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Abstract Economic and financial activities are often influenced simultaneously by a decision
parameter and a random factor. Since mostly it is necessary to determine the decision parameter
without knowledge of the realization of the random element, deterministic optimization prob-
lems depending on a probability measure often correspond to such situations. In applications
the problem has to be very often solved on the data basis. It means that usually the “underlying”
probability measure is replaced by empirical one. Great effort has been made to investigate pro-
perties of the corresponding (empirical) estimates; mostly under assumptions of “thin” tails and
a linear dependence on the probability measure. The aim of this paper is to focus on the cases
when these assumptions are not fulfilled. This happens usually just in economic and financial
applications (see, e.g., Mandelbort 2003; Pflug and Romisch 2007; Rachev and Romisch 2002;
Shiryaev 1999).
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1. Introduction

Let (Q, S, P) be a probability space; & (:=& (@) = [£(w),...,E(®)]) an s-dimensional
random vector defined on (Q,S,P); F(:= F(z),z € R*) the distribution function of
& Pr, Zp the probability measure and a support corresponding to F. Let, moreover,
go(:= go(x,z)) be a function defined on R" X R*; Xp C R" a nonempty set generally
depending on F, X C R" a nonempty “deterministic” set. If Er denotes the operator
of mathematical expectation corresponding to F, then static rather general “classical”
stochastic optimization problem can be introduced in the form:

¢(F, Xp) = inf{Ergo(x,&)|x € Xr}. )

The objective function in (1) depends linearly on the probability measure Pr. More
general problems appeared recently. Some of them can be covered by the following
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¢(F3XF) :inf{EFgo(xaéaEFh(xvé))‘x€XF}7 (2)

where h(:= h(x,z)) = (h1(x,2), ..., hm, (x,2)) is an m;-dimensional vector function de-
fined on R" X R, go(:=Zy(x,2,y)) is a real-valued function defined on R" x R® x R™.

Let us recall and analyze a relationship between risk measures and problems de-
fined above, employing a few examples.

®

(ii)

(iii)

If L(:= L(x, z) defined on R" X R®) represents a loss function, then VaRy (x) :=
min{P{®w: L(x,&) <u} > a}, a € (0, 1) can be considered as a risk measure,
u

known as “Value—at —Risk” (see, e.g., Dupacova 2009). Setting

Xp(:= Xp (uo, @) = {x€X : [muin P{o:L(x, &) <u}>a] <up}, (3)

with ug € R', we can obtain the problem with risk measure in constraints.

CVaRy(x) = mig[v + ﬁEF (L(x, &) —v)*] is another risk measure known as
ve

“Conditional Value—at—Risk” (see, e.g., Dupacova 2009). Evidently, the objec-
tive function CVaRy(x) can be written in the form

L , 1
CVaRy(x) = go(x,z,y)  with  gy(x, z,y) = min[v+ ——y],
VER l—o

where y = Eph(x, &) and h(x, z) (:= (h(x,v,z)) = (L(x,z) —v) ™.

It could happen that the corresponding optimization problem does not depend
linearly on the probability measure. However, considering the case when Xr = X
and employing the result of Rockafellar and Uryasev (2002) the problem can be
rewritten in the form:

Er(L(x, &) —v)"}, (€))

min v+
(v,x)€R! ><X{ l-o

in which the dependence on the probability measure is surely linear.

Employing Markowitz approach to very simple portfolio problem:

n
max Y, Epxx
k=1
n
st. Yxu<l, x>0, k=1,....,n
k=1

with x; a fraction of the unit wealth invested in the asset k, & the return of the
asset, we can introduce the Markowitz problem (see, e.g., Dupacova et al. 2002):
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OM(F)=max{ ¥ i —K ¥ ¥ xeer jx;j}
=1 k=1,=1

n Q)
s.t. Yx<l, x>0, k=1,....,n, K> O0constant,
k=1

where = Eréy, e j = Er (& — ) (Ej — 1j) » k, j = 1,...n. The dependence
on the probability measure in (5) is not linear.

Let us analyze the problem (5). Since

Zn: Wexy —K Zn: Zn:xkck,jxj = EF{Zn: Sk — K ] Zn: [xkgkgjxj —xkngngxj]},
k=1 j=lk=1 k=1 k=1j=1
setting

. 8,y) = él Erx — Kél j;i] & &jxj + eyl

hj(x,z) = zjxj, j=1,...,n

we can see that the problem (5) can be written in the form of the problem (2).
However, later we can recognize that the sufficient assumptions (introduced in
this paper) guaranteing “good” rate convergence will be fulfilled only in the case
when the support Zr is a bounded set.

Evidently, Z?:ﬂkck, jxj can be considered as a risk measure that can be re-
placed by another risk measure, for example by Er|Y;_ | &xx — EF[Y) Sexe]
(see Konno and Yamazaki 1991). The dependence on the probability measure
is again nonlinear. However, the above mentioned assumptions will be (for
Xr = X; X compact) already fulfilled.

In applications we have often to replace the measure Pr by an empirical measure
Ppn determined by a random sample corresponding to the measure Pr. Consequently,
instead of the problems (1) and (2), the following problems are solved:

@O(FN, Xpv) = inf{Epngo(x,E)|x € Xpn }, 6)

Q(F", Xpn) = inf{Epngo(x, &, Epnh(x, &))|x € Xpn }. )

By solving (6) and (7), we obtain estimates of the optimal values and optimal so-
lutions. The investigation of these estimates started (for problem (1) with Xr = X)
in Wets (1974), followed by many papers (e.g., Dai et al. 2000; Dupacova and Wets
1984; Kaniovski et al. 1995; Kankova 1978, 1994; Pflug 1999; Romisch 2003; Shapiro
2003). The consistency, the convergence rate and asymptotic distributions have been
studied therein under the assumptions of “weak” tailed distributions and Xy = X. The
exception are, e.g., Kaiikovd (2010), Houda and Karikovd (2012), and Rachev and
Romisch (2002). We focus to the problem (2), the case of “heavy” tails and a special
type of the set Xr. Especially, we assume that either Xr = X or that there exist real

164 Czech Economic Review, vol. 7, no. 3



Risk Measures in Optimization Problems via Empirical Estimates

valued functions g;(:= g;(x),x € R"),i=1,...,s such that

N . .
Xr(:=Xr(up, @)) = N{xeXx: mm{P[a) Li(x, &) <u'] > o} <up},

i=1
Wlthuo—(uo7 LU, 0= (Ocl,...,as),uo>0,0t,~€(0,1),i:1,...,s, (®)
Li(x,z) =gi(x)—zi,i=1,...,8, 2= (21, -+, Zs)-

Li(x,z),i=1,...,s can be considered as loss functions. This type of loss function can
appear, e.g., in a connection with an inner problem in two stage stochastic (generally
nonlinear) programming problems (for a definition of two-stage problems see, e.g.,
Birge and Louveaux 1992).

Remark 1.
(i) Evidently, problem (2) covers problem (1) with gy(x,z,y) := go(x,2).

(i) Distribution functions with heavy tails appear mainly in economic, financial and
energetic problems (see, e.g., Kozubowski et al. 2003; Meerchaert and Scheffler
2003). Pareto and Weibull distributions belong to this class of the distributions.
However, stable distributions (with an exception of the normal distribution) are
their main representatives. (For the definition of the stable distributions see, e.g.,
Klebanov 2003, or Meerchaert and Scheffler 2003). The relationship between
the stable distributions and Pareto distribution can be found in Shiryaev (1999).

2. Some definitions and auxiliary assertions

First, if F, G are two arbitrary s-dimensional distribution functions for which the prob-
lem (2) is well defined, then according to the triangular inequality we obtain

[@(F, Xr) —9(G, X6)| < [@(F, Xr) = 90(G, Xp)| + [9(G, Xr) —9(G, Xg)|.  (9)

Furthermore, if we denote by the symbols F;, i =1, ..., s one-dimensional marginal
distribution functions corresponding to the distribution function F and if we can as-
sume that F;, i = 1,...,s are absolutely continuous with respect to the Lebesgue mea-
sure on R!, gi(x), i=1,...,s are continuous functions on X and the relation (8) is
fulfilled, then (under the assumption that F;, i = 1,...,s are increasing functions in a
neighbourhoods of kr, (0;)) we can obtain

Xr

Il
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<
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_ m Afrex: mln[gz( ) —u <k (00)]} < (10)

= A{reX: )y < (e,

where kg, (o) = sup{z; : Pr{0:z < &(w)} > o;}.
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Consequently, setting
— S .
X(v) = ﬂ{xGX D gi(x) —uy <vit,v=(vi, ..., V),
i=1

we obtain
Xr ZY(/{F((X)), kF(OC) = (kpl(al), ...,kps(ocs)). an

Definition 1. (Rockafellar and Wets 1998) If X', X" C R" are two non-empty sets, then
the Hausdorff distance of these sets Ay[X',X"] is defined by

A X X" = max[6,(X',X"), 8,(X", X")],
AN : ;s
6(X"X") = ;:}g/x,,lg)f(,,\\x ),
where || - || = || - ||? denotes the Euclidean norm in R".

Proposition 1. Let X be a nonempty compact set. If
(i) 8o(:=go(x), x € R") is a Lipschitz function on X with the Lipschitz constant L,

(i) X(v), v € Zr is a nonempty set for every v € Zr and, moreover, there exists a
constant C > 0 such that

AX(v(1)), X(v(2))] <Clp(1) =v(2)]l, v(1),¥(2) € ZF,
then

| inf go(x)— inf go(x)| <LC|v(1)=v(2)], v(1),v(2) € ZF.
xeX(v(1)) xeX(v(2))

Proof. The assertion of Proposition 1 is a little modified assertion of Proposition 1 in
Karkova (1997).

Lemma 1. (Katikova 1997) Let X be a nonempty convex compact set. If
(i) gi(x), i=1,...,s are convex continuous bounded functions on X,
(i) X(v) is a nonempty set for every v € Zp,

then there exists C > 0 such that

AX(v(1)), X(v(2))] < Cllv(1) =v(2) || for v(1),v(2) € ZF.

To recall stability results, let P(R*) be the set of Borel probability measures on
R,s>1; MI(R) = {P € P(R): [|z]|!P(dz) < =}; || -||! denote £; norm in R®.
RS

Borrowing notation from Katikova (1997), we introduce the following assumptions:

B.1 Pr, Pg € M (R*), there exist € > 0 such that
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- golx,z,y) is for x € X (&), z € R® a Lipschitz function of y € Y(€) with a
Lipschitz constant Ly; Y (€) = {y € R™ :y = h(x, z) for some x € X (¢),z €
R}, Eph(x, &), Egh(x, §) € Y(¢);

— for every x € X(¢€), y € Y(¢) there exist finite mathematical expectations,
EFgO(xa é;? EFh(x’ 5))’ EFg(l](xv é? EGh(xv é))? EGgé(xv g? EFh(xv é))’
EGg(l)(xa 5, EGh(xv é))’

- hi(x,z),i=1,...,m are for every x € X(€) Lipschitz functions of z with
the Lipschitz constants Lj, (corresponding to £1 norm),

— Zo(x,z,y) is for every x € X(¢€), y € Y(¢) a Lipschitz function of z € R®
with the Lipschitz constant L, (corresponding to £; norm).

(X(€), € > 0 denotes €- neighbourhood of X.)

B.2 Ergy(x,&,Erh(x,£)) is a continuous function on X.

Remark 2. Fulfilling at least one of the next assumptions:
B.3 3y(x, z,¥), h(x, z) are uniformly continuous functions on X(€) x R® x Y (€),

B.4 X is a convex set and there exists € > 0 such that gy(x,&,Eph(x,&)) is a convex
function on X (€),

guarantees fulfilling of Assumption B.2.

Lemma 2. Let G be an arbitrary s-dimensional distribution function, € > 0, X be
a nonempty compact set. If Assumptions B.1 and B.2 are fulfilled (for F = G), then
Ecgo(x, &, Egh(x, &)) is a uniformly continuous function on X (€).

Lemma 3. Let G be an arbitrary s-dimensional distribution function, € > 0. Let, more-
over, Assumption B.1 be fulfilled (for F = G). If go(x, 2, ¥), h(x, z) are Lipschitz func-
tions on X x Y (€) with the Lipschitz constants Lg, and Ly, then there exists a constant
C such that Eggy(x, &, Egh(x, &)) is a Lipschitz function on X with the Lipschitz con-
stant C.

Proof. The assertion of Lemma 3 follows from the properties of the Lipschitz func-
tions and integrals. O

Since it follows from the Assumption B.1 and the triangular inequality that

|EFg0(x757EFh(xa§))_EG?O(X7‘§’EGh(x>§))| <
L)’”EFh(xa é) - EGh(xa é)” + |EFgO(xa€7 EGh(x7§)) - EGg()(xaéa EGh(xaé)”

(12)
we can introduce one essential Proposition 2.

Proposition 2. Let Pr,Pg € M1 (R®), the assumptions B.1, B.2 be fulfilled (for both
F, G), then there exist C > 0 such that the following relation
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|EFgo(x, &, Erh(x,&)) —Ecgo(x, &, Ech(x,8))| < cy f |Fi(zi) — Gi(z)|dzi

i=]—o0

holds for x € X.
If, moreover, X is a compact set, then also

[o(F, X)— Z — Gi(z)|dzi. (13)

2‘3\8

Proof. Employing the main idea of the proof of Lemma 3.1 in Kaitkova and Houda
(2006) we can see that the assertion follows from the relation (12) and assumption B.1
(for more details see also the proof of Proposition 4.1 in Karikova 2010). a

Remark 3.
— € =L, in the case of problem (1).

— Proposition 2 reduces (from the mathematical point of view) s-dimensional case
to one-dimensional. However, the dependence between components of the ran-
dom vector & is there neglected. The idea to reduce s-dimensional case to one-
dimensional appeared already in Pflug (2001) (see also Smid 2009).

— It follows from Proposition 2 that the stability of the problem (2) can be bounded
by Z f |Fi(zi) — Gi(zi)|dzi. Consequently, we obtained very similar situation to

the problem (1) (for more details see, e.g. Houda and Karikovd 2012).

3. Problem analysis

To employ the assertion of Proposition 2 to empirical estimates we introduce a system
of the assumptions:

Al {5’};"’:1 is an independent random sequence corresponding to F' (we denote by
the symbol F/ the empirical distribution function determined by {§'}Y )

A2 Pp,i=1,...5 are absolutely continuous w.r.t. the Lebesgue measure on R';

A.3 For every i € {1,...,s} there exist § > 0 and ¥ > 0 such that fi(z;) > ¥ for
zi € Zg;, |zi —kr(ai)| < 20 (fi denote probability densities corresponding to F;,
i=1,...,s).

Furthermore we recall some assertions important for our investigation.

Lemma 4. (Shorack and Welner 1986) Let s = 1, Pr € M}(R") and A.1 be fulfilled.
Then

Plo: / IF(2) — F¥(2)|dz —sy—se 0} = 1.
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Lemma 5. Lets=1, a € (0, 1), t > 0. If Assumptions A.1, A.2 and A.3 are fulfilled,
0<r<d,then

P{o: |kpy(a) —kp(a)| >t} < 2exp{—2N(91)*} for N € N.
(N denotes the set of natural numbers.)
The proof of Lemma 5 will be given in Appendix.
Corollary 1. Let € > 0, X be a nonempty convex compact set. If
(i) &o(x), x € R" is a Lipschitz function on X (€),

(i) gi(x), i=1,...,s are convex continuous bounded functions on X (g),

(iii) Assumptions A.1, A.2 and A.3 are fulfilled,

(iv) X(v) are nonempty sets for v € Zp,

then there exists a constant C > 0 such that
P{o:| inf go(x)— inf go(x)|| >t} < 2sexp{—2N(dt/LCs))?}
X (kr () X (kpn (@)
forevery N € N and t > 0 such that 0 <t < 2.

Proof. The assertion of Corollary 1 follows from Proposition 1, Lemmas 1 and 5,
relations (10), (11) and the properties of the Euclidean norm. a

Remark 4. Assumptions under which the sets X (v) are nonempty can be found, e.g.,
in Birge and Louveaux (1992) or in Kartkovd (2007a).

Proposition 3. (Houda and Kaiikova 2012) Let s = 1, t > 0 and Assumptions A.l
and A.2 be fulfilled. If there exists B > 0, R := R(N) > 0 defined on N such that
R(N) — N0 0 and, moreover,

—R(N) o

NB [ F(2)dz —N—e0, NP [ [1-F(z)] —N—wO0,
Zoo R(V)
INF(—R(N)) —n—3m 0, 2N[1 — F(R(N))] —N—sen O, "
12NPR(N) . ( ZN( t )2} 0
” PN Tor@uNB ) TN
then .
P{w: NP / IF(2)— FN(2)ldz> 1} —sn— e O. (15)

According to the results of Dvoretzky et al. (1956) we can see that (under the
assumptions of Proposition 3) the validity of the relation (14) depends on the tails
behaviour.
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Proposition 4. (Houda and Karikova 2012) Let s =1, t > 0, r > 0, Assumptions A.1
and A.2 be fulfilled. Let moreover, £ be a random variable such that Ep|E|" < oo. If
constants 3, v > 0 fulfil the inequalities

0<B+y<1/2, y>1/r, B+(1-r)y<O, (16)
then the relations (14) are valid.

Propositions 3 and 4 guarantee an existence of § > 0, (f := B(r)) fulfilling (14)
and consequently (15) only in the case when there exists r > 2 such that Er|€|" < +-oo.
According to heavy tailed distributions it means that the tail parameter v has to be
greater than 2. Consequently existence of B > 0 is not guaranteed in the case of stable
distributions with the shape parameter v < 2 (for the definition of the stable distribution
and shape parameter see, e.g, Klebanov 2003). The case v € (1, 2) corresponds very
often to random elements appearing in the financial applications. To include it in our
investigation we recall the following assertion.

Proposition 5. Let s =1, {{'}Y |, N =1,2,... be a sequence of independent random
values corresponding to a heavy tailed distribution F with the shape parameter vV €
(1,2). Then the sequence

o

/ IF¥(2) = F(2)|ds, N=1,... (17

—oo

N
N1/v

is stochastically bounded if and only if

suptV P{w: |&] > 1} < oo, (18)
>0

Proof. The assertion of Proposition 5 follows from Theorem 2.2 of Burrio et al. (1999).
O

According to the definition of the stochastically bounded random sequences it
means (under the relation (18)) that

hm supP{a) Nl/v/|F ()| >M} =0. (19)

M—so0
Remark 5. The shape parameter Vv is determined by tails of the distribution. Smaller
shape parameter corresponds to more heavy tails.
Lemma 6. Let o; € (0, 1), uhy >0,i=1,...,s. If

(1) X is a compact convex set,

(ii) gi(x), i=1,...,s are convex continuous bounded function on X,

(iii) Xr defined by the relation (10) are nonempty for v € Zp,
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then Xr is a compact set and fulfils the relation (11).
Proof. The assertion of Lemma 6 follows from the properties of convex functions,

convex sets and the relation (10). O

4. Main Results

Applying the auxiliary assertions from the former parts we obtain the following results.

Theorem 1. Let Assumptions B.1, B.2, A.1 be fulfilled, X be a compact set and Pr €
MI(R®), then
P{o: [@(F",X) —@(F,X)| —N—se 0} = 1.

Proof. The assertion of Theorem 1 follows from Proposition 2 and Lemma 4. a
Remark 6. It follows from Theorem I and the properties of the stable distributions
(see. e.g., Klebanov 2003) that (under general assumptions) ®(F N X ) is a consis-

tent estimate of Q(F,X) also for all stable distributions with the shape parameter
ve(l,2).

Furthermore, we shall deal with a convergence rate.

Theorem 2. Let Assumptions B.1, B.2, A.1, A.2 be fulfilled, Pr € M} (R%), Xp =X,
t>0.1If

() for some r > 2 it holds that E|§;|" < oo, i=1,...,s,
(i) B,y > O fulfil the inequalities 0 < B+v<1/2, vy>1/r, B+(1—r)y <0,
then

Plo: su}gNﬁ [Epngo(x, G, Epvh(x,6)) —Ergo(x, &, EFh(x,8))| > 1} —N e 0.
xXe
(20)

If, moreover, X is a compact set, then also
P{w :NP[Q(F,X)—Q(FN,X)| > 1} —sN_ e 0. 1)

Proof. The first assertion follows from Proposition 2 and Proposition 4. The second
assertion follows from the first one and from the properties of integrals and compact
sets. (See a similar proof for the problem (1) in Houda and Karikova 2012). a

The next assertion deals with a special case in which the objective function does
not depend on the probability measure.

Theorem 3. Lere >0,1>0, 0; € (0,1),i=1,...,s. Let moreover X be a nonempty
convex compact set. If

(i) go(x), x € R" is a Lipschitz function with the Lipschitz constant L,

Czech Economic Review, vol. 7, no. 3 171
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(i) go(x,2,y) =go(x), xER", y ER', y €R™,
(iii) Assumptions A.1, A.2 and A.3 are fulfilled,

(iv) X (v), defined by the relation (10), is nonempty set for v € Zg such that ||v —

kr(Q)| < 28,
(v) gi(x), i=1,...,s are convex continuous bounded functions on X (€),
then
P{o:NP|Q(F, Xp) —@(FY, Xpn)| >t} —n—w O for B (0,1/2).  (22)
Proof. The assertion of Theorem 3 follows from the assertion of Corollary 1. a

Remark 7. Evidently setting G = FV in Lemma 3 we can see that (under the corre-
sponding assumptions)

EFgo(xvé’EFh(xvé))a EFNgO(xaév EFNh(xvé))

are Lipschitz functions on X with the same Lipschitz constant not depending on ® € Q.
Consequently, we can see that the assertion of Theorem 3 is valid if the function g
fulfils the assumptions of Lemma 3 (instead of the assumptions (i), (ii) of Theorem 3).

According to the last Remark applying the relation (9) we can present the following
assertion.

Theorem 4. Let t > 0, X be a nonempty convex compact set, Pr € ML(R®). Let,
moreover, &; € (0, 1), ul >0, @ = (0u,...,0) , up = (u},....ud). If

(i) Assumptions B.1, B.2, A.1, A.2 and A.3 are fulfilled,
(ii) for some r > 2 it holds that Eg|&;|" < 4e0, i=1,...,s,
(iii) B, y> O fulfil the inequalities0 < B+v<1/2, y>1/r, B+ (1 —r)y <0,

@iv) go(x,y,y), h(x, z) are Lipschitz functions on X with the Lipshitz constants Ly,
Ly, not depending on z € Zp,

(v) X(v), defined by the relation (10), is nonempty set for v € Zr such that ||v —

ke(a)]| <28,
(vi) gi(x), i=1,...,s are convex continuous bounded functions on X (€),
then
P{o : NP|Q(F,Xp) —Q(FN, Xpw)| > 1} — N0 0. (23)

Proof. Setting in Relation (9) G = FY and applying Remark under Theorem 3 we see
that the assertion follows from Theorems 2, 3. O

Evidently, the convergence rate 8 := 3(r) introduced by Theorems 2, 4 depends
on the absolute moments existence; it holds that B (r) — e 1/2, B(r) —>,__,5+ 0.
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Consequently, the best convergence rate is valid not only for exponential tails but also
for every distribution with finite all absolute moments (e.g. Weibull); even in the case
when finite moment generating function does not exist. Unfortunately we can not
obtain (by this approach) any results in the case when there exist only finite Eg|&;|",
i=1,...,sfor r < 2. This is the case of stable distributions (with exception of normal
distribution) or the case of Pareto distribution with a shape parameter v < 2.

Theorem 5. Let the assumptions B.1, B.2, A.1 and A.2 be fulfilled, Pr € M{(RS),
M > 0, X be a compact set. If one dimensional components &, i = 1,...,s of the
random vector & have the distribution functions F; with tail parameters v; € (1,2)
fulfilling the relations

supt i P{®: |&| >t} < oo, i=1,2,...,s,
t>0

then

lim sup P{®: N [@(FN,X) —Q(F,X)|>M}=0 with v=min(vy,...,Vy).
M—o0 N /V
(24

Proof. Let M >0, v € (1, 2). First, it follows from Proposition 2 successively that

sup P{o : 5 [@(FY, X) —9(F, X)| > M} <
N

sup P{o: N]/VLZ SN —F@ldz>My <
N “eo

S

£ sup Plo: o _}; IFN(2) — F(2)|dz > M/Ls}.

i=1

Consequently, according to Proposition 5 and (19) we can obtain

li P
Jm s (o5
S g / /

Y lim supP{a) N{\;viifw\FN(z)—F(z)\dz>M}, M =M/Ls.

i=IM —se N

X) —9(F,X)|>M} <

Now already we can see that the assertion of Theorem 5 holds. a

5. Conclusion

The paper deals with empirical estimates in the case of static stochastic optimization
problem. In particular the paper deals with the rate of convergence of optimal value
estimate in the case when the dependence on the probability measure is not linear. Ev-
idently, the results of Houda and Karnkova (2012), Karikova (2012) are generalized.
Moreover, it was shown that the results corresponding to the case of nonlinear depen-
dence are very similar to them in the case of linear dependence. Consequently, both
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results can be completed by simulation technique credited to M. Houda and published
in Houda and Karikova (2012) and to V. Omelchenko (for stable distribution) that can
be found in Omelchenko (2012).

The paper deals only with the optimal value estimates. Employing some growth
conditions (see, e.g. Romisch 2003) the introduced results can be transformed to the
estimates of the optimal solution. However the investigation in this direction is beyond
the scope of this paper.
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Appendix

Proof of Lemma 5. First evidently, kr (o) depends on @ € Q, and, moreover, if (for
some @ € Q) it holds that FN (kr (a) +1) > 1 — a, FN(kr(a) —t) < 1 — o, then

kpn (@) € (kp(a) —t, kp(a) +1).
According to the results of Dvoretzky, Kiefer and Wolfowitz (1956),
Plo: FN(kp(a)+t) > 1—a), FN(kp(a)—t) <1—a} =
= Plo: FN(kp(a)+t) > F(kp(a)), FN(kp(a) —t) < F(kp())} =
= P{o: F(kp(a)+1) = F¥(kp (@) +1) < F(kp(at) +1) = F (kr (@),
FN(kp(ot) —1) — F(kp(at) —1) < F(kp(at)) = F (kp (o) = 1)} >

Y

P{o: F(kp(ot)+1) — FN(kp(a) +1) < 0t,
FN(kp(a) —1) — F (kp ()
> 1—2exp{—2N()%},

we can see that the assertion of Lemma 5 is valid. O
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