Information Sciences 187 (2012) 171–178

Contents lists available at SciVerse ScienceDirect

Information Sciences
journal homepage: www.elsevier.com/locate/ins

General Chebyshev type inequalities for universal integral
Hamzeh Agahi a,b, Radko Mesiar c,d, Yao Ouyang e, Endre Pap f,g,⇑, Mirjana Strboja f
a
Department of Statistics, Faculty of Mathematics and Computer Science, Amirkabir University of Technology (Tehran Polytechnic), 424, Hafez Ave.,
Tehran 15914, Iran
b
Statistical Research and Training Center (SRTC), Tehran, Iran
c
Department of Mathematics and Descriptive Geometry, Faculty of Civil Engineering, Slovak University of Technology, SK-81368 Bratislava, Slovakia
d
Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Pod vodarenskou vezi 4, 182 08 Praha 8, Czech Republic
e
Faculty of Science, Huzhou Teacher’s College, Huzhou, Zhejiang 313000, People’s Republic of China
f
Department of Mathematics and Informatics, Faculty of Sciences and Mathematics, University of Novi Sad, Trg Dositeja Obradovica 4, 21000 Novi Sad, Serbia
g
Óbuda University, Becsi út 96/B, H-1034 Budapest, Hungary

a r t i c l e

i n f o

Article history:
Received 15 April 2010
Received in revised form 9 October 2011
Accepted 18 October 2011
Available online 25 October 2011
Keywords:
Nonadditive measure
Universal integral
Seminormed fuzzy integral
Chebyshev’s inequality
Minkowski’s inequality
Comonotone functions

a b s t r a c t
A new inequality for the universal integral on abstract spaces is obtained in a rather general form. As two corollaries, Minkowski’s and Chebyshev’s type inequalities for the universal integral are obtained. The main results of this paper generalize some previous results
obtained for special fuzzy integrals, e.g., Choquet and Sugeno integrals. Furthermore,
related inequalities for seminormed integral are obtained.
Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction
In the ﬁeld of fuzzy measure theory, the Sugeno integral [30], see [23,32], has been the ﬁrst integral proposed to compute
an average value of some function with respect to a fuzzy measure, and early applications of fuzzy measures in multicriteria
evaluation were based on this integral. Many authors generalized Sugeno and Choquet integrals by using some other operations to replace the special operation(s) ^ and/or _ (see, e.g., [16,19,29,31]). In the paper [29], Suárez and Gil presented two
families of fuzzy integrals, the so-called seminormed fuzzy integrals and semiconormed fuzzy integrals.
The Choquet integral (see [7,9,15,23]) and the Sugeno integral provide a useful tool in many problems in engineering and
social choice where the aggregation of data is required. However, their applicability is restricted because of the special operations used in the construction of these integrals. Therefore, Klement et al. [14] provided a universal integral generalizing
both the Choquet and the Sugeno case.
The study of inequalities for Sugeno integral was initiated by Román-Flores et al. [11,26], and then followed by many
authors (see [1,2,4,11,18,20,21]). In [11], a fuzzy Chebyshev inequality for a special case was obtained which has been
generalized by Ouyang et al. [20]. Furthermore, Chebyshev type inequalities for comonotone functions and arbitrary fuzzy
measure-based Sugeno integral on an arbitrary measurable space were proposed in a rather general form by Mesiar and
⇑ Corresponding author at: Department of Mathematics and Informatics, Faculty of Sciences and Mathematics, University of Novi Sad, Trg Dositeja
Obradovica 4, 21000 Novi Sad, Serbia. Tel.: +381 21 47 22188.
E-mail addresses: h_agahi@aut.ac.ir (H. Agahi), mesiar@math.sk (R. Mesiar), oyy@hutc.zj.cn (Y. Ouyang), pape@eunet.rs (E. Pap), mirjana.strboja@
dmi.uns.ac.rs (M. Strboja).
0020-0255/$ - see front matter Ó 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.ins.2011.10.016

172

H. Agahi et al. / Information Sciences 187 (2012) 171–178

Ouyang [18]. Recently, Ouyang and Mesiar [22] presented a Chebyshev type inequality for the seminormed fuzzy integrals.
There were investigated inequalities also with respect to pseudo-integrals based on a special type of nonadditive measures,
so called pseudo-additive measures, see [3,25].
The aim of this contribution is to generalize the Chebyshev type inequalities to the frame of the universal integral on abstract
spaces. In general, any integral inequality can be a very strong tool for applications. In particular, when we think of an integral
operator as a predictive tool then an integral inequality can be very important in measuring and dimensioning such a process.
The paper is organized as follows. In the next section, we brieﬂy recall some preliminaries and summarize some previous
known results. In Section 3, we focus on a new type inequality for the universal integral and then the Minkowski and the
Chebyshev type inequalities are deduced as its corollaries. Section 4 includes a reverse inequality for semiconormed fuzzy
integrals. Finally, some concluding remarks are given.
2. Universal integral
In this section, we are going to review some well known results on universal integral (see [14]), and related notions and
notations used in this paper.
Deﬁnition 2.1 ([14,23,30]). A monotone measure m on a measurable space ðX; AÞ is a function m : A ! ½0; 1 satisfying
(i) m(£) = 0,
(ii) m(X) > 0,
(iii) m(A) 6 m(B) whenever A # B.
Normed monotone measures on ðX; AÞ, i.e., monotone measures satisfying m(X) = 1, are also called fuzzy measures (see
[12,30,32]).
Let X be a non-empty set and A a r-algebra of subsets of X. Then ðX; AÞ is a measurable space and a function f : X ? [0, 1]
is called A-measurable if, for each B 2 Bð½0; 1Þ, the r-algebra of Borel subsets of the interval [0, 1], the preimage f1(B) is an
element of A.
Deﬁnition 2.2 [14]. Let ðX; AÞ be a measurable space.
(i) F ðX;AÞ is the set of all A -measurable functions f : X ? [0, 1];
(ii) For each number a 20; 1, MðX;AÞ
is the set of all monotone measures (in the sense of Deﬁnition 2.1) satisfying
a
m(X) = a; and we take

MðX;AÞ ¼

[

MðX;AÞ
:
a

a20;1

Let S be the class of all measurable spaces, and take

D½0;1 ¼

[

MðX;AÞ  F ðX;AÞ :

ðX;AÞ2S

The Choquet [7], Sugeno [30] and Shilkret [28] integrals (see also [6,17,23,24]), respectively, are deﬁned, for any measurable
space ðX; AÞ, for any measurable function f 2 F ðX;AÞ and for any monotone measure m 2 MðX;AÞ ,i.e., for any ðm; f Þ 2 D½0;1 ; by

Chðm; f Þ ¼

Z

1

mðff P tgÞdt;

ð2:1Þ

0

Suðm; f Þ ¼ sup fminðt; mðff P tgÞÞjt 20; 1Þg;

ð2:2Þ

Shðm; f Þ ¼ sup ft  mðff P tgÞjt 20; 1Þg;

ð2:3Þ

where the convention 0  1 = 0 is used. All these integrals map MðX;AÞ  F ðX;AÞ into [0, 1] independently of ðX; AÞ. We remark
that ﬁxing an arbitrary m 2 MðX;AÞ , they are non-decreasing functions from F ðX;AÞ into [0, 1], and ﬁxing an arbitrary f 2 F ðX;AÞ ,
they are non-decreasing functions from MðX;AÞ into [0, 1].
We stress the following important common property for all three integrals from (2.1)–(2.3). Namely, these integrals do
not make differences between the pairs ðm1 ; f1 Þ; ðm2 ; f2 Þ 2 D½0;1 , which satisfy, for all t2]0, 1],

m1 ðff1 P tgÞ ¼ m2 ðff2 P tgÞ:
Therefore, such equivalence relation between pairs of measures and functions was introduced in [14].
Deﬁnition 2.3. Two pairs ðm1 ; f1 Þ 2 MðX 1 ;A1 Þ  F ðX 1 ;A1 Þ and ðm2 ; f2 Þ 2 MðX 2 ;A2 Þ F ðX 2 ;A2 Þ satisfying

m1 ðff1 P tgÞ ¼ m2 ðff2 P tgÞ for all t 20; 1;
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will be called integral equivalent, in symbols

ðm1 ; f1 Þ  ðm2 ; f2 Þ:
To introduce the notion of the universal integral we shall need instead of the usual plus and product more general real
operations.
Deﬁnition 2.4 ([23,31]). A function  : [0, 1]2 ? [0, 1] is called a pseudo-multiplication if it satisﬁes the following
properties:
(i) it is non-decreasing in each component, i.e., for all a1, a2, b1, b2 2 [0, 1] with a1 6 a2 and b1 6 b2 we have
a1  b1 6 a2  b2;
(ii) 0 is an annihilator of, i.e., for all a 2 [0, 1] we have a  0 = 0  a = 0;
(iii) has a neutral element different from 0, i.e., there exists an e2]0, 1] such that, for all a 2 [0, 1], we have
a  e = e  a = a.
Restricting to the interval [0, 1] a pseudo-multiplication and a pseudo-addition with additional properties of associativity
and commutativity can be considered as the t-norm T and the t-conorms S (see [13]), respectively.
For a given pseudo-multiplication  on [0, 1], we suppose the existence of a pseudo-addition  : [0, 1]2 ? [0, 1] such
that it is continuous, associative, non-decreasing and has 0 as neutral element (the commutativity of  follows, see [13]),
and which is left-distributive with respect to  i.e., for all a,b, c 2 [0, 1] we have (a  b)  c = (a  c)  (b  c). The pair
(, ) is then called an integral operation pair, see [6,14].
Each of the integrals mentioned in (2.1)–(2.3) maps D½0;1 into [0, 1] and their main properties can be covered by the following common integral given in [14].
Deﬁnition 2.5. A function I : D½0;1 ! ½0; 1 is called a universal integral if the following axioms hold:
(I1) For any measurable space ðX; AÞ, the restriction of the function I to MðX;AÞ  F ðX;AÞ is non-decreasing in each
coordinate;
(I2) there exists a pseudo-multiplication  : [0, 1]2 ? [0, 1] such that for all pairs ðm; c  1A Þ 2 D½0;1 (where 1A is the characteristic function of the set A)

Iðm; c  1A Þ ¼ c  mðAÞ;
(I3) for all integral equivalent pairs ðm1 ; f1 Þ; ðm2 ; f2 Þ 2 D½0;1 we have

Iðm1 ; f1 Þ ¼ Iðm2 ; f2 Þ:
By Proposition 3.1 from [14] we have the following important characterization.
Theorem 2.6. Let  : [0, 1]2 ? [0, 1] be a pseudo-multiplication on [0, 1]. Then the smallest universal integral I and the greatest
universal integral I based on  are given by

I ðm; f Þ ¼ supft  mðff P tgÞjt 20; 1Þg;
I ðm; f Þ ¼ essupm f  sup fmðff P tgÞjt 20; 1Þg;
where essupmf = sup{t 2 [0, 1]jm({f P t}) > 0}.
Specially, we have Su = IMin and Sh = IProd, where the pseudo-multiplications Min and Prod are given by Min(a, b) = min(a, b) and Prod(a, b) = a  b. There is neither a smallest nor a greatest pseudo-multiplication on [0, 1]. But, if we ﬁx a neutral
element e2]0, 1], then the smallest pseudo-multiplication e with neutral element e is given by

ae b ¼

8
>
<

0

if ða; bÞ 2 ½0; e½2 ;

maxða; bÞ if ða; bÞ 2 ½e; 12 ;
>
:
minða; bÞ
otherwise:

Then by Proposition 3.2 from [14] there exists the smallest universal integral Ie among all universal integrals satisfying the
conditions
(i) for each m 2 MðX;AÞ
and each c 2 [0, 1] we have I(m, c  1X) = c,
e
(ii) for each m 2 MðX;AÞ and each A 2 A we have I(m, e  1X) = m(A), given by

Ie ðm; f Þ ¼ maxðmðff P egÞ; essinf m f Þ;
where essinfmf = sup{t 2 [0, 1]jm({f P t}) = e}.
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Restricting now to the unit interval [0, 1] we shall consider functions f 2 F ðX;AÞ satisfying Ran(f) # [0, 1], and then we shall
ðX;AÞ
write f 2 F ½0;1 . In this case we have the restriction of pseudo-multiplications  to [0, 1]2 (called a semicopula or a conjunctor, i.e., a binary operation ~ : [0, 1]2 ? [0, 1] which is non-decreasing in both components, has 1 as neutral element and satisﬁes a ~ b 6 min(a, b) for all (a, b) 2 [0, 1]2, see [5,10]), and universal integrals are restricted to the class
S
ðX;AÞ
ðX;AÞ
D½0;1 ¼ ðX;AÞ2S M1
 F ½0;1 . In a special case, for a ﬁxed strict t-norm T, the corresponding universal integral IT is the
so-called Sugeno–Weber integral [33]. The smallest universal integral I~ on the [0, 1] scale related to the semicopula ~ is
given by ([14])

I~ ðm; f Þ ¼ supft~mðff P tgÞjt 2 ½0; 1Þg:
This type of integral was called seminormed integral in [29].
3. Chebyshev’s inequality for universal integral
In this section we will prove ﬁrst the main theorem, and then the Minkowski and Chebyshev type inequalities appear as
its corollaries.
We shall need the following important property of a pair of functions, see [8,9,23].
Deﬁnition 3.1. Functions f ; g : X ! R are said to be comonotone if for all x, y 2 X,

ðf ðxÞ  f ðyÞÞðgðxÞ  gðyÞÞ P 0
and f and g are said to be countermonotone if for all x, y 2 X,

ðf ðxÞ  f ðyÞÞðgðxÞ  gðyÞÞ 6 0:
The comonotonicity of functions f and g is equivalent to the nonexistence of points x, y 2 X such that f(x) < f(y) and
g(x) > g(y). Similarly, if f and g are countermonotone then f(x) < f(y) and g(x) < g(y) cannot happen.
Theorem 3.2. Let w : [0, 1[2 ? [0, 1[ be continuous and nondecreasing in both arguments and u : [0, 1[?[0, 1[ be continuous
and strictly increasing function. Let f ; g 2 F ðX;AÞ be two comonotone measurable functions and e : [0, 1]2 ? [0, 1] be the smallest
pseudo-multiplication on [0, 1] with neutral element e 2 ]0, 1] and m 2 MðX;AÞ be a monotone measure such that Ie ðm; uðf ÞÞ
and Ie ðm; uðgÞÞ are ﬁnite. If

u1 ððuðaHbÞe cÞÞ P ðu1 ððuðaÞe cÞÞHbÞ _ ðaHu1 ððuðbÞe cÞÞÞ;

ð3:1Þ

then the inequality

u1 ðIe ðm; uðf HgÞÞÞ P u1 ðIe ðm; uðf ÞÞÞHu1 ðIe ðm; uðgÞÞÞ

ð3:2Þ

holds.
Proof. . Let e 2 ]0, 1] be the neutral element of e. If Ie ðm; uðf ÞÞ ¼ uðaÞ < 1 and Ie ðm; uðgÞÞ ¼ uðbÞ < 1, then
t  em({u(f) P t}) 6 u(a) and t  em({u(g) P t}) 6 u(b) for all t 2 ]0, 1]. Thus, for any e > 0, there exist u(ae) and u(be) such
that

mðfuðf Þ P uðae ÞgÞ ¼ mðff P ae gÞ ¼ a1 ;
mðfuðgÞ P uðbe ÞgÞ ¼ mðfg P be gÞ ¼ b1 ;
where u(ae)  ea1 P u(a  e) and u(be)  eb1 P u(b  e). The fact of {f P ae} \ {g P be}
onicity of f, g imply that m({f w g P ae w be}) P a1 ^ b1. Hence by (3.1)

{f w g P ae w be} and the comonot-

u1 ðIe ðm; uðf HgÞÞÞ ¼ u1 ðsupfte mðfuðf HgÞ P tgÞjt 20; 1ÞgÞ P u1 ðuðae Hbe Þe ða1 ^ b1 ÞÞ
¼ u1 ððuðae Hbe Þe a1 ÞÞ ^ u1 ðuðae Hbe Þe b1 Þ P ðu1 ðuðae Þe a1 ÞHbe Þ ^ ðae Hu1 ðuðbe Þe b1 ÞÞ
P ðða  eÞHbe Þ ^ ðae Hðb  eÞÞ P ða  eÞHðb  eÞ;
whence u1 ðIe ðm; uðf HgÞÞÞ P aHb ¼ u1 ðIe ðm; uðf ÞÞÞHu1 ðIe ðm; uðgÞÞÞ follows from the continuity of w and the arbitrariness of e. h
Let u(x) = xs for all s > 0. Then we obtain an inequality related to Minkowski type for universal integral.
Corollary 3.3. Let f ; g 2 F ðX;AÞ be two comonotone measurable functions and e : [0, 1]2 ? [0, 1] be the smallest pseudomultiplication on [0, 1] with neutral element e 2 ]0, 1] and m 2 MðX;AÞ be a monotone measure such that Ie ðm; f s Þ and Ie ðm; g s Þ
are ﬁnite. Let w : [0, 1[2 ? [0, 1[ be continuous and nondecreasing in both arguments. If
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1
1
1
s
ððaHbÞs e cÞ s P ðas e cÞ s Hb _ aHðb e cÞ s ;
then the inequality
1

1

1

ðIe ðm; ðf HgÞs ÞÞ s P ðIe ðm; f s ÞÞ s HðIe ðm; g s ÞÞ s

holds for all s > 0.
Again, we get the Chebyshev type inequality whenever s = 1.
Corollary 3.4. Let f ; g 2 F ðX;AÞ be two comonotone measurable functions and e : [0, 1]2 ? [0, 1] be the smallest pseudomultiplication on [0, 1] with neutral element e 2 ]0, 1] and m 2 MðX;AÞ be a monotone measure such that Ie ðm; f Þ and Ie ðm; gÞ
are ﬁnite. Let w : [0, 1[2 ? [0, 1[ be continuous and nondecreasing in both arguments. If

ðaHbÞe cÞ P ½ðae cÞHb _ ½aHðbe cÞ;
then the inequality

Ie ðm; ðf HgÞÞ P Ie ðm; f ÞHIe ðm; gÞ
holds.
Notice that when working on the unit interval [0, 1] in Theorem 3.2, we mostly deal with e = 1, and then  = ~ is a semicopula (t-seminorm), implying the following result.
ðX;AÞ

Corollary 3.5. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing
in both arguments and u : [0, 1] ? [0, 1] be continuous and strictly increasing function. If the semicopula ~ satisﬁes

u1 ððuðaHbÞ~cÞÞ P ðu1 ððuðaÞ~cÞÞHbÞ _ ðaHu1 ððuðbÞ~cÞÞÞ;
then the inequality

u1 ðI~ ðm; uðf HgÞÞÞ P u1 ðI~ ðm; uðf ÞÞÞHu1 ðI~ ðm; uðgÞÞÞ
ðX;AÞ

holds for any m 2 M1 .
Let u(x) = xs for all 0 < s < 1. Then we get the reverse Minkowski type inequality for seminormed fuzzy integrals.
ðX;AÞ

Corollary 3.6. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing
in both arguments. If semicopula ~ satisﬁes


 

1
1
1
s
ððaHbÞs ~cÞ s P ðas ~cÞ s Hb _ aHðb ~cÞ s ;
then the inequality
1

1

1

ðI~ ðm; ðf HgÞs ÞÞ s P ðI~ ðm; f s ÞÞ s HðI~ ðm; g s ÞÞ s
ðX;AÞ

holds for any m 2 M1
and for all 0 < s < 1.
Again, we get the Chebyshev type inequality for t-seminormed fuzzy integrals whenever s = 1 [22].
ðX;AÞ

Corollary 3.7. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing
in both arguments. If semicopula ~ satisﬁes

ðaHbÞ~c P ðða~cÞHbÞ _ ðaHðb~cÞÞ;
then the inequality

I~ ðm; ðf HgÞÞ P I~ ðm; f ÞHI~ ðm; gÞ
ðX;AÞ

holds for any m 2 M1

.

Remark 3.8. We can use an example from [22] to show that the condition

ðaHbÞ~c P ðða~cÞHbÞ _ ðaHðb~cÞÞ
in Corollary 3.7 (and thus in Theorem 3.2) cannot be abandoned, and so we omit it here.
Let V, U : [0, 1]2 ? [0, 1] be two binary operations. Recall that V dominates U (or U is dominated by V), denoted by V

U, if

VðUða; bÞ; Uðc; dÞÞ P UðVða; cÞ; Vðb; dÞÞ
holds for any a, b, c, d 2 [0, 1]. For a deeper investigation of complete domination of aggregation functions the reader is
referred to [27].
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Notice that if the semicopula (t-seminorm) ~ is minimum (i.e., for Sugeno integral) and w is bounded from above by minimum and u is a continuous and strictly increasing function, then w is dominated by minimum. Therefore the following results hold.
ðX;AÞ

Corollary 3.9 [2]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and
nondecreasing in both arguments and bounded from above by minimum and u : [0, 1] ? [0, 1] be continuous and strictly increasing
function. Then the inequality

u1 ðSuðm; uðf HgÞÞÞ P u1 ðSuðm; uðf ÞÞÞHu1 ðSuðm; uðgÞÞÞ
ðX;AÞ

holds for any m 2 M1

.
ðX;AÞ

Corollary 3.10 [21]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing in both arguments and bounded from above by minimum. Then the inequality
1

1

1

ðSuðm; ðf HgÞs ÞÞ s P ðSuðm; f s ÞÞ s HðSuðm; g s ÞÞ s
ðX;AÞ

holds for any m 2 M1

and for all 0 < s < 1.
ðX;AÞ

Corollary 3.11 [18]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing in both arguments and bounded from above by minimum. Then the inequality

Suðm; f HgÞ P Suðm; f ÞHSuðm; gÞ
ðX;AÞ

holds for any m 2 M1

.

4. A reverse inequality for semiconormed fuzzy integrals
If we take T a t-seminorm and S its dual t-semiconorm, S(x, y) = 1  T(1  x, 1  y) and m a normed fuzzy measure, i.e.,
satisfying m(X) = 1 (see [12,30,32]), then

ðIT ðf ; mÞÞd ¼ 1  IT ð1  f ; mÞ ¼ IS ðf ; md Þ;
where the dual fuzzy measure md is given by

md ðAÞ ¼ 1  mðX  AÞ
and thus by the duality, all results for t-seminormed integrals can be transformed into results for t-semiconormed integrals.
We get the following theorem with an analogous proof as the proof of Theorem 3.2.
ðX;AÞ

Theorem 4.1. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing
in both arguments and u : [0, 1] ? [0, 1] be continuous and strictly increasing function. If the t-semiconorm S satisﬁes

u1 ðSðuðaHbÞ; cÞÞ 6 ðu1 ðSðuðaÞ; cÞÞHbÞ ^ ðaHu1 ðSðuðbÞ; cÞÞÞ;
then the inequality

u1 ðIS ðm; uðf HgÞÞÞ 6 u1 ðIS ðm; uðf ÞÞÞHu1 ðIS ðm; uðgÞÞÞ
ðX;AÞ

holds for any m 2 M1

.

Let u(x) = xk for all 0 < k < 1, then we get the Minkowski inequality for semiconormed fuzzy integrals (if k = 1, then we
have the reverse Chebyshev inequality for semiconormed fuzzy integrals [22]).
ðX;AÞ

Corollary 4.2. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing
in both arguments. If the t-semiconorm S satisﬁes


 

1
1
1
k
ðSððaHbÞk ; cÞÞk 6 ðSðak ; cÞÞk Hb ^ aHðSðb ; cÞÞk ;
then the inequality
1

1

1

ðIS ðm; ðf HgÞk ÞÞk 6 ðIS ðm; f k ÞÞk HðIS ðm; g k ÞÞk
ðX;AÞ

holds for any m 2 M1

and for all 0 < k < 1.

Notice that if the t-semiconorm S is maximum (i.e., for Sugeno integral) and w is bounded from below by maximum and u
be a continuous and strictly increasing function, then S is dominated by w. Thus the following results hold.
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ðX;AÞ

Corollary 4.3 [2]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and
nondecreasing in both arguments and bounded from below by maximum and u : [0, 1] ? [0, 1] be a continuous and strictly
increasing function. Then the inequality

u1 ðSuðm; uðf HgÞÞÞ 6 u1 ðSuðm; uðf ÞÞÞHu1 ðSuðm; uðgÞÞÞ
ðX;AÞ

holds for any m 2 M1

.
ðX;AÞ

Corollary 4.4 [1]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing in both arguments and bounded from below by maximum. Then the inequality
1

1

1

ðSuðm; ðf HgÞk ÞÞk 6 ðSuðm; f k ÞÞk HðSuðm; g k ÞÞk
ðX;AÞ

holds for any m 2 M1

and for all 0 < k < 1.
ðX;AÞ

Corollary 4.5 [22]. Let f ; g 2 F ½0;1 be two comonotone measurable functions. Let w : [0, 1]2 ? [0, 1] be continuous and nondecreasing in both arguments and bounded from below by maximum. Then the inequality

Suðm; ðf HgÞÞ 6 Suðm; f ÞHSuðm; gÞ
ðX;AÞ

holds for any m 2 M1

.

5. Conclusion
We have proved a new general inequality for the universal integral. As two corollaries, Minkowski’s and Chebyshev’s type
inequalities for the universal integral are obtained, covering in special cases many inequalities for Choquet, Sugeno and
seminormed integrals, some of them proved in recent papers. For further investigation, it would be a challenging problem
to determine the conditions under which (3.2) becomes an equality.
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