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1. Introduction—motivation

Any application of Al models to problems of practice must cope with two basic issues: uncertainty and multidimension-
ality. In present time we can say that a “classical” solution to these problems is offered by probabilistic graphical Markov mod-
els. In these models, the problem of multidimensionality is solved with the help of the notion of conditional independence,
which enables factorization of a multidimensional probability distribution into small parts, usually marginal or conditional
low-dimensional distributions (or generally into low-dimensional factors). Such a factorization not only decreases the stor-
age requirements for representation of a multidimensional distribution but it usually also induces possibility to employ effi-
cient computational procedures.

About 10 years ago, as an alternative to graphical Markov models we introduced compositional models [12], in which mul-
tidimensional probability distributions were assembled from a system of low-dimensional ones by application of a special
operator of composition. Later we introduced compositional models also within the framework of possibility theory [22],
which meant that we had to define an operator of composition for possibilistic distributions as well. Naturally, (computa-
tional) efficiency of all these models also takes advantage of properties of conditional independence.

The research results presented in the current paper were motivated by Didier Dubois, who asked us once whether it was
possible to define an operator of composition for belief functions as well. The importance of such a question is apparent. It is
enough to realize the fact that we need efficient methods for representation of probabilistic and possibilistic distributions,
which require an exponential number of parameters. Thus, we have an even greater need of efficient methods for represen-
tation of a belief function, which cannot be represented by a point function (distribution). For such a representation we need
a set function, and thus its space requirements are superexponential. To avoid these problems, several techniques have been
developed in the past [3,20]. In this context we have to keep in mind that while multidimensionality in probability and
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possibility theories usually involves hundreds of variables, for belief functions several tens of variables bring enormous com-
putational problems.

In the paper we define the operator of composition for basic assignments (Section 2), study its basic properties (Section 3),
and describe how it can be used to represent multidimensional basic assignments (Section 5). In agreement with the fact that
in probability and possibility theories the operator of composition is closely connected with the notion of conditional inde-
pendence, its definition for basic assignments inspired us to revise the notion of conditional independence in evidence the-
ory (Section 4). The paper is concluded with results showing the relationship between operators of composition in
probability and evidence theories (Section 6).

2. Basic notions

The aim of this section is to introduce a notation and briefly overview basic notions from evidence theory. Its last part is
devoted to the definition of the operator of composition.

2.1. Set notation

For an index set N = {1,2,...,n} let {X;},.y be a system of variables, each X; having its values in a finite set X;. In this
paper we will deal with multidimensional frame of discernment

X]\]:Xl><)(2><~~~><Xn7

and its subframes (for K C N)

Xk = XiexXi.
When dealing with groups of variables on these subframes, Xx will denote a group of variables {X;},., throughout the paper.
A projection of X = (X1,Xa,...,X%,) € Xy into X¢ will be denoted x'X, i.e. for K = {iy,i,...,i}
XLK = (X,'1 ,Xb, e ,Xik) S XK.

Analogously, for M c KCN and A c Xk, A™ will denote a projection of A into Xy':
AM—JyeXy[FxeA:y=xM

In addition to the projection, in this text we will need also an opposite operation, which will be called a join. By a join® of
two sets AC Xg and BC X (K,L C N) we will understand a set

AaB={xeXqy :x¥ecA&x!* e B}.

Let us note that if K and L are disjoint, then

A< B=AxB,
and if K =L
ArxB=ANB.

In view of this paper it is important to realize that if x € A < B (assuming still that A C Xg and B C X; it means that x € Xg,.)
then x'¥ € A and x!* € B (and, naturally, x/¥nt ¢ A*" A By However, and it is important to keep this in mind, it does not
mean, analogous to Cartesian product, that for C C X it holds that C = C* < C'L. In this case, from the mentioned proper-
ties one can immediately see that generally CCC' v« C'. For example, considering for i=1,2,3, X; = {a;,a;} and
C = {a,a,a3,a,a,0as,a,a,ds } one gets

12 23 — - - = = —
CH12 pq €123 = {010, 0102} < {0203, 0203} = {010203, 010203, 010203, 01 0203} 2C.

Let us mention that the sets C C Xk, for which C = C** 0« C'* are called Z-layered rectangles (for Z = Xx.) in [4].
2.2. Independence in evidence theory

In evidence theory (or Dempster-Shafer theory) two measures are used to model the uncertainty: belief and plausibility
measures. Both of them can be defined with the help of another set function called a basic (probability or belief) assignment m
on Xy, i.e.

m: 2(Xy) - [0.1],

! Let us remark that we do not exclude situations when M = (. In this case A" = 0.
2 This term and notation are taken from the theory of relational databases [2].
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where 2(Xy) is power set of Xy and 3,y m(A) = 1. Furthermore, we assume that m(f) = 0. A set A € 2(Xy) is a focal ele-
ment if m(A) > 0.

In addition to belief and plausibility measures, which will not be discussed in this paper, also commonality function can be
obtained from basic assignment m:

QA= > m(B).

BCXyACB

This notion plays an important role in the definition of so-called (conditional) non-interactivity of variables.
For a basic assignment m on Xx and M c K a marginal basic assignment of m is defined (for each BC Xy):

mM@A) =Y mB).

BC Xg:BM=A

Analogously, Q™ will denote the respective marginal commonality function.
Having two basic assignments m; and m, on Xy and X, respectively, (K,L C N), we say that these assignments are pro-
jective if

KL KL
my T =my

which occurs if and only if there exists a basic assignment m on Xy, such that both m; and m, are marginal assignments
of m.
Let us close this section by recalling the notion of independence.’

Definition 1. Let m be a basic assignment on Xy and K,L c M be disjoint. We say that groups of variables Xy and X; are
independent with respect to basic assignment m (in notation K-LL [m]) if

miKE(A) = mi(A%) . m LA (1)

for all A C X, for which A = A x A", and m(A) = 0 otherwise.
Lemma 1. Let K, L be disjoint, then KALL [m] iff Q*“(A) = Q*(A") . Q'*(A") for all A C Xy

Proof. First assume K-LL [m] and compute for any A C Xku.

QLKUL(A) _ Z mLKuL(B) _ Z mU(uL(B) _ Z Z le(C) . mlL(D)

BCXgu:ACB BC Xy, :ACB ccXgeAXcc pexAltch
B=B'¥ xB!
= > mfo| X mto))=Qf@a)-etan,
ccXxeAXcc DC XAt cD

which finishes the first part of the proof.

Now assume that Q "t (4) = Q(A'¥) . Q(A') for all A C Xk... To show that KLL [m] we have to show that m(A) = 0 for all
A=A x Al and that for A =AY x Al equality (1) holds. So, first, assume that A = AKX x AL, then (in the following
computations we use only definition of the commonality function and the trivial fact that AC A x A')

mLI(uL(A) _ Z miI(uL(B) _ Z mlI(UL(B) — QLKUL(A) . Z mll(uL(B)
BCXq L ACB BC Xy ASB BC Xy ASB

<A - > mB) = Q@A) - QAT x AT = " A) - @A) -t = 0.

BC Xgu AN <Al B
Since it is clear that
M (X ) = mE (X x Xp) = QU (X x X)) = QM (Xk) - Q' (Xy) = m*(Xy) - m*(X,),
we can prove validity of equality (1) for all A for which A = A* x A'* by mathematical induction. Consider such a set A and

assume that validity of equality (1) has already been proven for all B C Xy, for which B = B x B and |B| > |A|. Now we can
compute

3 Couso et al. [5] call this independence independence in random sets, Klir [15] non-interactivity.
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mLKUL(A) _ Z mU(UL(B) _ Z leuL(B) — QlKuL(A) . Z mil(uL(B)

BCXk:ACB BC Xy :AGB BC Xku:ASB
B=B'K x B!t
= . - m x D) — m X — m X
QlK(AlK) QLL(AU-) z Z 1KUL(C D) Z LKUL(C AU') Z LI(UL(AIK D)
CccXgAKce DexpAlteD cexgAfcc DcX AL CD
= > m*() ooomtoy |- Y >ooom¥@©)-mtd) - > m*(C)-mA")
ccXeAXcc DcX; A cD CC XA SC DeXpAlteD ccXxgAkce
- > m*@A*) .- m'(D)
DX AL CD

=m* A% mt@at. O

Let us note that there exist numerous independence concepts within the broader framework of imprecise probabilities,
e.g. epistemic irrelevance, epistemic independence or strong independence [5,7,17], but their application usually leads to
models beyond the framework of evidence theory (cf., e.g. [24]).

2.3. Operator of composition

Let K and L be two subsets of N. At this moment we do not pose any restrictions on K and L; they may be but need not be
disjoint, one may be a subset of the other. We even admit that one or both of them are empty.* Let m; and m, be basic assign-
ments on Xg and X;, respectively.

Our goal is to define a new basic assignment on X, denoted m; > m,, which will contain all of the information contained
in m; and as much as possible of information of m, (for the exact meaning see properties (ii) and (iii) of Lemma 2). The re-
quired property is met by the following definition.

Definition 2. For two arbitrary basic assignments m; on Xg and m, on X; a composition m; > m, is defined for all C C Xk, by
one of the following expressions:

[a] if m¥™(C*™) > 0 and C = C* >« C"* then

ClK . Cl’-
(myoma)(©) =" ey e

[b] if m*"t(C** ™) = 0 and C = C* x X;\x then
(my >my)(C) = my (C);
[c] in all other cases

(my > my)(C) = 0.

Remark. Notice what this definition yields in the following simple special situations:
e if KNL =0 then
my > my(C) = my (C*) - my(C'h)
for C = C'* x C't, and m; > my(C) = 0 otherwise; i.e. m; > my(C) is basic assignment of independent groups of variables Xy
and X, (see Definition 1);
e if K O L then m; >my = my.

Let us finish this section with a simple example illustrating the application of the particular cases of Definition 2.

Example 1. Let for i =1,2,3, X; = {a;,a;} and let us consider the following basic assignments m; and m, on X; x X; and
X, x X3, respectively:

4 Notice that basic assignment m on X, is defined m() = 1. Let us note that this is the only case when we accept m(#)) > 0, otherwise m(f)) = 0 according to
the classical definitions of basic assignment, see [19].
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Table 1
Composed basic assignments.
A (mq >my)(A) (mz >my)(A)
X1 x Xy x {as} 0.3 0.5
X1 x Xy x X3 0.3 0.5
X; x {ay} x X3 0.4 0

my(Xy x {a;}) =04,
my (X] X Xz) = 06.
my(X; x {as}) = 0.5,
my (XZ X Xg) =05

(the values of both basic assignments m; and m, on the remaining subsets being zero). From Definition 2 one can immedi-
ately see that formula in case [a] can assign a positive value to (m;w>m;)(A) and/or (m,w>m;)(A) only for those
ACX; x X, x X3 for which

A =Xy {ap} or A =X x Xy,
and

A3 Xy x {as} or AP =X, x Xs.
There are only two such sets

Xi; x Xz x {as} and X; x X; x Xs.

For these sets we get

my (X] X XZ) . mz(XZ X {03}) _ 06-05 .

(my > my)(Xs x X x {as}) = T 0 =203,
(my 5 my)(Xy x Xp x Xy) = MK anz<)2§g(igxz x%) _ 0'61' 05 43
and similarly
(my > my)(Xy x X x {ay}) = T2Xe X {rg?}z)} &z;(xl xXa) _ 0'50:60'6 ~ 0.5,
(M s my)(Xs x X x Xy) = 2% Xn):f{)z}'&gxl xXa) _ 0'%::'6 —05.

From case [b] of Definition 2 we will get yet another focal element for m; > m,, namely
A=X; x{ay} x X3,
for which
A =X x {a;} and A" =X;.
For this set, since m5* (A'®") = 0 and A'"® = X3, we get
(my>my)(X; x {a2} x X3) =m;(Xq x {a;}) =0.4.

Notice that when computing a composition m; > my, case [b] of Definition 2 does not assign a positive value to any subset A
of X; x X, x X3 since if my* (A'"®") > 0 then also mi*'(A'") > 0.

Both the composed basic assignments m; >m, and m, > m; are outlined in Table 1 (recall once more that for all other
ACX; x X3 x X3 different from those included in Table 1 both assignments equal 0). It is also evident from the table, that the
operator > is not commutative.

3. Basic properties of the operator
3.1. Background
First of all it is necessary to realize that the operator of composition substantially differs from any other rule of combi-

nation published before. Whether considering classical Dempster’s rule of combination [9,14] or its cautious versions intro-
duced by Dubois et al. [11] or Denceux [10], they, in a way, describe the process of combination of information sources, for
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which the term information fusion is usually used. In contrast to this, the composition introduced in the previous section de-
scribes the process, when global model is assembled from a number of local models. So it rather corresponds to what is often
called knowledge integration.

Before presenting formal properties of the operator of composition let us present (based on a legitime request of the
anonymous referees) some ideas in the background. Definition 2 was inspired by the simple formula defining the operator
of composition in probability theory [12]

P(X.Y) > q(y.2) = px.Y) - q(zly) = %

It should be stressed, however, that this ratio had been used in many formulae of probability theory before. Let us mention
here at least two of its applications clarifying the properties of the operator.
In most of basic textbooks on probability theory there appears a simple formula (by some of authors called a chain rule)

P(X1,X2,X3,...,Xs) = P(X1) - P(Xa|X1) - P(X3[X1, X2) - - P(Xs[X1, .., Xso1),
which can be generalized for an arbitrary partition I, 5, ..., I, of the index set {1,2,...,s} as
P(X1,X2,X3, .., Xs) = P(Xi)icr, * P>K)ier, | X)ier, ) - PAX)icry | (X)iern,) PO ien, | (Xiiery oy, )
or, using the operator of composition
P(X1,X2,X3, ., Xs) = PXi)ier, > P((Xiier,n, ) > POKDier,uon, ) -+ > PUXD e o, )-

Considering a partition Iy, 15, ...,I; of the index set {1,2,...,s} and a system of index sets J;,J,,...,J, such that for all
j=1,....r

Ijg]jgll U“'UI]'7
Perez introduced in [18] an approximation (so-called dependence structure simplification approximation) by the formula that
can be written using the operator > in the form

P(X1,X2,X3, ..., X5) = P((X)igy, ) > P((Xi)icy,) & P((Xi)igy,) > -+ & P((Xi)igy,)-

In the cited paper, when studying properties of these approximations, he took advantage of the fact that they have a specific
dependence structure following from one of the basic properties of the operator of composition (expressed here in its sim-
plest form):

for probability distribution p(x,y) > q(y,z), variables X and Z are conditionally independent given Y.

Another field of application of the studied operator appears when one needs to get a projection of a distribution p(x,y)
into a set of distributions with a given marginal q(x), i.e. when one needs to find a distribution from the set
{p(x,y) : p(x) = q(x)}

as close as possible to p(x,y). It was shown by Csiszar [6] that when measuring the distance of distributions with the help of
Kullback-Leibler divergence then the required projection is exactly g(x) > p(x,y). This fact was intuitively exploited as early
as in 1940 in Iterative Proportional Fitting Procedure by Deming and Stephan [8]. All this led us to another requirement con-
cerning the composition: it should preserve the first operand.

3.2. Formal properties

Lemma 2. For arbitrary two basic assignments m; on Xy and m; on X; the following properties hold true:

(i) my >my is a basic assignment on Xgyr;
(i) (my>my)** =my;
(ili) my > my = my>my <= mif"t = mk;
(iv) if K C L then mi* > my = my.

Proof. ad (ii). To prove equality (ii) we have to prove that for any B C X

ST (miomy)(A) = my(B). (2)

AC Xy AK=B

Since, due to Definition 2, (m; >m;,)(C) = 0 for any C C Xy, for which C # C*¥ sa C't, we see that

Yoo mem)@A) = > (memy)A)= Y (mi>my)(BeaC).
AC XguAK=B AC Xyi:AK=B Ccx;
A=Al CHKnL_plKnL
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To prove formula (2), we have to distinguish two situations depending on the value of m{™*(B*™")_ If this value is positive
then

B C B B AL, plKAL
S, memib= 5 T = ey X ™0 = ot g m ) = me)

AC XguAK=B CcX, CCX,
CIKAL_pIKAL CIKAL_plKnL
If mJ“"(B*™") = 0 then, according to Definition 2 (case [b]), there exists only one A C X, for which A'* = B and (m; > m,)(A)
may be positive; namely A = B x X k. Therefore

(m1 sz)(A) = (m] sz)(B X XL\K) =m (B)

ACXguAK=B

ad (i). To prove that m; > m, is a basic assignment on Xy, we have to show that for each A C Xy, value (m; > m;)(A) is non-
negative (which is evident) and that the sum of all these values equals 1. The latter holds true, too, because (using equality

(2))
Yoomem)@A) =Y Y (memy)A) =Y m(B)=1.

AC XL BCXk AcXg :AK=B BC Xy

ad (iii). Let us first assume that mi"* = m{*™ To prove that m; > m, = m, > m; consider an arbitrary A C Xx,;. If A # A" 0 A"
then both (m; >m;)(A) and (m,>m;)(A) equal O (due to Definition 2). Therefore we have to prove the equality only for
A=A At

If m%KmL(ALKﬂL) _ mumL(AumL) ~ 0 then

m (A") -my(At)  my (A) -my (AT

my >my)(A =
( 1 2)( ) %KWL(AIKWL) m%KﬁL(AlKﬁL)

= (m2 > ml)(A)

If mi™ (A = mL AT = 0, then both m; (AF) and my(A'") must equal 0 and therefore (according to [b] of Definition 2)
(my >my)(A) = (my>my)(A) =0.

To prove the other side of the equivalence (i.e. my >my = my >my implies m;" ™ = m;
miKE 2 miKL then also my > my # my > my because, due to already proven item (11) of thlS assertion, m{*™" = (m; > my)
and lenL (my >my )UmL

ad (1v). This property follows directly from previously proven items (iii) and (ii). O

For a binary operator, natural questions arises: is this operator commutative, associative and idempotent? The answers to
these questions for operator of composition are simple, based on the properties proven in Lemma 2. From properties (i) and
(ii) it follows that the operator is idempotent. On the other hand, from Example 1 one can immediately see that this operator
is not commutative. However, and it should be stressed, property (iii) says that the operator is commutative for projective
basic assignments.

How is it with the associativity of the operator of composition? As it is shown in the following simple example, generally
the operator is not associative. However, similarly to commutativity, there are special situations under which the operator
becomes associative.

IKAL LKA )

it is enough to realize that if
KL

Example 2. Let X; and X, be two variables with values in X; and X;, respectively, X; = {a;,a;}, i = 1,2, and let m;, m; and
ms3 be three basic assignments on X;, X, and X; x X,, respectively, defined as follows:

ml({al})
my(Xq) =
mz({az})
my(X;) =
and
ms({a,a;}) = 0.5,
m3(X1 X Xz) =0.5.
Due to (i) and (ii) of Lemma 2 one has
(m1 [>m2) >Mms3 =My >my,
and therefore
(m1 > mz) > m3({a1,a2}) = 0257
(m1 > mz) >m3({a1} X Xz) = 025,
(m1>my) >ms(Xq x {a2}) = 0.25,
(m1 > mz) > m3(X1 X XZ) =0.25.
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On the other hand (see that all the focal elements of m; >m, are computed with the help of case [a] of Definition 2)
my>ms({a;,az}) = 0.5,
my; > mg(X1 X Xz) = 057

and therefore
mp > (mz > mg)({al,az}) = 057
mq > (mz > m3)(X1 X Xz) = 05,
i.e., operator > is not associative.

To illustrate special cases under which the associativity holds for the operator of composition let us present the following
assertion (since we do not need it in this text we do not prove it here).

Lemma 3. Let my, my, ms be basic assignments on Xy, X, and Xy, respectively, such that for all C C Xgurom
m%KmL(CU(mL) — m%KﬂM(CLKmM).

IfK 2 LNM then
(m1 >m2)>m3 =1m 1>(m2 Dmg)‘

4. Conditional independence

Before starting a deeper study of the concept of conditional independence in this section, let us stress that it is a crucial
notion in most approaches to multidimensional modeling. As it was suggested in the remark in Section 2.3, in the case when
basic assignments are defined on non-overlapping subframes of discernment their composition is a basic assignment of inde-
pendent (and also non-interactive [15]) groups of variables. More precisely, for m; and m, defined on X and X;, respectively,
if KNL =0 then KLLL [m; >my]. In this section we will deal with two generalizations of this concept.

Ben Yaghlane et al. [4] generalized the notion of non-interactivity in the following way: Let m be a basic assignment on Xy
and K,L,M c N be disjoint, K # () # L. Groups of variables Xx and X are conditionally non-interactive® given Xy with respect to
m if and only if the equality

QJKULUM(A) . QiM(AlM) _ QU(UM(AIKUM) . QLLUM(ALLUM) (3)

holds for any A C Xxurom-

The cited authors proved [4] that conditional non-interactivity satisfies the so-called semigraphoid properties,® usually
taken as sound properties of a conditional independence relation.

Nevertheless, this notion of independence does not seem to be appropriate for construction of multidimensional models.
As it was shown by Studeny [21], it is not consistent with marginalization. The exact meaning of this statement can be seen
from the following simple example (suggested by Studeny, as cited by Ben Yaghlane et al. in [4]).

Example 3. Let X;, X, and X3 be three binary variables with valuesin X; = {a;,a;}, Xy = {a;,8,}, X3 = {as,a3} and m; and
m, be two basic assignments on X; x X3 and X, x X3, respectively, both of them having only two focal elements:
mi({(a1,d3), (@1,035)}) = mi({(a1,03), (@1,03)}) = 0.5,
my({(az, @3), (G2,03)}) = ma({(az,03), (a2,03)}) = 0.5.
Since their marginals are projective
my’({as}) = my’({as}) = 0.5,
my® ({as, as}) = my’({as,as}) = 0.5,
there exists (at least one) common extension of both of them, but none of them is such that it would imply conditional non-

interactivity of X; and X, given X3. Namely, the application of the equality (3) to basic assignments m; and m, leads to the
following values of the joint “basic assignment”:

MXy x Xy x {as}) = 0.25,
(X1 x {ax} x {as}) = 0.25,
({a} x Xz x {as}) = 0.25,
m({(ai,ay,as),(ay,02,as)}) = 0.5,
m({(ar,a,,a3)}) = —0.25,

(4)

3 3

which is outside of evidence theory.

5 Let us note that the definition presented in [4] is based on conjunctive Dempster’s rule, but the authors proved its equivalence with (3).
6 The reader not familiar with semigraphoid axioms is referred to Theorem 1, where they are formulated for the notion of conditional independence.
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Therefore, instead of the already mentioned conditional non-interactivity, we propose to use the following notion of con-
ditional independence.

Definition 3. Let m be a basic assignment on Xy and K,L,M c N be disjoint, K # () # L. We say that groups of variables Xy
and X; are conditionally independent given Xy with respect to m (and denote it by KLL|M [m]), if the equality

mLKULuM(A) ) mLM(AlM) _ leuM(ALKUM) . mlLuM(ALLuM) (5)

holds for any A C Xkum such that A = A¥M g AM "and m(A) = 0 otherwise.
Notice that for M = 0 the concept coincides with Definition 1, which enables us to use the term conditional independence.
Let us also note that (5) resembles, from the formal point of view, the definition of stochastic conditional independence [16].
Before formulating an important theorem justifying the above introduced definition, let us formulate and prove an asser-
tion concerning set joins.

Lemma4. Let KNLC M CLCN. Then for any C C Xk the following condition (a) holds if and only if both conditions (b) and (c)
hold true.

(a) C=C*pa 'ty
(b) Cll(uM _ CLK < CLM,.
(c) C=CHM g,

Proof. Before proving the required implications let us realize that evidently
xeC= xKe gxttech,

which means that C ¢ C'¥ s« C't. Therefore C = C'¥ s C'* is equivalent to

wxeXgw KeC®gxtedt=xel).

(a) = (b). Consider x € Xguy, such that x¥ ¢ C** and x!™ e C*™. Since x!™ ¢ C*™ there must exist (at least one) y € C*, for
which y'M = x!M_ Now construct z € Xy, for which z'¥ = x!X and z!' = y (it is possible because y'™ = x'M). From this con-
struction we see that z!K"M = x. Therefore z'X = x'X ¢ C'* and z\! = y € C'* from which, because we assume that (a) holds,
we get that z € C, and therefore also x = z!K'M ¢ KM,

(a) = (c). Consider now x € Xk, for which its projections kM ¢ C**"M and x!L € C'*. From xX'M ¢ C**"M we immediately
get that x/¥ ¢ C**, which in combination with x/ € C'* (due to the assumption (a)) yields that x € C.

(b) & (c) = (a). Consider x € Xy, such that x'X € C'* and x!t € C'*. From the last property one gets also x'™ € C*™, which, in
combination with x!¥ € C* gives, because (b) holds true, that x!¥"™ ¢ C***™_And the last property in combination with
x!L e C!* yields the required x € C. O

Theorem 1. Conditional independence K-LL|M [m] satisfies semigraphoid properties (for I, K, L, M disjoint):

A

1) KALLM [m] = LLK|M [m],
A2

)
) KALLUMII [m] = KLM|I [m],

) KALLUMJI [m] = KALLM U1 [m),
)

(
E
(A4) KALLIM UT [m] A KALMI|I [m] = KALLUMJI [m].

> >

3
4

Proof. To simplify the formulae we will omit in the proof symbol U and use, for example, KLM instead of K UL U M.
ad (A1). The validity of the implication immediately follows from the commutativity of multiplication.
ad (A2). The assumption KALLM|I [m] means that for any A C X such that A = A o AUM the equality

mLI(LMI (A) . mu (AU) _ mLKI (ALI(I) . mLLMI (AU-MI) (6)
holds, and if A = A* < A"™ then m(A) = 0. Let us prove first that also for any B C Xy such that B = B 0« B"M! the equality
mLI(MI(B) ) m“(B“) _ mU(I(BiI(I) . mlMl(BlMl) (7)
is valid. To do so, let us compute
mLKMI(B) . m“(B“) _ Z mJ,KLMI(A) . m“(A“) — Z leLMI(A) . mll(AU)
AC Xy AC Xy A=A M
AKMI _pIKI_ pIMI AKMI_pIKi_pIMI
_ Z leI(AlKI) . mlLMI(AlLM’) _ mLKI(AlKI) . Z mlLMI(c) _ leI(BlKI) . mlMl(BiMl)’
AC Xy A=A oA M CCXmp

AlKMI:BlKIMBlMI ClMl:BJ,MI
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as
m!(B") = m"(A"),
miI(I(BlKI) _ m“('(A“G),

So, to finish this step it remains to prove that if B # B! 0« B"™' then m!*M(B) = 0. Also, in this case

mLKMI(B) _ Z rniI(LMI(A)7
AC Ximi
AKMI_p

but since B = A 5 A g AM then, because of Lemma 4, also A # A ¢ A'™! for any A such that A" = B. But for these A,
m* M (A) = 0 and therefore also m'*™(B) = 0.

ad (A3). Again, let us suppose validity of KALLM|I [m], i.e., for any A C Xk such that A = A o AUM! equality (6) holds,
and m/KIM[(A) = 0 otherwise. Our aim is to prove that for any C C Xy such that C = CHM g UM the equality

mLKLMI(C) . miMI(ciMl) _ leMl(clKMI) . mlLMI(CiLMI) (8)

is satisfied as well, and m'¥(C) = 0 otherwise. Let C be such that m!(C") > 0. Since we assume that KLLM|I [m] holds, we
have for such a C

mLKLMI(C) . m“(C“) _ mLKI(CLKI) . n,‘lu\/u(CLLMl)7

and therefore we can compute

miKMI(C) . ML (CIMI _ g KLMI(C) .ty m!M (M) — mIKI(CHT) . g (LM mM(CIMD
mu(cl') mU(C“)
_ leI(CLKI) . mlMI(ClM’) . miLMI(ClLMl) _ leMI(ClKMI) . mlLMI(ClLM’)

mi(C")

where the last equality is satisfied due to (A2) and the fact that m*(C") > 0. If m!(C'") = 0 then also m!*™!(C*M — o,
miM(CMY — 0 and mK™MI(C) = 0 and therefore (8) also holds true.

It remains to be proven that m(C) =0 for all C # C*™ oq C™™! But in this case, as a consequence of Lemma 4, also
C # M g CMMI and therefore m(C) = 0 due to the assumption.

ad (A4). First, supposing KLL|MI [m] and KLM|I [m] let us prove that for any A C X,y such that A = A pq AUM! the
equality (6) holds. Since from A = A g AYM! it also follows due to Lemma 4 that A = AY™ oq AYM! and therefore (since we
assume K-LLIMI [m])

mLKLMI(A) . mLMI(AHVlI) _ mLKMI(ALKMI) . mlLMl (AlLMI). (9)

Now, let us further assume that m'™ (A" > 0 (and thus also m‘/(A") > 0). Since from A = A* 0q A"™ Lemma 4 implies
ARME_ AR g AMI one gets from KALM|I [m] that

mLI(MI(AlKMI) . m“(A“) _ m“('(A“G) . miM'(AlM').
which, in combination with equality (9), yields

1K M
m“(AT) - mMIATT) i

IKLMI ML AMELy
mi ) M A i

@,

which is (for positive m'M(A'M)) evidently equivalent to (6). If, on the other hand, m'™/(A"™') = 0, then also m!™™!(A'™My —
and m'*™!(A) = 0 and both sides of (6) equal 0.

It remains to prove that m!X™M(A) = 0 for all A =AY g A'™', But m!KIM!(A) = 0 because Lemma 4 says that either
A AM g AIME (and therefore m!KIMI(A) = 0 from the assumption that KAL|MI [m]) or AM 5« AKl oq AIME (and then
mikMIAUMDy — 0 dye to the assumption KLM|I [m], and therefore also m!¥™M(A) = Q). O

Remark. As the introduced notion generalizes the probabilistic notion of conditional independence, we do not expect that it
satisfies—for general basic assignments—the following property

(A5) KALLIM UT [m] AKALMILUT [m] = KALLUM|I [m].

This is why we do not consider in this paper so-called graphoid axioms (i.e. (A1)-(A5)) studied by other authors, as, e.g. in
[1,4].
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Theorem 2. Let m be a joint basic assignment on Xy, K,L CM. Then (K \ L)AL(L\ K)|(K nL) [m] if and only if
mU(UL(A) _ (mil( > mlL)(A)

for any A C Xkur.

Proof. Let Xy, and X;\x be conditionally independent given Xk~, with respect to a basic assignment m, and A C Xk, be such
that m(A*™) > 0. Then Definition 3 guarantees that A = A" t< A'* and

mu(uL(A) . mumL(ALKﬂL) _ le(ALK) . mLL(AlL)‘ (10)
and therefore

~ m%A%)  mitat
= 4,mil<ﬂ'-(AHmL)

If m(A*™) = 0 then also m(A**) =0, m(A'") = 0 and m(A) = 0 and therefore (m'¥ > m!*)(A) can be obtained via [b] or [c]
depending of whether A = A x Xy or not.

Let, on the other hand, m(A) = (m!X > m!L)(A) for any A C Xk. First let us show that (10) holds for all A = A sq AL, If
m(A*™) > 0 then multiplying both sides of the formula (case [a]) by m(A*™") we obtain the equality (10). If m(A'*™) = 0
then also m(A*€) = 0, m(A'") = 0 and m(A) = 0 and therefore both sides of (10) equal 0. If A = A'X 0« A!!, case [c] of Definition
2 is applied, and therefore m(A) = (m€ > m!t)(A) =0. O

miUL(A) = (m > mib)(A).

Example 2. (Continued) Let us go back to the problem of finding a common extension of basic assignments m; and m,
defined by (4). Theorem 2 says that for basic assignment m = m; > m, with the following two focal elements

m(X; x Xz x {as}) = 0.5,

m({(a,az,a3), (a1,0,,0a3)}) = 0.5,

variables X; and X3 are conditionally independent given X5.

5. Compositional models
5.1. Iterative application of the operator

In this section we want to recall the fact that the operator of composition was originally designed to create multidimen-
sional models from a system of oligodimensional (low-dimensional) ones. From this point of view those properties are of
importance which enable us to construct multidimensional basic assignments, to recognize when two different expressions
define the same basic assignments, and which enable us to use the multidimensional models for inference. The situation is
strongly influenced by the fact that the introduced operator of composition > is neither commutative, nor associative. There-
fore we will concentrate our attention on those properties which make it possible to exchange the order of the arguments
without changing the resulting model. In this paper we are presenting only one—the most important assertion of this type—
which will be necessary in the proof of Theorem 3.

Lemma 5. Let my, m, and ms be basic assignments on Xg,, Xk, and X, respectively. Then

Ki 2K, NnK3 = (m1 l>m2) >Mm3 = (m1 1>m3) >m,.

Proof. The goal is to prove that for any C C X, ux,uk,
((my >my) >m3)(C) = ((My >m3) >my)(C). (11)

We have to distinguish five special cases.

A. C# CHFrpq CY2 g €5,
This is the simplest situation because in this case both sides of formula (11) equal O due to Definition 2 (case [c]).
B. C =" (1 pa €6 & myfa™e (7% > 0, myans () > 0,
In this case it is enough to realize that (under the given assumptions) K3 N (K; UK3>) = K3 N K; and, analogously,
K, N (K1 UK3) = K2 N Kyq. Then we see that both sides of formula (11) again coincide:

m (Cllﬁ ) .My (CLKz) ms (CLKa)
(M1 >my) >m3)(C) = m%szKl (C1K2m1<1) : m§K3m(K1uK2)(Cu(;ﬁ(l(lul(z)) )
_my(CT) -ms () my(C'2)

((my >ms3)>my)(C .
( ) ) mg@mkl (Clkml(]) mész(muK3)(C1K2ﬁ(K1uK3))
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C. C =¥ g 2 g s g, m%KmKZ(ClK’ ml(z) >0, mélﬁ m1<3(cu<m1<3) —0.
In this case, if C/\f1 = Xk, \k, then both sides of formula (11) equal 0, because, due to Definition 2, both assignments
my >m; and (m; >ms) >m, equal 0. Therefore, consider C = C**1 b C*2 < Xy, . For this we get from Definition 2
((my > my) >m3)(C) = (my > my)(CHK152),
For the right-hand side of formula (11) we get
(ml > m3)(ClK1UK3) =m (CU(] )
and therefore
((my > ms) >my)(C) = (my >my)(CH52)

D. C = K1 oy €2 o O3 g, mlzK‘ﬂKz(ClK’ ml(z) -0 mélﬁ ml(s(Cu(ng) > 0.
The proof is analogous to that under item C.

E C=C¥i pq CH2 pq O3 g, m%KanZ(CU(mKZ) -0 mélﬁrﬂ@(CLKlﬂK;) —0.
It is obvious from Definition 2 that both sides of formula (11) equal 0 for all C but for C = C* < Xi\x, >4 Xicp\, - FOr
this special case, however,

((my >my) >m3)(C) = my (C*),

((my >m3)>my)(C) = my(C*1). O

Let us formulate an important property generalizing (iv) of Lemma 2.

Lemma 6. Let m; and m, be basic assignments on Xk, and X,, respectively, and K, 2 L D Ky nK;. Then

n

my>my = (Mg >my’) >my.

Proof. The goal of this proof is to show that
(M1 >my)(C) = ((my > my) > my)(C)

holds true for any C C X, , . The proof will be performed in three steps corresponding to cases [a], [b], and [c] of Definition 2.
ad [a]. Assume that C = C*1 < %2 and my1"*2(C¥¥1"K2) > 0. From this and Lemma 4 we get that also C*¥1VF = 1 < C'E,

and therefore (since Ky NKy; = K1 NL)

_my (ClK1) . mﬁL(CLL)

1Ly ¢ LK UL
(my >my ) (CH) = mﬁl(mkz(cikml(z)

In the rest of this step we have to distinguish between two situations depending whether m%L(ClL) equals 0 or not.

If mit(C'*) > 0 (realize that in this case also my">(C'*17%2) > 0) then

my (CK1)-mitcihy
. (my > M (CH) . my (1K) —m;,<,m<2(cuil‘,u<z) My (CH?) m (CH0) -y (C'R2)
((mq>my ) >my)(C) = ml (') = mi(C'h) = mie (ke = (M1 >my)(C).

If my*(C'*) = 0 then, according to Definition 2, either
((my > my) > my)(C) = (my > my) (CH),

in case that C = C**1% bg Xy, oOr
((my >my')>m;)(C) =0,

in the opposite case. However, in this case also

1K1y | lL el

1y ko, _ M (CT) - my(C)
(my >my ) (C7) = mﬁl(sz(ClkaZ) =0,

and therefore ((m; > mi") > m;,)(C) = 0 independently of whether C*2\* = X, or not. Regarding the fact that in the consid-

ered situation (i.e., mi*(C'") = 0) also m,(C**?) = 0, and therefore also

m (CLI(I ) . mz(C“<2)
(my>my)(C) = méK‘nKZ(C“(mKZ) =
we have finished the first step of the proof.

ad [b]. Now we assume that C = C**1 51 Xy, \x,, and that my"™2 (C*17K2) — 0, In this case, naturally, also m}"(C'*) = 0 and
C=Ccfpq Xp\k, > Xk,\r. Therefore, according to case [b] of Definition 2,
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(my >myh)(CH) = my (€1),

and for the same reasons also
((my & my) > ma)(C) = (my > my")(C) = my (C1).

In this case (m; >my)(C) = m;(C*1) as well, and we have finished the second step of the proof.
ad [c]. The last step is trivial. In this case, as the reader can immediately see, both ((m; > mﬁl) >my)(C) and (m; >m;3)(C)
equal 0; therefore, they are equal to each other. O

Lemma 7. Let m; and m, be basic assignments on Xk, and X,, respectively. Then

KiuK,; DLD Ky = (m sz)l’- —-m Dmﬁl(sz.

Proof. First consider B C X; such that mJ1"™*2(g¥17%2) > 0, For this B we get

1Ky LKy 1K4
Lopy _ _ m (A7) -my(AT?) my(B™1) -m,(C)
(miomy) " B) = > (mem)A) = > miKike (gIKike )~ = > miKiTe (BIKiKz
Agx,(1u,<2;AiL:B AgxlﬁuKz:A“—:B 2 CgXKz:C“”’(Z:Blm’Q 2
m (B““) m (B“(] )méLsz (Bml(z)

my(C) =

CC Xy, (L2 ik

LKy
- =(mrpem B).
m%Ksz(BLKmKZ) ( 2 )(B)

m%l(] NKy (BU(] NKy )
If mi<17%2 (B172) — 0 for some B C X, then there is only one A C X, «, such that A*" = Bt for which (m; >m,)(A) may
be positive, namely A" = B 0« X, \x, with (m; >m,)(A") = m;(B*). Thus if B = B ba Xp\,,

(miomy) " B) = > (memy)A) = (mi>my)(A) = m(B) = (mo>my ™) A™M) = (mi > my*™)(B).

AC Xy, uk, A =B
If B B a1 Xk, and my17%2(B¥17K2) — 0 then
(mi>my) (B)=0=(m>m*™)B). O

The following theorem shows that, in certain circumstances, computation of a marginal from a composed basic assign-
ment may be very simple.

Theorem 3. Let my and m; be basic assignments on Xk, and X,, respectively. Then

IL 1KynL

m] lemL

K1UK22L21<1ﬁ]<2:>(m1>m2) >m,

Proof. In addition to the properties presented in preceding lemmata we will also use an obvious fact which directly follows
from Definition 2:

(m] > mZ)LL _ ((m‘l > mz)ll(lul.)ﬂ
(my >my)'" = ((my > my) ot
= (my >my™)"" application of Lemma 7
= (M7 5 my) > mi¥2™ application of property (iv) of Lemma 2
= (M2 > my™y pmy)*t application of Lemma 5
= (m™e p mikenty Mt pplication of Lemma 7
= (ma™e p miathy Mm%t gpplication of Lemma 5

=mi“™" > my" application of property (iv) of Lemma 2. [
The following simple example demonstrates, that the condition on set inclusion is substantial.

Example 3. Let X;, X, and X3 be three variables with values in X;, X; and X3, respectively, X; = {a;,a;}, i=1,2,3, and let
m; and m, be two basic assignments on X; x X3 and X, x X3, respectively, defined as follows:

m;({a,as}) = 0.5,
m;(X; x X3) =0.5.
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and

mz({az,a3}) = 05,
mz(X2 X X3) =0.5.

Applying Definition 2 one gets

my >my({as,az,as}) = 0.5,
mp > mz(X] x Xy X X3) =0.5.

from which
(my >my)'"? ({ay,a,}) = 0.5,
(myom) 1 (X; x X3) =05
immediately follows. On the other hand
m" ({ai}) =
m!(X;) = 0.5,

fori=1, 2, and therefore

m] >m2 2 ({ay,a;}) = 0.25,
mi™ > mi? ({a;} x Xp) = 0.25,
mi™ > my® (X, x {ay}) = 0.25,
mi e miH (X, x Xp) = 0.25,

i.e., the equality in Theorem 3 is not generally valid.

5.2. Generating sequences

In this part of the text we will consider a system of low-dimensional basic assignments m;,m,,...,m, defined on
Xk, Xk, - - -, X, respectively. Composing them together by multiple application of the operator of composition, one gets
multidimensional basic assignments on X, u,u..uk,- However, since we know (from what has been shown in the preceding
sections) that the operator of composition is neither commutative nor associative, we have to properly specify what we
understand by saying “composing them together”.

To avoid using too many brackets let us make the following convention. Whenever we put down the expression
m; >my > ...>m, we will understand that the operator of composition is performed successively from left to right:

memy>...oMmMy = (- (M >My)>msz)>---) > My

Therefore, when we want to describe a multidimensional model that is a composition of many low-dimensional basic assign-
ments, it is enough to specify an ordered sequence of these assignments; we will say that a generating sequence
mq,my,...,m, represents multidimensional basic assignments m; >m; > - - - > my.

Example 4. In this simple example we will show that the ordering in which the basic assignments are considered is
substantial. Consider three variables X;, X, and X5 with values in X;, X, and Xj, respectively, X; = {a;,a;}, i =1,2,3. Let
my, my and m3 be three basic assignments on X; x X, X, x X3 and X; x X3, respectively, each m; having only one focal
element A;

A = {(a1,a2),(a1,a2) },
Ay = {(a2,a3), (a2, 03)},
A3 = X1 X Xg,
ie. m,-(A,-) =1.
These basic assignments are pairwise projective (any one-dimensional marginal has only one focal element, namely X;),
but the sequence is not perfect (cf. definition following this example). Therefore, application of the operator of composition

to different orderings of these three basic assignments leads to different joint basic assignments on X; x X; x X3. Each of
these composed basic assignments has again only one focal element, namely

A1 <Ay = {(ay,0az,03), (A1,02,03)}

7 Naturally, if we want to change the ordering in which the operators are to be performed we will do so with the help of brackets.
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for m;, my, my and m,, my, ms,
{(ar,a2),(01,82)} x X3

for my, ms, my,
Xi x {(a2,03), (02,03)}

for my, ms, m; and, finally,
X; x X5 x X3

for ms, my, my and mz, my, my.

When representing knowledge in a specific area of interest, a special role is played by the so-called perfect sequences, i.e.,
generating sequences my, my, ..., my,, for which

mp>m; =my>my,
mq >myp>ms :m3l>(m1>m2),

my>MmMy>->My =My > (Mg > >My_q).

The property explaining why we call these sequences perfect is expressed in the following assertion.

Theorem 4. A generating sequence my,my, ..., my is perfect if and only if all my,m,, ..., m, are marginal assignments of the
multidimensional assignment my>my > --->My!

(mi>myo--->my) =m,

foralj=1,...,n

Proof. The fact that all assignments m; from a perfect sequence are marginals of (m; >m, > --->m,) follows from the fact
that (my>--->m;) is marginal to (mye--->m,) (due to (ii) of Lemma 2), and m; is marginal to
mi>(My>--->miq) =my>--->m
Suppose now that for allj = 1,...,n, m; are marginal assignments to m; & - - - > m,. This means that all of the assignments
from the sequence are pairwise projective, and that each mj; is projective with any marginal assignment of m; » - - - > mjy, and
consequently also with m; > --->m;_;. Hence we get that
mjmjmaq U-UKj_1)

— (s> mjil)ugna(]u---ukj 0

for all j = 2,...,n, which is equivalent, due to property (iii) of Lemma 2, to the fact that
m1l>m2>~-->mj:mjb(m1|>~--l>mj,1),

which corresponds to the definition of perfect sequence. O

Let us interpret this assertion in the language of artificial intelligence. If low-dimensional assignments m;, m,, ..., m, cor-
respond to pieces of local knowledge, then the global knowledge represented by multidimensional assignment
m; >my > - - - >m, contains all these pieces of local knowledge. The next theorem shows that each generating sequence defin-
ing a compositional model m; > - - - > m, can be transformed into a perfect sequence without changing the represented mul-
tidimensional assignment. In other words, any basic assignment representable by a generating sequence m;,m,,...,m, can
also be represented by a perfect sequence iy, m,, ..., m,. First, we shall formulate this property just for two basic assign-
ments, then it will be generalized to an arbitrary generating sequence.

Lemma 8. Let m;, my be basic assignments on Xg,, Xg,, respectively. Then

my > my = my o (m™ s my).

Proof. Due to (ii) of Lemma 2, assignments m; and (m%"‘”"2 >m,) are projective and therefore (due to property (iii) of the
same lemma), these arguments may be commuted
my > (mE™2 omy) = (m™2 omy) omy.

The last expression meets the assumptions of Lemma 5 and therefore we can exchange the second and third arguments, from
which the required expression is obtained by application of (iv) of Lemma 2:

MmN e my)em =M e my)emy =miem,. O



R. Jirousek, J. Vejnarovd/International Journal of Approximate Reasoning 52 (2011) 316-334 331
Theorem 5. For any generating sequence my,ms, ..., m, the sequence my,m,,..., m, computed by the following process

my; =m,
ﬁ’lz = m%szKl >My,
)1K3”(K1UK2)

ﬁ13:(ﬁ11>ﬁ12 >ms,

1KnN(KqU-+UKp 1)

M, = (M-, ) >y,
is perfect and

Mo >y =M >...> M,
Proof. The perfectness of the sequence my, ..., m, follows immediately from property (ii) of Lemma 2 and from the defini-
tion of this sequence as

ﬁlileﬁ(KlU'“UKi 1) (ml D> miil)lkiﬂ(KlU"‘UKi—l)

yields equivalence
My by - > 1y =My (M- > 1_q).
So, we have only to prove that
mi--->My=ng>--- >y,
We will do so by mathematical induction. Since m; = 1, by definition, it is enough to show that
mo---omy=m>--->0y
also implies
Myb-- > =05 > M.
In the following computations we will use the fact that due to Theorem 3

1K1 N(Kq U---UK;) o

>Miy = ((m] D"'Dm,‘) DmHl)LKHl?

(m1 D> ﬁ'll)
and afterwards we will employ Lemma 8

1K1 N(Kq U--UK;) 1Kiq

My > >y =Moo (Mg >0 >1Yy) >Myyp) =My > Ay (Mg > > 1) > Miyq)

Zm]D--'Dm,‘Dm,‘+1 =my>--->m;>mj,

where the last modification is an application of the inductive assumption. [

6. Bayesian basic assignments

As already mentioned in Section 1, the operator of composition was originally designed for probability theory. Let us re-
call this definition.

Definition 4. Consider two arbitrary probability distributions p; and p, defined on X,, X,, respectively, (K; # 0 # K,). If

1K1nKy : . 1KinKy
p; "'"? is dominated by p;"'""?, i.e,,

1K1NKy

Vz € Xk,nk, Dy (2)=0= P%KWKZ (z2) =0,

then p, v p, is for all x € X, defined by the expression®

_ (xR - py ()
(p1>py) (%) = I (gl )

Otherwise the composition p, > p, remains undefined.

8 In case of necessity we define %2 = 0.
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A basic assignment m degenerates into a probability distribution if all of its focal elements are singletons (in other words:
m(A) > 0 = |A| = 1). In agreement with [19] we will call such assignments Bayesian basic assignments. It would be inconsis-
tent if the operator of composition we have introduced in this paper did not coincide with the probabilistic one when applied
to Bayesian basic assignments. Fortunately, that is not the case.

Lemma 9. Let m; and m, be Bayesian basic assignments on Xk, and X,, respectively, for which
my"2({z}) = 0 = m{""2({z}) = 0 (12)
for any z € X, ,. Let p; and p, be probabilistic distributions on Xk, and Xy,, respectively, such that

my ({x!1}) = py (x"),
my({x!*2}) = p,(x'"2),

for any x € Xk,uk,. Then m; >m, is a Bayesian basic assignment and
(m1>my)({x}) = (py > py)(X)
for all x € X, uk,-

Proof. To prove that basic assignment m; >m, is Bayesian, it is enough to show that if A C Xk, «, is not a singleton then
(m1 > mg)(A) =0.

Consider any A C Xk, uk, that is not a singleton. Therefore there must exist two different elements x,y € A. Since x # y then
either x!§1 = ylKi or x!K2 = ylK2 (or both). Therefore, either A" or AY¥ is not a singleton and therefore
my (A% - my(A¥?) = 0. This means that if my™ (A7) > 0 (notice that A™ can be a singleton) then, due to
Definition 2, (m; > my)(A) = 0.

If mi<17K2 (AUG7K2) — 0 then, because we assume the validity of implication (12),m{“"™¥2(A¥17K2) — 0 and therefore also
my (A1) = 0. Therefore, according to Definition 2, (m; > m,)(A) = 0 as well. So, we have proven that m; >m, is Bayesian.

Now, consider a singleton {x} for some x € X, ux,. If m5€1™%2 ({x}¥17K2) — p, (x/K17K2) - 0, point [a] of Definition 2 yields

m ({1 - my ({2 py(x) - py(xi¥e)

(ml sz)({X}) = m%Ksz({X}leKz) = PﬁKsz (Xuqml(z) - (P1 DPZ)(X)

by Definition 4. Similarly, if my*™2 ({x}'¥17%2) — p, (x!¥17K2) — 0, we get according to point® [c] of Definition 2
(my > my)({x}) =0,

and according to Definition 4

1K1Y L 1K .
by o)) = LG P00

pél(lﬁKz (lelﬁKz )

which finishes the proof. O

The reader should, however, notice that the definition of the operator of composition for Bayesian basic assignments is
not fully equivalent to the definition of composition for probabilistic distributions. They equal each other only if the prob-
abilistic version is defined. This is anchored in Lemma 9 by assuming the implication (12). In case it does not hold, the prob-
abilistic operator is not defined, even though its belief version introduced in this paper is always defined. Nevertheless, in
this case, the result is not a Bayesian assignment. We will illustrate this fact with the aid of a simple example.

Example 5. Let X;, X, and X3 be as in the previous example and consider the following Bayesian basic assignments m; and
m, on X; x X, and X, x Xz, respectively:

mi({(a1,a2)}) = my({(a1,@2)}) = mi({(@1,02)}) = my({(@,G2)}) = 0.25,

my({(az,a3)}) = my({(az,a3)}) = 0.5,

ma({(a2,a3)}) = my({(az,a3)}) = 0.

(Naturally, since m; and m, are Bayesian, m; (A) = my(A) = 0 for any A C X{123; for which |A| > 1.)
Let us compute m; > m; for all singletons {x;x,x3} € X; x Xz x X3. If X, = ay, then

mi({(%1,02)}) - M2 ({(d2,X%3)}) _ 0.25-05

~0.125.
my({az}) 1

(my>mp)({(X1,02,%3)}) =

° Notice that for singleton {x} C X, uk,, {X} = {x}* ba {x}"2 but {x} = {2} x Xy, x, -
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For a singleton {(x1,a,,x3)} we get

(my > my)({(x1,02,%3)}) = 0,

because m*({@,}) = 0. In this case, however, we get
(my >my)({(x1,02)} x X3) = mq({(x1,0d2)}) = 0.25.

In other words, there are six focal elements of m; > m;, namely, four singletons:
{(x1,0a2,x3)} for x; € X1, X3 € X3,

and two two-element sets
{(x1,02)} x X3 for x; € X;.

Let us remark that in contrast to m; > m,, m, >m, is a Bayesian basic assignment, because whenever m{m(xz) = 0 then also
my?} (x,) = 0. Basic assignment m; > m, has four focal elements:

(mz>my)({(a1,02,03)}) = (M2 >mq)({(a1,02,03)}) = (M2 > 1) ({(a1, A2, 03)}) = (M2 >4 )({(G1,02,03)}) = 0.25.

7. Conclusions

In this paper we have introduced a new definition of conditional independence for basic assignments (and thus also for
belief functions, though we even have not recalled the notion of a belief function in the paper). The new concept is closely
related to previously defined notions of conditional non-interactivity of Ben Yahlane et al. [4] but these two notions are not
equivalent to each other. They coincide only for unconditional independence and for conditional independence of Bayesain
basic assignments. In general, although each of these concepts meets semigraphoid axioms, they differ from each other.
Since the newly introduced notion does not suffer from the drawback explained in Example 3, we believe it better corre-
sponds to the requirements laid on the notion of conditional independence.

The newly introduced definition was motivated by the operator of composition, which was for belief functions (or, more
precisely, for basic assignments) originally introduced in [13]. This operator, which was designed for construction of multi-
dimensional models, was formerly introduced in probability theory [12] and later also in possibility theory [22]. Since it is
well known that probability and possibility theories are (in a way) special cases of evidence theory, a legitimate question
arises whether the operator of composition introduced for basic assignments corresponds in these special cases to the oper-
ators introduced in the respective theories. While for probability theory the positive answer was presented in Section 6, for
possibility theory, i.e., for consonant bodies of evidence, the situation is quite different. The situation is much more compli-
cated, since the operator of composition in possibility theory is parameterized by a continuous t-norm. One could hardly ex-
pect that the possibilistic operator of composition would be a special case of the one for basic assignments for any
continuous t-norm. Nevertheless, it should hold for one of them and if it were so, this relationship would help us to distin-
guish among the t-norms (and consequently also among resulting models). Unfortunately, the situation is substantially dif-
ferent. If we compose (following Definition 2) two basic assignments corresponding to consonant non-vacuous bodies of
evidence on different frames of discernment, the resulting basic assignment never corresponds to a consonant body of evi-
dence. In other words: application of Definition 2 to possibility distributions leads to results beyond the possibilistic frame-
work. This is so because the independence concept in evidence theory does not preserve consonancy. For more details see
[23].
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