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Abstract

This research report presents particular achievements and conclusions accomplished within my
doctoral thesis ”MIMO Techniques for xDSL”. The thesis resulted from long-term research of
the Digital Subscriber Lines (DSL) technologies and it was finished in the August of 2011.

The main thesis objective was to improve state-of-the-art techniques in the DSL systems
and to develop a novel method operating on telecommunication network physical layer of DSL
systems. The new method is based on the application of the multiple-input multiple-output
(MIMO) principles commonly used in today’s wireless communication systems. It resulted in
direct application of the new technique exploiting MIMO features that is applicable in future
implementations of the DSL physical layer.

Introduction of both initial aims and considerations that conducted the research is presented
at the first chapter of this report. The key proposal of MIMO STBC scheme for DSL is
presented in the second chapter. Further, two optimization strategies for scheme application
in DSL transmission are presented in the same chapter. Experimental results are presented in
the third chapter. Summary of my conclusions is presented in the fourth chapter.

My long-term DSL research is accompanied with several publications and software outputs
that are listed in Chapter 4 ”Conclusions”. Later objectives of my research were presented
within the thesis. Early research objectives concerned ADSL equalization techniques. In
particular, two conference papers were presented in this early period: ”Advanced Algorithms
for Equalization on ADSL Channel” and ”Simulator of ADSL Physical Layer”; and two ÚTIAs
research reports were published: No. 2184 – ”ADSL ekvalizačńı techniky”, and report No. 2194
– ”Simulace ekvalizér̊u TEQ pro ADSL toolbox”.





Chapter 1

Introduction

1.1 Motivation

Digital subscriber line (DSL) technologies provide considerable share of customer’s broadband
access to the internet. Despite of growing customer’s demands and network deployment costs,
another motivation for development of wire-line broadband technologies is followed recently.
Large-scale deployment of optical fiber connections, fiber to the home (FTTH), within passive
optical networks (PON) is expected to take its time [11,36]. During a transient to full-scale
FTTH and PON, wire-line broadband access technologies will have to offer competitive
performance.

1.2 State of the art

Promising improvements of DSL technologies based on multiple-input multiple-output (MIMO)
principles were developed in the last decade. According to wireless MIMO, standard scheme
of single DSL links that share transmission media (cable of bonded twisted pairs) was
reviewed to multiple links scheme. Further, the cross-talks, mutual disturbances between
single-link transmissions, were figured as exploitable multi-path transmission known from
wireless technologies. This concluded into three significant contributions to DSL: vectored
DMT (VDMT), gigabit-DSL (GDSL) and common mode signaling (CMS). Targeted DSL
variant is the second version of very high speed digital subscriber lines – VDSL2 [30], which
is capable to deliver 100 Mbits/s within 30 MHz bandwidth of 250 m long twisted pair line
deployed within backbone wiring of DSL network.

The first DSL improving technology, the VDMT[20,22], applies MIMO view from network’s
central office (CO) and thus from one end-point only. Hence, opposite to GDSL, the VDMT
can be deployed within unbonded DSL networks, where the other end-point transceivers
are spatially spread (e.g.: households) and MIMO view is not applicable. VDMT enabled
CO separately coordinates both upstream reception and downstream transmission by joint
processing of all affiliated signals. VDMT enabled network is capable to deliver VDSL2’s
nominal 100 Mbit/s data-rate, however the nominal data-rate is delivered fully to each user and
furthermore within less occupied bandwidth (17 MHz). The VDMT successfully progressed to
international telecommunication standards for VDSL2 transceivers [31].

The GDSL [2,3] applies MIMO view at both network end-points. Coordinated MIMO
transmission is maintained at both downstream transmitter and downstream receiver, and
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for upstream transmission vice versa. Since transceivers have to be collocated, bonded DSL
networks are the targets for GDSL deployment. Joint signal processing basically diagonalize
transmission channel and thus GDSL is capable to exploit full MIMO channel capacity. GDSL
link is established with a few adjacent twisted pair lines used as MIMO channel. Four twisted
pair GDSL link is capable to deliver a data-rate slightly less than 1 Gbit/s. Exploiting
independent transmission channels of the same GDSL link but electrically driven in common-
mode, increases GDSL link data-rate to ≈1.2 Gb/s (within ≈35 MHz bandwidth of 300 m long
lines).

The last DSL improving technology, the CMS, abandons traditional concept of differential
mode excitation – twisted pair symmetrically driven by balanced electronic circuit, and then
applies MIMO view of multiple common-mode excited links. Within the common-mode each
single wire from twisted pairs cable is counted as available transmission channel and thus their
number is doubled. Following MIMO view of bonded DSL network, the authors of [3] shown
significant GDSL’s data-rate increase when CMS is applied. Further, the CMS extension to
VDMT within unbonded DSL network [34] doubled the data-rate for a single active user when
it is compared to VDMT with differential mode.

1.3 Analysis

MIMO DSL systems can achieve maximal data rates that are close to the channel theory limits.
These limits can be achieved within simplified system scenarios. Bonded DSL systems have
much better perspective to achieve maximal rates than unbonded, where growing complexity of
system scenario leads to extremely difficult task of maximizing data rate over a large number of
active users. Despite of that, maximal data rate recipe is known for both bonded Gigabit-DSL
and unbonded Vectored-DMT systems. Similarly to any multi-user DSL system, the data
rate maximizing solution is based on proper power allocation and dynamic management of
users’ spectra (DSM [7,40]). Further research on MIMO DSL systems that aims performance
of different system scenarios is still ongoing ([35,43]).

Considering DSL system from MIMO wireless point of view: each channel has the line
of sight (LOS) from transmitter to receiver, far-end cross-talks (FEXT) are present and can
be treated as multi-path channel propagation and channel state information (CSI) is known.
DSL channels are slowly fading and slowly time-varying. Thus, advanced MIMO techniques
targeting non-stationary transceivers or fast varying channel are not suitable. The principle
of precoding MIMO techniques is already provided within Gigabit-DSL or Vectored-DMT
concept. Beamforming techniques gain benefits from non-LOS environment and thus they
would missed performance benefit of LOS environment. Spatial multiplexing methods targeted
to data rate (V-BLAST) would only imitated simultaneous multi-user DSL transmission and
methods targeted to error performance (D-BLAST) would lower data rate only to a fractions
of achievable capacity. Summarizing wireless MIMO concepts, their usability within DSL
systems and weaknesses of DSL transmission, there is a motivation opened for further research.

1.3.1 Conclusion

Research on state-of-the-art MIMO DSL technologies and wireless MIMO techniques resulted
into innovative DSL scheme presented in this report. Proposed DSL scheme utilizes wireless
MIMO techniques for information diversity enhancement in effort to improve transmission error
rate of the state-of-the-art DSL system. Error rate improvement is maintained by transmission
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of redundant information instances within a space-time block code (STBC). However, this
method is not focused only on enhancing of regular DSL transmission, but it is capable to
revive unusable channel subcarriers and thus to increase the data rate.

1.4 Aims of the thesis

To summarize the objectives of the dissertation, the list of particular aims to be achieved is
provided as follows:

1. To develop a new method exploiting the MIMO space-time block code (STBC) technique
applied to the corresponding part of the physical layer of the DSL systems.

2. To show that the proposed method improves either transmission performance or provides
multiple-user access to the transmission media.

3. To present the proof of concept and to verify the proposed method by results evaluation
in a standardized simulation environment.
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Chapter 2

The proposed method

With the designated aims of the thesis and introductory analysis presented in the previous
Chapter 1, resulting motivation is described in the first Section of this Chapter. The second
Section 2.2 progressively describes the proposed scheme and concerned methods. With detailed
description of wireless STBC techniques, amended with wireless application example, at the
start, the proposal of the STBC application to DSL system follows in this section. This
proposal is also accompanied with DSL application example for better insight. Further,
the subcarriers selection algorithm is proposed for completeness of the proposed scheme.
This section is concluded with simple proof of presented concept. Further considerations
leading to additional development are outlined in the next Section 2.3. Starting with the
second motivation to the next proposal, the DSL channel bit-loading basics and particular
”waterfilling” algorithms are described consequently. Further, the discrete loading algorithm
for DSL channels is additionally described. The second method for the proposed scheme of
STBC application is consequently described with the second algorithm for subcarriers selection.
Finally, the proof of the second method’s concept is presented in this section.

2.1 Motivation

Considering the DSL system with theoretical or practical transmission conditions, we aim
to improve information transmission error rate by diversity enhancement methods known
from wireless MIMO systems. The theoretical DSL system has transmission error probability
given by SNR and QAM complexity on each DMT subcarrier. The practical DSL system is
impaired in addition with other signals ingress and cross-talks and thus the error rates of some
DMT subcarriers exceed theoretical error probability. In other words, the method’s goal is to
improve diversity of information transferred on error-impaired DMT subcarriers resulting in
the decrease of final error rate of those subcarriers.

Based on MIMO wireless methods introduced in the previous text, space time codes (STC)
are suitable for information diversity enhancement. Since trellis based STTCs are complex to
decode and the DSL subcarrier would require a number of trellis code states as well as the
subcarrier modulation states (up to 215), space time block codes (STBC) are the applicable
choice. Precise form of information diversity addition or improvement depends on the selection
of diversity coding applied. The following sections will present details of the proposed method.
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2.2 Description of proposed method

2.2.1 STBC description

The STBCs encoding process starts with demultiplexing of input stream containing complex
symbols (QAM symbols) to parallel substreams according to P representing the number of
transmit antennas. Each parallel set consisting of P symbols is STBC encoded and resulting
block of P × Q symbols is transmitted within Q symbol periods. This step is repeated
continuously. Diversity added with STBCs is provided by mutual orthogonality of Q symbol
sets within the transmitted block. Assuming P is the number of receiver antennas, decoding
of received STBC blocks can be maintained with maximum-likelihood decoder at each block
separately [18,19]. When P complex symbols are transmitted over Q symbol periods, the
STBC efficiency can be described by the code rate equal to fraction P/Q. The best achievable
code rate for STBCs is equal to one. This code rate maximum practically means that 50 % of
transmitted information is redundant or else 50 % of available space-time slots is utilized.

The STBCs are defined by an encoding matrix, which represents time domain operations
(row-wise) and antenna selection (column-wise). For example Alamouti’s two antenna STBC[1]
is described by:

C2 =

[
X1 X2

−X∗2 X∗1

]
(2.1)

where the matrix elements Xp denote transmitted complex symbols, each column belongs to
a specific antenna and rows represent consecutive symbols transmitted in time within one
STBC block.

Beside the Alamouti’s coding scheme[1] and its further enhancements proposed by Tarokh’s
in [41,42], other STBC proposals are worth noting. The authors of [17] pointed to uneven
power levels rising over symbols of Tarokh’s multi-antenna STBCs. They proposed STBC
multi-antenna scheme with equal power levels over transmitted symbols. Original Alamouti’s
STBC is the only one fully orthogonal code that has the code-rate equal to one and thus
the best efficiency available. Other orthogonal STBCs are then less efficient. This led to the
development of quasi orthogonal space-time block codes (QOSTBC), which trade a part of
orthogonality to gain on other properties, the code rate for example. Note that the loss of
STBC’s orthogonality also decreases its diversity gain. Following this approach, the authors
of [33] proposed a multi-antenna QOSTBC schemes with code rate equal to one.

Table 2.1 reviews the properties of selected STBCs, namely: Alamouti’s two antenna
code C2, Tarokh’s three and four antenna codes C3 and C4, the equal power variant for four
antenna system C4EP and the mentioned quasi-orthogonal code CQ4. The code matrices of
these particular STBCs are specified in the Appendix B.

Transmission process with Alamouti’s STBC (2.1) providing wireless MIMO system is
depicted in Fig. 2.1. Assuming the input stream is an OFDM symbol consisting M -number of
QAM symbols, the first input set has two elements, X1 and X2. According to STBC matrix
(2.1), both antennas transmit the input symbol set unchanged (Antenna 1: X1, Antenna 2: X2)
within the first transmitted symbol (Symbol 1). Consecutively the second symbol (Symbol 2) is
transmitted, but the orthogonal set (Antenna 1: −X∗2 , Antenna 2: X∗1 ) is submitted according
to the second row of STBC matrix. Such MIMO transmission of 2 × 2 STBC blocks then
continues with consecutive input symbols sets: (X3, X4), (X5, X6), etc. for all consecutive
OFDM symbols.

5



Table 2.1: STBC comparison

STBC Code-rate No. of antennas No. of input symbols Code span

C2 1 2 2 2
C3 3/4 3 3 4
C4 3/4 4 3 4
C4Q 1 4 4 4
C4EP 3/4 4 3 4

1⨯ OFDM symbol with M⨯ QAM symbols

Ant. 1 Ant. 2

Symbol 1

Symbol 2

XM X1X2X3X4XM−1

X1−X2
*−X4

*−XM
* X3XM−1

X2X1
*X3

*XM−1
* X4XM

OFDM & RF

modulator

OFDM & RF

modulator

STBC matrix

RF & OFDM

demodulator

RF & OFDM

demodulator

Channel

compensation

QAM

QAM

QAM

QAM

ML

detector

X̂1 X̂2 X̂3 X̂4 X̂M−1 X̂M
Received

OFDM symbol

QAM symbol
estimates

Figure 2.1: Wireless STBC application – Alamouti example

After signal demodulation, channel compensation is done and the resulting 2× 2 STBC
blocks of QAM symbols are processed by the maximum-likelihood detector. The transmitted
symbols estimates X̂k are determined with advantage of QAM symbols redundancy provided
within each STBC block. This advantage results in expected improvement of transmission
error performance.

2.2.2 Application to DSL system

Following the motivation presented in Section 1.3, the space-time block coding is applied to
DSL system. As the DSL systems use multi-carrier modulation (DMT), the STBC application
targets the DMT subcarriers. If the information diversity on selected subcarriers is increased,
the error rate decrease. For the first view, subcarriers revealing error rate worse than expected
are the ones selected for the STBC application.
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If the DMT symbol’s subcarriers resolved in frequency domain are regarded as MIMO
system antennas resolved in spatial domain, the MIMO view can be applied and STBC can
provide desired diversity gain. Such MIMO view of DMT symbols preserves time domain
sequence, but transforms spatial diversity to frequency. In other words, proposed STBC
application to DSL systems exploits frequency-time diversity instead of space-time diversity
known from wireless MIMO systems. According to STBC encoding principle described above,
a group of P subcarriers transfers STBC encoded block over a group of Q consecutive DMT
symbols in time. Other wireless MIMO rules are also transferred to this multiple subcarriers
MIMO except the utilization of other (non-selected) subcarriers. If the number of selected
subcarriers is greater than number of antennas available for a given STBC, another group of P
selected subcarriers serves as the next group of MIMO antennas. This multiple use of separate
MIMO groups is available until the total number of subcarriers elapses. With the limited
number of MIMO groups, the other subcarriers keep a regular DMT symbol transmission.

The proposed method of MIMO STBC application to DSL subcarriers essentially intercepts
DMT symbol transmission within regular DSL operation and creates a bypass within the
DMT transmitter and receiver. Within this bypass STBC coding and decoding operations are
managed at the transmitter and receiver, respectively. Assuming all STBC groups start at the
same DMT symbol, every Q-th DMT symbol takes new input QAM symbols to transmit and
all other Q− 1 of DMT symbols transmit the redundant QAM symbols’ instances according
to STBC prescription. This requires another, but manageable, interception to DSL data flow.
Precise operation steps of this STBC application are described within the following example of
Alamouti’s two antenna STBC and within the formulation of subcarriers selection algorithm
in the following paragraphs.

The presented MIMO STBC application targets a single DSL transmission and thus single
link between DSL transmitter and receiver. The method proposed in this thesis is based on
presented application and thus the method actually is: MIMO STBC application on single
DSL link.

Application of STBC to DSL – Alamouti example

According to proposed concept of STBC application, the Alamouti’s encoding matrix (2.1)
will be applied on a couple of selected subcarriers and within each two consecutive DMT
symbols. Precise application of the encoding matrix can be described as:

Subcarrier
k1

Symbol  l

Symbol  l+1

Subcarrier
k2

where l is the number of DMT symbol, indices k1, k2 determine selected subcarriers within
single MIMO group and Xk represents QAM symbols.

The transmission process with Alamouti’s STBC providing proposed MIMO STBC appli-
cation to DMT subcarriers of a DSL system is depicted in Fig. 2.2. As this example provides
a two antenna system, two subcarriers have to be selected for one MIMO group. Symbol
span of such STBC is equal to two and thus it is necessary to input two DMT consecutive

7



symbols l1, l2. The presented example shows two MIMO groups of STBC subcarriers with
indices: k = 3, 5 and k = M − 2,M , respectively. Transmission operations are mutual for all
MIMO groups and thus the following process concerns only the first MIMO group with indices
k = 3, 5.

The QAM symbols carrying data at STBC subcarriers within the first DMT symbol l1 are
extracted as input QAM symbol set (X3 = T3, X5 = T5) and encoded according to STBC’s
coding matrix (2.1). Resulting QAM symbol sets are inserted at the same subcarrier indices
k = 3, 5 to all concerned DMT symbols l1, l2 right before DMT modulation. Note that the first
DMT symbol transfers the set identical to input set and the second DMT symbol transfers
the orthogonal set in the same manner as in the wireless MIMO example presented earlier.
The orthogonal set in the DMT symbol l2 is equal to (−T ∗5 , T ∗3 ).

If other MIMO groups are processed analogously, the whole transmission process is repeated
for all next DMT symbol couples (l3, l4), (l3, l4), etc. The same approach of 2× 2 sized STBC
blocks transmission is continuously maintained on the subcarriers belonging to each MIMO
group, while the input QAM symbol sets are extracted from each odd numbered DMT symbol.
Note that each even DMT symbol at the transmitter’s input has empty subcarriers and thus
the symbol is prepared for insertion of the orthogonal QAM symbol sets. This preparation
have to maintained in the DMT transmitter.

After signal demodulation (DMT), channel compensation by 1-tap frequency equalizer
(FEQ) is done and the resulting 2× 2 STBC blocks of QAM symbols Xk are processed by the
maximum-likelihood detector. The QAM symbol estimates X̂k, transmitted with STBC blocks,
are determined with the advantage of QAM symbols redundancy and thus with expected
improvement of transmission error performance.

The regular transmission of QAM symbols Tk at subcarriers k, which are different from
the ones assigned to MIMO groups, is continuously maintained. This results in complete
reception of DMT symbols. The empty subcarriers depicted in the second DMT symbol l2
at the receiver side (Fig. 2.2) denote that after the decoding of STBC blocks, the redundant
information (orthogonal QAM symbol sets) were discarded for the purpose.

Comments to the method

Except the presented STBC application operations, the regular DSL transmission is assumed
to be continuing.Note that some additional logic is necessary to maintain accurate operation
of the presented STBC application within the physical layer of the real-world DSL system.

Proposed STBC application reveals the trade-off between transmission performance and
error performance that is analogical to the wireless MIMO STBC application.

The presented MIMO view of DMT subcarriers does not include multi-user view of multiple
users sharing the same transmission environment – the binder cable. The presented concept
of STBC application allows to be simultaneously operating within different users, but other
users’ cross-talks are not manageable and thus they cause alien impairments.

The selection of STBC targeted subcarriers should be provided with some reasoning given
by an algorithm. Analysis of per-subcarrier error rate of received DMT symbols seems to
be suitable approach. The algorithm for subcarriers selection can vary in the choice which
directly-neighbouring or which further-placed subcarriers are suitable for a MIMO group.
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Two DMT symbols consecutive in time:
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1
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−
3

T3T5T M
−
2

Two MIMO groups are
set up from the symbol l1 :

and

Figure 2.2: Single link DSL application of STBC – two MIMO groups with Alamouti’s STBC example

2.2.3 Subcarriers selection algorithm based on error feedback

The following approach provides a reasonable link between DSL transmission error rate and
configuration of subcarriers within the proposed STBC application. The aim of this algorithm
is to improve error performance of DSL transmission according to the motivation presented in
Section 1.3.

The goal is accomplished by subcarrier error analysis of the first L DMT symbols transmis-
sion and further set up of MIMO groups, which finally include all erroneous subcarriers that
results in error count greater than the threshold. After each L DMT symbols transmission with
MIMO STBC enabled, new subcarrier error analysis is done and the resulting set of erroneous
subcarriers is logically added to the previous set. Then the DMT symbols transmission is
repeated with the updated MIMO groups and this process continues repetitively.

If the targeted DSL system’s error rate is caused by some effects that are manageable
by the proposed STBC application, the resulting error rate will be decreased to the level of
threshold.
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Assuming the specific STBC with P antennas and Q symbols span is selected, desired
error count Pe is determined and initial conditions are set:

Error feedback subcarriers selection algorithm

1. Analyse error count of L received DMT symbols per each subcarrier.

2. For a given error count threshold Pe, find all indices k of subcarriers, which showed
error count greater than the threshold:
SetK old = SetK;

SetK = find(ERRk >= Pe);

SetK = SetK OR SetK old;

Knum = lenght(SetK);

3. Enumerate how many MIMO groups are necessary to include Knum subcarriers for a
given number of STBC antennas P :
Mcount = floor (Knum / P);

reminder = Knum - Mcount * P;

if (reminder/P) > 0.5

then

Mcount = Mcount + 1;

endif

4. Attach each P subcarrier indices found in the Step 2. to a MIMO group in ascending
order:
for i=1:Mcount

MIMOset[i] = SetK[(i-1)*P+1:i*P];

endfor

5. Configure and run DSL transmission with MIMO groups encoding the data by STBC.

6. After L DMT symbols transmitted proceed to the Step 1.

2.2.4 Proof of concept

Foundations of STBC concept validity origin from Alamouti’s work [1] and related research in
diversity coding area. For the case of the proposed method it can be briefly proven that the
concept of diversity coding with STBC is valid also for the DMT based DSL systems.

Error probability function for a multi-carrier digital communication systems using square
constellations of quadrature modulation on DMT subcarriers was derived in several DSL
textbooks. Let us consider the error probability function [9, 40] for such a communication
system given by:

(Pe)k u Q

[√
3 · SNRk

M − 1

]
(2.2)
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where SNRk denotes the signal to noise ratio, M is the number of QAM states for each
subcarrier k and Q[·] denotes the Q function (Please refer to the Appendix A.5).

Assuming P is the number of subcarriers subjected to transfer Q independent instances of
information according to STBC principle, two extreme scenarios of overall error probability
can arise:

1. Worst case: all information instances are received erroneous.

2. Best case: all information instances are received without an error.

For a successful information transmission the worst case is relevant so that the error probability
of the worst case is given by:

PeW =
1

Q
· 1

P

P∑
k=1

(Pe)k (2.3)

Assuming that the correct configuration of DMT subcarriers is provided by the bitloading
within DSL system, the target error probability of each subcarrier will be approximately equal
PeT = (Pe)k, k = 1 . . . P , and thus the worst case error probability (2.3) become:

PeW =
1

Q
PeT (2.4)

A successful information transmission is not accomplished with probability given by (2.4)
and thus the proof concludes in observation that:
Using the STBC diversity to transfer Q independent information instances leads to the error
probability Q-times lower than the error probability of a single subcarrier transfer.
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2.3 Further development and description of the second pro-
posed method

Research accompanying this thesis includes also an extensive knowledge of DSL systems
especially Asymmetric-DSL systems. Revealing the advantages of diversity based MIMO
techniques like space-time coding, another DSL system enhancement is possible. This enhance-
ment also utilize space-time coding principles giving the diversity gain, but it targets different
scenarios of DSL system transmission.

If a DSL system determines capabilities of its transmission channel, a number of transfer-
able bits is enumerated for each subcarrier according to regular bitloading procedure [9, 40].
The bitloading process can reveal that some DMT subcarriers are not able to transfer in-
formation due to poor SNR conditions. The constraint of target error probability figures in
the bitloading computations and thus the unavailability of certain subcarriers depends on
the error performance constraint. As the diversity gain of STBC encoding allows to improve
error performance, these unavailable subcarriers can be re-enabled under specific conditions
described later.

2.3.1 Motivation of the second method

With the ability to increase diversity of transmitted information and thus the error performance
on DSL system’s DMT subcarriers, we can improve information transmission on those DMT
subcarriers that are considered to be insufficient for information transmission. The bitloading
process results in transferable bits of information for each DMT subcarrier and the least
applicable amount is indeed one bit. If unavailable DMT subcarriers are determined to carry
less than one bit but more than zero bits, they can be presented as subcarriers that can
transfer one bit of information, but with lower error performance than constrained within
bitloading. These observations conclude in statement that: If P number of DMT subcarriers
can carry each one bit of information with a low error performance, the same DMT subcarriers
can carry one bit again but with higher error performance maintained by Q independent
instances of information according to STBC principle. This approach also shows the error
versus transmission performance trade-off revealed within the previously proposed method in
Section 2.2.

The scheme of the MIMO STBC application on a single DSL link, presented earlier in
Section 2.2, fits for purposes of this second approach. The subcarriers selection will have to
be provided by a different procedure.

2.3.2 Channel bitloading

Within initialization of a DSL system transmission, the bit-loading is done. The bitloading
is the state of the art approach giving an optimal transmission set up for the analyzed
transmission channel. For a determined channel’s per-subcarrier SNR, a number of bits and
gain level are enumerated for each subcarrier. This approach is based on parallel multiple
discrete channels theory, which describes multi-carrier modulated signals, and reveals the
Shannon’s capacity of the channels, i.e.: subcarriers [9, 40].

Assuming the channel model in frequency domain [9, 40], a single AWGN channel with

12



gain Hk and noise power spectral density σ2
k has a maximum data rate capacity given by:

b̄k =
1

2
log2

(
1 +

SNRk

Γ

)
[bits/dimension] , with: SNRk =

εk · |Hk|2

σ2
k

[-] (2.5)

for each subcarrier k = 1 . . . N . Furthermore, an additional subcarrier gain is provided
within εk and Γ denotes the SNR gap that ensures targeted error probability of QAM (PAM)
modulated subcarrier. The SNR gap for a discrete multi-channel transmission at given error
probability Pe can be approximately given by:

Γ u
1

3

(
Q−1[Pe]

)2
, [-] (2.6)

where Q−1[·] denotes inverse of the Q function1. For example of an uncoded QAM and the
error probability Pe = 10−6 the SNR gap Γ is constant at 8.8 dB. Note that in the DSL
systems, the SNR gap might be decreased by a coding gain γc provided by a coding technique
and might be increased by an inserted safety reserve, the SNR margin γm, and thus overall
SNR gap would be ΓTOT = Γ · γm/γc [-].

With the DMT modulation, the N real subchannels can be revealed as K = N/2 complex
subchannels and thus the maximum data rate (2.5) for a DMT complex subchannel can be
written as:

bk = log2

(
1 +

SNRk

ΓTOT

)
[bits] (2.7)

Maximum data rate of a DMT symbol is then equal to sum of all subchannels data rates:

R =
N∑
k=1

b̄k =
K∑
k=1

bk (2.8)

Waterfilling

The optimal bitloading is generally achieved with so-called ”Water-filling” principle. For the
DMT systems, the optimal bitloading is achieved when transmitted subcarrier energies εk
satisfy ([9]):

εk + Γ ·
σ2
k

|Hk|2
= constant (2.9)

for each subcarrier k.
Such a condition (2.9) leads to a set of linear equations with boundary constraints. There

are two types of loading algorithms - those that try to maximize data rate and those that try
to maximize performance at a given fixed data rate. Other water-filling algorithms are mostly
derived from these two types. The publications of J. Cioffi [9] are recommended for further
reading.

Rate-Adaptive loading criterion, maximizes (or approximately maximizes) the number of
bits per symbol subject to a fixed energy constraint. Margin-Adaptive loading minimizes (or
approximately minimizes) the energy subject to a fixed number of bits per symbol constraint.
Further description of these waterfilling algorithms can be found in [9, 40].

1Please refer to the Appendix A.5
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Discrete loading

Water-filling algorithms result in bit distributions where bk can be any real number. Alterna-
tive loading algorithms allow the enumeration of bit distributions that are more flexible to
implementation with a finite granularity [9]. The granularity of a multi-channel transmission
system is the smallest incremental unit of information that can be transmitted. Further
description of the discrete loading algorithm can be found in [9].

2.3.3 Description of the second method

According to the motivation presented at the start of this section, the same scheme of the
MIMO STBC application on a single DSL link is used with the only difference in the method
of subcarriers selection. Subcarriers disabled by bitloading due to insufficient SNR are the
targets to the selection.

For the first view, it is assumed that the channel bitloading is accomplished with some
waterfilling method as presented in the previous text. Result of bitloading procedure, amount
of bits transferable per each subcarrier, is determined according to information capacity of
each subcarrier (2.5) and with target error probability constraint (2.6). The result is usually
a vector of real numbers b̄k, and its rounded representation is used for the set up of QAM
within subcarriers. Precisely for a QAM at DMT subcarriers bitloaded with (2.7) is the set
up given by:

b̃k = round(bk) = round
(
2 · b̄k

)
[bits].

An illustrative example of the bitloading vector, defined in (2.7), for a few DMT subcarriers of a
DSL channel is depicted in Fig. 2.3. Difference between the bitloading vector, b̄k, and rounded
representation is noticeable within the most of depicted subcarriers. The disabled subcarriers,
where the rounded bitloading resulted in zero bits, are the possible targets for selection, but it
is necessary that each disabled subcarrier have some amount of information capacity to be
utilized. Since the bitloading vector, b̄k, represents the information capacity, subcarriers with
the bitload values greater than zero are the targets for selection. In summary, there are two
depicted subcarriers (with indices k = 16 and 23) satisfying introduced conditions of selection.

Together with the bit assignment vector, b̄k, a subcarrier energy gains, εk, are provided by
the bitloading. If a subcarrier can be reasonably amplified to achieve next integer amount of
bits per dimension, its energy gain is increased and vice versa. This energy gain adjustment
compensates possible rounding error.

Following the motivation presented at the start of this section, subcarriers showing SNR
insufficient enough to carry one bit of information with given error probability constraint are
the target of selection to the MIMO STBC application on single DSL link. Error probability
analysis within the bitloading is necessary to select a P number of subcarriers to carry a Q
independent instances of information according to STBC principle. Instead of error probability
analysis, the bitloading vector b̄k can be used to determine targeted subcarriers if a correct
upper and lower bounds of b̄k elements are determined under the error probability constraint.
A correct bitloading of the subcarriers is required for the following derivation. Hence it is
assumed that the energy gains for disabled subcarriers have default values, i.e.: εk = 1 and
the error probability of each subcarrier is given by the targeted error probability:

(PeD)k = PeT , k = 1 . . . N (2.10)
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Figure 2.3: Illustrative example of channel bitloading.

where (PeD)k denotes a default error probability.
With observations of waterfilling based bitloading from the above paragraph, an upper

bound for b̄k is clearly 0.25 and thus subcarriers with b̄k < 0.25 are selected in the first step.
Let us determine the lower bound for selected subcarriers. Error probability of k-th

subcarrier bitloaded with b̄k bits per dimension, as defined in (2.5), is related to subcarrier’s
SNR:

(Pe)k u Q

[√
3 · SNRk

M − 1

]
(2.11)

where M -state QAM modulation with M = 22·b̄k is applied on the k-th subcarrier and Q[·]
denotes the Q function2.

To maintain the STBC principle valid, the selected subcarriers error probability has to be
at the most Q-times higher than the target error probability PeT given by the constraint (2.7)
and thus:

(Pe)k ≤ Q · PeT (2.12)

When the SNRk is expressed from the (2.11) and incorporated to (2.5) the bitloading
equation becomes:

b̄k =
1

2
log2

(
1 +

(M − 1) · 1/3 ·
(
Q−1[(Pe)k]

)2
ΓT

)
[bits/dimension] (2.13)

where ΓT denotes the SNR gap (2.6) for a system constrained with PeT .
Selected subcarriers will carry one bit of information, i.e.: b̄k = 0.5 and M = 2, and thus

the (2.13) with the substitution of (2.12) become the expression giving the desired lower
bound:

b̄LOW =
1

2
log2

(
1 +

1/3 ·
(
Q−1[Q · PeT ]

)2
ΓT

)
[bits/dimension] (2.14)

It the targeted system employs the SNR reserve, so-called ”margin”, γm, the resulting

2Please refer to Appendix A.5
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lower bound (2.14) can be even decreased to:

b̄LOW =
1

2
log2

(
1 +

1/3 ·
(
Q−1[Q · PeT ]

)2
ΓT · γm

)
[bits/dimension] (2.15)

With the upper and lower bounds determined an algorithm for subcarriers selection can
be established. The selected subcarriers have indices k that corresponds to elements of the
bitloading vector satisfying:

b̄LOW ≤ b̄k < 0.25 (2.16)

Comments to the method

Considering the accuracy of the lower bound enumeration, the equation (2.11) is indeed
approximate, but it is sufficiently accurate for DMT systems using even- and odd-bit square
constellations of QAM symbols [9].

Analysis of the lower bound b̄LOW values from (2.14) shown that for a small number
of Q information instances, common with the wireless STBCs, the lower bound values are
undesirably close to the constraint b̄k = 0.5 and thus they are unusable. With application of
the margin, γm, the lower bound values (2.15) are valid. Example results of the lower bound
enumeration at given error probability constraints and with additional margin application3 are
presented4 in Table 2.2. Note that the values in the second column, b̄LOW , are not applicable
since they are above the upper bound b̄UP = 0.25.

Table 2.2: Lower bound for (Pe)k = Q · PeT and PeT = 10−6.

Q b̄LOW b̄LOW @γm = 2.5 b̄LOW @γm = 4.0

1 0.50 0.24 0.16
2 0.48 0.23 0.15
3 0.47 0.22 0.15
4 0.46 0.22 0.14
8 0.43 0.20 0.14

Observed span between valid lower and upper bounds is quite tight. When a transmission
on re-enabled subcarriers is satisfactory with a distinctively lower error performance, the
subcarrier’s error probability ratio (2.12) can be changed. For example of the same Q instances
of information and the selected subcarriers error probability equal to: (Pe)k = 103 ·Q · PeT
constrained with PeT = 10−6, the lower bound values were enumerated and presented5,6 in
Table 2.3.

Note that the determined lower bound (2.14), and (2.15) respectively, also represents the
lowest error performance of subcarriers that can be re-enabled.

3Practical margin values are considered: 2.5 (4dB) for ADSL and 4.0 (6dB) for VDSL [4]
4Resulting b̄LOW values are rounded to a two digits.
5Practical margin values are considered: 2.5 (4dB) for ADSL and 4.0 (6dB) for VDSL [4]
6Resulting b̄LOW values are rounded to a two digits.
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Table 2.3: Lower bound at different (Pe)k constraint:
(Pe)k = 103 ·Q · PeT and PeT = 10−6.

103 ·Q b̄LOW b̄LOW @γm = 2.5 b̄LOW @γm = 4.0

1000 0.25 0.11 7.2 · 10−2

2000 0.23 9.8 · 10−2 6.4 · 10−2

3000 0.21 9.0 · 10−2 5.8 · 10−2

4000 0.20 8.4 · 10−2 5.4 · 10−2

8000 0.16 7.0 · 10−2 4.5 · 10−2

It is assumed that the energy gains εk from bitloading are kept valid and applied to the
transmission. The re-enabled subcarriers keep their energy gains unchanged (equal to one)
with reason to not interfere the energy constraint of a waterfilling based bitloading.

Bitloading constraint of one bit (b̄k = 0.5) applied to re-enabled subcarriers in (2.13) is
higher than the upper bound b̄UP = 0.25, but it is correct. In comparison to a waterfilling
based bitloading, the proposed STBC application scheme does not boost subcarriers’ energies
and thus it can not increase subcarrier’s capacity to one bit in the same manner as the
bitloading does. Note that modifications to the energy allocation break an optimal bitloading
of the DSL channel.

Above derivation of the lower bound is assumed for a waterfilling based bitloading. With
discrete loading algorithms, which recognize finite information granularity, the bitloading
results break the presented concept of b̄k bounds with their integer distribution of bits.
Nevertheless, the presented approach of disabled subcarriers reuse is valid when the SNR
margin is applied to the DMT transmission. This reserve gives an equivalent SNR gain to be
exploited. Selection of subcarriers is then decided according to upper bound only. The upper
bound value is equal to discrete loading algorithm’s granularity of information and thus it is
b̄UP = 0.5 [bit/dimension] for square QAM constellations [9]. Resulting error probability of
transmission on reused subcarriers has a complex relation to discrete loading algorithms and
it is not provided here.

2.3.4 Subcarriers selection algorithms based on bitloading feedback

Following algorithms represent reasonable decision of subcarriers selection for the proposed
STBC application. The effort of these algorithms is to enable an information transmission on
DMT subcarriers that were disabled by bitloading due to insufficient SNR conditions. The aim
of this approach is to improve the DSL transmission performance according to the motivation
presented at the beginning of this section.

The aim is accomplished by analysis of bitloading results before a start of the DSL
transmission and further set up of MIMO groups, which finally include all subcarriers suitable
to reuse. This set up is valid until a new initialization of DSL transmission and thus a new
bitloading occurs. When such an event happens, the bitloading results analysis and the MIMO
groups set up are repeated to begin next DSL transmission.

With the observations of bitloading vector use to subcarriers selection, a two different
algorithms were proposed. The first algorithm targets a system with applied SNR margin and
it maintains the error probability constraint on selected subcarriers (2.12) with use of both
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bitloading vector bounds (2.16). The second algorithm employs only the upper bound for
bitloading vector and thus it results in much lower error performance ((Pe)k >> Q · PeT ) on
selected subcarriers. The SNR margin can be applied in the target system.

Assuming the specific STBC is applied to P subcarriers and its code is spanning Q
consequent DMT symbols, the lower and upper bounds for bitloading vector at given error
probability constraint are determined and initial conditions are set, the algorithm operates as:

Bitloading feedback subcarriers selection algorithm 1

1. Analyse bitloading vector b̄k.

2. Select subcarriers whose bitloading satisfies: b̄LOW ≤ b̄k < b̄UP, and enumerate their
count Knum.

3. Enumerate how many MIMO groups are necessary to include Knum subcarriers for a
given number of STBC subcarriers P :
Mcount = floor (Knum / P);

reminder = Knum - Mcount * P;

if (reminder/P) > 0.5

then

Mcount = Mcount + 1;

endif

4. Attach each P subcarrier indices found in the Step 2 to a MIMO group in ascending
order:
for i=1:Mcount

MIMOset[i] = SetK[(i-1)*P+1:i*P];

endfor

5. Configure and run DSL transmission with MIMO groups encoding the data by STBC.

6. When DSL transmission and the bitloading re-initialize, proceed to the Step 1.

Assuming the specific STBC is applied to P subcarriers and its code is spanning Q
consequent DMT symbols, the upper bound for bitloading algorithm is determined and initial
conditions are set, the algorithm operates as:

Bitloading feedback subcarriers selection algorithm 2

1. Analyse bitloading vector b̄k.

2. Select subcarriers whose bitloading satisfies: b̄k < b̄UP, and enumerate their count
Knum.

3. – 5. Proceed the same steps as the Algorithm 1.

6. When DSL transmission and the bitloading re-initialize, proceed to the Step 1.
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2.4 Conclusions

Proposed scheme of the STBC MIMO application to a single DSL link employs a MIMO
view of the DMT subcarriers in frequency-time manner, which is in contrast with general
space-time MIMO view known from wireless transmission environment. Adopted concept of
information diversity provided by STBC that allows error performance improvement is not
broken with application to DMT subcarriers with the assumptions that the subcarriers are
independent and a non-alien FEXT is only present cross-talk.

Two methods providing scheme setup by selection of DMT subcarriers for the STBC
encoding are proposed. The first method directly targets the increase of error performance
and the subcarriers selection is driven by subcarrier’s error rate. Within this method, the
subcarriers are STBC encoded in the case where their error rate exceeds a given threshold. The
second method applies the STBC encoding on subcarriers, which were disabled by bitloading
due to insufficient information capacity. The first method is applicable in general and the
second is targeted to DSL channels with poor SNR conditions at a non-negligible number of
subcarriers.

Presented concept of STBC application allows to be applied simultaneously to different
users, but the cross-talks from users are not managed.
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Chapter 3

Experiment results

This chapter presents numerical results of described MIMO STBC application on single DSL
link. The aim is to confirm improvements expected with application of the proposed scheme.
Both methods for subcarriers selection provided within the scheme: Error feedback and
Bitloading feedback were included in experiments and thus both high SNR and low SNR
instances of the DSL transmission were evaluated. Moreover, both scheme methods were
evaluated for referential channel model and for channel based on real measurements of DSL
metallic cable – ”real channel”.

The referential setup of DSL transmission was developed aiming theoretical and non-
disturbed transmission system. Otherwise the real channel setup targeted a transmission
system dealing with real signal impairments. This second setup utilizes the ”real channel”
and has the functionality of initialization with DSL training sequence, channel estimation and
noise power spectral density estimation. Further, this real channel setup provides parallel
transmissions to simulate a multi-user DSL system with STBC scheme applied to each user.

The MIMO STBC scheme was evaluated1 within standardized simulation environment
(Mathworks Matlab). Additionally to proposed scheme functionality, all appropriate function
blocks of the DSL physical layer were developed and proper DSL transmission was simulated.
Detailed description of DSL transmission concerning physical layer can be found in [4, 40].
Extension of the MIMO STBC functionality was optionally disengaged to maintain unimpaired
DSL transmission, which was initial simulation within each experiment.

1Experiments were evaluated numerically by the bit error ratio (BER), given by fraction of erroneous bits
count and total bits count. Further evaluations use the symbol error ratio (SER), given by fraction of erroneous
subcarrier symbols count and total DMT symbols count.
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3.1 Referential experiments

These experiments were performed to establish results related to theoretical expectations. DSL
channel was modeled by a simple linear-phase finite impulse response (FIR) filter, channel
impairments were induced only by an additive white Gaussian noise (AWGN), prior channel
knowledge and perfect synchronization at receiver were assumed.

3.1.1 Method with the error feedback

According to the MIMO STBC scheme application by the first method, the setup for a high
SNR transmission and the Error feedback algorithm (see Section 2.2.3) were established.
Following DSL transmission parameters were set within the simulation:

Signal to noise ratio . . . . . . . . . . SNR=50 dB
SNR gap . . . . . . . . . . . . . . . . . . . . . Γ = 8.8 dB
Target error probability . . . . . . PeT = 10−6

SNR margin . . . . . . . . . . . . . . . . . γm = 0
Channel bandwidth . . . . . . . . . . f=1.104 MHz
Subcarriers spacing . . . . . . . . . . ∆f = 4312.5 kHz
No. of available subcarriers. . . K=255
Bitloading . . . . . . . . . . . . . . . . . . . RA waterfilling

Frequency response of the channel FIR filter model and consequently determined bitloading
of the channel with the given configuration are depicted in Figure 3.1.

Achieved results of this experiment with 8 000 DMT symbols transferred are summarized
in Table 3.1. Reference DSL transmission with disabled STBC functionality resulted in transfer
of ≈ 28.7 · 106 bits and shown the bit error rate: BER=3.58 · 10−6. Consecutive columns in
the table shows the resulting rate and BER for a different STBCs applied to the transmission.
Resulting values corresponds to expected improvement that BER is decreased with cost of an
amount of bit rate. For example of the C2 code, the resulting BER is decreased to 53 % at
cost of bit rate fall to 94 %. Note that this C2 code application was maintained within fifteen
MIMO groups at total number of thirty subcarriers (see the bottommost row of the table).

Further parameters of data transmission are presented within the table of results: Bits/symbol
– precise number of bits carried in one DMT symbol, Symbol errors – number of QAM symbols
impaired with some bit error and Symbol error rate (SER) related to the total number of
transferred DMT symbols.

Following graphs show the experiment results presented in the Table 3.1 and corresponding
selection of subcarriers based on the error feedback. The reference transmission (Fig. 3.2)
shown bit errors at depicted subcarriers and thus the error feedback algorithm selected these
subcarriers to STBC application. Subcarriers utilized by the given STBC and symbol errors
resulting after DSL transmission are depicted in the following graphs: 3.3, 3.4, 3.5, 3.6, 3.7,
for the following STBCs: C2 – Alamouti’s two antennas, C3 and C4 – Tarokh’s three and four
antennas, C4EP – equal power modification of four antennas code and QC4 – quasi-orthogonal
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Figure 3.1: Frequency response and bitloading of the selected channel model.

Table 3.1: Error feedback results for 8 000 DMT symbols transmitted.

Reference C2 C3 C4 C4EP QC4

28.7 27.1 26.2 26.2 26.2 26.4

3592 3382 3277 3274 3274 3298

3.58E-06 1.89E-06 1.56E-06 1.53E-06 1.95E-06 1.71E-06

47 24 24 21 19 22

5.88E-03 3.00E-03 3.00E-03 2.63E-03 2.38E-03 2.75E-03

0 30 30 28 28 28

Rate            
[106 bits]
Bits/symbol 
[bits]
BER              
[-]
Symbol Errors 
[symbols]
SER              
[-]
No. of STBC 
subcarriers

four antennas code. Note that the most of STBC experiments did not shown any errors below
160th subcarrier and thus the relevant bandwidth is depicted in each graph.

22



Symbol errors on subcarriers

STBC selection
Reference errors

Er
ro

r c
ou

nt
 [s

ym
bo

ls]

0

1

2

3

4

5

subcarrier [k]
160 176 192 208 224 240 255

Figure 3.2: Reference transmission and subcarriers selection.
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Figure 3.3: Transmission with C2 STBC and selected subcarriers.
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Symbol errors on subcarriers
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Figure 3.4: Transmission with C4 STBC and selected subcarriers.
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Figure 3.5: Transmission with C4 STBC and selected subcarriers.
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Symbol errors on subcarriers
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Figure 3.6: Transmission with C4EP STBC and selected subcarriers.
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Figure 3.7: Transmission with QC4 STBC and selected subcarriers.
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3.1.2 Method with the bitloading feedback

According to the MIMO STBC scheme application by the second method, the setup for a low
SNR transmission and the Bitloading feedback algorithm (see Section 2.3.4) were established.
DSL transmission parameters differs from the previous experiment in SNR and margin. Hence,
the parameters set within this simulation are:

Signal to noise ratio . . . . . . . . . . SNR=14 dB
SNR gap . . . . . . . . . . . . . . . . . . . . . Γ = 8.8 dB
Target error probability . . . . . . PeT = 10−6

SNR margin . . . . . . . . . . . . . . . . . γm = 4 dB
Channel bandwidth . . . . . . . . . . f=1.104 MHz
Subcarriers spacing . . . . . . . . . . ∆f = 4312.5 kHz
No. of available subcarriers. . . K=255
Bitloading . . . . . . . . . . . . . . . . . . . RA waterfilling

Modeled channel and its frequency response are the same as in the previous experiment
(Fig. 3.1), but the determined bitloading of the channel with the given configuration is
different (Fig. 3.8). The bitloading graph is depicted in bits-per-dimension units and shows
0.5 bit/dimension (i.e.: 1 bit) channel loading for the majority of subcarriers. Further, there
is depicted the un-rounded bitloading b̄k, the upper bound b̄UP and the lower bound b̄LOW,
which is used as decision within the Bitloading subcarriers selection algorithm. According to
the selection algorithm and depicted bitloading, the subcarriers from index 169 are the target
for the STBC application. Applied lower bound was b̄LOW = 0.153 [bits/dimension] for the
code with Q = 2 and b̄LOW = 0.144 [bits/dimension] for the codes with Q = 4.

Achieved results of this experiment with 8 000 DMT symbols transferred are summarized
in Table 3.2. Reference DSL transmission with disabled STBC functionality resulted in transfer
of ≈ 10.1 · 106 bits and shown zero bit error rate. Consecutive columns in the table shows
the resulting rate and BER for a different STBCs applied to the transmission. For example
of the C2 code, the data rate increase was 26 % in comparison to the reference transmission.
Note that this C2 code application was maintained within forty-three MIMO groups at total
number of eighty-six subcarriers (see the bottommost row of the table).

Resulting values show the expected improvement in data rate increase, but the correspond-
ing error results were not determined. With this observation another non-STBC transmission
scheme – ”Inserted ones”, was incorporated. Subcarriers disabled by bitloading, but se-
lected by the bitloading feedback algorithm, were re-enabled and set to carry one bit of
information within the regular DSL transmission. Achieved data rate within this reference
transmission with inserted ones was the highest of all presented and shown the bit error
ratio: BER=3.86 · 10−6. Data rate increase was about 51 % in comparison to the reference
transmission. All the eighty-seven subcarriers having the bitload value above the lower bound
were utilized in this scheme. This scheme represents the highest bound where a maximal
data rate is achieved with cost of the highest error rate. With these bound determined, it is
suggested that the MIMO STBC application on the selected subcarriers considerably increases
the initial non-STBC data rate with a limited error rate increase, which never exceeds the
highest error rate given by the ”Inserted ones” referential experiment.
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Figure 3.8: Bitloading of the selected channel model with upper and lower bounds.

Concept of this experiment was to utilize unused subcarriers, which were selected by a valid
lower bitloading bound. To provide a valid lower bound, the SNR margin was applied within
the tested system. In the consequence of this, the experiment did not shown desired error
rate results with the MIMO STBC application, because the margin (SNR reserve) strongly
decreased overall error rate below the target error probability level.

Table 3.2: Bitload feedback results for 8 000 DMT symbols transmitted.

Reference C2 C3 C4 C4EP QC4

10.1 15.3 12.7 11.4 11.0 11.0 11.3

1260 1913 1583 1423 1378 1378 1418

0 3.86E-06 0 0 0 0 0

0 59 0 0 0 0 0

0 7.38E-03 0 0 0 0 0

0 86 87 84 84 84

Inserted 
ones

Rate            
[106 bits]
Bits/symbol 
[bits]
BER              
[-]
Symbol Errors 
[symbols]
SER              
[-]
No. of STBC 
subcarriers 87*)

Since the BER results presented in the Table 3.2 were zero valued, the only depicted
experiment is the ”Inserted ones” in Figure 3.9. Together with symbol errors, the utilized
subcarriers are depicted too. The same subcarriers were selected either with the bitloading
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feedback algorithm and used in STBC application experiments presented also in the table of
results.

Symbol errors on subcarriers
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Figure 3.9: Transmission with inserted ones at selected subcarriers.
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3.2 ”Real channel” experiments

These experiments were performed to achieve results related to a ”real” DSL system. The
DSL channel was composed of direct and cross-talk channel responses, which were measured
on real-world twisted pair cable (type: TCEPKPFLE). Additional channel impairments were
induced by an additive white Gaussian noise (AWGN) and perfect synchronization at receiver
were assumed. Opposite to the referential setup, the channel knowledge and the noise power
spectral density were determined at receiver within initialization of DSL transmission with
use of standardized ADSL training sequence. Since the twisted pair cable offers concrete
multi-user channel, the multi-user functionality providing parallel simulations of the DSL
transmission was incorporated in this setup.

The real TP cable of type TCEPKPFLE 25x4x0.4 consists of the 50 twisted pair wirelines
and has length of 400 metres (1312 ft.). Frequency response measurements determined the
attenuation and phase up to ≈ 35 MHz (i.e.: ≈ 8 000 subcarriers with spacing equal to
4.3125 kHz). For example of the first TP line, the frequency response magnitude of direct
channel is depicted in Figure 3.10 and the magnitude of cross-talk channel to the second TP
line is depicted in Figure 3.11. Corresponding impulse responses are depicted in Figure 3.12
and Figure 3.13 for the direct channel and cross-talk channel, respectively.

Frequency response

Figure 3.10: Frequency response magnitude of the first direct channel.

29



Frequency response

Figure 3.11: Frequency response magnitude of cross-talk channel from the first to the second TP line.

h
m

m·Ts

Impulse response

Figure 3.12: Impulse response of the first direct channel.
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m·Ts

Impulse response

Figure 3.13: Impulse response of cross-talk channel from the first to the second TP line.
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3.2.1 Method with the error feedback

According to the MIMO STBC scheme application by the first method, the setup for a high
SNR transmission and the Error feedback algorithm (see Section 2.2.3) were established.
Following DSL transmission parameters were set within the simulation:

Signal to noise ratio . . . . . . . . . . SNR=12.5, 17.5, 25 and 50 dB
SNR gap . . . . . . . . . . . . . . . . . . . . . Γ = 8.8 dB
Target error probability . . . . . . PeT = 10−6

SNR margin . . . . . . . . . . . . . . . . . γm = 4 dB
Channel bandwidth . . . . . . . . . . f=1.104 MHz
Subcarriers spacing . . . . . . . . . . ∆f = 4312.5 kHz
No. of available subcarriers. . . K=255
Bitloading . . . . . . . . . . . . . . . . . . . RA waterfilling
Channel estimation . . . . . . . . . . yes
Noise PSD estimation . . . . . . . . no
No. of simultaneous users . . . . 4
Channel topology . . . . . . . . . . . . 1) Independent single links (SISO)

. . . 2) Multi-user (MIMO)

Both types of channel topology (single independent and multi-user with cross-talks) were
evaluated within initial setup summarized in the above table. The Alamouti’s STBC was
initially applied. Achieved results of BER and data decrease for a four independent SISO
channels are presented in Table 3.3. Further results of the same setup, but for multi-user
channel model with cross-talks, achieved with Alamouti’s STBC are presented in Table 3.4.
Both tables show desired BER decrease of STBC application in comparison to each reference
simulation without the STBC. In the case of MIMO channel, there is only a small difference
of resulted BER decrease in comparison to SISO channel.

Results at low SNR show that the STBC application was not effective even with a large
number of subcarriers utilizes. Moreover, the concrete BER values unpredictable increased.
With this unpleasant observation, further simulations of other considered STBCs are not
presented here and they were left for further research.
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Table 3.3: Error feedback results for 2 000 DMT symbols transmitted – SISO.

User 1
SNR

12.5dB 4.72E-02 5.71E-02 121% 38100 37700 99.0% 4 91
17.5dB 9.80E-04 2.55E-04 26% 68400 67000 98.0% 18 4

25dB 2.11E-04 1.19E-04 56% 126100 124500 98.7% 26 2
50dB 5.47E-05 4.24E-05 78% 337400 313100 92.8% 36 2

User 2
SNR

12.5dB 4.58E-02 5.26E-02 115% 38100 37900 99.5% 4 88
17.5dB 9.38E-04 2.93E-04 31% 68400 67400 98.5% 14 4

25dB 2.26E-04 1.26E-04 56% 126100 125500 99.5% 22 2
50dB 5.51E-05 4.17E-05 76% 337500 310700 92.1% 36 2

User 3
SNR

12.5dB 6.56E-02 4.35E-02 66% 38200 38000 99.5% 6 126
17.5dB 9.68E-04 4.03E-04 42% 68500 67300 98.2% 16 4

25dB 1.83E-04 1.43E-04 78% 126100 124900 99.0% 20 2
50dB 5.46E-05 4.11E-05 75% 337400 310800 92.1% 34 2

User 4
SNR

12.5dB 4.71E-02 4.76E-02 101% 38200 37800 99.0% 4 91
17.5dB 9.83E-04 1.66E-04 17% 68600 67600 98.5% 18 4

25dB 3.02E-04 1.77E-04 59% 126100 124900 99.0% 24 3
50dB 5.47E-05 4.24E-05 78% 337600 312100 92.4% 34 2

BER 
reference [-]

BER User1  
[-]

BER 
decrease

Rate 
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Rate 
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[bits]
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No .of 
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Table 3.4: Error feedback results for 2 000 DMT symbols transmitted – MIMO.

User 1
SNR

12.5dB 5.34E-02 5.15E-02 96% 38400 37900 98.7% 8 104
17.5dB 9.55E-04 4.81E-04 50% 68500 67300 98.2% 12 4

25dB 2.11E-04 1.38E-04 65% 126300 124300 98.4% 30 2
50dB 5.23E-05 3.56E-05 68% 338400 311700 92.1% 40 2

User 2
SNR

12.5dB 6.30E-02 6.32E-02 100% 38100 38000 99.7% 2 121
17.5dB 2.34E-04 1.16E-04 50% 68500 66700 97.4% 18 2

25dB 9.13E-04 5.53E-04 61% 126200 124600 98.7% 30 7
50dB 5.05E-05 3.55E-05 70% 338200 310300 91.8% 42 2

User 3
SNR

12.5dB 4.66E-02 5.86E-02 126% 38600 38400 99.5% 2 91
17.5dB 2.27E-04 1.61E-04 71% 68800 67200 97.7% 16 2

25dB 9.76E-04 5.29E-04 54% 126300 124100 98.3% 30 7
50dB 4.93E-05 3.81E-05 77% 338300 314100 92.8% 36 2

User 4
SNR

12.5dB 5.89E-02 3.95E-02 67% 38200 38000 99.5% 8 113
17.5dB 9.66E-04 4.68E-04 48% 68900 67500 98.0% 14 4

25dB 2.25E-04 1.26E-04 56% 126200 124200 98.4% 30 2
50dB 4.79E-05 3.38E-05 71% 338600 313600 92.6% 38 2

BER 
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BER User1 
 [-]
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decrease
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3.2.2 Method with the bitloading feedback

According to the MIMO STBC scheme application by the second method, the setup for
a low SNR transmission and the Bitloading feedback algorithm of the second variant (see
Section 2.3.4) were established. Following DSL transmission parameters were set within this
simulation are:

Signal to noise ratio . . . . . . . . . . SNR=0 to 25 dB
SNR gap . . . . . . . . . . . . . . . . . . . . . Γ = 8.8 dB
Target error probability . . . . . . PeT = 10−6

SNR margin . . . . . . . . . . . . . . . . . γm = 4 dB
Channel bandwidth . . . . . . . . . . f=1.104 MHz and 8.832 MHz
Subcarriers spacing . . . . . . . . . . ∆f = 4312.5 kHz
No. of available subcarriers. . . K=255 and 2047
Bitloading . . . . . . . . . . . . . . . . . . . RA waterfilling and LCRA discrete loading
Channel estimation . . . . . . . . . . yes
Noise PSD estimation . . . . . . . . none for SISO, enabled for MIMO
No. of simultaneous users . . . . 4
Channel topology . . . . . . . . . . . . 1) Independent single links (SISO)

. . . 2) Multi-user (MIMO)

The bitloading experiments were evaluated within combinations of following parameters:
two types of channel topology (single independent and multi-user with cross-talks), two utilized
bandwidths with 255 and 2047 subcarriers, two types of loading algorithms: Waterfilling RA
and discrete loading LCRA. Further, all the STBC codes summarized in Appendix B were
evaluated within these setup variants. Similarly to the referential experiment of bitloading
feedback, the ”Inserted ones” setups were incorporated in each ”real channel” experiment.

Results of this extensive experiment are presented in graphs on the following pages. To
describe the trade-offs between data rate and error rate, all characteristics were enumerated
in percentage that was related to proper reference. The referential values for error ratios
BER were the highest levels of error rate provided by ”Inserted ones” setups within each
experiment. Opposite to BER, the referential values for data rates were given by regular
DSL transmission experiment provided initially for each of SNR, bitloading, bandwidth and
channel’s setup. Precise reference values and absolute values accomplished within these
experiments are summarized in Appendix C.

Comparison of utilized STBCs for different channel topology, bitloading and utilized
bandwidth setups is provided in Figures 3.14, 3.15, 3.16 and 3.17. Note that the M denotes
the DMT size and K = M/2− 1 is the number of available DMT subcarriers. The graphs, for
example of Fig. 3.14 with M = 512, can be read as: the C2 code reduced the highest error
rate level of ”Inserted ones” transmission to 40 % at 0 dB SNR and its data rate boost was
650 % at 0 dB SNR in comparison to regular non-STBC transmission reference. The reason
for this arrangement is that the applied SNR margin covered system’s target error rate level
in case of the regular non-STBC transmission reference.

Partial results achieved with different STBCs are depicted in Figures 3.18, 3.19 and 3.20 for
SISO channel topology, RA waterfilling and 255 subcarriers setup; similarly Figures 3.21, 3.22
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and 3.23 for MIMO channel topology, RA waterfilling and 255 subcarriers setup; Figures 3.24,
3.25 and 3.26 for SISO channel topology, RA waterfilling and 2047 subcarriers setup; and finally
Figures 3.27, 3.28 and 3.29 for MIMO channel topology, RA waterfilling and 2047 subcarriers
setup.
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Figure 3.14: Comparison of STBC variants within SISO-RA setup and K=255 or 2047.
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Figure 3.15: Comparison of STBC variants within SISO-LCRA setup and K=255 or 2047.
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Figure 3.16: Comparison of STBC variants within MIMO-RA setup and K=255 or 2047.
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Figure 3.17: Comparison of STBC variants within MIMO-LCRA setup and K=255 or 2047.
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Figure 3.18: C2 and C3 STBCs results for User 1, K=255 and SISO-RA setup.
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Figure 3.19: C4 and C4EP STBCs results for User 1, K=255 and SISO-RA setup.
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Figure 3.20: QC4 STBC results for User 1, K=255 and SISO-RA setup.
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Figure 3.21: C2 and C3 STBCs results for User 1, K=255 and MIMO-RA setup.
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Figure 3.22: C4 and C4EP STBCs results for User 1, K=255 and MIMO-RA setup.
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Figure 3.23: QC4 STBC results for User 1, K=255 and MIMO-RA setup.
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Figure 3.24: C2 and C3 STBCs results for User 1, K=2047 and SISO-RA setup.
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Figure 3.25: C4 and C4EP STBCs results for User 1, K=2047 and SISO-RA setup.
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Figure 3.26: QC4 STBC results for User 1, K=2047 and SISO-RA setup.
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Figure 3.27: C2 and C3 STBCs results for User 1, K=2047 and MIMO-RA setup.
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Figure 3.28: C4 and C4EP STBCs results for User 1, K=2047 and MIMO-RA setup.
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Figure 3.29: QC4 STBC results for User 1, K=2047 and MIMO-RA setup.
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3.3 Conclusions

The experiments were performed using both referential setup utilizing the channel modeled by
simple linear-phase FIR filter and the ”real channel” setup utilizing the channel based on real
measurements of DSL metallic cable.

The referential experiments for the first method, which applies the error feedback algorithm,
proved the expectation of a significant error rate decrease using the proposed MIMO STBC
scheme on the single DSL link transmission.

The referential experiments for the second method, which utilizes subcarriers disabled
by regular bitloading algorithm, have shown the expected data rate increase. This method
has also proven the validity of the bitloading lower bound for subcarrier selection with SNR
margin. Due to the SNR margin strongly decrease overall error rate, the experiment did not
achieved statistically valuable results (we have obtained zero error rate for 107 transmitted
bits). Further experiments (”inserted ones”), which provided statistically valuable results
with adequate amount of errors, have shown that the MIMO STBC application significantly
increases the data rate at the cost of adequately small error rate increase. This increased error
rate level was small enough and close to the system’s target error probability.

The ”real channel” error feedback experiments have shown significant error rate decrease
at the cost of small data rate decrease for higher SNR cases. Evaluated setup has shown
satisfying results, which supports theoretical expectations.

The bitloading feedback algorithm was heavily tested within the ”real channel” experiments.
The achieved results have confirmed validity of the proposed STBC application scheme with
bitloading feedback algorithm in the second variant, which blindly utilizes all unused subcarriers.
The application of STBC is always a trade-off between the higher data rate and the lower
error rate. The data rate is always higher than that of original DSL and error rate is lower
than the highest error rate of the full one-bit transmission on unused subcarriers.

Within this experiment setup, the LCRA algorithm for discrete loading was also evaluated.
As the LCRA utilizes subcarrier information capacity in full range, the bitloading feedback
results were expected to be flawed. The experiments shown that the LCRA does not affect
the system performance of the bitloading feedback applied on a system with SNR margin.
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Chapter 4

Conclusions

The main objectives of the thesis and the related research are to improve state-of-the-art
techniques in the digital subscriber line (DSL) systems and to develop a novel method operating
on telecommunication network physical layer of DSL systems. The new method is based on
the application of the multiple-input multiple-output (MIMO) principles commonly used in
todays wireless communication systems. It results in direct application of the new technique
exploiting MIMO features in future implementations of the DSL physical layer.

Target DSL systems are the very high speed digital subscriber lines (VDSL) and the asym-
metric digital subscriber line (ADSL) standardized by the International Telecommunication
Union. Transmission media of these DSL technologies is copper-made wiring known as the
twisted pairs (TP).

In the first chapter, we introduced broadband access considerations and we figured out the
motivation to keep the current DSL broadband technologies in progress. In the next chapter,
we gave an introduction to basic concepts of DSL technology, set up the system model and
gave a overall state of the art summary of enhanced DSL techniques. Further, we summarized
the relevant MIMO concepts used in wireless systems.

In the fourth chapter, we proposed the scheme of MIMO STBC application on single DSL
link and proposed two strategies to optimize the DSL transmission. Proposed scheme employs
a MIMO view of the DMT subcarriers in frequency-time manner, which is in contrast with
general space-time MIMO view known from wireless transmission systems. Adopted concept
of information diversity provided by STBC that allows error performance improvement is not
broken with application to DMT subcarriers with the assumptions that the subcarriers are
independent and a non-alien FEXT is only present cross-talk.

Two methods, which apply proposed strategies, were presented. They provide the scheme
setup by selection of DMT subcarriers for the STBC encoding. The first method directly
targets the increase of error performance and the subcarriers selection is driven by subcarrier’s
error rate. Within this method, the subcarriers are STBC encoded in the case where their
error rate exceeds a given threshold. The second method applies the STBC encoding on
subcarriers, which were disabled by bitloading due to insufficient information capacity. The
first method is applicable in general and the second is targeted to DSL channels with poor
SNR conditions at a non-negligible number of subcarriers. Presented concept allows to be
applied simultaneously to different users, but the cross-talks from users are not managed.

In the fifth chapter, we presented experimental results for referential channel model and
for channel based on real measurements of DSL metallic cable – ”real channel”.

47



The referential experiments for the first method, which applies the error feedback algorithm,
proved the expectation of a significant error rate decrease using the proposed MIMO STBC
scheme on the single DSL link transmission.

The referential experiments for the second method, which utilizes subcarriers disabled
by regular bitloading algorithm, have shown the expected data rate increase. This method
has also proven the validity of the bitloading lower bound for subcarrier selection with SNR
margin. Due to the SNR margin strongly decrease overall error rate, the experiment did not
achieved statistically valuable results (we have obtained zero error rate for 107 transmitted
bits). Further experiments (”inserted ones”), which provided statistically valuable results
with adequate amount of errors, have shown that the MIMO STBC application significantly
increases the data rate at the cost of adequately small error rate increase. This increased error
rate level was small enough and close to the system’s target error probability.

The ”real channel” error feedback experiments have shown significant error rate decrease
at the cost of small data rate decrease for higher SNR cases. Evaluated setup has shown
satisfying results, which supports theoretical expectations.

The bitloading feedback algorithm was heavily tested within the ”real channel” experiments.
The achieved results have confirmed validity of the proposed STBC application scheme with
bitloading feedback algorithm in the second variant, which blindly utilizes all unused subcarriers.
The application of STBC is always a trade-off between the higher data rate and the lower
error rate. The data rate is always higher than that of original DSL and error rate is lower
than the highest error rate of the full one-bit transmission on unused subcarriers.

Within this experiment setup, the LCRA algorithm for discrete loading was also evaluated.
As the LCRA utilizes subcarrier information capacity in full range, the bitloading feedback
results were expected to be flawed. The experiments shown that the LCRA does not affect
the system performance of the bitloading feedback applied on a system with SNR margin.
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[B2] Mazanec T.,Heřmánek A., Kamenický J. : Blind image deconvolution algorithm on
NVIDIA CUDA platform, Proceedings of the 13th IEEE Symposium on Design and
Diagnostics of Electronic Circuits and Systems, Vienna, AT, 14.-16.04.2010

[B3] Mazanec T.: Simulator of ADSL Physical Layer ,Technical computing Prague 2007. 15th
annual conference proceedings, Praha, 14.11.2007
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Appendix A

Selected mathematical definitions

A.1 DFT matrix

Let α be a primitive M -th root unity, i.e.: α = e−̇2π/M , then the M-point discrete Fourier
(DFT) matrix is defined as:

FM =


1 1 1 . . . 1
1 α α2 . . . αM−1

1 α2 α4 α2(M−1)

...
...

. . .
...

1 αM−1 α2(M−1) . . . α(M−1)(M−1)

 (A.1)

The corresponding M-point inverse DFT matrix is given by: IM =
FH

M
M , such that FMIM = IM ,

where IM denotes the M ×M identity matrix. Notice that FM and IM are symmetric.

A.2 QR matrix decomposition

The QR-decomposition of a matrix A ∈ CM×N (with M ≥ N) is defined as:

A = QR (A.2)

where Q is an M×N unitary matrix (QQH = QH Q = I) and R is an N×N upper triangular
matrix.

A.3 Singular value decomposition (SVD)

Every M ×N matrix A ∈ CM×N (with M ≥ N) can be decomposed as:

A = UΛVH (A.3)

where U ∈ CM×M and V ∈ CN×N are unitary matrices, UUH = UH U = I and VVH =
UH V = I, containing the left singular vectors ui and the right singular vectors vi, respectively.
The matrix Λ ∈ RM×N is real, non-negative and diagonal with its diagonal elements arranged in
non-increasing order, i.e.: Λ = diag

{√
λ1,
√
λ2, . . . ,

√
λM
}

such that λ1 ≥ λ2 ≥ . . . ≥ λM ≥ 0.
If the matrix A has a rank R < M , then M −R singular values are equal to zero.
The columns of U are orthonormal eigenvectors of AAH , the columns of V are orthonormal
eigenvectors of AH A and λ1, λ2, . . . , λM are the eigenvalues of AAH .
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A.4 Complementary error function

Complementary error function erfc(x) is the probability that a zero-mean Gaussian random
variable with the variance σ2 = 0.5 exceeds the value x in the argument and it is given by:

erfc(x) =
2√
π

∞∫
x

e−t
2
dt (A.4)

It equals to twice integral of a normalized Gaussian function between x and infinity.

A.5 Q function

The Q function is used to evaluate probability error in digital communication. It is the integral
of a zero-mean unit-variance Gaussian random variable from some specified argument to
infinity:

Q(x) =
1√
2π

∞∫
x

e−
t2

2 dt (A.5)

It is related to the complementary error function (A.4) as:

Q(x) =
1

2
erfc

(
x√
2

)
(A.6)
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Appendix B

STBC matrices

For a given space-time block coding (STBC) matrix: the elements Xp denote transmitted
complex symbols, each column belongs to a specific antenna and matrix rows represent
consecutive symbols transmitted in time within one STBC block.

B.1 Alamouti’s STBC

According to Alamouti’s proposition in [1], the STBC for a two antenna MIMO system can be
described by the following matrix:

C2 =

[
X1 X2

−X∗2 X∗1

]
(B.1)

B.2 Tarokh et.al. STBCs

Tarokh et.al. in [41] generalized Alamouti’s STBC for a multi-antenna systems. Tarokh’s three
and four antenna STBCs C3 and C4 can be defined as (B.2) and (B.2), respectively.

C3 =


X1 X2

1√
2
X3

−X∗2 X∗1 1√
2
X3

1√
2
X∗3 1√

2
X∗3 −1

2(X1 + X∗1 − X2 + X∗2)
1√
2
X∗3 − 1√

2
X∗3 1

2(X1 − X∗1 + X2 + X∗2)

 (B.2)

C4 =


X1 X2

1√
2
X3

1√
2
X3

−X∗2 X∗1 1√
2
X3 − 1√

2
X3

1√
2
X∗3 1√

2
X∗3 −1

2(X1 + X∗1 − X2 + X∗2) 1
2(X1 − X∗1 − X2 − X∗2)

1√
2
X∗3 − 1√

2
X∗3 1

2(X1 − X∗1 + X2 + X∗2) −1
2(X1 + X∗1 + X2 − X∗2)

 (B.3)
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B.3 Other STBCs

B.3.1 Quasi-orthogonal STBC variant

Jafarkhani in [33] proposed a quasi-orthogonal space-time block codes (QOSTBC) achieving
the code-rate equal to one. Selected four antenna QOSTBC can be defined as:

CQ4 =


X1 X2 X3 X4

−X∗2 X∗1 −X∗4 X∗3
−X∗3 −X∗4 X∗1 X∗2
X4 −X3 −X2 X1

 (B.4)

B.3.2 Equal power optimized STBC

Ganesan in [17] proposed STBC multi-antenna schemes that keep even power levels over the
transmitted symbols. Selected four antenna equal-power STBC can be defined as:

C4EP =


X1 X2 X3 0
−X∗2 X∗1 0 X3

−X∗3 0 X∗1 −X2

0 −X∗3 X∗2 X1

 (B.5)
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Appendix C

”Real channel” experiments results

Legend for the Tables:
rate0 – reference data rate, unused subcarriers have bk=0
rate1 – data rate with ”inserted ones” reference, unused subcarriers have bk=1
rateSTC2 – data rate with Alamouti’s STBC - C2 applied and unused subcarriers have bk=1
rateSTC3 – dtto, STBC - C3
rateSTC4 – dtto, STBC - C4
rateSTC4EP – dtto, Equal-power STBC - C4
rateSTQC4 – dtto, Quasi-orthogonal STBC - C4
err- prefix means erroneous bits count
ber- prefix means bit error ratio
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Figure C.1: SISO-RA-User1-N512 experiment setup
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Figure C.2: SISO-RA-User1-N4096 experiment setup
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Figure C.4: MIMO-RA-User1-N4096 experiment setup
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Figure C.5: SISO-LCRA-User1-N512 experiment setup
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Figure C.6: SISO-LCRA-User1-N4096 experiment setup
62



M
IM
O
-L
C
R
A
-U
se
r1
-N
5
1
2

S
N

R
ra

te
0

e
rr

0
ra

te
1

e
rr

1
ra

te
S
T
C

2
e
rr

S
T
C

2
ra

te
S
T
C

3
e
rr

S
T
C

3
ra

te
S
T
C

4
e
rr

S
T
C

4
ra

te
S
T
C

4
E
P

e
rr

S
T
C

4
E
P

ra
te

S
T
Q

C
4

e
rr

S
T
Q

C
4

S
S
T

0
9

2
0

0
0

0
1

0
2

0
0

0
0

9
7

0
4

2
5

5
6

0
0

0
2

0
0

6
7

3
2

3
0

0
0

5
6

9
4

2
6

6
0

0
0

3
8

0
1

2
6

6
0

0
0

2
0

4
4

3
2

4
0

0
0

4
9

1
1

2
3

2
2

.5
1

4
8

0
0

0
0

1
0

2
0

0
0

0
4

5
3

0
3

5
8

4
0

0
0

6
1

4
7

3
6

4
0

0
0

1
4

9
3

3
1

0
0

0
0

9
4

6
3

1
0

0
0

0
4

9
6

3
6

4
0

0
0

1
2

0
8

2
1

8
5

2
3

2
0

0
0

1
1

0
4

8
0

0
0

1
4

7
1

7
6

4
0

0
0

0
1

1
3

6
4

3
6

0
0

0
2

7
0

3
8

5
0

0
0

1
6

7
3

8
5

0
0

0
1

1
3

4
3

6
0

0
0

2
8

0
2

0
4

7
.5

3
5

2
0

0
0

0
1

0
6

4
0

0
0

2
7

1
6

7
0

8
0

0
0

9
6

5
2

9
0

0
0

2
6

4
8

4
0

0
0

1
4

4
8

4
0

0
0

8
5

2
8

0
0

0
2

6
1

7
8

1
0

5
4

0
0

0
0

0
1

1
0

8
0

0
0

2
6

6
8

2
4

0
0

0
6

6
8

1
0

0
0

0
6

4
5

0
0

0
1

6
4

5
0

0
0

0
6

8
0

0
0

0
2

1
4

2
1

2
.5

8
1

2
0

0
0

0
1

1
9

6
0

0
0

3
1

1
0

0
4

0
0

0
0

9
0

8
0

0
0

0
8

8
4

0
0

0
0

8
8

4
0

0
0

0
9

0
8

0
0

0
0

9
6

1
5

1
1

8
4

0
0

0
0

1
3

2
4

0
0

0
6

1
2

5
2

0
0

0
0

1
2

1
7

0
0

0
0

1
2

0
8

0
0

0
0

1
2

0
8

0
0

0
0

1
2

1
6

0
0

0
0

3
4

1
7

.5
1

6
9

6
0

0
0

0
1

7
0

0
0

0
0

0
1

6
9

6
0

0
0

0
1

6
9

6
0

0
0

0
1

6
9

6
0

0
0

0
1

6
9

6
0

0
0

0
1

6
9

6
0

0
0

2
0

2
0

2
3

0
0

0
0

0
1

2
3

0
4

0
0

0
1

2
3

0
0

0
0

0
1

2
3

0
0

0
0

0
4

2
3

0
0

0
0

0
0

2
3

0
0

0
0

0
1

2
3

0
0

0
0

0
1

0
2

2
.5

2
9

9
6

0
0

0
4

5
2

9
9

6
0

0
0

5
0

2
9

9
6

0
0

0
5

5
2

9
9

6
0

0
0

4
5

2
9

9
6

0
0

0
5

1
2

9
9

6
0

0
0

5
7

2
9

9
6

0
0

0
5

6
0

2
5

3
7

5
2

0
0

0
2

2
9

3
7

5
2

0
0

0
2

2
1

3
7

5
2

0
0

0
2

1
2

3
7

5
2

0
0

0
2

2
5

3
7

5
2

0
0

0
2

4
5

3
7

5
2

0
0

0
2

5
2

3
7

5
2

0
0

0
2

3
2

0

S
N

R
b
e
r0

b
e
r1

b
e
rS

T
-C

2
b
e
rS

T
-C

3
b
e
rS

T
-C

4
b
e
rS

T
-C

4
E
P

b
e
rS

T
-Q

C
4

S
N

R

0
0

9
.5

E
-0

2
3

.6
E
-0

2
1

.8
E
-0

2
1

.4
E
-0

2
7

.7
E
-0

3
1

.5
E
-0

2
0

1
1

0
9

%
6

0
4

%
3

5
1

%
2

8
9

%
2

8
9

%
3

5
2

%
2

.5
0

4
.4

E
-0

2
1

.1
E
-0

2
4

.1
E
-0

3
3

.1
E
-0

3
1

.6
E
-0

3
3

.3
E
-0

3
2

.5
6

8
9

%
3

9
5

%
2

4
6

%
2

0
9

%
2

0
9

%
2

4
6

%
5

4
.3

E
-0

6
1

.4
E
-0

2
1

.8
E
-0

3
6

.2
E
-0

4
4

.3
E
-0

4
2

.9
E
-0

4
6

.4
E
-0

4
5

4
5

2
%

2
7

6
%

1
8

8
%

1
6

6
%

1
6

6
%

1
8

8
%

7
.5

0
2

.6
E
-0

3
1

.4
E
-0

4
4

.9
E
-0

5
2

.9
E
-0

5
1

.7
E
-0

5
4

.9
E
-0

5
7

.5
3

0
2

%
2

0
1

%
1

5
0

%
1

3
8

%
1

3
8

%
1

5
0

%
1

0
0

2
.4

E
-0

4
7

.3
E
-0

6
0

1
.6

E
-0

6
0

2
.9

E
-0

6
1

0
2

0
5

%
1

5
3

%
1

2
6

%
1

1
9

%
1

1
9

%
1

2
6

%
1

2
.5

0
2

.6
E
-0

5
0

0
0

0
0

1
2

.5
1

4
7

%
1

2
4

%
1

1
2

%
1

0
9

%
1

0
9

%
1

1
2

%
1

5
0

4
.5

E
-0

6
0

0
0

0
0

1
5

1
1

2
%

1
0

6
%

1
0

3
%

1
0

2
%

1
0

2
%

1
0

3
%

1
7

.5
0

0
0

0
0

0
1

.2
E
-0

6
1

7
.5

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

2
0

4
.3

E
-0

7
4

.3
E
-0

7
4

.3
E
-0

7
1

.7
E
-0

6
0

.0
E
+

0
0

4
.3

E
-0

7
4

.3
E
-0

7
2

0
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%
2

2
.5

1
.5

E
-0

5
1

.7
E
-0

5
1

.8
E
-0

5
1

.5
E
-0

5
1

.7
E
-0

5
1

.9
E
-0

5
1

.9
E
-0

5
2

2
.5

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

1
0

0
%

2
5

6
.1

E
-0

5
5

.9
E
-0

5
5

.7
E
-0

5
6

.0
E
-0

5
6

.5
E
-0

5
6

.7
E
-0

5
6

.2
E
-0

5
2

5
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%
1

0
0

%

S
N

R

0
1

0
0

%
3

8
%

1
9

%
1

5
%

8
%

1
6

%
2

.5
1

0
0

%
2

4
%

9
%

7
%

4
%

7
%

5
1

0
0

%
1

3
%

4
%

3
%

2
%

5
%

7
.5

1
0

0
%

5
%

2
%

1
%

1
%

2
%

1
0

1
0

0
%

3
%

0
%

1
%

0
%

1
%

1
2

.5
1

0
0

%
0

%
0

%
0

%
0

%
0

%
1

5
1

0
0

%
0

%
0

%
0

%
0

%
0

%
1

7
.5

1
0

0
%

0
%

0
%

0
%

0
%

0
%

2
0

1
0

0
%

1
0

0
%

4
0

1
%

0
%

1
0

0
%

1
0

0
%

2
2

.5
1

0
0

%
1

1
0

%
9

0
%

1
0

2
%

1
1

4
%

1
1

2
%

2
5

1
0

0
%

9
6

%
1

0
2

%
1

1
1

%
1

1
4

%
1

0
5

%

R
a
te

1
 v

s.
 

R
a
te

0
R

a
te

S
T
-C

2
 

v
s.

 R
a
te

0
R

a
te

S
T
-C

3
 

v
s.

 R
a
te

0
R

a
te

S
T
-C

4
 

v
s.

 R
a
te

0

R
a
te

S
T
-

C
4

E
P
 v

s.
 

R
a
te

0

R
a
te

S
T
-Q

C
4

 
v
s.

 R
a
te

0

B
e
r1

 
re

fe
re

n
ce

B
e
rS

T
-C

2
 

v
s.

 B
e
r1

B
e
rS

T
-C

3
 

v
s.

 B
e
r1

B
e
rS

T
-C

4
 

v
s.

 B
e
r1

B
e
rS

T
-C

4
E
P
 

v
s.

 B
e
r1

B
e
rS

T
-Q

C
4

 
v
s.

 B
e
r1

Figure C.7: MIMO-LCRA-User1-N512 experiment setup
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Figure C.8: MIMO-LCRA-User1-N4096 experiment setup
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