L, T), a t-norm T and a t-conorm S. An evaluator on X is called a T-eval-
uator iff for all a,b € X

T(¢(a), p(b)) < p(min(a,b)),
and it is called an S-evaluator iff

S(p(a), p(b)) = p(max(a,b)).
3. On some advanced type inequalities
The present section aims to provide some advanced type inequalities for Sugeno integral.

Theorem 3.1. Let (X, F, ) be a nonadditive measure space and let U,V: [0, 0] — [0, ] be continuous strictly increasing functions
such that U(x) <V(x)forallxe[0,00] If f € .7-13)() is a measurable function, then the inequality

U () / U(fdu) = v (S>_/A V(f)du 31

holds for any A € F.

Proof. If (S) [, U(f)du = oo, then for any M > 0, U™'((S) [, U(f)dw) = U™ (UM)) = M. Thus U™'((S) [, U(f)di) = oo and the
right-hand side equals to oo, hence (3.1) holds. If (S) [, V(f)du = oo, then for any M, we have (A N Fy}) = co. Then

WANHUFR) > UM)}) = 1ANFy) > UM).

Thus U™ ((S) f, U(f)dp) = M. Letting M — oo, we get the result as desired.
So, we can assume that both (S) [, U(f)du and (S)[,V(f)du are finite. Let u! ((S) JyU(f)ydu) =a and
V=((S) [, V(f)du) = b. Then, Theorem 2.3(v), implies that

WA XU(f) > U(@)}) = w(AnFa) > U(a)
and
RAN V() = V(b)}) = pANFy) > V(b).

Since U(x) < V(x) for all x € [0,00], then
U (<S> / ucf>du) > U (Ub) A ANFy) > U (UB) A V(b)) > U (Ub) = b=V (<5> / V(f)du)

and the proof is completed. O

Corollary 3.2 [28]. Let (X, F, 1) be a nonadditive measure space and let U: [0, ] — [0, co] be continuous strictly increasing func-
tion such that U(x) < x for all x € [0,00]. If f € F(X) is a measurable function, then the inequality
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) [ ihdu > u((s) [ ran) (32)

holds for any A € F.

Corollary 3.3 [28]. Let (X, F, u) be a nonadditive measure space and let V: [0, oc] — [0, oo] be continuous strictly increasing func-
tion such that x < V(x) for all x € [0,00]. If f € F, (X) is a measurable function, then the inequality

V() [ fau) = ) [ v (33)

holds for any A € F.

Theorem 3.4. Fix a nonadditive measurable space (X, F, ). Let a continuous non-decreasing ¢ :[0,oc] — [0, co] satisfying ¢(x)
> x (or equivalently, composite ¢((p(x)) > ¢@(x)) for all x € [0, 0] and a non-decreasing n-place function H:[0,00]" — [0, ] such
that H be continuous and bounded from below by maximum be given. Then for any system Uy, ..., U,:[0,00] — [0, oo] of continuous
strictly increasing functions and any comontone system f1,f>,...,f, from F.(X) it holds

() [ vt otdn) < H( o () [ uiodi.....o (VS [ Uddw) ) (34)

where U =max(U;, U, ...,Uy,).

Proof. Let (S) [, U(fi)du = p, for any k=1,...,n. Two cases can be considered:

(Case 1) Suppose that there exist
{klp, = 00, k=1,...,n}.

For example, let (S) [, Ui (fi)du = co. Then for any M, U7'((S) [, Ui (fi)du) = U7' (U1(M)) = M. Therefore U7 ((S) f, U:(fi)
du) = oo. Since (p:[O,oc] — [0,00] is continuous and non-decreasing such that ¢(x) > x for all x € [0,00] and H:[0,]"
— [0,00] is continuous and nondecreasing and bounded from below by maximum, there holds

H(o (vt () [ vidn) )0 (0" (1 [ Uitiodn) ) ) =

and (3.4) holds.
(Case 2) Suppose that p <o for any k=1,...,n. Let

U’ ((S)/Uk(fk)du) =q forallk=1,....n
A

And r=max{a;,ay,. . .,a,}. Denote Ay(a) = p (AN {x|Ux(fi)(x) = o}) and B(a) = p(A N {x|UH((f1), (f2),- - ., @(fa)))(X) = «}). By
Lemma 2.5 we have

S) / Uc(fdu = (S) / A(a)dm = Ug(ay) forallk=1,...,n
Ja Jo
For each ¢ > 0, we have A (Ui(ai) + &) < Ui(ak). Then

ﬂ(A N{Xlfi(x) = U, (Ur(ar) + 8)}> < Up(ag).

Since ¢ :[0,00] — [0,c0] is continuous and non-decreasing such that ¢(x) > x for all x € [0, 00}, by the monotonicity of H and
comonotonicity of fi,fs,...,f, as well as the fact that H > max we have

u(Am{x\H(wcfn,...,w(fn ) = H(o (U (Us(a) +9),.. 0 (U, (Unlan) + ) ) })
(Aﬂ{xm Ul (a1)+¢ }u {x[fn > ( (Un(an) +s)>})

U

g,u(Am{fo] YUy (@) + ¢ })v \/,LL(Aﬂ{ If > <U,;1(Un(an)+s)>})

<A (Ul(a1)+8) An(Un(an) + &) < Ui(ar) V-V Un(an) < U(ar) v--- vU(@n) < UH(ay, ..., an))
<UH ((P(al)>-~~7(p(an)))~

Letting ¢ — 0O, by the continuity of H and ¢ we have



H. Agahi et al./Information Sciences 190 (2012) 64-75 69

HANXH(@(fr), ... @fa)) = H(@(a),..., (an))+}) < UH(@(a@), ..., @(an))),
and hence B(U(H(¢(a1),...,¢(ax)))+) < U(H(¢(a1),..., ¢(an))) and
HANXUH(@(fr).- ... @(fa) = UH(@(ar),....@(an)))+}) < UH(@(a1),. .., ¢(an))).
Then, Theorem 2.3(ii) implies that

. ((S> / U<H<<p<f1>,....,<pcfn>>>du) <H@@).....0(a))
A

~H(o (v () [vitdn)). o (Uit (5) [ Utfodn) ) )

Hence, (3.4) is valid and the theorem is proved. O

Remark 3.5. Let n =2, ¢(x) =x and U(x) = U;(x) = U>(x) = x. Then, we can use the same examples in [1] to show the necessi-
ties of H > max and the comonotonicity of f;, f,, and so we omit them here.

The following example shows that ¢(x) > x (or equivalently, composite ¢(¢(x)) > ¢(x)) for all x € [0,00] in Theorem 3.4
is inevitable.

Example 3.6. Let X=[0,1], fi(x)=f(x)=x, @(x)=x% U(x)=U;(x)=Uy(x)=x and H(x,y)=min{1,x +y}. If the nonadditive
measure y is defined as u(A) = m?(A), where m denotes the Lebesgue measure on R, then

(S)/IH((p(fl),Q)(fz))du: \/ (ac/\ (1 ?)) = 6—4v2 = 0.34315.
0 1

oel0,

But

<P<(S)/Olf1du>: ( /fzd,ll) (3 ‘/—) =0.1459.

(5)/0]H(¢(f1)7§0(fz))du:0.343]5 >H<(P((S)/O]f1 d,u)7(p<(5)/01fzd,u>> =0.2918,

which violates Theorem 3.4.

Then

Corollary 3.7. Fix a nonadditive measurable space (X, F, t). Let a non-decreasing n-place function H: [0, co]" — [0, oo] such that H

be continuous and bounded from below by maximum be given. Then for any system Uj,...,U,:[0,00] — [0,00] of continuous
strictly increasing functions and any comontone system f1,f>,...,f, from F . (X) it holds
() [ vttt fode) <H(U () [ uiodn). U () [ Uigodn) ). 35)
A A A

where U =max(U;,Us, ..., Un).

Corollary 3.8. Let u be an arbitrary nonadditive measure and % : [0,00]? — [0, c0] be continuous and nondecreasing in both argu-
ments and bounded from below by maximum. And let U;, U,:[0,00] — [0,00] be continuous strictly increasing functions. If
f,g € F,(X) are comonotone, then the inequality

(9 [ werdn) < () [ vipra) % U ((5) [ vaipan) (36)

holds where U = max(U;, Us).

Corollary 3.9 [2]. Let p be an arbitrary nonadditive measure and * : [0, o]’ — [0, c0] be continuous and nondecreasing in both
arguments and bounded from below by maximum. And let ¢:[0,c00] — [0,00] be continuous and strictly increasing function. If
f,g € F,(X) are comonotone, then the inequality

( /qo(f *g) du) < (p”< /(p(f du> * @ <S>/A w(g)du> (3.7)

holds.
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Remark 3.10. In [2], it also requires that (S) [, ¢(f % g)du < co. But, as is shown in Theorem 3.4, this condition can be
abandoned.

Corollary 3.11 [1]. Let f,g € F.(X) and u be an arbitrary nonadditive measure. And let % : [0, 0]’ — [0, 0] be continuous and
nondecreasing in both arguments and bounded from below by maximum. If f, g are comonotone, then the inequality

(9 [¢xe du) < (s /deu) * (s /gdu)l (38)

holds for all 0 < s < cc.

Corollary 3.12 [19]. Let f,g € F.(X) and u be an arbitrary nonadditive measure. And let % : [0, co]? — [0, o] be continuous and
nondecreasing in both arguments and bounded from below by maximum. If f, g are comonotone, then the inequality

© [ xgdus () [ rdn) x () [ zan) (3.9)

holds.
When V(x) = x, U;(x) = x and Uy(x) = x? for all p, ¢ > 1, by Corollary 3.8 and Theorem 3.1, we have the Holder inequality.

Corollary 3.13. Let f,g:X — [0,1] and p be an arbitrary nonadditive measure. And let % :[0,1> — [0,1] be continuous and
nondecreasing in both arguments and bounded from below by maximum. If f, g are comonotone, then the inequality

5 [¢xedns ([ fpdu)% *(o quuf (3.10)

holds for all p,q > 1

Remark 3.14. If %:[0,1]*> > [0,1] is a t-conorm [12], then In Eq. (3.10) works for any comonotone functions f, g with

S) [pfdu<1and (S) fgdu<1.
Now, we construct some extensions of Minkowski, Chebyshev and Hélder type inequalities for Sugeno integral and relate
them to S-evaluators.

Theorem 3.15. Let a fixed k € (0,cc). And let a continuous non-decreasing ¢ :[0,k] — [0, k] satisfying ¢(x) = x (or equivalently,
composite ¢(¢p(x)) = ¢ (x)) for all x € [0,k] and a non-decreasing n-place function H:[0,]" — [0, o] such that H be continuous
and bounded from below by maximum be given. Then for any system Uy,...,U,:[0,00] — [0,00] of continuous strictly increasing
functions and any comontone system fi,f5,...,fa from F(X) and any nonadditive measure p it holds

() [ vt otndn) < H( (v () [ vidod) )0 (U () [ vitiodn) ). Gan

where U=max(U;, U, ...,Uy,).
Proof. This is similar to the proof of Theorem 3.4 (case 2). O

Theorem 3.16. Let a fixed k € (0,0). And let a non-decreasingn-place function H: [0, ]Jn — [0, o] such that H be continuous and
bounded from below by maximum be given. Then for any system Uy, ...,U,:[0,00] — [0, 00] of continuous strictly increasing func-
tions and any comontone system f1,f>,...,f, from F(X) and any nonadditive measure p it holds

U () [ UHG-oo ) < H(U7 () [ i)y () [ Ui ) (3.12)

Corollary 3.17 [3]. Let a fixed k € (0,). For any continuous and non-decreasing ¢ :[0,k] — [0, k] satisfying ¢(x) = x for all x €
[0,k] and any non-decreasing n-place function H:[0,00)" — [0,00) such that H be continuous and bounded from below by maxi-
mum and any comonotone system f.f5,...,f, from F(X) and any nonadditive measure p it holds

) [ (). 06)-..o6dn < H(o( [ fidn).o(©) [ fdn).o() [ fian)). (3.13)
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Remark 3.18. If H(O,...,0) for a function H required in Corollary 3.17 holds, then H is a disjunctive (continuous) aggregation
function on [0, k], see [10]. Typical examples in the case k = 1 of such aggregation functions are continuous t-conorms, cocop-
ulas, etc.

Corollary 3.19. Let (X, F, ) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. And let
Uy, U;:[0,00] — [0,c] be continuous strictly increasing functions. If S is a continuous t-conorm and ¢ is continuous S-evaluator
on X such that ¢(x) > x, then the inequality

U (1) [ ustou. oendn) <s( (v () [ vinn)).o(v' () [ vaerdn) )) (3.14)

holds for any A € F, where U =max(Uy,U,).
Specially, when U;(x) = U,(x) = x° for all s > 0, we have the Minkowski inequality for S-evaluator.

Corollary 3.20. Let (X, F, 1) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If S is a
continuous t-conorm and ¢ is continuous S-evaluator on X such that ¢(x) > x, then the inequality

(0] (S(w(f)mp(g)))sduf < s<<p((<5> / ffduf)mo((@ / g‘du)f) (3.15)

holds for any A € F and 0< s < co.
Again, we get an inequality related to the Chebyshev type for S-evaluator whenever s = 1.

Corollary 3.21 [3]. Let (X, F, i) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If S is
a continuous t-conorm and ¢ is continuous S-evaluator on X such that ¢(x) > x, then the inequality

(9 [ stow). owian) <s( () [ fau).o( [ zan)) (3.16)

holds for any A € F.
And, when V(x)=x,U;(x)=xP and Ux(x)=x? for all p,q > 1, by Corollary 3.19 and Theorem 3.1, we have the Holder
inequality for S-evaluator.

Corollary 3.22. Let (X, F, u) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If S is a
continuous t-conorm and ¢ is continuous S-evaluator on X such that ¢(x) > x, then the inequality

(9 [ stor).o@an) < s(w((@ / fpdu>’1’>,<,o((<5) / g“du>>}1> (3.17)

holds for any A€ F and p,q > 1.

4. On reverse previous inequalities
In this section, we provide reverse previous inequalities for Sugeno integral.

Theorem 4.1. Fix a nonadditive measurable space (X, F, [t). Let a continuous non-decreasing ¢:[0,00] — [0, o] satisfying ¢p(x) < x
(or equivalently, composite ¢(¢p(x)) < @(x)) for all x € [0, ] and a non-decreasing n-place function H:[0,cc]" — [0, 0o] such that
H be continuous and bounded from above by minimum be given. Then for any system Uy, ...,U,:[0,00] — [0,00] of continuous
strictly increasing functions and any comontone system f,f>,...,f, from F. (X) it holds

U () [ uttoh).....otndn) = H{o(r () [ viidn) )0 (0! (1) [ tiian)) ). (1)

where U =min(U;, Uy, ..., Uy,).

Proof. Let (S) [, Ux(fi)du = p, for any k=1,...,n and let T={k|p; = oo, i=1,...,n}. Three cases can be considered: (Case 1)
Suppose that T = n, then py = co for any k=1,...,n. Then for any M

AN (xlfi(x) > M)) = .

Since @:[0,00] — [0,00] is continuous and non-decreasing such that ¢(x)<x for all x € [0,00], by comonotonicity of
f1.f2,. . ..fa and the monotonicity of H we have
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) = UH(@M),...,oM)))}) = wAN{XIH(@(f), ... @(fa)) = H(@M),...,p(M))})

> AN = M})AM(AH{lez =>Mb) A AUAN{Xfa > M}) = UHM,....M))
= UH(eM), ..., p(M)))}.

HANXUH @), -, @)

Then, Theorem 2.3(i) implies that
U () [ U@ o) > Hip(M)..... (M),
Letting M — oo, by the continuity of H and ¢, we get the desired inequality (4.1).
(Case 2) Suppose that 0 < T < n, then there exist
{klpy =00, k=1,...,n}.

Without loss of generality, in this case we can assume that, T=1 and the other subcases can be proved similarly. For exam-
ple, let (S) f, Ui (fi)du = oo and (S) [, U,(f;)d = Uy(p,) < oo, 1 =2,...,n, for some p, then

WAN{Kf, > p,}) > Urlp,) and  u(An {x[fy(x) > M}) = oo for any M.
Thus the monotonicity of H and the comonotonicity of fi,fs,...,f, imply that

RANKHQ). @), ... 0(f) = H@M), @(D,).... ¢(P,)}) = AN {xlfi(x) > M} {x[fp(x)
= Py} NN AXIfa(x) = py}) = AN {XII(X) = M) A p({xlf2(x)
= Pa}) A A PRI (X) = po}) = Ua(py) AUs(p3) A+ AUn(Py)-

Therefore
UH(eM), ¢(p2), @(P3), - -, @(Pn)))

S) | UH 1 >

( )/A (U 00) ( AUx( pz)/\UB(p3) <+ AUn(py) )
< ), @(P3), - ~-7qo(pn)))>

AU(p,) AU(p3) A U(p,)

( <p(p3) L @(Pn))) )
UH

(@(p3)) A= AU(@(Dy))
(@(M), @(D2), @(D3), - - @(Pn))),

ie.,

U’ (<5> / UH(Q(), .. () ) > H(@(M), 0(p,), 9(p3). ... P(py)).

Letting M — oo, by the continuity of H and ¢, we get the desired inequality (4.1).
(Case 3) Suppose that T=0, then py < oo for any k=1,...,n. Let (S) [, Ux(fy)du = Uy (py) < oc for any k=1,...,n and some
Px- By Theorem 2.3(v) we have

AN {Xfi(x) = pe}) = Uk(p) forallk=1,....n

Since ¢ :[0,00] — [0,00] is continuous and non-decreasing such that ¢(x) < x for all x € [0,00], by the monotonicity of H and
comonotonicity of fi,fs,...,f; as well as the fact that H < min we have

RANXH(@(fr)..... () = H@[D1),-...0@a))}) = HAN{XIfi = pi}n{xlfe = po} 00 {xlfu = po})
= uAN{Xlfi = pi}) AAN{XIL = P} A ARAN{XIfo = py})
= Ui(p1) AUa(py) A+ AUn(Pn) = U(py) AU(P) A= AU(p,) = U(H(py, .., by))
= UH(@(D1); -, ¢(Pn)))-

Therefore

u' <(S)/AU(H(w(f])-,-..,<p(fn)))du> > U ' UH(@(py), -, @) A AN {XIH(@(f), .., 0 (fa))
H(@@,),...,0m) ] = U [UH@(Dy), -, @) AUH(@D,), ..., 9(y)))

>
~H(@(py).---.p(pu) =H (o (U7’ @A’ U](fl)du>),--.,
<0 (U, (9 [ Uratn) ) )
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Hence, (4.1) is valid and the theorem is proved. O

Remark 4.2. Let n =2, ¢(x)=x and U(x) = U;(x) = Uy(x) = x. Then, we can use the same examples in [15] to show the neces-
sities of H < min and the comonotonicity of fi, f>, and so we omit them here.

The following example shows that ¢(x) < x (or equivalently, composite ¢(¢p(x)) < ¢(x)) for all x € [0,00] in Theorem 4.1 is
inevitable.

Example 4.3. Let X € [0,]], f1(x) =x, f,(x) =3, @(x) = vx, U(x) =U;(x) = Ux(x) = x and H(x,y)=x-y. If the nonadditive
measure p is defined as p(A) = m(A), where m denotes the Lebesgue measure on R, then

(S)/Ol(q)(ﬂ) x @(f2))dp = 0.30902, (p<(5)/01f1 du) :% and (p<(5)/01f2 du> = \/;

But

0.30902 = (S) (/0'1 H(o(fy), o(f2))du < H(q) ((5) '/O]fldu> , (p<(5) ./Ollfz du>> =0.35355,

which violates Theorem 4.1.

Corollary 4.4. Fix a nonadditive measurable space (X, F, p). Let a non-decreasing n-place function H: [0, cc]" — [0, oo] such that H

be continuous and bounded from above by minimum be given. Then for any system U;, ..., U, :[0,00] — [0, 0] of continuous strictly
increasing functions and any comontone system f1,f5,...,f, from F,(X) it holds
U () [ UG- fpdn) = H(U3 () [ viodn).eon 0 () [ Unthodi) ) (42)

where U=min(U;, Uy, ..., Upy).

Corollary 4.5. Let i be an arbitrary nonadditive measure and % : [0,c0F — [0, 0] be continuous and nondecreasing in both argu-
ments and bounded from above by minimum. And let U;, U,:[0,00] — [0,00] be continuous strictly increasing functions. If
f.g € F.(X) are comonotone, then the inequality

U () [ v x i) = v () [ vinrd) % U (5) [ vairien) 43)
holds where U = min(U;, U,).
Corollary 4.6 [2]. Let u be an arbitrary nonadditive measure and % :[0,c0F — [0, 0] be continuous and nondecreasing in both

arguments and bounded from above by minimum. And let ¢:[0,0c) — [0,00) be continuous and strictly increasing functions. If
f.g € F.(X) are comonotone, then the inequality

0 () [ ot x2idn) = 07 (15 [ odn) 07 (15) [ oterdn) (44)

holds.

Remark 4.7. In [2], it also requires that (S) [, ¢(f)du < co and (S) [, ¢(g)du < oco. But, as is shown in Theorem 4.1, this con-
dition can be abandoned.

Corollary 4.8 [18]. Let f,g € F.(X) and p be an arbitrary nonadditive measure. And let % :[0,c0]? — [0, c0] be continuous and
nondecreasing in both arguments and bounded from above by minimum. If f, g are comonotone, then the inequality

1

(9] (f*g)sduf > () [ pan) x(6) | ngu)é (45)

holds for all 0<'s < oo.

Corollary 4.9 [15]. Let f,g € F.(X) and p be an arbitrary nonadditive measure. And let % :[0,c0]? — [0, c0] be continuous and
nondecreasing in both arguments and bounded from above by minimum. If f, g are comonotone, then the inequality
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© [ x> () [ rau)* () [ zan) (46)

holds.
By Corollary 4.5 and Theorem 3.1, we have the following corollary.

Corollary 4.10. Let f, g:X — [0,1] and u be an arbitrary nonadditive measure. And let %:[0,1]° — [0,1] be continuous and
nondecreasing in both arguments and bounded from above by minimum. If f, g are comonotone, then the inequality

1 1

S [ xedn= () [ pan) * () [ gan) 47)

holds for all p, q < 1.
Now, we construct some extensions of reverse previous integral inequalities for Sugeno integral and relate them to T-
evaluators.

Theorem 4.11. Let a fixed k € (0,00). And let a continuous non-decreasing ¢ :[0,k] — [0,k] satisfying ¢(x) < x (or equivalently,
composite ¢(@(x)) < ¢(x) ) for all x € [0,k] and a non-decreasing n-place function H:[0,c0]" — [0, oo] such that H be continuous
and bounded from above by minimum be given. Then for any system U; . ,U,:[0,00] — [0,] of continuous strictly increasing
functions and any comontone system fi,f5,.. .,fa from F(X) and any nonadditive measure p it holds

U () [ v odn) = H{o (" (1 [ vitodn) )0 (U () [ Uatidn) ). (48)

where U =min(U;, U, ..., Uy).
Proof. This is similar to the proof of Theorem 4.1 (case 3). O

Corollary 4.12 [3]. Let a fixed k € (0,00). For any continuous and non-decreasing ¢ :[0,k] — [0, k] satisfying ¢(x) < x for all x €
[0,k] and any non-decreasing n-place function H:[0,00)" — [0,00) such that H be continuous and bounded from above by mini-
mum and any comonotone system f1,f5,...,f, from F(X) and any nonadditive measure p it holds

S [ H@h).0E).....o6dn > H(o () [hdn).o( [ fdn)....co(s) [ ) 49

Remark 4.13. If H(k,...,k) = k, then the function H required in Corollary 4.12 is a conjunctive (continuous) aggregation func-
tion on [0, k], compare [10]. Typical examples of such functions on [0, 1] interval, i.e., if k = 1, are (continuous) t-norms, cop-
ulas, quasi-copulas, etc. Note also that the function ¢ required in Corollary 4.12 can be seen as a (contracting) transformation
of the scale [0,k].

Corollary 4.14. Let (X, F, 1) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. And let
U;,U;:[0,00] — [0,00] be continuous strictly increasing functions. If T is a continuous t-norm and ¢ is continuous T-evaluator
on X such that ¢(x) < x, then the inequality

U (1) [ v, e@ndn) = 1(o (U0 [ )0 (v [ vaedn ) (4.10)

holds for any A € F, where U =min(Uy, U,).
Specially, when U;(x) = U(x) = x° for all s > 0, we have the Minkowski inequality for T-evaluator.

Corollary 4.15. Let (X, F, u) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If T is a
continuous t-norm and ¢ is continuous T-evaluator on X such that ¢(x) < x, then the inequality

(9] <T<<p(f>,<p<g>)fclu)§ > T(m(m [rawt)o(( [ gfdu)f) (4.11)

holds for any A € F and 0 <s < co.
Again, we get an inequality related to the Chebyshev type for T-evaluator whenever s = 1.
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Corollary 4.16 [3]. Let (X, F, u) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If T is
a continuous t-norm and ¢ is continuous T-evaluator on X such that ¢(x) < x, then the inequality

(9 [ 0. 0@idn) =1(o( [ fa1).0( [ zdn)) (4.12)

holds for any A € F.
And, by Corollary 4.14 and Theorem 3.1, we have the following corollary.

Corollary 4.17. Let (X, F, 1) be a nonadditive measure space and f,g:X — [0, 1] two comonotone measurable functions. If T is a
continuous t-norm and ¢ is continuous T-evaluator on X such that ¢(x) < x, then the inequality

(19 [ 100 0t@ndn) = (o () [ fpdu)’l’ (s g"dﬂ>>; (4.13)

holds for any Ae F and p, q< 1.

5. Conclusion

In this paper, we have investigated strengthened versions of the Minkowski, Chebyshev, Jensen and Holder type inequal-
ities for Sugeno integrals and we have related them to T-evaluators and S-evaluators. As an interesting open problem for
further investigation we pose the generalization of equality (2.3) for n-ary case. To be more precise, it is worth studying
the case when the inequalities (3.4) and/or (4.1) became equalities, independently of incoming functions fi,...,f.
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