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1. Introduction

In this contribution, we restrict ourselves to a fixed finite space
X = {1, . . . ,n}, and we will deal with functions from X to [0,1] which
we identify with n-dimensional vectors x = (x1, . . . ,xn). From the
application point of view, we can look at x as a score vector of some
alternative characterized by n criteria. To be able to decide which
of the alternatives described by the score vectors x and y, respec-
tively, is to be preferred, a typical approach is to evaluate both x
and y by means of some utility function U.

The utility function U is often constructed from a boolean utility
function B acting on x 2 {0,1}n. However, each such boolean utility
function B can be seen as a capacity m : 2X ? [0,1], m(E) = B(1E).
Typical extension approaches are related to integration, i.e.,
U(x) = I(m,x), where I(m, �) is some integral on X with respect to
the capacity m.

Another approach is based on some axiomatization (and bool-
ean utility function B). It is well-known that the additivity of the
utility function U : [0,1]n ? [0,1] is related to the application of
Lebesgue integral, UðxÞ ¼

R
x dm, and then also the capacity m

should be additive. Putting m({i}) = wi, we obtain the well-known
weighted arithmetic mean, UðxÞ ¼

Pn
i¼1wi � xi.

Our contribution recalls some classes of universal integrals
(including, among others, the Choquet, the Sugeno and the Lebes-
gue integral) and provides corresponding axiomatizations.
ll rights reserved.
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Because of the link to utility functions, we restrict ourselves to
(normed) capacities and to input values from [0,1], although many
integrals mentioned here (including the Choquet and Sugeno inte-
gral) can be considered in a more general (unbounded) framework
[14].

However, we do not consider any further restriction concerning
the underlying capacity, such as additivity or pseudo-additivity,
and thus we will not deal with integrals based on such special
capacities (compare, e.g., [20,22,27]).

The paper is organized as follows. In the following section, the
Choquet and the Sugeno integral as well as their axiomatizations
are summarized. In Section 3, we recall (discrete) copula-based
integrals and some other classes of discrete universal integrals,
including some examples. In Section 4, the axiomatization of these
discrete universal integrals is given. As a special case, symmetric
discrete copula-based universal integrals (generalizing OWA oper-
ators) are discussed.

2. Choquet and Sugeno integrals, and their axiomatization

Though all integrals discussed in this paper can be defined on an
arbitrary measurable space, in this paper we consider (as already
mentioned) the finite space X = {1, . . . ,n} only, equipped with the
r-algebra 2X = {EjE # X}.

Definition 2.1. A capacity on X is a set function m : 2X ? [0,1]
which is non-decreasing, i.e., we have m(E) 6m(F) whenever
E # F # X, and satisfies the boundary conditions m(;) = 0 and
m(X) = 1.

http://dx.doi.org/10.1016/j.knosys.2011.10.015
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Then the Choquet integral [3] of x with respect to a capacity
m : 2X ? [0,1] is defined by

Chðm; xÞ ¼
Z 1

0
mðfijxi P tgÞ dt

¼
Xn

i¼1

xpi
� ðmðfpi; . . . ;pngÞ �mðfpiþ1; . . . ;pngÞÞ; ð1Þ

for some permutation (p1,p2, . . . ,pn) of {1, . . . ,n} satisfying
xp1 6 xp2 6 � � � 6 xpn , where the set {pn+1,pn} occurring in the last
summand is defined to be the empty set ;.

Obviously, we have m(E) = Ch(m,1E) for each E # X. Observe
that if m is additive (i.e., m is a discrete probability measure) then
the Choquet integral coincides with the Lebesgue integral, i.e.,
Chðm;xÞ ¼

R
x dm.

Similarly, the Sugeno integral [26] of x with respect to a capacity
m : 2X ? [0,1] is given by

Suðm;xÞ ¼
_1
t¼0

ðt ^mðfijxi P tgÞÞ ¼
_n
i¼1

ðxpi
^mðfpi; . . . ;pngÞÞ: ð2Þ

Note that we use the symbols ^ and _ in the sense x ^ y =
min(x,y) and x _ y = max(x,y). Clearly, also for the Sugeno integral
we have m(E) = Su(1E) for all E # X.

In what follows, the comonotonicity of score vectors plays a
crucial role.

Definition 2.2 [23]. Let x, y 2 [0,1]n. Then x and y are said to be
comonotone if, for all i, j 2 {1,2, . . . ,n}, we have
(xi � xj) � (yi � yj) P 0.

In other words, for comonotone x, y 2 [0,1]n it is impossible to
have xi > xj and yi < yj. In [23] an axiomatic characterization of the
Choquet integral as a comonotone aggregation function [4,8] was
given.

Definition 2.3

(i) An (n-dimensional) aggregation function is a function
A : [0,1]n ? [0,1] which is non-decreasing in each compo-
nent and satisfies the boundary conditions A(0, . . . ,0) = 0
and A(1, . . . ,1) = 1.

(ii) An aggregation function A : [0,1]n ? [0,1] is said to be
comonotone additive if, for all x, y 2 [0,1]n which are
comonotone and satisfy x + y 2 [0,1]n, we have
Uðxþ yÞ ¼ UðxÞ þ UðyÞ:
Observe that the comonotone additivity of an aggregation func-
tion U implies its positive homogeneity, i.e., U(c � x) = c � U(x) for all
c P 0 and x 2 [0,1]n with c � x 2 [0,1]n.

Proposition 2.4 [23]. Let U : [0,1]n ? [0,1] be an n-ary aggregation
function. Then the following are equivalent:

(i) There is a capacity m : 2X ? [0,1] such that U(�) = Ch(m, �).
(ii) U is comonotone additive.

In the case of Sugeno integral, its axiomatization was given in
[16].

Proposition 2.5 [16]. Let U : [0,1]n ? [0,1] be an n-ary aggregation
function. Then the following are equivalent:

(i) There is a capacity m : 2X ? [0,1] such that U(�) = Su(m, �).
(ii) U is ^-homogeneous and comonotone maxitive, i.e., for each

c 2 [0,1], the constant score vector c = (c, . . . ,c) and all comono-
tone x, y 2 [0,1]n we have
Uðc ^ xÞ ¼ c ^ UðxÞ;
Uðx _ yÞ ¼ UðxÞ _ UðyÞ:
Observe that the comonotone maxitivity of an aggregation
function U does not imply its ^-homogeneity. Note that there are
some alternative axiomatic approaches to the Sugeno integral
(compare [1,16]).

3. Some classes of discrete universal integrals

We briefly recall some classes of discrete universal integrals which
will be characterized in an axiomatic way in Section 4. For functions
with values in the nonnegative real numbers, the concept of a univer-
sal integral which can be defined on arbitrary (not necessarily finite)
measurable spaces and for arbitrary capacities, was introduced
axiomatically and investigated in [14]. It is based on a special type
of binary aggregation function, the so-called semicopula [5].

Definition 3.1. A semicopula is two-dimensional aggregation
function � : [0,1]2 ? [0,1] with neutral element 1.

Given a semicopula �[0,1]2 ? [0,1] and a capacity m: ? [0,1]
we will require that each discrete universal integral acts on
[0,1]n as a special aggregation function.

Definition 3.2. Let � : [0,1]2 ? [0,1] be a semicopula and let
m : 2X ? [0,1] be a capacity on X. A discrete universal integral (based
on �) is an aggregation function I�,m : [0,1]n ? [0,1] such that

(i) for all c 2 [0,1] and all E # X we have I�,m(c � 1E) = c �m(E);
(ii) for all x, y 2 [0,1]n with m({i 2 Xjxi P t}) = m({j 2 Xjyj P t})

for all t 2 [0,1] we have I�,m(x) = I�,m(y).

Note that each discrete universal integral as given in Definition
3.2 is an idempotent aggregation function because of

I�;mðc; c; . . . ; cÞ ¼ I�;mðc � 1XÞ ¼ c �mðXÞ ¼ c � 1 ¼ c:

Observe that if a capacity m assumes values in {0,1} only then
all discrete universal integrals are independent of the semicopula
�, and they correspond to lattice polynomials (compare [15]).
Moreover, the class of discrete universal integrals is convex, i.e.,
for each monotone measure m, for all discrete universal integrals
Ið1Þ�1 ;m

and Ið2Þ�2 ;m
based on the semicopulas �1 and �2, respectively,

and for each k 2 [0,1], also

I�;m ¼ k � Ið1Þ�1 ;m
þ ð1� kÞ � Ið2Þ�2 ;m

is a discrete universal integral based on the semicopula
� = k � �1 + (1 � k) � �2.

3.1. Discrete copula-based universal integrals

Universal integrals (acting on the interval [0,1]) were intro-
duced and discussed in [14]. A special kind of universal integrals
on the scale [0,1] is based on copulas [21,25], compare also [13].

Definition 3.3. A (binary) copula C : [0,1]2 ? [0,1] is a semicopula
which is supermodular, i.e., for all x, y 2 [0,1]2

Cðx _ yÞ þ Cðx ^ yÞP CðxÞ þ CðyÞ: ð3Þ

We are not going into details about universal integrals and
copulas here, we only recall the following important result (see
Remark 5.3, 2 in [14]):

Proposition 3.4 [14]. Let C : [0,1]2 ? [0,1] be a copula and
m : 2X ? [0,1] a capacity, and define KC (m, �) : [0,1]n ? [0,1] by



Fig. 1. Copula-based universal integral KC.
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KCðm; xÞ ¼
Xn

i¼1

Cðxpi
;mðfpi; . . . ;pngÞÞ

� Cðxpi�1
;mðfpi; . . . ;pngÞÞ; ð4Þ

putting xðp0Þ = 0, by convention. Then KC is a discrete universal integral.

Fig. 1 indicates how a copula-based universal integral is com-
puted in the case n = 3:

KCðm; xÞ ¼ Cðxp1 ;1Þ � Cðxp1 ;mðfp2;p3gÞÞ þ Cðxp2 ;mðfp2;p3gÞÞ
� Cðxp2 ;mðfp3gÞÞ þ Cðxp3 ;mðfp3gÞÞ:

It is not difficult to show that also the following formula – which is
equivalent to (4) – holds:

KCðm; xÞ ¼
Xn

i¼1

Cðxpi
;mðfpi; . . . ;pngÞÞ � Cðxpi

;mðfpiþ1; . . . ;pngÞÞ
� �

:

ð5Þ
However, then for the product copula P, P(x,y) = x � y, the formula
(5) turns into (1),

KPðm;xÞ ¼
Xn

i¼1

xpi
� ðmðfpi; . . . ;pngÞ �mðfpiþ1; . . . ;pngÞÞ;

i.e., KP coincides with the Choquet integral Ch. Similarly, for the
greatest copula M given by M(x,y) = x ^ y, formula (5) turns into
(2), and thus KM is just the Sugeno integral Su.

Observe that the class of copulas is convex and, therefore, for
each k 2 [0,1], the function Ck = k � P + (1 � k) �M is a copula. An
immediate consequence is that KCk

¼ k � KP þ ð1� kÞ � KM ¼
k � Chþ ð1� kÞ � Su, i.e., a convex combination of the Choquet and
the Sugeno integral.

Moreover, for each copula C, the function bC : ½0;1�2 ! ½0;1� gi-
ven by bCðx; yÞ ¼ xþ y� 1þ Cð1� x;1� yÞ is also a copula (bC is
called a survival copula [21]). Then we get (see [13])

KbC ðm;xÞ ¼ 1� KCðmd;1� xÞ;

where md : 2X ? [0,1] is the dual capacity of m given by
md(E) = 1 �m(XnE) (in the language of aggregation functions, the
integral KbC with respect to a capacity m is dual to the integral KC

with respect to the dual capacity md). Because of P̂ ¼ P andbM ¼ M we have

Chðm; xÞ ¼ 1� Chðmd;1� xÞ and Suðm; xÞ ¼ 1� Suðmd;1� xÞ:
Example 3.5. Consider the smallest copula W : [0,1]2 ? [0,1]
given by W(x,y) = (x + y � 1) _ 0, X = {1,2}, and let m : 2X ? [0,1]
be a capacity satisfying, for some a 2 [0,1], m({1}) = m({2}) = a.
Then KW(m, �) is a universal integral with neutral element 1 � a,
and it is given by KW(m,x) = med(x1,x2,x1 + x2 + a � 1) (as usual,
med (x,y,z) denotes the median of x, y and z). Note that
KW(m,x) = x1 ^ x2 if a = 0, and KW(m,x) = x1 _ x2 if a = 1.
3.2. Discrete Benvenuti integrals

A special type of universal integral acting on the scale [0,1] is
linked to the Benvenuti integral which is described in detail in
[1]. For a fixed interval [0,a] with a 2 [1,1], let � : [0,a]2 ? [0,a]
be a pseudo-addition on [0, a], i.e., a binary operation which is con-
tinuous, non-decreasing, associative and has neutral element 0.
Monotonicity and neutral element 0 imply that a � a = a, therefore
Proposition 2.41 in [12] tells us that ([0,a],�) is a so-called I-semi-
group [19], i.e., the operation � is not only continuous, non-
decreasing, associative and has neutral element 0, but also has
annihilator a. As a consequence, � is also symmetric (this follows,
e.g., from [12, Theorem 2.43]).

Define a �-fitting pseudo-multiplication � : [0,a]2 ? [0,a] as a
binary operation with annihilator 0 and neutral element 1 which
is non-decreasing and left distributive with respect to �, i.e.,
(b � c) � d = (b � d) � (c � d).

For a fixed pseudo-addition �, a fixed �-fitting pseudo-multi-
plication �, and a capacity m : 2X ? [0,1], the discrete Benvenuti
integral B�,�(m, �) : [0,1]n ? [0,1] is given by

B�;�ðm;xÞ ¼ �
n

i¼1
ðxpi
� xpi�1

Þ �mðfpi; . . . ;pngÞ;

where, for x, y 2 [0,a] with x P y, the pseudo-difference x � y is gi-
ven by

x� y ¼
_

z2½0;a�;y�z¼x

z ¼ supfz 2 ½0; a�jy� z ¼ xg:

Observe that, for the pair (+, �) (i.e., standard addition and multipli-
cation on [0,1]), B+,� is just the Choquet integral Ch, while B_,^ coin-
cides with the Sugeno integral Su.

3.3. Smallest discrete universal integrals

Another type of universal integral based on a semicopula � (i.e.,
a pseudo-multiplication � on [0,1] with neutral element 1, see [5])
is the smallest universal integral linked to �. For a given capacity
m : 2X ? [0,1], I�,m : [0,1]n ? [0,1] is given by

I�;mðxÞ ¼
_n
i¼1

xi �mðfj 2 Xjxj P xigÞ ¼
_n
i¼1

xpi
�mðfpi; . . . ;pngÞ:

Observe that if � = M then IM,m(�) = KM(m, �) is the Sugeno integral
with respect to the capacity m. The integral IP,m is known as the
Shilkret integral [24] with respect to m, and for a strict t-norm T,
IT,m was introduced and studied in [29].

On the other hand, I�,m can be seen as Benvenuti integral based
on _ and�, i.e., I�,m(�) = B_,�(m, �), but also as a generalization of the
Sugeno integral as suggested in [34]. In general, I�,m is comonotone
maxitive and, evidently, idempotent.

4. Axiomatic characterization of some classes of universal
integrals

This section is devoted to the axiomatic characterizations of the
special classes of discrete universal integrals described in Section 3.
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4.1. Axiomatic characterization of discrete copula-based universal
integrals

As already mentioned, for each copula C : [0,1]2 ? [0,1] and
each capacity m : 2X ? [0,1], the function KC(m, �) : [0,1]n ? [0,1]
can be seen as an aggregation function. Due to (4), it is not difficult
to check that for a constant score vector c = (c, . . . ,c) 2 [0,1]n we get
KC(m,c) = c, i.e., KC(m, �) is an idempotent aggregation function
(unanimous utility function).

Proposition 4.1. Let C be a copula and m a capacity on X. Then
KC (m, �) is a comonotone modular aggregation function, i.e., for all
comonotone x, y 2 [0,1]n

KCðm; x _ yÞ þ KCðm; x ^ yÞ ¼ KCðm;xÞ þ KCðm; yÞ:
Proof. Consider two arbitrary comonotone score vectors
x = (x1, . . . ,xn) 2 [0,1]n and y = (y1, . . . ,yn) 2 [0,1]n, and an arbitrary
permutation (p1, . . . ,pn) of {1, . . . ,n}. Using the notation xpi

¼ xpi

we get ðx _ yÞpi
¼ xpi

_ ypi
and ðx ^ yÞpi

¼ xpi
^ ypi

.

Applying (5), we see that

KCðm;x_ yÞþKCðm;x^ yÞ

¼
Xn

i¼1

Cððx_ yÞpi
;mðfpi; . . . ;pngÞÞþ Cððx^ yÞpi

;mðfpi; . . . ;pngÞÞ
�

�Cððx_ yÞpi
;mðfpiþ1; . . . ;pngÞÞ� Cððx^ yÞpi

;mðfpiþ1; . . . ;pngÞÞ
�

¼
Xn

i¼1

Cðxpi
;mðfpi; . . . ;pngÞÞþ Cðypi

;mðfpi; . . . ;pngÞÞ
�

�Cðxi;mðfpiþ1; . . . ;pngÞÞ� Cðyi;mðfpiþ1; . . . ;pngÞÞÞ
¼ KCðm;xÞ þKCðm;yÞ: �

Note that neither the idempotency and the modularity nor the
comonotone modularity of an aggregation function
U : [0,1]n ? [0,1] imply that U is a copula-based universal integral.
For more details about modular aggregation functions see [8,11].
Example 4.2. Define U : [0,1]2 ? [0,1] by Uðx; yÞ ¼ x ^ 1
2

� �
þ

y� 1
2

� �
_ 0

� �
. Then U is an idempotent modular (and thus also

comonotone modular) aggregation function with U(x,y) = x for all
ðx; yÞ 2 0; 1

2

� �2. Suppose that U = KC(m, �) for some copula C and
some capacity m on X = {1,2}. Then necessarily
mðf1gÞ ¼ mðf2gÞ ¼ 1

2, i.e., m is a symmetric capacity, and for all
x 6 y 6 1

2 we get (compare (4)),

x ¼ Uðx; yÞ ¼ KCðm; ðx; yÞÞ ¼ Cðx;1Þ � C x;
1
2

� 	
þ C y;

1
2

� 	
� Cðy;0Þ

¼ x� C x;
1
2

� 	
þ C y;

1
2

� 	
:

Hence Cðx; 1
2Þ ¼ C y; 1

2

� �
also for x = 0 and y ¼ 1

2, i.e., C 1
2 ;

1
2

� �
¼ 0. On the

other hand, supposing y 6 x 6 1
2,

x ¼ Uðx; yÞ ¼ KCðm; ðx; yÞÞ ¼ Cðy;1Þ � C y;
1
2

� 	
þ C x;

1
2

� 	
� Cðx;0Þ

¼ y� C y;
1
2

� 	
þ C x;

1
2

� 	
:

Putting y = 0 and x ¼ 1
2, we see that Cð12 ; 1

2Þ ¼ 1
2, a contradiction.
Proposition 4.3. Let C be a copula and m a capacity on X. Then

(i) for all u 2 [0,1] and for all E, F # X with m(E) = m(F)
KCðm;u � 1EÞ ¼ KCðm;u � 1FÞ;
(ii) for all (u,v) 2 [0,1]2 with u < v and for all E, F # X with
m(E) 6m(F)
KCðm;u � 1FÞ � KCðm;u � 1EÞ 6 KCðm;v � 1FÞ � KCðm;v � 1EÞ:
Proof. Assertion (i) follows from KC(m,u � 1E) = C(u,m(E)), and (ii)
is a direct consequence of the supermodularity (3) of copulas. h

Now we are ready to give an axiomatic characterization of dis-
crete copula-based universal integrals.

Theorem 4.4. Let U : [0,1]n ? [0,1] be an aggregation function. Then
the following are equivalent:

(i) there is a copula C and a capacity m on X such that
U(�) = KC (m, �);

(ii) U is idempotent and comonotone modular, and for all E, F # X
and all (u,v) 2 [0,1]2 we have
Uð1EÞ ¼ Uð1FÞ ) Uðu � 1EÞ ¼ Uðu � 1FÞ; ð6Þ

u 6 v and Uð1EÞ 6 Uð1FÞ )
Uðu � 1FÞ � Uðu � 1EÞ 6 Uðv � 1FÞ � Uðv � 1EÞ: ð7Þ
Proof. From Propositions 4.1 and 4.3 it follows that (i) implies (ii).
Conversely, suppose that (ii) is satisfied, and define the set

function m : 2X ? [0,1] by m(E) = U(1E). Evidently, m is a capacity
on X. Moreover, define the function D : [0,1] � Ran(m) ? [0,1] by
D(u, t) = U(u � 1E), where E is some subset of X satisfying m(E) = t.
Note that D is well-defined because of U(u � 1E) = U(u � 1F) when-
ever m(E) = m(F) = t. Moreover, D(1, t) = U(1E) = m(E) = t and, due to
the idempotency of U, also D(u,1) = U(u � 1X) = U(u) = u. Also, D is
supermodular on its domain as a consequence of (7).

Summarizing, D : [0,1] � Ran(m) ? [0,1] has all the properties
required for a copula, only its domain [0,1] � Ran(m) is a proper
subset of [0,1]2. Since the domain of D contains the four corner
points (0,0), (0,1), (1,0), and (1,1), D is said to be a subcopula [21].
From [21, Lemma 2.3.5] we know that for each subcopula D there is
a copula C (defined on [0,1]2) which is an extension of D, i.e., it
coincides with D on the set [0,1] � Ran(m).

The comonotone modularity of U implies for all x 2 [0,1]n

Uðx �1fpn ;pn�1gÞ¼Uðxpn �1fpngÞþUðxpn�1 �1fpn ;pn�1gÞ�Uðxpn�1 �1fpngÞ;
where x � y = (x1 � y1, . . . ,xn � yn) and x � y = (x � y1, . . . ,x � yn), and, by
induction,

UðxÞ ¼
Xn

i¼1

ðUðxpi
� 1fpn ;...;pigÞ � Uðxpi

� 1fpn ;...;piþ1gÞÞ;

where the set {pn+1,pn} occurring in the last summand is defined to
be the empty set ;. However, the last equality means that

UðxÞ ¼
Xn

i¼1

ðDðxpi
;mðfpn; . . . ;pigÞÞÞ � Dðxpi

;mðfpn; . . . ;piþ1gÞÞ

¼
Xn

i¼1

ðCðxpi
;mðfpi; . . . ;pngÞÞÞ � Cðxpi

;mðfpiþ1; . . . ;pngÞÞ

¼ KCðm;xÞ: �

Note that, for a given aggregation function U satisfying (ii) in
Theorem 4.4, the copula C in (i) is not necessarily unique. This fol-
lows from the fact that the extension C of a subcopula D existing
because of [21, Lemma 2.3.5] is not necessarily unique (if, e.g.,
we consider the subcopula D : {0,1}2 ? [0,1] given by
D(0,0) = D(0,1) = D(1,0) = 0 and D(1,1) = 1 then every copula C is
an extension of D).
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Recall that the symmetry of an aggregation function
U : [0,1]n ? [0,1] means that we have Uðx1; . . . ; xnÞ ¼
Uðxp1 ; . . . ; xpn Þ for each permutation (p1, . . . ,pn) of X = {1, . . . ,n}.
Similarly, symmetry of a capacity m on X means that we have
m(E) = m({piji 2 E}) for each E # X and for each permutation
(p1, . . . ,pn) of X, i.e., m(E) = m(F) whenever E, F # X have the same
cardinality. Surprisingly, symmetry is a sufficient condition to en-
sure the validity of the properties (6) and (7).

Proposition 4.5. Let U : [0,1]n ? [0,1] be an idempotent, comono-
tone modular aggregation function. If U is symmetric then U satisfies
the properties (6) and (7).
Proof. Fix (u,v) 2 [0,1]2 and E, F # X such that u 6 v and
U(1E) 6 U(1F). Without loss of generality, we can assume
card(E) 6 card(F). Due to the symmetry of U there is G # X such
that U(1G) = U(1F), card(G) = card(F) and E # G. Moreover,
U(t � 1G) = U(t � 1F) for each t 2 [0,1]. The comonotone modularity
of U ensures U(u � 1G) + U(v � 1E) = U((u � 1G) _ (v � 1E)) + U(u � 1E).
From the monotonicity of U we have U(v � 1G) P
U((u � 1G) _ (v � 1E)). Thus

Uðu � 1FÞ � Uðu � 1EÞ ¼ Uðu � 1GÞ � Uðu � 1EÞ
¼ Uððu � 1GÞ _ ðv � 1EÞÞ � Uðv � 1EÞ
6 Uðv � 1GÞ � Uðv � 1EÞ ¼ Uðv � 1FÞ � Uðv � 1EÞ;

i.e., (7) is satisfied. Moreover, if U(1E) = U(1F) and v = 1 then

0 6 Uðu � 1FÞ � Uðu � 1EÞ 6 Uð1FÞ � Uð1EÞ ¼ 0;

i.e., U(u � 1E) = U(u � 1F), showing the validity of (6). h

Summarizing, we have proven the following result:

Theorem 4.6. Let U : [0,1]n ? [0,1] be a symmetric aggregation
function. Then the following are equivalent:

(i) there is a copula C and a symmetric capacity m on X such that
U(�) = KC(m, �);

(ii) U is idempotent and comonotone modular.
Remark 4.7

(i) Recently in [17] the so-called Ordered Modular Averages
(OMA operators) were introduced. These aggregation func-
tions coincide with those characterized in Theorem 4.6.

(ii) In the special case when C = P the classical OWA operators
are obtained, i.e., KP(m, �) with respect to a symmetric capac-
ity m is just an OWA operator as introduced in [30]. These
operators were characterized up to symmetry by the
comonotone additivity [7]. For more details about and sev-
eral applications of OWA operators see [2,6,9,10,28,31–33].
Similarly, KM(m, �) with respect to a symmetric capacity m
is an Ordered Weighted Maximum (OWMax operator). It is
characterized by symmetry, comonotone maxitivity and ^-
homogeneity [16].

4.2. Axiomatic characterization of the Benvenuti integral

The construction described in [1] yields an axiomatic character-
ization of the Benvenuti integral in special situations (covering
both the Choquet and the Sugeno integral).

Theorem 4.8. Fix a 2 [1,1] and let � : [0,a]2 ? [0,a] be a pseudo-
addition, � : [0,a]2 ? [0,a] be a �-fitting pseudo-multiplication
which is also associative and right-distributive over �, and
U : [0,1]n ? [0,1] be an aggregation function. Then the following are
equivalent:
(i) there is a capacity m : 2X ? [0,1] so that U(�) = B�,�(m, �);
(ii) U is comonotone �-additive, i.e., for all comonotone x,

y 2 [0,1]n with x � y 2 [0,1]n we have U(x � y) = U(x) � U(y),
and �-homogeneous, i.e., for all t 2 [0,1] and x 2 [0,1]n we
have U(t � x) = t � U(x).

Observe that the Benvenuti integral on abstract spaces was de-
fined axiomatically in [1], considering the comonotone �-additiv-
ity as one of axioms. However, the Benvenuti integral (as
introduced in [1]) on a discrete universe X = {1,2, . . . ,n} restricted
to [0,1]n is neither an aggregation function nor a �-homogeneous
functional, in general. Thus the result we gave in Theorem 4.8 is an
alternative axiomatic approach to a special class of �-homegeno-
eous discrete Benvenuti integrals in the sense of Section 3.2.

A special class of Benvenuti integrals based on � = _ is axiomat-
ically characterized in the following subsection.

4.3. Axiomatic characterization of the smallest universal integrals

Based on recent results in [18] we have the following axiomatic
characterization of the smallest universal integrals.

Theorem 4.9. Let U : [0,1]n ? [0,1] be an idempotent aggregation
function. Then the following are equivalent:
(i) there is a capacity m : 2X ? [0,1] and a semicopula
� : [0,1]2 ? [0,1] such that U = I�,m;

(ii) U is comonotone maxitive and for all E, F # X with
U(1E) 6 U(1F) and for each t 2 ]0,1[we have
U(t � 1E) 6 U(t � 1F).
Proof. In order to show that (i) implies (ii), the comonotone max-
itivity of U was mentioned already in Section 3.3. The monotonicity
of � ensures

Uðt � 1EÞ ¼ t �mðEÞ 6 t �mðFÞ ¼ Uðt � 1FÞ

because of m(E) = U(1E) 6 U(1E) = m(F).
Conversely, assume that (ii) holds, i.e., U is comonotone

maxitive, and define m : 2X ? [0,1] by m(E) = U(1E). Due to [18,
Theorem 1],

Uðx1; . . . ; xnÞ ¼
_

t2½0;1�
mtðfi 2 Xjxi P tgÞ;

where (mt)t2[0,1] with mt : 2X ? [0,1] is a non-decreasing system of
monotone set functions such that m1(;) = 0 and m1(X) = 1. Consider
first the function 	 : [0,1] � Ran(m) ? [0,1] given by
t 	m(E) = mt(E) with E # X which is well-defined because of (ii)
and U(t � 1E) = mt(E). Now it suffices to define, for instance,
� : [0,1]2 ? [0,1] by a � b = k � (a 	 c) + (1 � k) � (a 	 d), where
k 2 [0,1], c,d 2 Ran(m), c < d, ]c,d[ \ Ran(m) = ;, and
b = k � c + (1 � k) � d (note that � is also well-defined: it is a linear
interpolation extending 	). Evidently, � is a semicopula and

Uðx1; . . . ; xnÞ ¼
_

t2½0;1�
mtðfi 2 Xjxi P tgÞ ¼

_n
i¼1

mxpi
ðfpi; . . . ;pngÞ

¼
_n
i¼1

xpi
	mðfpi; . . . ;pngÞ ¼

_n
i¼1

xpi
�mðfpi; . . . ;pngÞ

¼ I�;mðx1; . . . ; xnÞ: �

When also the symmetry is required we obtain the following
axiomatization:



18 E.P. Klement, R. Mesiar / Knowledge-Based Systems 28 (2012) 13–18
Theorem 4.10. Let U : [0,1]n ? [0,1] be a symmetric aggregation
function. Then the following are equivalent:
(i) There is a symmetric capacity m : 2X ? [0,1] and a semicopula
� : [0,1]2 ? [0,1] such that U = I�,m;

(ii) U is comonotone maxitive and for all E, F # X with
U(1E) = U(1F) and for each t2]0,1[ we have U(t � 1E) = U(t � 1F).
Proof. It suffices to show that U(1E) < U(1F) implies
U(t � 1E) 6 U(t � 1F), and then to apply Theorem 4.9. Because of the
symmetry of U, U(1E) < U(1F) implies card(E) < card(F) and thus
there is a G 
 F such that card(G) = card(E). Then
U(t � 1E) = U(t � 1G) 6 U(t � 1F). h
Example 4.11. Note that we cannot omit the condition that
U(1E) = U(1F) implies U(t � 1E) = U(t � 1F) (compare Theorem 4.6).
Define U : [0,1]2 ? [0,1] by U(x,y) = ^ (x,y) _ (_(x,y))2. Then U is a
symmetric, idempotent and comonotone maxitive aggregation
function. If we define m : 2X ? [0,1] by m(E) = U(1E) we see that
m(E) = 1 whenever E – ;. However, then for each semicopula
� : [0,1]2 ? [0,1] we get I�,m = _– U.

5. Concluding remarks

We have discussed some classes of discrete universal integrals
(which can be seen as special utility functions), focusing on their
axiomatic characterization. In the special case when also symme-
try is required, this axiomatic characterization is rather simple
(for example, idempotency and comonotone modularity in the case
of copula-based universal integrals). In future investigations, the
results presented here which are valid in the case of a finite uni-
verse X = {1, . . . ,n} should be discussed for arbitrary abstract mea-
surable spaces ðX;AÞ. Here, some additional requirements
concerning continuity are to be expected.
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