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Abstract In the multiple-output regression context, Hallin et al. (Ann Statist
38:635-669, 2010) introduced a powerful data-analytical tool based on regression
quantile regions. However, the computation of these regions, that are obtained by con-
sidering in all directions an original concept of directional regression quantiles, is a
very challenging problem. Paindaveine and Siman (Comput Stat Data Anal 2011b)
described a first elegant solution relying on linear programming techniques. The pres-
ent paper provides another solution based on the fact that the quantile regions can
also be computed from a competing concept of projection regression quantiles, elab-
orated in Kong and Mizera (Quantile tomography: using quantiles with multivariate
data 2008) and Paindaveine and Siman (J Multivar Anal 2011a). As a by-product,
this alternative solution further provides various characteristics useful for statistical
inference. We describe in detail the algorithm solving the parametric programming
problem involved, and illustrate the resulting procedure on simulated data. We show
through simulations that the MATLAB implementation of the algorithm proposed in
this paper is faster than that from Paindaveine and Siman (Comput Stat Data Anal
2011b) in various cases.
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1 Introduction

Due to the lack of a satisfactory concept of multivariate quantile, Koenker and Bas-
sett (Econometrica 1978)’s celebrated theory of quantile regression has for long been
restricted to single-output regression problems. In a world where multivariate data
are the rule rather than the exception, this clearly has been a severe limitation, which
explains why many works tried to extend quantile regression to the multiple-output
context; see, e.g., Chaudhuri (1996), Koltchinskii (1997), Chakraborty (2003), Wei
(2008) or Kong and Mizera (2008).

A new concept of multiple-output regression quantile, with powerful data-
analytical abilities, has recently been defined in Hallin et al. (2010)—hereafter referred
to as HPS10. In the empirical setup where the m-variate response Y is to be regressed
on the p-variate vector of regressors X = (1, W’)’, this quantile can be defined as
follows. For a sample (x;, y;) € RP xR"™,i =1, ..., n, the HPS10 regression (tu)-
quantile—for fixed 7 € (0, 1) and u € .~ ! := {y € R™ : ||y|| = 1}—is defined

as any element of the collection Hg’géhw of hyperplanes ™ L= {(w',y) €

HPg;t
RP~! x R™ :?Hpg;tuy — g Tu(l, w)’ = 0}, with

-~ n

a . ~ ~ . 7

/b\HPS’m € argmin E pr(b'y; —@'x;) subjectto u'b=1, @)
HPS;Tu i=1

where p;(x) = x(t — I(x < 0)) is the well-known t-quantile check function. In
other words, this regression (tu)-quantile simply is the traditional (single-output)
Koenker and Bassett regression quantile of order T obtained when considering, in
the (m + p — 1)-dimensional Euclidean space, the oriented vectorial line bearing
(0’17_1, u') as the “vertical” axis (that is, as the axis of the univariate response).

This quantile, which is clearly of a directional nature, generates regression quantile
regions when all directions u are considered for a fixed t € (0, 1). More precisely,

defining as
m+ . _ AN p—1 m .3 . Py "
Hog ra = {(w Y ERPTIXR™ Sbypg Y — @, (1L W) = O}

the upper (ru)-quantile halfspace associated with the optimal solution (E’H S
3T

bHPS;m)/ to (1), one can consider the 7-quantile region

Ras@= 1 N {AG) @

ue./m—1
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Computing multiple-output regression quantile regions 31

(n)+
for any t € (0, 1), where [ {HHPS

solutions corresponding to fixed 7 and u. In the location case p = 1, these regions were
shown to coincide with the Tukey (1975) halfspace depth regions; see Theorem 4.2 of
HPS10. In the general regression case p > 1, they still form a family of polyhedral
regions nested up to the classical quantile crossings. As illustrated in Sect. 7 of HPS 10,
these regression quantile regions allow for a much richer regression analysis than any
traditional multiple-output regression method can provide.

Quite interestingly, these quantile regions can also be obtained from a different
family of directional multiple-output regression quantiles, elaborated in Kong and
Mizera (2008) and Paindaveine and Siman (2011a). In the same empirical setup as
above, these alternative quantiles—referred to as projection quantiles in the sequel—

can be defined as any element of the collection n® of hyperplanes A

} stands for the intersection over all optimal

proj; tu proj;tu
1 _
{(w',y) e RPTI x R™ : bproJ Y — proj (L w)" =0}, with
Wproi - ~ ~
(Apro];w) € arg min Z p:(d'y; —@'x;) subjectto b=u. 3)
proj;tu

i=1

In this context, we say that u is a T-critical direction if there exists a 77 . rojire € Hprojiu

that contains exactly m + p — 1 data points, and we will denote the collection of
T-critical directions by K;. Setting HOT = {(w',y) e RFIxR™ : b

proj;tu proj; Y~

~

@oiseu (L w’)’ > 0}, it can then be shown that, under very mild conditions,
(n) (n) gMmt
RO =Ry = (] () { orol w} ©)
ue. " 1NK,

for any 7 € (0, 1), where ) {H (m+ } stands for the intersection over all opti-

proj;tu
(n)

proj;tu
exactly m + p — 1 data points; see Theorem 4.4 in Paindaveine and Siman (2011a).
This shows that the HPS10 quantile regions can indeed be often obtained from projec-
tion quantiles. As an important by-product, we can get many characteristics useful for
statistical inference, including the hyperplane coefficients @proj; - and the Lagrange
multiplier vectors corresponding to the equality constraint in (3).

In this paper, we develop an algorithm that solves the parametric programming
problem (3) and allows to compute efficiently the quantile regions Rg’ljg(r) through
(3)—(4). The proposed procedure therefore appears as a competitor of the one described
in Paindaveine and Siman (2011b)! that computes the regions Rffﬁg (1) directly from
(1)—(2). We shall see that the problem (3) falls into the category of linear programs
with parametric right hand side. They are quite common in practice and their theory is

mal solutions for which the corresponding (ru)-quantile hyperplane 7 contains

! The present paper somewhat mimics the structure and wording of Paindaveine and Siman (2011b) to
highlight their mutual similarities and differences.
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32 D. Paindaveine, M. Siman

well developed. A MATLAB toolbox for them has also been written; see Kvasnica et al.
(2004). However, the general problem can be simplified substantially in the special
case considered here, which gives rise to the fast and simple solver provided in this
paper. Our work confirms the trend that applications of parametric programming in
computational geometry still grow in number; see Rakovi¢ et al. (2004) for another
paper on this topic.

The outline of the paper is as follows. In Sect. 2, we describe in detail a procedure
that solves the parametric programming problem (3) and allows for the computation
of the quantile regions Rl()'rlgj (). In Sect. 3, we present a step-by-step description of the
corresponding algorithm.? In Sect. 4, we provide some illustrations of these quantile
regions and compare them with the quantile regions RI({"lgé(t) computed from (1)—(2).
In Sect. 5, we conduct some simulations to evaluate the efficiency of our implemen-
tation of the algorithm and to compare it with the procedure described in Paindaveine
and Siman (2011b). Finally, some technical matters related to the proposed algorithm
are discussed in Sect. 6.

2 Description of the procedure

In this section, we describe how the problem (3) with given fixed t € (0, 1) can be
solved for all u’s from .~ ! by means of parametric programming, with the focus on
T-critical directions (since these are the only directions to be considered to compute the
quantile regions R;()Izc))j(f) from (3)—(4)). We assume throughout that, when deprived
of their first coordinate, the data points (x;, y;) € R? x R™,i = 1,...,n, come
from a continuous distribution over R”*7~! Under this assumption, the algorithm
we describe below applies with probability one—problems can be expected only from
very exceptional data configurations, typically leading to degeneracy, unwanted zero
coordinates or non-invertible matrices in the procedure.

In what follows, we rewrite the problem (3) as a linear program in a convenient
way and show that the assumption u € .~ can be relaxed without any harm into
u € R™ (or more precisely, into u € R™ \ {0}). We demonstrate that (i) the resulting
space R™ of the u’s can be segmented into polyhedral cones, each corresponding to
the same optimal basis of the associated linear program, and that (ii) the edges (or gen-
erating directions) of these cones must comprise all the T-critical directions. Besides,
we describe the relation between any fixed (non-zero) u in fach such cone and the
corresponding quantile hyperplane coefficients @proj; ru and bproj; ru» and explain, for
any given non-zero vector u(, how to get the cone containing u¢. Finally, we describe
the way how to find all neighboring cones adjacent to a given one by means of sim-
ple dual simplex post-optimization, which paves the way for finding the whole conic
segmentation, hence for solving the problem completely.

First, let us introduce the following notation. Let 0, be the £-dimensional zero vector
and 1, be the £-dimensional vector of ones. Denote by Iy ¢ and Q) » s the £-dimensional

2 Our MATLAB implementation of this algorithm can be freely downloaded from the web page http://
homepages.ulb.ac.be/~dpaindav.
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identity matrix and the zero r x s matrix, respectively. The positive and negative parts of

an £-vector v = (vy, ..., vg) aredefined as vy := (max(vy, 0), ..., max(vg, 0)) and
v_ := (max(—v1, 0), ..., max(—vy, 0))’, respectively. We write r = (ry, ..., r,) for
the vector of residuals r; = r;(@,b) := by, —a'x;,i = 1,...,n. Fromthe n x m

(response) matrix

Y=oy = O ¥5)

and the n x p (design) matrix

) e .
Xi=(x1,...,x,) = (xﬁ,...,x;),
we define
_ 17 ._ c c c c
U = Un><2m T (yl’ Vi Yo _ym) and
VI =V, = (], =X, ..., x5, —x)),

respectively. In the setup described in the Introduction, x{ = 1,,.. The general notation
is used here because sometimes it may be interesting to work with another x{ (for
example, when multiple identical observations occur in the sample, which may be
relevant for resampling procedures) and because our algorithm does not require any
special assumption on x{ at all. Finally, all vector inequalities are interpreted coordi-
natewise and some basic Matlab notation is used hereinafter, mainly for submatrices
and subvectors with possibly permuted rows or columns.

With this notation, the optimization problem (3), for any u € .#™~!, can be repre-
sented as the linear program

mincpzp subjectto Apzp =bp, zp >0, (P)
Zp

with its dual twin brother

max u'n’ subjectto Appp <cp, (D)
wp=(ub' 'y

where, writing M, <2, for the Kronecker product I, x,, ® (1, —1), we set

p = (b’(z;),a’(ﬁ),r;,r’_)’ c R2m+2p+2n’
b= b(z) = (El-l-v 51—» e Zm-l—a Em—)/ € Rzm»
a=a@) = @4, d1—,...,dp+,dy-) € R,
cp = (05,5, 11, (1-D1) € R2M+2p+2n
bP — (u;w 0;)/ c Rm—&-n’
1
Ap = AP(m><(2m—i—2p—i—2n)) _ M x2m @mx2p Omxn  Omxn .
P\ A2 “\w “VE o =D I ;
P(nx(2m+2p+2n)) nx2m nx2p nxn Anxn

@ Springer



34 D. Paindaveine, M. Siman

here, pp is the Lagrange multiplier vector corresponding to the equality constraint
from (P).

/
. . . oy -~
Consider now some ug such that there exists a solution (aproj; ug’ bproj;wo) to
(3) with only non-zero entries (which implies that ug itself has non-zero coordinates

only), and denote by Zp the corresponding optimal solution to (P). We then define

— Iy (resp., 1 ») as the vector containing indices (sorted in ascending order) of positive
coordinates in b(bprOJ Tug) (resp., in b(— bproJ ug))- Note that I, and 1 b have com-
mon dimension m. For instance, if bprowu0 = (2, —4)/, then one has b(bproJ Tug) =
(2, 0, 0,~4)’, I,=(1,4), b(—i;proj;mo) =(0,2,4,0),and I, = (2,3)’;

— I, and I, asthe vectors obtained by adding 2m to each entry of the vectors obtained
analogously to I, and 1 », but from a(aprOJ ruy) and a( apmJ tuy)- Note that I,
and I have common dimension p. With the same bproJ tuy as above (yielding
m = 2) and @proj; ruy = (—1,2)’, one obtains I, = (2,3)" + (4,4)' = (6,7)" and

I, =14+ &4 =58

— 1Iz,1,and 1, as the vectors containing indices (still sorted in ascending order) of
observations with zero, positive, and negative residuals, respectively. Their dimen-
sions—¢, 7, and v, say (satisfying ¢ 4+ + v = n)—of course are the numbers of
zero, positive and negative residuals, respectively.

We will consider only the case w # 0 and v # 0O below, but the other (simpler)
cases can be handled analogously. Finally, we put

Ig=U, 1,,2(p+m1, + 1, Qp+2m+n),+1,), Ix=1, 1, 1,),
and

Ic =g 1, T,.2(p+m)1, + 1%, 2p+2m+n);
+1', 2p+2m + )l + 1, 2(p +m)1, + 1,);
the vector I g then consists of all the indices of basic variables. Therefore, it seems

natural to permute rows and columns of A p according to I g and I ¢ [in the spirit of
Narula and Wellington (2002)], and to replace (P) with the strictly equivalent problem

nzlhi[n cyzn subjectto Ayzy =by, zy >0, (N)
where
zy =zp(Ic), en=cp(Ic), by =bp,
and

|
Ay = A12\7(mx(2m+2p+2n)) ( 21&}, Ic) )
AN ix@m+2p420) Ap(Ir,Ic)
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Computing multiple-output regression quantile regions 35

(the vector b p remains untouched by this change since its n last components are equal).
Alternatively, we can write

— P —_ _ mem @mxn
zv =Pczp, v =Pcep, bN_(@nxm Py bp,

and

_ L sem ©m><n
AN - (@nxm IP)R ) AP]PC’

where P and P¢ are the row and column permutation matrices (so that P}, = IP}I
and P, = IP’EI). One can easily check that

ey = (0, ’p i, (1-1)1,, 0, 0/p, rl/p, (1-o1, (1-01,, 1))
. / / / / ~/ ~/ ~/ ~/ ~/ ~/\/
=: (cy, €}, €y, €3, €y, €1, €3, C3, Cy, C5)

= (c;m+n)xl’2:/(m+2p+n)xl)/
and that Ay is of the form Ay = (B(m+n)><(m+n) E(m+n)x(m+2p+n))a with

Jrqlxm ©71><p (O)mXT[ (O)mXV
_ E xXm F xXp (O)PXTK (O)va
B=|gt" g 0

7";[><m 7%1><p _]Inxn XV
]Ei)xm ]F;)Xp (O)UXJT Huxv

and

_mem @mxp ®m><p ©m><p ©m><71 ©m><v

E: _Eg;xm _F%Xp _HPXP HPX[’ @PXﬂ (O)va
_Enxm _Fr{xp @nxp ©7rxp L xn @nxv ’
_Eixm _Fixp @vxp (O)vxp Ovxr —Tyxy

where J stands for the invertible m x m diagonal matrix with Jgp = sign((ug)¢),
¢ =1,...,m, and where E! and F', i = 1,2, 3, are some known data-dependent
matrices related to U” or V*.

The columns of B correspond to the optimal basic variables of (N) so thatZy (m +
n+1:2m+2p+2n)iszeroand Zy(1 : m+n) = B by = B, 1 : m)uo.
This readily implies that Zy (1 : m) = abs(ug) := wugy + uo—, and that the norm
()

of ug does not affect the resulting quantile hyperplane np:’()j;m

of its coefficients. Also note that B~! can be easily computed thanks to the special

. but only the scale
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36 D. Paindaveine, M. Siman

blockwise structure of B. We simply have

(Cl_l ©(m+p)><71 @(m+p)xu
B! = (Cz(cl_l —Irxn Ox xv >
_(03(:;1 Ovxr Ly

J ©) : :
(i 7). omEnm). m om(ai)

Blockwise inversion of C; analogously leads to

ol J o\ _(J O
1 - _(Fl)—lEIJ (Fl)_l —\K L/

Now the question is when B = B(u) ceases to be optimal. According to the theory
of linear programming, B is optimal if and only if u satisfies both primal and dual
feasibility conditions (PF) and (DF):

2=B"'by > 0,1n, (PF)
d:=cB'B-7<0,,,., (DF)

The vector ity = (ILZ/, M;O/, nit, [LC_/)

= ¢/B~! hidden in (DF) solves the
problem dual to (N) and contains the Lagrange multipliers corresponding to the equal-
ity constraint in (N). Clearly,

b’ 2 2 3 3

w =1 (EJ+FK) — (-1, (EJ+FK),
0’ 2 3 /

Il,r = Tl;TF L— (1 — T)ILF L, ll,r+ = —‘[1/

T

and '~ = (1 -1,

(note thatif p = 1 and x{ = 1,, then WO =17 —(1—=1)v). The Lagrange multiplier
vector i p from the original problem (P) can then be obtained from

~ Lnscm Omscn
’LN_(@nxm Pg p:

Note that £ p (1 : m) = (1 : m).
Now, let us partition d according to € into

d = (di.d'.dy. dy. d}. d5)’.
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Computing multiple-output regression quantile regions 37

Then simple algebra leads to

J
K
E2J 4+ F2K
— (B3] + F*K)

dy=0,,d =0,,d, = —p % —11,,d3 = ' — (1 -1, = —dr — 1,
dy = —11; - (1-191; = —1;,andds = —(1 — 7)1, — 71, = —1,. Note that
the matrices E', i = 1, 2, 3, are used only in the product with J that can be obtained

from EJ = Y(Ig, :), where we set E := (EV : E? : E¥)'.
Note as well that (DF) is equivalent to

(d,27 d%)/ S 02[77
which can be rewritten as
—tl, <p0 < (1 -1)1,.

Most importantly, (DF) must be satisfied at least for uo and does depend on u only
implicitly through B. Consequently, B remains dual feasible whenever (PF) holds.

All u’s satistying (PF) form a polyhedral cone, say €y,,. Such cones (corresponding
to various uq’s) fill the whole space R and our goal is to find them all, together with
the corresponding optimal bases. Note that all #’s in the interior of such cones lead
to the hyperplane solutions fitting exactly p observations and that the solution hyper-
planes fitting m + p — 1 data points must be included among those corresponding to
the generating vectors of all these cones.

Let us assume that we have identified all non-redundant constraints in (PF) and
facets of 6y,. Each such facet must be shared with another (adjacent) cone. That is
why we may simply pass through all the cones %, counter-clockwise when m = 2.
In general, it is possible to use the breadth-first search algorithm and always consider
all such %,’s that are adjacent to a cone treated in the previous step and have not been
considered yet.

It remains to clarify the process leading to the adjacent cone from a facet of ¢y,,.
This facet, say, corresponds to the ith constraint in (PF) and has an interior point u s.
This point is still certain to meet the dual feasibility conditions (DF) and therefore we
may further proceed with the dual simplex post-optimization until the optimal basis
of the adjacent cone is found.

Let us describe this process in detail. The I ¢ (i)th original variable will be the first
to leave the basis. Then we should compute the auxiliary vector

t =ty t), thts t), t5) =B, )B
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38 D. Paindaveine, M. Siman

(partitioned according to d) and find an index j satisfying

d; d
—]=min{—h:th <O,h=1,...,m+2p+n}.
tj th

The Ic(n + m + j)th original variable should then replace the removed one. We get
a new dual feasible basis, say B.

Note that

i<m m+l<i<m+p m+p+1<i<m+p+mw m+p+m+1=<i
16 = _mem(iv :) 0;;1 0;,, 0;71

=0, i —m,2) 0, 0,

t’2:0; LG —m,:) —F%(i —m — p, )L FG—m—p—m )L
th=0, LG —m,:) F2(i —m — p, )L —F(—m—p—m,:)L
t, =0, 0, Tz —m—p,:) 0,

=0, 0 0, ~Tyup(i —m —p —7,2)

Consequently, we may consider only certain subvectors of ¢ and d without any loss
of generality.

If i <m + p, then we can always choose j = i, which only changes the sign of a
regression coefficient. If i > m + p, then the optimal j results from

dj . (dn
t—:mln{t—:th <O,h=m+p+1,...,m+3p}
i h

if this fraction is less than or equal to 1; otherwise we can set j = 2p + i. If more-
over p = 1 and the only regressor is the unit vector, then (¢}, ¢5)" equals (—1, 1)’ for
i <m+ p+mand (1, —1) otherwise.

The resulting basis B is optimal if and only if

2 =B L imuy > 0y, (©6)

which appears to hold with probability one (otherwise, we would have to repeat the
previous steps until the optimal basis of the adjacent cone is found, which is not
supported by the accompanying MATLAB code).

3 Algorithm

To sum up, the basic form of the algorithm can always be performed in the following
steps where the highlighted text refers to the topical subsections of Sect. 6 that discuss
some issues in more detail:

1. Adjust the data and 7 if necessary; see Input Data and Choice of t, respectively.
Consider (P) and find its optimal basis B=DB(u) for a given directional vector uy,
see Computing the first directional quantile.

Set Bnew 1= {B(uo)}.

4. Set Bold := Bhew, then Bpew = 0.

(O8]
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Computing multiple-output regression quantile regions 39

5. Foreach B = B(u) in %B,\4,
(a) compute z = z(u) from (5) that determines the inequalities in (PF) defining
the cone %, of all directions leading to the same optimal basis B as u
(b) find facets and vertices of %,; see Finding non-redundant constraints, facets
and interior points
(c) drop all facets of 4, whose adjacent cones have already been investigated;
see Realization of the breadth-first search algorithm
(d) for each remaining facet of 4, find its interior point # y and use it in the sim-
plex post-optimization step to determine the optimal basis Byew (2 ¢) of the
adjacent cone sharing that facet with %, (as described at the end of Sect. 2),
and add Byew (1 £) to Brews
6. If PBpew is non-empty, go to Step 4.

If Pew is empty, then the algorithm terminates successfully (all cones %" have been
found and there is no new cone facet to investigate).

4 Tllustrations

This section presents some illustrative examples of the quantile regions Rg’:gj(r)
obtained from our MATLAB implementation of the procedure described above. What

we plot for each region is actually the corresponding quantile contour, namely its

boundary o R;’r’(),j (7). In each case, we compare the results with the contours 8Rg’]3§ (1)

computed from (1)—(2), as described in Paindaveine and Siman (2011b).

Bivariate location case We start with the bivariate location case obtained with m = 2
and p = 1. We independently generated data points y;, i = 1,...,n = 2,499, from
the uniform distribution over the unit square [0, 1]%. Figure 1a plots the resulting quan-
tile contours BRI(;';].(I) for t = 0.01, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, and
0.45. These contours match very well their population versions—namely the popula-
tion halfspace depth contours (see Rousseeuw and Ruts 1999)—and seem to coincide,
as expected, with the contours BRggS (1) plotted in Fig. 1c—that are computed from
(1)=(2). Our code can deal with weighted observations (which in particular allows for

multiple observations): if weights w; > 0,7 = 1, ..., n (summing up to one or not)
are given, the resulting “weighted” optimization problem is obtained by substituting
Yoi ‘= wiy; and x; = w;x;, i = 1,...,n, for the y;’s and x;’s in (3). Figure 1b

reports, for the same t’s as in Fig. 1a, the quantile contours 3RS;())J-(‘C) associated with

weighted data points y,; := w;y;,i = 1, ..., n, where the weights are given by

2499 .
o = = fori=1,...,10
1 fori =11,...,n=2,499

and the original data points y; are the same as in Fig. 1a. The ten points plotted in
Fig. 1b are the original data points y;,i = 1, ..., 10, that receive the larger weight.
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Fig. 1 In subfigure a, quantile contours 8Rl()’rlgj(r) of order T = 0.01, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30,
0.35, 0.40, and 0.45 are plotted, by using the method described in this paper, from a sample of n = 2, 499
observations drawn independently from the uniform distribution over [0, 12, Subfigure b reports the cor-
responding contours after the weights of the first ten data points (that are plotted there) were changed from

1 to 2499/20. Subfigures c¢—d provide the corresponding quantile contours BRI(;I% (7) computed from the

method described in Paindaveine and Siman (2011b)

The corresponding contours 8Rg’f:§(r), which are reported in Fig. 1d, still appear to
be equal to the contours computed from projection quantiles.

Trivariate location case Figure 2 illustrates the trivariate location case withm = 3 and
p = 1. The sample considered there consists of n = 249 data points obtained indepen-
dently from the uniform distribution over the unit cube [0, 1]3. Figure 2a reports the
quantile contours BRI()'r’g.(t) computed from projection quantiles for ¢ = 0.05, 0.15,
and 0.25. The only other method available for computing halfspace depth regions
beyond dimension two is the one from Paindaveine and Siman (2011b) that is based
on (1)—(2); the corresponding contours E)RI({"IBS (7) are plotted in Fig. 2b. As expected,

both methods seem to lead to the same contours.
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Fig. 2 In subfigure a, quantile contours 3RI(’¥())J-(T) of order = 0.05, 0.15, and 0.25 are plotted by using

the method described in this paper from a sample of n = 249 observations drawn independently from

the uniform distribution over [0, 1]3. Subfigure b provides the corresponding quantile contours aRI(:lzé (1)

computed as described in Paindaveine and Siman (2011b)

Regression setup with two responses and one random covariate We consider the sim-
ple heteroscedastic regression model

Y =W, W)Y ++/We,

where the random covariate W is uniformly distributed over [0, 1] and the random vec-
tor ¢ (which is independent of W) is uniformly distributed over the unit square [0, 112.
From this model, we independently generated data points (x7, /)" = (1, w;, ;)" €
R? x R" =R?> x R?,i = 1,...,n = 249. Figure 3a displays the resulting (trivari-
ate, since they are objects of the (w, y)-space) regression quantile contours 3R[()'r’3j ()
for r = 0.05, 0.15, 0.30, and 0.45. Figure 3b provides the corresponding regression
quantile contours BRI({";g(I) computed from (1)—(2) as described in Paindaveine and

Siman (2011b).

5 Simulations

We now present some empirical results that quantify the speed (and show the pos-
sibilities) of our MATLAB implementation of the procedure described in this paper.
We used an Apple computer with Intel Core Duo 1.83 GHz, 512MB RAM, WIN XP
SP2 and MATLAB 7.3.0.267. Of course, other hardware or initial settings may lead to
different results.

5.1 Location case
We first focus on the location case (p = 1), hence on the computation of halfspace

depth contours. We considered only the bivariate case (m = 2) so that we could
compare the MATLAB implementation of the method described in this paper with that
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Fig. 3 Subfigure a reports the quantile contours 3R,(;rl())j(f) of order t = 0.05, 0.15, 0.30, and 0.45 for
n = 249 observations drawn independently from the regression model described in Sect. 4 (to which

we refer for details). Subfigure b provides the corresponding quantile contours BRg‘;S (7) computed as

described in Paindaveine and Siman (2011b)

coauthored and kindly provided to us by Ivan Mizera that we chose for a benchmark
(in Sect. 5.2, we will use the code from Paindaveine and Siman (2011b), which is the
only competitor available in the general regression case).

We generated 7 i.i.d. bivariate (m = 2) observations (i) from the bivariate standard
normal distribution N (0, 1)2 (S = 1) and (ii) from the centered bivariate uniform dis-
tribution over the unit square U ([—0.5, 0.5])2 (S = 2). For any combination of t =
{0.010, 0.025, 0.050, 0.100, 0.200, 0.400} and n € {50, 100, 150, 200, 300, 500,
1,000, 2,000, 5,000, 10,000, 20,000}, we ran the computation ten times for each
scenario S.> Average execution times in seconds are reported in Tables 1 and 2 (for
S = 1and S = 2, respectively) and show that the computation hardly takes more than
1 min and a half even for n = 10,000. As expected, they increase with t and they
are higher for S = 2 than for S = 1 if 7 is low while the reverse becomes true with
growing t. However, their dependence on n seems, on average, higher than linear and
not worse than quadratic in any case.

For the same reasons as those presented in Paindaveine and Siman (2011b), the
comparison with the benchmark is not free of limitations. Still, the results seem to
demonstrate high stability and superiority of the code proposed in this paper over the
benchmark because it was always observed faster, sometimes even more than 27 times.

3 Actually, with the following changes to the default settings of our code: CTechST.PFZ1Checkl = 0,
CTechST.InCheckl = 0, CTechST.Reportl = 0, CTechST.TestModel = 0, and CTechST.OutSavel = 0. This
suppresses some almost surely redundant testing, checking the input for correctness, detailed output on the
screen, computing some auxiliary technical statistics and storing the output on the disk, all that to make our
code faster and possible to use in an extensive simulation. Note that the output for m = 2 and n < 10,000
is usually small enough to be kept in the internal memory; so the last option does not affect the results too
much here.
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Table 1 Average execution time (in seconds) of our code is provided for scenario S = 1, number of
observations n, and order t in the bivariate location context

n\t 0.010 0.025 0.050 0.100 0.200 0.400

50 003(4.3)  0.04(5.0) 0.04 (7.0) 0.07 (6.3) 0.09 (8.1) 0.10 (9.5)
100 0.06(5.7)  0.05(8.4) 0.09 (8.4) 0.10(11.1)  0.14(13.0) 0.17 (15.2)
150 0.05(8.4)  0.07(10.1)  0.09(129)  0.14(14.1)  0.19(17.6) 0.23 (20.0)
200 0.07(9.4)  0.10(11.0)  0.13(134)  0.18(16.1)  0.23(20.6) 0.30 (22.6)
300 0.09 (11.8) 0.12(142)  0.19(15.6)  026(19.6)  0.36(23.3) 0.47 (25.9)
500 0.16 (11.1)  0.19(16.6) 029 (18.8)  042(22.6)  0.62(25.6) 0.81 (27.7)
1,000  027(152) 044(17.6)  0.65(20.8)  0.99(23.9) 151 (26.0) 2.05 (27.7)
2,000  0.75(12.4) 1.03(182)  1.67(19.9)  2.66 (22.0)  4.06 (23.8) 574 (24.2)
5000  220(13.3) 433(142)  696(15.6)  11.44(169) 1827 (17.7)  26.20 (17.5)
10,000 8.18(8.8)  1434(10.6) 24.838(11.0) 42.14(11.6) 68.00(12.0)  97.04 (12.1)
20,000  26.6509.4) 56.10(9.2)  96.90(9.8)  168.34(9.9) 267.38 (10.3)  373.98 (10.4)

The numbers in parentheses indicate how many times it is faster than the benchmark (2D location setting:
m =2and p = 1, scenario S = 1)

Table 2 Average execution time (in seconds) of our code is provided for scenario S = 2, number of
observations n, and order t in the bivariate location context

n\t 0.010 0.025 0.050 0.100 0.200 0.400

50 0.04(43)  0.05(4.8) 0.05 (6.4) 0.07 (7.0) 0.09 (7.8) 0.10 (8.8)
100 0.06 (6.3)  0.07(1.7) 0.09 (9.2) 0.11(11.8)  0.13(14.9) 0.16 (15.4)
150 0.06(82)  0.11(7.7) 0.10 (135  0.15(145)  0.19(17.7) 0.22 (19.9)
200 0.09(9.1)  0.12(10.9)  0.15(13.7)  0.19(16.8)  0.24(20.1) 0.29 (22.1)
300 0.12(103)  0.14(143)  022(152)  028(20.1)  0.35(23.7) 0.44 (25.7)
500 0.18 (12.1)  022(17.0)  034(18.7)  046(22.8)  0.63(25.6) 0.78 (27.8)
1,000 042(12.0) 055(17.9)  0.77(20.7)  1.10(23.8)  1.55(26.1) 1.95 (27.2)
2,000  090(13.3) 130(17.7)  1.96(19.5)  2.92(22.0)  4.14 (23.9) 5.50 (23.8)
5000  391(9.7)  539(142)  832(15.5)  12.68(16.9) 18.87(17.5)  24.96 (17.6)
10,000  12.06(7.9) 19.13(10.2) 3035(10.8) 4791 (11.3) 7027 (12.0)  91.92 (12.0)
20,000 37.87(8.5) 69.58 (9.4)  117.69(9.1)  189.72(9.5) 276.51(10.1)  356.12(10.2)

The numbers in parentheses indicate how many times it is faster than the benchmark (2D location settings:
m =2 and p = 1, scenario S = 2)

It excels especially when applied to medium-sized data sets and not too extreme values

of 7.

The decrease of relative efficiency of our code for very small values of t or n can
be explained by the fact that it is the inefficient finding of the initial solution that
contributes the most to the overall execution time in these cases. Indeed, profiling of
the code in MATLAB shows that this contribution is usually higher than 30% even for
n = 5,000 if T = 0.01 (and exceeds 70% for n = 50 and the same 7). On the other
hand, if T = 0.3, then this contribution is still often larger than 30% for n = 50 but
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usually drops below 5% for n = 5,000. Different memory space requirements can
also play some role, especially if n is set very high.

5.2 General regression case

Next we consider the general regression context represented by the simple model
Yp><l = IBp><me><1 + €&px1,

where X1 =1, (X2,..., X p)/ has i.i.d. marginals that are uniformly distributed over
(0, 1), & is p-variate standard normal, and B can be obtained from the p x m matrix
of ones by replacing the elements in the first column with zeros. Average execution
times* in seconds, for a total of r replications, are recorded for many combinations of
n, p and t in Table 3 (for m = 2 with r = 10) and in Table 4 (form = 3 withr = 5,
and for m € {4, 5} with r = 3).

Here, the only competitor is the code described in Paindaveine and Siman (2011b).
The code presented in this paper seems to slightly improve on that of Paindaveine and
Siman (2011b) at least if m = 2 or (in the location case) if m = 3.

6 Technical details

In this section, we are going to discuss in more detail some technical matters related
to the algorithm described in Sects. 2 and 3.

Choice of T If nt is an integer and p = 1, then linear programming problem (P) has
infinitely many solutions for each u. In general, if such a complication occurs, we
solve it by a small perturbation of 7, which can hardly make any important difference
in most applications. Besides, there is only a finite number of different quantile regions
anyway, so that such small perturbations of t could always be done without loss of
generality when the goal is only to compute the quantile regions.

Input data The code assumes m € {2,3,...,8} and n < 100,000 and its output
should be quite reliable for m € {2, 3}, p < 10 and n < 10,000 (if m = 2) or 500
(if m = 3) at least. The program was heavily tested only on data from our simulation
study, with all coordinates less than 5 or so. This is why we suggest to standard-
ize the input observations in some way to a similar range whenever possible, which
should enhance numerical stability of the algorithm. Besides, most real data are dis-
crete because they are measured or recorded only with limited precision. This makes
some bad data configurations more likely than almost impossible. Therefore we also

4 Still with the same changes to the default settings as in Sect. 5.1.

5 Nevertheless, note that the accuracy of efficiency ratios is limited due to the rounding error of execution
times and that the average execution times themselves may (slightly) differ even for the same data set,
which follows from comparing corresponding values from Tables 1 and 3.
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Table 3 Average execution time (in seconds) of our code, based on r = 10 replications, is provided for
quantile order 7, p regressors (including the intercept) and n observations

p: n\t 0.010 0.025 0.050 0.100 0.200 0.400

1: 100 0.06 (1.5) 0.05 (2.0) 0.09 (1.4) 0.10 (1.6) 0.14 (1.6) 0.17 (1.6)
2: 100 0.08 (1.1) 0.10 (1.1) 0.12 (1.3) 0.14 (1.4) 0.17 (1.4) 0.21 (1.5)
3: 100 0.09 (1.1) 0.11 (1.1) 0.13 (1.2) 0.16 (1.3) 0.21 (1.3) 0.25 (1.4)
6: 100 0.12 (1.2) 0.13 (1.2) 0.15(1.3) 0.20 (1.3) 0.25 (1.4) 0.32(1.4)
1: 200 0.08 (1.5) 0.10 (1.6) 0.13 (1.5) 0.18 (1.6) 0.24 (1.6) 0.31 (1.6)
2:200 0.11(1.2) 0.14 (1.2) 0.18 (1.3) 0.23 (1.4) 0.31 (1.4) 0.40 (1.4)
3:200 0.12 (1.2) 0.16 (1.1) 0.20 (1.2) 0.27 (1.3) 0.37 (1.4) 0.47 (1.4)
6: 200 0.15(1.2) 0.19 (1.2) 0.25(1.2) 0.34 (1.3) 0.48 (1.4) 0.61 (1.4)
1: 300 0.09 (1.8) 0.12 (1.7) 0.20 (1.4) 0.26 (1.6) 0.37 (1.6) 0.49 (1.6)
2: 300 0.15 (1.1) 0.19 (1.2) 0.25(1.3) 0.34 (1.4) 0.47 (1.4) 0.62 (1.4)
3:300 0.16 (1.1) 0.21 (1.2) 0.28 (1.2) 0.40 (1.3) 0.56 (1.4) 0.72 (1.4)
6: 300 0.19 (1.2) 0.27 (1.2) 0.38 (1.2) 0.50 (1.4) 0.71 (1.4) 0.96 (1.4)

12: 300 0.30 (1.3) 0.37 (1.3) 0.50 (1.3) 0.70 (L.5) 1.05 (1.4) 1.44 (1.5)

1: 500 0.16 (1.4) 0.19 (1.6) 0.30 (1.5) 0.44 (1.5) 0.63 (1.6) 0.85 (1.6)
2: 500 0.20 (1.2) 0.27 (1.3) 0.39 (1.3) 0.56 (1.4) 0.81 (1.4) 1.08 (1.4)
3: 500 0.24 (1.1) 0.32 (1.3) 0.46 (1.3) 0.66 (1.4) 0.96 (1.4) 1.28 (1.4)
6: 500 0.30 (1.2) 0.43 (1.2) 0.61 (1.3) 0.87 (1.4) 1.30 (1.4) 1.74 (1.4)

12: 500 0.44 (1.4) 0.61 (1.4) 0.91 (1.4) 1.37 (L.5) 2.06 (1.4) 2.59 (L.5)

1: 1000 0.28 (1.5) 0.44 (1.4) 0.67 (1.4) 1.02 (1.4) 1.53(L.5) 2.10 (1.4)
2: 1000 0.37 (1.2) 0.57 (1.2) 0.84 (1.3) 1.33(1.3) 1.97 (1.3) 2.70 (1.3)
3: 1000 0.42 (1.2) 0.68 (1.2) 1.01 (1.2) 1.54 (1.2) 2.34 (1.3) 3.15(1.3)
6: 1000 0.61 (1.1) 0.92 (1.2) 141 (1.2) 2.14 (1.2) 3.26 (1.3) 434 (1.3)
12: 1000 0.90 (1.2) 1.45(1.2) 2.35 (L.1) 3.42(1.3) 570 (1.3) 6.71 (1.3)

1: 2000 0.74 (1.1) 1.01 (1.4) 1.64 (1.4) 2.65(1.4) 3.94 (1.4) 5.45(1.4)
2: 2000 0.82 (1.2) 1.41 (1.1) 2.16 (1.2) 3.47(1.2) 5.19(1.2) 7.24 (1.2)
3: 2000 0.98 (1.1) 1.64 (1.1) 2.56 (1.2) 4.05 (1.2) 6.23 (1.2) 8.65(1.2)
6: 2000 1.42 (1.1) 233 (1.1) 3.59(1.2) 5.80(1.2) 9.02 (1.2) 12.39 (1.2)
12: 2000 2.30 (1.1) 3.86(1.2) 6.28 (1.2) 10.11 (1.2) 15.12 (1.3) 20.56 (1.3)

1: 5000 2.46 (1.3) 4.93 (1.2) 7.46 (1.3) 11.63 (1.3) 18.05 (1.3) 25.16 (1.4)
2: 5000 3.23(1.1) 6.00 (1.1) 9.53(1.2) 15.40 (1.2) 24.50 (1.2) 34.28 (1.2)
3: 5000 4.26 (1.1) 7.71 (1.1) 11.92 (1.2) 18.75 (1.3) 29.73 (1.2) 41.46 (1.5)
6: 5000 6.41 (1.2) 11.88 (1.1) 20.35(1.2) 29.87 (1.3) 46.71 (1.2) 65.28 (1.5)
12: 5000 13.09 (1.4) 23.80 (1.6) 41.79 (1.5) 59.10 (1.5) 91.65 (1.4) 124.02 (1.8)
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Table 3 Continued

p:n\t 0010 0.025 0.050 0.100 0.200 0.400

1:10000  9.61(1.2)  17.75(1.3)  2622(14)  4236(1.3)  71.10(1.4)  100.87 (1.4)
2:10000  11.19(1.2) 2223(L.1)  3525(L.2) 5824(12)  98.01(L.1)  134.76(1.2)
3:10000  14.84 (1.1) 28.01(1.2)  4454(1.2)  71.65(12)  117.46(12) 170.83(1.2)
6:10000  21.66(1.5) 43.72(1.5)  71.85(1.5)  11338(1.6) 186.31(1.4) 256.98 (1.5)
12: 10000 5520 (1.4) 11174 (1.4)  187.01(1.5) 309.01 (1.5) 485.73(1.5)  667.55 (1.5)

The numbers in parentheses indicate how many times it is faster than the code from Paindaveine and Siman
(2011b) (2D regression settings: m = 2)

Table 4 Average execution time (in seconds) of our code, based on r = 5 replications if m = 3 and on
r = 3 replications otherwise, is provided for quantile order t, p regressors (including the intercept) and n
m-dimensional responses

p:n\t m=3 m=4 m=>5
0.010 0.025 0.100 0.200 0.010 0.025 0.010
1: 100 096 (1.4) 1.42(14) 9.86 (1.2) 22.73 (1.2) 5.60 (1.1) 13.99 (1.3) 48.63 (1.0)
2: 100 1.04 (1.1) 223 (1.1) 11.74 (1.1) 28.66 (1.1) 5.17(1.4) 24.03 (1.1) 41.72 (1.6)
3: 100 1.58 (1.0)  2.79 (1.0) 15.19 (1.1) 37.12 (1.1) 11.40 (1.0)  34.14 (0.9) 125.90 (1.1)
4: 100 229(0.9) 3.55(0.9) 18.23 (1.0) 45.80 (1.1) 25.18(0.8)  53.39(0.8) 346.56 (0.8)
6: 100 4.60(0.8)  5.40(0.8) 24.95 (0.9) 61.84 (1.0) 91.55(0.6) 116.28 (0.6)  1801.58 (0.5)
1: 200 1.96 (1.3)  5.60(1.2) 40.07 (1.1) 105.60 (1.1)  21.87(1.0)  133.23(1.1)  274.27(0.9)
2:200 212 (1.1)  6.38(1.1) 50.45 (1.1) 139.77 (1.1) ~ 21.00 (1.0)  151.40(1.0)  265.30 (1.0)
3:200 277(1.0) 8.18(1.0) 67.16 (1.0) 182.39 (1.0)  36.80(0.9) 225.93(0.9)  552.52(0.8)
4:200 3.75(0.9) 10.26(0.9)  82.73 (1.0) 225.80(1.0)  55.61(0.8) 325.67(0.8) 999.58 (0.7)
6: 200 6.47(0.8)  14.52(0.9) 113.09(1.0) 311.26(1.0)  153.91(0.6) 592.77 (0.7)  3933.44 (0.5)
1: 300 340(1.2) 1043 (1.1) 101.18(1.1)  281.95(1.0) 60.46(1.0) 390.83 (1.0)  1059.70 (0.9)
2: 300 3.88(1.0) 14.08(1.0) 130.36(1.0) 371.95(1.0) 63.10(0.9) 587.82(0.9) 1124.81(0.9)
3:300 5.19(0.9) 18.53(0.9) 170.44(1.0) 496.96 (1.0)  104.67 (0.8) 905.64 (0.8)  2254.24 (0.8)
4: 300 6.56(0.9) 2291(0.9) 208.12(1.0) 636.60(1.0)  157.67 (0.7) 1321.53(0.8) 4050.45 (0.6)
6: 300 10.49 (0.8) 32.51(0.9) 295.13(1.0)  951.20(1.0)  321.32(0.6) 2473.22(0.7) 16978.51(0.4)
12:300  36.26 (0.7) 69.33(0.8) 593.24(0.9) 2154.13 (1.0)
1: 400 591(1.1) 22.44(1.0) 198.14(1.0) 61693 (1.0) 138.26(0.9) 1389.91(0.9) 3219.40(0.9)
2: 400 6.85(1.0) 27.13(1.0) 259.47(1.0) 832.20(1.0) 155.62(0.9) 1842.90(0.9) 3742.53(0.9)
3: 400 9.00(0.9) 35.72(0.9) 339.13(0.9) 1138.06(1.0) 244.52(0.8) 2896.03(0.8) 8584.16(0.7)
4: 400 11.36 (0.9) 43.23(0.9) 426.63(0.9) 146129 (1.0) 363.51(0.7) 4375.24(0.8) 24130.39 (0.4)
6: 400 16.34 (0.8) 60.29 (0.9)  609.63 (1.0)  2248.87 (1.0) 669.73 (0.6) 8784.51 (0.7)
12:400 47.52(0.7) 123.45(0.8) 1375.59(0.9) 5411.35(0.9)
1: 500 9.15(1.0) 32.93(1.0) 357.53(1.0) 1186.97 (1.0) 274.41(0.9) 2867.31(0.9)
2: 500 10.40(0.9) 43.17(0.9) 470.28 (0.9) 1634.72(1.0) 316.32(0.8) 4727.81(0.8)
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Table 4 Continued

p:n\t m=3 m=4 m=>5

0.010 0.025 0.100 0.200 0.010 0.025 0.010
3:500 13.66(0.9) 56.80(0.9)  618.37(0.9)  2285.95(0.9)  504.06 (0.7)  8213.09 (0.8)
4:500  17.39(0.8) 70.29(0.9)  788.91(0.9)  2969.72(1.0)  733.00(0.7)  17159.85 (0.6)
6: 500  25.88(0.8) 99.45(0.9)  1142.40(0.9) 4665.41(1.0)  1407.06 (0.6) 67844.38 (0.4)
12:500  64.65(0.7) 198.35(0.8) 2557.46(0.9) 11624.00 (0.9)

The numbers in parentheses indicate how many times it is faster than the code from Paindaveine and Siman
(2011b) (Multidimensional regression settings)

recommend to perturb the input data points by some random noise of a reasonably
small magnitude to prevent their discreteness from causing any troubles.

When a few identical observations occur, we may either aggregate the same rows
of Ap into a single one or introduce (positive) weights into ¢p and proceed analo-
gously (the formulae would have to be changed a little but the crucial simplification
of (DF) would persist). We prefer the first approach that is faster, easier to implement
and still leads to the same quantile coefficients. Since the algorithm does not rely on
any special form of x{, the code can also handle such aggregated or weighted rows
(corresponding to weighted observations). Therefore the program can be used even
for bootstrap and subsampling methods quite easily. We might also refer to Hlubinka
et al. (2010) for another interesting attempt to combine weights and halfspace depth
ideas.

Computing the first directional quantile We decided to solve (P) with the aid of free
MATLAB toolbox SEDUMI 1.1 (see P6lik 2005 and Sturm 1999) that exploits sparsity
and is very fast, flexible, and easy-to-use. Any fast and reliable solver designed for
univariate quantile regression might be substituted here. In fact, only fast computation
of ordinary quantiles is needed (but not implemented) if p = 1.

As mentioned above, we can relax the assumption u € . m=1 without any loss of
generality because all nonzero vectors u in the same direction lead to the same upper
halfspace H;:lo)jjrrw In general, we choose uq as a normalized corner of [—1, 1]™. Large
or high-dimensional problems can be solved more effectively by segmenting the whole
space to % regions of the form

Uy = {u € R™ : sign(u) = sign(ugp)},

and considering each of these 2 different orthants separately. Note that the first m
constraints in (PF) are trivially satisfied in each 2.

If the starting direction leads to troubles, then other choices are tried until the
optimal solution with the required number of non-zero coordinates is found.

Finding non-redundant constraints, facets and interior points If m = 2, then the
problem of finding non-redundant constraints and facets can be solved by assigning
angles (say 6’s) to all the constraints in a clever way. The interior point can then be
found simply by means of the facet normal vector.
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For m > 2, the problem is far more complicated. First, we make the problem
bounded by restricting to vectors # in [—1, 1]™, which turns the cones into polytopes.
Then we find all vertices and facets of such a polytope by means of the dual relationship
between vertex and facet enumeration (see Bremner et al. (1998)) and program ghull
(see Barber et al. (1996)) for the latter one, fortunately accessible in MATLAB (In fact,
we only modify the function con2vert.m by Michael Kleder from MATLAB Central
File Exchange.) This enumeration procedure requires an interior point of the resulting
polytope to start. We search for it from the scaled center of the known (parent) facet
and in the direction of its normal vector.

In principle, u  might be found even without the artificial bounding with subsequent
vertex enumeration and the zero vertex problem might be addressed as well; see
Chvital (1983). However, we decided to tailor our code for ghull, which is an already
developed and mature tool for solving similar problems that is quite stable, fast and
familiar with rounding errors.

Realization of the breadth-first search algorithm When this algorithm is employed,
then some identifiers (scaled facet centers or facet normal vectors) of all (or lastly)
used facets are stored in sorted archive(s) and a new facet is used for building the
adjacent cone only if its identifier differs from all those archived, which is checked by
the binary search algorithm.

Plotting the contours The program output provides upper halfspaces including those
whose intersection equals the quantile region of our interest (if all of them are uniquely
defined). Vertices of these regions could be obtained by the vertex enumeration men-
tioned above (and also used in our code in a different context). The quantile contour
with known vertices can be plotted easily as their convex hull, for example. This is
essentially the procedure we used to generate all figures of the present paper.

Computing many (or all) contours at once The first (initial) solutions could be found
faster for all relevant 7’s at once than for each 7 separately, by linear programming
parametric in t. In the purely location case, it would be advantageous to compute the
contours from the highest 7 < 0.5 to the lowest and to reduce the data set in each step
(with adjusting t accordingly), since inner points are redundant for computing outer
contours. If we were interested even in the individual quantile hyperplanes and their
coefficients, we could still replace all the surely interior observations with a single
aggregated pseudo-observation keeping the new resulting subgradient conditions the
same as before (as Roger Koenker kindly suggested to us). These proposals are not
implemented in our code as it is designed to compute a single contour only.
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