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Abstract. Extending the notion of belief functions to fuzzy sets leads
to the generalization of several key concepts of the classical Dempster-
Shafer theory. In this paper we concentrate on characterizing normalized
belief functions and their fusion by means of a generalized Dempster rule
of combination. Further, we introduce soft-normalization that arises by
either rising up the usual level of contradiction above 0, or by decreasing
the classical level of normalization below 1.

1 Introduction

The Dempster-Shafer theory of evidence [AI3] is a generalization of Bayesian
probability theory that allows to combine all the available informations about a
given event F into a unique one. The theory shows how all the available evidences
can be used to evaluate the degree of belief of F via a belief function bel. In fact,
in the classical setting, pieces of evidence are encoded by means of subsets of
a fixed domain X called the frame of discernment. To each piece of evidence
(i.e. to each subset of X) is attached a weight (called mass in Dempster-Shafer
theory) that is given by a probability distribution m defined over the powerset
2% If a subset is assigned a strictly positive mass, it is called a focal element.

Specifically, our belief is encoded by a mass assignment m : 2% — [0, 1], that
is, - peox m(B) = Land m(0) = 0. Its associated belief function bel : 2% — [0, 1]
attaches to cach A € 2% the sum of the masses of those pieces of evidence
supporting A, i.e.

bel(A) = Y m(B). (1)

BCA

It is worth noticing that, since every mass m is a probability distribution over
2% the belief of A can be equivalently defined as

bel(A) = Pn(Ba) (2)
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where P, is the probability measure defined over 2(2%) and (B4 is the character-
istic functior] of the inclusion set {Be2X:BCA}.

Recently, several generalizations of belief function theory to the algebraic
setting of MV-algebras of continuous fuzzy sets have been proposed [9I5]. The
soft-computational setting of fuzzy sets and the related algebraic framework open
the door to the generalization of the key concepts that form the basis of classical
Dempster-Shafer theory. In this paper, after some needed preliminaries on MV-
algebras of fuzzy sets and finitely additive measures on them, called states, we
first recall those generalized notions of belief functions. For the particular class
of belief functions whose focal elements are crisp, we also study their Moébious
transform. Then, always in the generalized setting of MV-algebras of continuous
fuzzy sets, we discuss the notion of normalized belief function and characterize
it in terms of the support of the state underlying it. Finally, after recaling some
generalized forms of the Dempster rule of combination (not only conjunctive), we
consider a notion of soft-normalization that arises by either rising up above 0 the
usual levels of contradiction, or by decreasing the classical level of normalization
below 1.

2 MV-Algebras of Fuzzy Sets and States

MV-algebras were introduced by Chang [I] as the equivalent algebraic seman-
tics for the infinite-valued Lukasiewicz calculus. They are algebraic structures
M = (M,®,—,0) of type (2,1,0) satisfying the following requirements: the
reduct (M, @, 0) is a commutative monoid, and for every a,b € M, the following
equations hold: =—a =a, a® -0 = =0 and ~(-a & b) ® b= -(-bd a) P a.

It is well known [2] that the class of MV-algebras forms an algebraic variety.
Moreover, in every MV-algebra the following operations are definable: a ® b is
—(-a® —b);a=bis a®b;aVbis (a=0b) = b, aAbis =(—a A -b), and
the constant 1 stands for —0. In every MV-algebra M, a partial order relation
is defined as follows: for every a,b € M, a < b iff a = b = 1. An MV-algebra is
said to be linearly ordered (or an MV-chain), if the order < is linear.

Ezample 1. (1) Every Boolean algebra is an MV-algebra. Moreover, for every
MV-algebra M, the set of its idempotent elements B(M) ={a € M : a®a = a}
is the domain of the largest Boolean subalgebra of M, the so called Boolean
skeleton of M.

(2) Consider the real unit interval [0,1] equipped with Lukasiewicz operations:
for every a,b € [0,1],

a @b =min{l,a+ b}, —a=1-a.

Then the structure [0,1]pv = ([0,1],®,—,0) is an MV-chain. Chang theorem
[1I2] says that an equation holds in [0, 1]asy iff it holds in every MV-algebra.

! Throughout the paper, we make no formal distinction between a set and its charac-
teristic function.
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It is worth noticing that in [0, 1]/ the above introduced operations have the
following form:

a®b=max{0,a+b—1},a=b=min{l,1 —a+ b},
a Vb = max{a,b}, a A b =min{a, b}.

(3) For every n € N, consider the class F;, of n-place McNaughton functions,
i.e. functions from [0, 1]™ into [0, 1] which are continuous, piecewise linear, each
piece having integer coefficient. The algebra (F,,, @, -, 0) with operations @ and
- defined pointwise, and where 0 here denotes the zero-constant function, is an
MV-algebra that coincides with the free MV-algebra over n generators. We will
henceforth denote this algebra by Free(n).

An MV-clan over a set X is a collection of functions from X into [0, 1] (i.e. a set
of fuzzy subsets of X) that contains the zero-constant function and that is closed
under the finitary pointwise application of @ and — as defined in [0, 1] 5. We will
denote by [0, 1]% the clan of all functions from X into [0,1]. A clan M C [0, 1]
is said to be separating if for every xy1,x2 € X with x1 # w2, there exists a
function f € M such that f(z1) # f(z2). Clearly, [0,1]X is separating, and it is
well known that for every n € N, Free(n) is a separating MV-clan as well (cf. [2,
£§3.6]).

Whenever X is finite, we will call [0,1]% a finite domain MV-clan. Finite
domain MV-clans will play a central role in this paper. The following notion
of state is the MV-counterpart of the notion of a finitely-additive probability
measure on a Boolean algebra.

Definition 1 ([11]). Let M be an MV-algebra. A state on M is a map s : M —
[0,1] satisfying s(1) =1, and s(a ®b) = s(a) + s(b) whenever a ©b = 0. A state
s is said to be faithful if s(x) = 0 implies © = 0.

The following theorem, independently proved in [§] and [12], shows an integral
representation of states by Borel probability measures defined on the o-algebra
B(X) of Borel subsets of X, where X is any compact Hausdorff topological
space.

Theorem 1. Let M C [0,1]% be a separating clan of continuous functions over
a compact Hausdorff space X. Then there is a one-to-one correspondence be-
tween the states on M and the regular Borel probability measures on B(X). In
particular, for every state s on M, there exists a unique reqular Borel probability
measure i on B(X) such that for every f € M,

()= [ fan (3)

3 Belief Functions on MV-Algebras of Fuzzy Sets

In what follows we will assume X to be a finite set.
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3.1 Crisp-Focal Belief Functions

In [9], the author proposes the following generalization of belief functions. Let
M = [0,1]X be a finite domain MV-clan and consider, for every f : X — [0, 1],
the map py : 2% — [0, 1] defined as follows: for every B C X,

ps(B) = min{f(x) : x € B}. (4)

Remark 1. Notice that pf generalizes 84 in the following sense: whenever A €
B(M) = 2% then ps = 4. Namely, for every A € B(M), pa(B) =1if B C A,
and p4(B) = 0, otherwise.

Definition 2. A map b: M — [0, 1] 4s called a crisp-focal belief function when-

ever there is a state § : |0, 1](2X) — [0, 1] such that §({0}) = 0 and, for every
feM,

b(f) = 8(py)- (5)
With X being finite, Theorem [l yields a unique probability measure p : 2(2%)
[0, 1] such that §(py) = > ccox pr(C) - u({C}). Moreover, it is easy to see that,
for every C' C 2%, u({C}) = 8({C}). Since u({})}) = 0, probability measure x
induces a mass assignment m such that m(C) = u({C}).

In Dempster-Shafer theory, given a belief function bel : 2% — [0, 1], the mass
m that defines bel can be recovered from bel by Mobius transform:

m(A) = ZBQA(*l)‘A\Blbel(B)

In case of crisp-focal belief functions, the situation is analogous.

Proposition 1. Let b : [0,1]% — [0,1] be a crisp-focal belief function, defined
as b(f) = 8(py) for some state s on [0,1)2" such that ({0}) = 0 and §({C}) > 0
iff C(x) € {0,1}, where C # (). Then

S({A}) = m(A) = X pc 4 (-1)"\PIb(B)
for each A C X.

Proof. Definition (B directly gives that p4(C), € {0,1} for each pair of crisp
sets A,C C X and thus

B(A) = chzx pa(C)-8({C}) = ZBgA s({B}) = ZBgA m(B).

This implies that the restriction of b to 2X is a classical belief function. See [10]
for further details. O

As a corollary, observe that, in the hypothesis of the above proposition, the
values b(f) for non-crisp f € [0,1]¥ are necessarily determined by the values of

b over the crisp sets of 2X. Indeed, in [9] it shown that, for any f € [0,1]%, b(f)
is in fact the Choquet integral of f with respect to the restriction of b over 2X.
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Moreover, this shows another characterization of crisp-focal belief functions.
Indeed, a function bel : [0,1]X — [0,1] is a crisp-focal belief function iff its
restriction on crisp sets 2¥ is a total monotone function, i.e., for every natural
n and every Aj,..., A, € 2%, the following inequality holds:

bel (\n/1A> > > (=D e (/\ Ak>.

0A£IC{1,...,n} kel

3.2 General Belief Functions

The definition introduced in [5] generalizes crisp-focal belief function by intro-
ducing, for every f € M, a map p; associating with each fuzzy set g € M the
degree of inclusion of g into f. Specifically, let M = [0,1]% be a finite domain
MV-clan, and consider, for every f € M, the map py : M — [0, 1] defined as
follows: for every g € M,

ps(g) = min{g(z) = f(x) : x € X}. (6)

The choice of = in the above definition is due to the MV-algebraic setting, but
other choices could be made in other fuzzy logics.

Those mappings py can be regarded as generalized inclusion operators between
fuzzy sets (cf. [5] for further details). For every f € {0,1}* (i.e. whenever f
is identified with a vector in [0,1]% with integer components), the map p; :
[0,1]¥ — [0,1] is a pointwise minimum of finitely many linear functions with
integer coefficients, and hence py is a non-increasing McNaughton function [2].

Lemma 1. The MV-algebra Ra generated by the set o2 = {pa : a € {0,1}¥}
coincides with Free(n), where n is the cardinality of X.

Proof. By [3l, Theorem 3.13], if a variety V of algebras is generated by an alge-
bra A, then the free algebra over a cardinal n > 0 is, up to isomorphisms, the
subalgebra of AA" generated by the projection functions 6; : AX — A. There-
fore, in order to prove our claim it suffices to show that the projection functions
01,...,0, belong to ps2.
Consider, for every i = 1,...,n the point i € {0,1}X such that

. 0, ifj=1

i) = { 1, otherwise.
Then p; = 1 — 6;. In fact, for every b € [0,1]X, and for every i,j € X such
that j # ¢, we have b(j) — i(j) = 1, and b(i) — (i) = 1 — b(7), so that
1 — p;p) = 0i(b) = b(i). This actually shows that the MV-algebra Ry generated
by the set =02 = {1 — p, : a € {0,1}*} is isomorphic to Free(n). Clearly Ra
and RS are isomorphic through the map g:a € Rg — 1 —a € R3. O

Therefore, if we consider the MV-algebra R generated by o = {py : f € [0,1]%X}
we obtain a semisimple MV-algebra that properly extends Free(n), and whose
elements are continuous functions from [0, 1]% into [0, 1]. This implies, in par-
ticular, that R is separating.
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Definition 3. Let X be a finite set and let M = [0,1]X. A map b : M — [0,1]
will be called a belief function on the finite domain MV-clan M provided there
exists a state s : R — [0,1] such that for every a € M,

b(a) = s(pa)- (7)

We will denote by Bel(M) the class of all the belief functions over a finite domain
MV-clan M.

Note that if s is such that the set {f € M | s({f}) > 0} is countable, then the
above expression yields

= palf) - s({FD).

feMm

As in the previous section, we will identify the mass of a belief function b with
the unique Borel regular probability measure u over B([0,1]%) that represents
the state s via Theorem [l

Since belief functions on [0, 1]X are defined as states on R and different states
s1 and sz determine different belief functions by and b, the set Bel([0,1]%) of
belief functions on [0, 1]X is in 1-1 correspondence with the set S(R) of all states
on R. Hence Bel([0,1]%) is a compact convex subset of [0, 1] Therefore
Krein-Mil'man theorem shows that Bel([0,1]%) is in the closed convex hull of
its extremal points. The following result characterizes the extremal points of
Bel([0,1]%).

Proposition 2. For every x € [0,1]%, the belief function b, defined by

b.(f) =sz(pr) = ps({z}), [fE€ [Oa”X’ (8)
is an extremal point of Bel([0,1]%).

Proof. A belief function b € Bel([0,1]%) is extremal iff its state assignment is
extremal in S(R). In fact s is not extremal iff there exist s;,s2 € S(R) and a
real number A € (0,1) such that s = As; + (1 — A)sz. In particular, for every
a€0,1]%

b(a) = 5(pa) = As1(pa) + (1~ Nsa(pa) = Abi(a) + (1 — Nba(a),

whence b would not be extremal as well.
O

As we recalled above, R is separating. Therefore from Proposition [ the extreme
points of its state space are MV-homomorphisms s, for each x € [0, 1]*. Hence
the following holds due to (J).

Theorem 2. FEvery belief function is a pointwise limit of a convex combination
of some elements p_(z'),..., p. (), where xt,... 2% €[0,1]%
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3.3 On Normalized Belief Functions

In classical Dempster-Shafer theory, the notion of focal element is crucial for
classifying belief functions. Whenever X = {1,...,n} is a finite set, the Boolean
algebra 2% is finite, and hence the mass assignment m : 2% — [0,1] defines
obviously only finitely many focal elements. On the other hand, the MV-algebra
[0,1]* has uncountably many elements, and hence we cannot find in general
a mass assignment g defined over B([0,1]%) that defines a belief function b
through () which is supported by a finite set. This observation leads to the
following definition.

Definition 4. Let IC be the set of all compact subsets of a finite domain MV-
clan [0, 1)X. For every regular Borel probability measure u defined on B([0, 1]%),
we call the set

sptu = ({K|K € K, p(K) =1}
the support of pu.

By Theorem [Il we can regard sptu as the support of the state s defined from p
via [@)). In particular, the following holds:

b@= [ pudi= [ pdn (9)
[0,1]X sptu

Therefore, for a belief function b on [0, 1] whose state assignment s is charac-
terized through (B)) by a regular Borel probability measure u, we will henceforth
refer to spty as the set of focal elements of b. We restrict our attention to those
belief functions on [0, 1]X such that their state assignment s on Free(n) satisfies
the condition

b(0) = s(p,) = 0. (10)

Proposition 3. The set Sy of all states on R satisfying (1) is a nonempty
compact conver subset of [0,1]® considered with its product topology.

Proof. Sy is nonempty: let s; be defined by

for every f € R. This gives si(pg) = po(l,...,1) = 0 and thus s; € Sy. Let
s,s' € Sy and o € (0,1). Then the function R — [0, 1] given by

as+ (1 —a)s’

is a state on R which clearly satisfies ([I0). Hence Sy is a convex subset of
the product space [0,1]%. Since the space [0,1]® is compact, we only need to
show that Sy is closed (in its subspace product topology). To this end, consider a
convergent sequence (S, )men in So whose limit is s. As the set of all states on R
is closed, s is a state. That s satisfies (I0) follows from s(p,) = limu,— 00 Sm(py) =
0. O
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The family of states Sg can be characterized by employing integral representation
of states. Namely, we will show that a state assignment s € Sy iff s is “supported”
by normal fuzzy sets in [0, 1]%, i.e. fuzzy sets f € [0,1]X such that f(z) = 1 for
some z € X. We will denote by N F(X) the set of normalized fuzzy sets from
[0,1]%, i.e.

NF(X)={fe[0,1)* | f(z) =1 for some z € X}.

Proposition 4. Let s be a state assignment on R and p be the reqular Borel
probability measure associated with s. Then sptu C N F(X) if and only if s € Sp.

Proof. Let u be a probability measure on Borel subsets of [0,1]% such that
sptuy C NF(X). Put

s)=[  fdu fem (1)
[0,1]%

Since py(z) = 0 for each x € sptp, it follows that

s(py) = / po dp =0,
sptu

hence s € Sy. Conversely, assume that
s(po) = / Py dp =0,
[0,1]¥

which implies p, = 0 p-almost everywhere over [0,1]%. Since py(z) = 0 iff
x € [0,1]% is such that x; = 1, for some i € X, we obtain y(NF(X))=1. O

In particular, every state assignment of a generalized belief function in the sense
of [9] belongs to Sp.

4 Generalized Dempster Rule of Combination

In [5] the authors present a way to generalize the well-known Dempster rule to
combine the information carried by two belief functions by, by € Bel(M), into
a belief function by 2 € Bel(M). In this section we will recall the basic steps of
that construction, and we also add some remarks. We start with an easy result
about the definition of states in a product space.

Proposition 5. For every MV-algebra N, and for every pair of states si,S2 :
N — [0,1], there exists a state s12 defined on the direct product N x N such
that for every (b,c) € N x N, s1.2(b,c) = s1(b) - s2(c).

Let now M = [0,1]%, and let R be as defined in Section Bl Also let s1,s2 be
two states on R such that by (f) = si(pr) and ba(f) = sa2(py) for all f € M.
Furthermore, let p1, ua : B(M) — [0, 1] be the two regular probability measures
of support spty; (for i = 1,2), such that for i = 1,2,

si(f) = / S
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Take the mapping p12 @ B(M x M) — [0,1] to be the product measure on
Borel subsets generated by M x M. Let s12 be a state on [0, 1]MXM defined
by integrating measurable functions M x M — [0, 1] with respect to . If there
exist g,h : M — [0,1] and f such that f(z,y) = g(z) - h(y), then Proposition [l
yields s1 2(f) = s1(g) - s2(h).

Finally, for every f € M, consider the map p}\ : M x M — [0,1] defined by
pi(b,¢) = pa(b A c). Then we are ready to define the following combination of
belief functions.

Definition 5 (Generalized Dempster rule). Given by, by € Bel(M) as
above, define its min-conjunctive combination by o : M — [0,1] as follows: for
alla € M,

b12(a) = s1.2(p0)- (12)

Regarding the support of the combined measure, it is worth noticing that by [6]
Theorem 417C (v)], sptu1,2 = sptuy X sptuz, and hence, whenever p1 and ug are
normalized in the sense that their support is included into N F(X), sptui2 C
NF(X) as well. Therefore, by Proposition ] one might deduce that, if by and
by are normalized belief functions, then by 2 is normalized as well. The following
example shows that it is not the case, since in the definition of by 2, together
with the product measure p1,2 we also use the map p”" which, in fact, is not a
genuine fuzzy-inclusion operator.

Ezample 2. Consider two belief functions by and bz on [0, 1]2 with masses con-
centrated as follows:

p1(1,0) = 1/4; pua(1,1) = 3/4; p12(0,1) = 1/2; po(1,1) = 1/2.

Then, the product measure p; 2 has support in the cartesian product of the
supports of the two masses, {((1,0),(0,1)), ((1,0),(1,1)),((1,1),(0,1)),((1,1),
(1,1))}, and it takes values

/1'1,2((1’0)3 (O’ 1)) = 1/8a /141,2((1’0)3 (1’ 1)) = 1/& ﬂl,Z((lv 1)’ (Ov 1)) = 3/&
p,2((1,1),(1,1)) = 3/8.

So, p1,2 is normalized in the sense that each of its focal elements can be regarded
as a normalized vector of [0,1]*. On the other hand, by s is not normalized
because (0,0) = (1,0) A (0,1), p(0,0y(0,0) = 1, and hence

b(0,0) = > p.0)((0,0)) () - p2(c) = p(0,0)(0,0) - 1 (1,0) - p2(0,1) = 1/8 > 0.
bAc=(0,0)

The above min-conjunctive combination can easily be extended to well-known
MV-operations on fuzzy sets, such as max-disjunction V, strong conjunction ®
and strong disjunction @, by defining (b1 ® b2)(a) = s1,2(p®), for ® being one
of these operations, and defining p® (b, ¢) = p,(b ® c). In this generalized case,
the map b?g resulting from the respective combination rule will be called the
®-combination of by and bs.
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Whenever the supports of 11 and us are countable, it is easy to prove that b?g
is a belief function in the sense of Definition Bl In fact, in this case Definition
yields by, (a) = > peenr Pa(b ® ) - pi({b}) - pa({c}). Notice that the above
expression reduces to

bial@= Y pald) ({0} pm2({e}) = D pald) - 1" ({d}),

deEM b,cE M, b®c=d deM

where

wa) = Y (o)) pe(fe)

b,ce M,b®c=d

is indeed a mass assignment and hence b?g € Bel(M).
Therefore, turning back to the above Example 2 and Proposition H, there
exists a mass p # pi o for b%z such that spty € N F(X).

5 Soft Normalization for Mass Assignments

The height of a fuzzy set f € [0,1]¥ is defined in the literature as
h(f) = max{f(z):z € X}. (13)

The value h(f) can be interpreted as the degree of normalization of f. As a
matter of fact, a fuzzy set f is called normalized whenever h(f) = 1, otherwise
it is called non-normalized. A non-normalized fuzzy set represents a partially
inconsistent information.

Consider now a belief function b defined by a state with support sptu. Assume
there exists a focal element f € spty with u({f}) > 0 that is a non-normalized
fuzzy set] This means that b is associating a positive degree of evidence to
a (partially) inconsistent information, which is reflected on the value that b
assigns to the 0. Indeed, in such a case we have p,(f) > 0, and hence b(0) >
po(f)-1({f}) > 0. And in fact it is easy to see that the more inconsistent are the
focal elements of b, the greater is the value b(0). When events and focal elements
are crisp sets (and hence the unique possible not-normalized focal element is 0),
normalization consists in redistributing the mass that p assigns to 0 to the other
focal elements of p (if any).

Dealing with fuzzy focal elements, allows us to introduce a notion of soft
normalization for belief functions. In particular, it allows a softer redistribution
of the masses, depending on two thresholds.

Definition 6. A mass assignment ju : [0,1]% — [0,1] is said to be a-normalized
provided that inf{h(f) : f € sptu} = a.

In other words, a mass is a-normalized provided that each focal element of p
has at least height a. In particular, for a belief function b we define the degree
of normalization of b as the value

2 Notice that if spty is not countable, the condition f € spty does not guarantee

u({f}) > 0.
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inf{h(f) : f € sptu},

where p is the mass associated to b.

In what follows we assume masses p such that their supports sptu are count-
able. Let now u : [0,1]%¥ — [0,1] be an a-normalized mass assignment, and
assume that there exists a focal element g for m such that h(g) = 8 > «a.

The mass p can be renormalized to the higher degree 5 by defining a new
mass u” as follows: for every f € F(X),

if n(f) < B

14
, otherwise. (14)

w4 ={ Sy

where K = Zh(l)<ﬁ n({1})-

The idea of this S-normalization, similarly to the classical normalization, con-
sists in fixing the value 5 as a new level of consistency for the mass we are con-
sidering. Since o < 8 < 1, the class of focal elements of height lower then S is
not empty. Then the process of S-normalization consists in redistributing all the
mass K =3, ;)5 #({l}), which p assigns to the fuzzy sets of height lower than
B, to those focal elements of height greater of (or equal to) S.

Clearly a mass p can be renormalized, up to the maximum value

Consider two belief functions by and bs with associated masses 1 and po respec-
tively, also we assume for simplicity sptu; and sptus to be countable. Let b?g
the belief function defined by the ®-combination of by and bs as we introduced
in Section @l Then the focal elements of b%z forms the following set:

{f®g: fcsptus and g € sptus}.

Therefore for each focal element f ® g of b1 o, its height is easily calculated as

h(f®g) = max{f( Y®g(x):x e X} Therefore the level to which a ® combined
belief function b$ 12 allows to be normalized can be similarly calculated by the
height of the focal elements of the combining functions by and bs. It is worth
to point out that, whenever ® is a conjunctive operation (like a t-norm for

instance), h(f ® g) < min{h(f),h(g)}.
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