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1. Introduction

Integral inequalities play important roles in classical probability and measure theory. We recall few famous classical
inequalities, such as Hölder’s, Minkowski’s and Chebyshev’s inequalities. In these inequalities rather often the additivity
of the Riemann (Lebesgue) integral is substantially exploited. On the other hand, there are several non-additive integrals,
such as the Choquet or Sugeno integrals, which have shown to be extremely useful in applications, especially when dealing
with non-additive data in economics, sociology, psychology, multicriteria decision aid, etc.

The Choquet integral (also known as Choquet expectation) is a generalization of the Lebesgue integral, defined with respect
to a non-classical measure, often called non-additive measure or also capacity. This integral was created by the French math-
ematician Gustave Choquet [12]. The Choquet integral shares several properties with the Lebesgue integral, including some
inequalities. Recently, the study of integral inequalities has been extended to some more general classes of integrals [1,3,25,33].

Sugeno integral is an important kind of non-additive integrals which was introduced by Sugeno [36] and then was
exploited by many authors [30,31,41]. Sugeno integral is a useful tool in several theoretical and applied statistics. For in-
stance, in decision theory, the use of the Sugeno integral can be envisaged from two points of view: decision under uncer-
tainty and multi-criteria decision-making [15]. Notice that the Sugeno integral is not an extension of the Lebesgue integral.

The study of inequalities for Sugeno integral was initiated by Román-Flores et al. [32], and then followed by the authors
[1,2,18,26,27,29]. In [10], a Chebyshev type inequality for a special case for Sugeno integral was obtained which has been
generalized by Ouyang et al. [27]. Furthermore, Chebyshev type inequalities for Sugeno integral were proposed in a rather
general form by Mesiar et al. [2,26]. Later on, Girotto and Holzer [18] proved a characterization of comonotonicity property
by a Chebyshev type inequality for Sugeno integral.

http://dx.doi.org/10.1016/j.ins.2013.02.019
mailto:h_agahi@aut.ac.ir
mailto:adel@aut.ac.ir
mailto:mesiar@math.sk
http://dx.doi.org/10.1016/j.ins.2013.02.019
http://www.sciencedirect.com/science/journal/00200255
http://www.elsevier.com/locate/ins


H. Agahi et al. / Information Sciences 236 (2013) 168–173 169
The Choquet integral and the Sugeno integral have become widely used aggregation functions, especially in multicriteria
decision making [15,20], subjective evaluation [21], information fusion [9,17,40], regression analysis [42], etc. In fact, the
Sugeno and the Choquet integral contain all order statistics, thus in particular, min, max and the median [20,23].

The well-known Chebyshev type inequality is a part of the classical mathematical analysis (cf.[6,7,5,39,44]).

Definition 1.1 (13,14,30). Functions u;v : X ! R are said to be comonotone if for all x; y 2 X,
ðuðxÞ � uðyÞÞðvðxÞ � vðyÞÞP 0:

The comonotonicity of functions u and v is equivalent to the non-existence of points x; y 2 X such that uðxÞ < uðyÞ and

vðxÞ > vðyÞ.

Given a measurable space ðX;FÞ and two F -Borel measurable functions u,v, Armstrong [8] proved that, if u,v are Lebesgue
integrable w.r.t. a probability measure P and are comonotone, then the following well known Chebyshev inequality
Z

X
uvdP P

Z
X

udP
� � Z

X
vdP

� �
;

holds (see also [19]).
The aim of this paper is to generalize the previous ones [1,19,26–28], and we believe that they will prove their usefulness

in several areas, such as the economy and decision making, among others. The paper is organized as follows: Section 2 recalls
the concepts of Choquet-like integrals while Section 3 presents our main results. Finally, some concluding remarks are
added.

2. Preliminaries

In this section, we recall some basic definitions and previous results which will be used in the sequel. For details, we refer
to [24]. For the convenience of the reader, we provide in this section a summary of the mathematical notations and defini-
tions used in this paper (see [33]).

Definition 2.1 37. An operation � : ½0;1�2 ! ½0;1� is called a pseudo-addition if the following properties are satisfied:
(P1) a� 0 ¼ 0� a ¼ a (neutral element);
(P2) ða� bÞ � c ¼ a� ðb� cÞ (associativity);
(P3) a 6 c and b 6 d imply that a� b 6 c � d (monotonicity);
(P4) an ! a and bn ! b imply that an � bn ! a� b (continuity).
Definition 2.2. [24,37] Let � be a given pseudo-addition on [0,1]. Another binary operation � on [0,1] is said to be a
pseudo-multiplication corresponding to � if the following properties are satisfied:

(M1) a� ðx� yÞ ¼ ða� xÞ � ða� yÞ;
(M2) a 6 b implies ða� xÞ 6 ðb� xÞ;
(M3) a� x ¼ 0() a ¼ 0orx ¼ 0;
(M4) 9 e 2 ½0;1� (i.e., there exist the neutral element e) such that e� x ¼ x for any x 2 ½0;1�;
(M5) an ! a 2 ð0;1Þ and xn ! x imply ðan � xnÞ ! ða� xÞ and 1� x ¼ lima!1ða� xÞ;
(M6) a� x ¼ x� a;
(M7) ða� bÞ � c ¼ a� ðb� cÞ.

Notice that a pseudo-multiplication � corresponding to a given pseudo-addition � need to be neither commutative nor
associative, in general. But in this paper, we will suppose that both (M6) and (M7) hold. Thus (M4) equivalents that there
exists a neutral element e.

Mesiar [24] showed that, if � is a pseudo-multiplication corresponding to a given pseudo-addition � fulfilling axioms
(M1)-(M7) and if its identity element e is not an idempotent of �, then there is a unique continuous strictly increasing func-
tion g : ½0;1� ! ½0;1� with gð0Þ ¼ 0 and gð1Þ ¼ 1, such that gðeÞ ¼ 1 and
a� b ¼ g�1ðgðaÞ þ gðbÞÞ � is called a g-addition;

a� b ¼ g�1ðgðaÞ � gðbÞÞ � is called a g-multiplication:
Mesiar [24] also proved that if the identity element e of the pseudo-multiplication is also an idempotent of � (i.e.,
e� e ¼ e), then � ¼ _ð¼ sup, i.e. the logical addition. In this case, the logical multiplication ^ and the g-multiplication are
the candidates of �, among others.
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Remark 2.3. Restricting to the interval [0,1] a pseudo-multiplication and a pseudo-addition with additional properties of
associativity and commutativity can be considered as the t-norm T and the t-conorms S (see [22]), respectively.
Definition 2.4 23. A monotone measure l on a measurable space ðX;FÞ is a function l : F ! ½0;1� satisfying

(i) lð;Þ ¼ 0;
(ii) lðXÞ > 0;
(iii) lðAÞ 6 lðBÞ whenever A # B;

moreover, l is called real if jj l jj¼ lðXÞ <1 and l is said to be an additive measure if lðA [ BÞ ¼ lðAÞ þ lðBÞ, whenever
A \ B ¼ ;. The triple ðX;F ;lÞ is also called a monotone measure space if l is a monotone measure on F .

Note that a monotone measure is not necessarily r-additive. This concept goes back to M. Sugeno [36] (where also the
continuity of the measures was required). To be precise, normed monotone measures on ðX;FÞ, i.e., monotone measures sat-
isfying klk ¼ 1, are also called capacity, depending on the context.

For a fixed measurable space ðX;FÞ, i.e., a non-empty set X equipped with a r-algebra F , recall that a function
f : X ! ½0;1� is called F -measurable if, for each B 2 Bð½0;1�Þ, the r-algebra of Borel subsets of [0,1], the preimage f�1ðBÞ
is an element of F .

Definition 2.5. Let ðX;F ;lÞ be a monotone measure space and f : X ! ½0;1� be an F�measurable function. The Choquet
expectation (integral) of f with respect to (w.r.t.) real monotone measure l is defined by
E
l
C ½f � ¼

Z 1

0
lðX \ ff P ygÞdy;
where the integral on the right-hand side is the (improper) Riemann integral.
Mesiar [24] developed a type of integral, the so-called Choquet-like integral, which generalizes the concepts of some well-

known integrals, including the Sugeno integral and the Choquet integral.
There are two classes of Choquet-like integral: the Choquet-like integral (denoted by E

l
Cl;g) based on a g-addition and a g-

multiplication and the Choquet-like integral based on _ and a corresponding pseudo-multiplication �. Observe that for a �-
measure, Choquet-like integrals coincide with the corresponding pseudo-additive integrals.

Theorem 2.6 24. Let � and � be generated by a generator g. Then the Choquet-like expectation of a measurable function
f : X ! ½0;1� w.r.t. a real monotone measure l can be represented as
E
l
Cl;g ½f � ¼ g�1 E

gðlÞ
C ½gðf Þ�

� �
¼ g�1

Z 1

0
gðlðX \ fgðf ÞP ygÞÞdy

� �
:

Notice that we sometimes call this kind of Choquet-like integral a g-Choquet integral (g � C�integral for short). It is plain
that the g � C� integral is the original Choquet integral (expectation) whenever g ¼ i (the identity mapping).
Theorem 2.7 24. Let � be a pseudo-multiplication corresponding to _ and fulfilling (M1)–(M7). Then the Choquet-like integral
(so-called �� Sl integral) of a measurable function f : X ! ½0;1� w.r.t. a real monotone measure l can be represented as
�� Sl½f � ¼ sup
a2½0;1�

a� lðX \ ff P agÞ:
It is plain that the �� Sl integral is the original Sugeno integral whenever � ¼ ^[36].

Restricting now to the unit interval [0,1] we shall consider the measurable function f : X ! ½0;1� with klk ¼ 1. Observe
that, in this case, we have the restriction of the pseudo-multiplication � to [0, 1]2 (called a semicopula or a conjunctor, i.e., a
binary operation ~ : ½0;1�2 ! ½0;1� which is non-decreasing in both components, has 1 as neutral element and satisfies
a~b 6minða; bÞ for all ða; bÞ 2 ½0;1�2, see [11,16]). In a special case, for a fixed strict t-norm T, the corresponding �� Sl inte-
gral is the so-called Sugeno-Weber integral [43]. If � is the standard product, then the Shilkret integral [34] can be
recognized.

The �� Sl integral on the [0,1] scale related to the semicopula ~ is given by
~� Sl½f � ¼ sup
a2½0;1�

a~lðX \ ff P agÞ:
This type of integral was called seminormed integral in [35].
Recently, Girotto and Holzer [19] proved the following Chebyshev type inequality for Choquet integral (expectation).

Theorem 2.8. Let ðX;FÞ be a measurable space and Y, Z be F -Borel measurable functions. If Y, Z are comonotone and two real-
valued functions, then the following version of Chebyshev inequality:
klkEl
C ½YZ�P E

l
C ½Y �E

l
C ½Z�; ð2:1Þ
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holds for any real monotone set function l on F , when Y, Z P 0, and for any real (finitely) additive measure l on F , when Y, Z are
Choquet integrable.

Before stating our main result, we need a definition.

Definition 2.9. Let A, B : ½0;1Þ2 ! ½0;1Þ be two binary operations. Then A dominates B (or B is dominated by A), denoted by
A� B, if
AðBða; bÞ;Bðc;dÞÞP BðAða; cÞ;Aðb;dÞÞ
holds for any a; b; c; d 2 ½0;1Þ.
Now, our results can be stated as follows.

3. Main results

The aim of this section is to show the Chebyshev type inequality for Choquet-like expectation.

Theorem 3.1. Let u, v : X ![0,1) be two comonotone functions. Then the inequality
klk � ðEl
Cl;g ½u� v �ÞP ðEl

Cl;g ½u�Þ � ðE
l
Cl;g ½v�Þ ð3:1Þ
holds for the g-Choquet integral if the generator g is a real-valued function.
Proof. Using the Chebyshev integral inequality for Choquet integral (2.1), we have
klk � ðEl
Cl;g u� v½ �Þ ¼ g�1ðgðklkÞ � Eg lð Þ

C g uð Þg vð Þ½ �ÞP g�1½ E
g lð Þ
C g uð Þ½ �

� �
� E

g lð Þ
C g vð Þ½ �

� �
�

¼ g�1½gðg�1ðEgðlÞ
C ½gðuÞ�ÞÞ � gðg�1ðEgðlÞ

C ½gðvÞ�ÞÞ� ¼ g�1ðgðEl
Cl;g ½u�Þ � gðE

l
Cl;g ½v�ÞÞ

¼ ðEl
Cl;g ½u�Þ � ðE

l
Cl;g ½v �Þ:
This completes the proof. h
Theorem 3.2. Let u;v : X ![0,1) be two comonotone functions and I : ½0;1Þ2 ! ½0;1Þ be continuous and non-decreasing in
both arguments. If � is a pseudo-multiplication (with neutral element e) corresponding to _ satisfying
ðaIbÞ � c P ½ a� cð ÞIb� _ ½aI b� cð Þ�; ð3:3Þ
then the inequality
�� Sl½
u
klkIv �P �� Sl½

u
klk�Ið� � Sl v½ �Þ ð3:4Þ
holds for the �� Sl integral and any real monotone set function l such that a� klk 5 a for all a and �� Sl½ u
klk�, �� Sl½v � are

finite.
Proof. Let �� Sl½v � ¼ q <1;�� Sl½ u
klk� ¼

p
klk <1. Then, for any e > 0, there exist qe and pe

klk such that

M2 ¼ lðX \ v P qef gÞ; M1 ¼ l X \ u
klk P pe

lj jj j

n o� �
where ðqe �M2ÞP q� e and ð pe

klk �M1ÞP p
klk � e. The comonotonicity of

u,v and the monotonicity of q and the fact of u P pef g \ v P qef g � u
klkIv P pe

klkIqe

n o
imply that
l X \ u
klkIv P

pe

klkIqe

� �� �
P M1 ^M2:
Therefore,
sup
a2½0;1�

a� lðX \ fð u
klkIvÞP aÞg

� �
P

pe

klkIqe

� �
� l X \ ð u

klkIvÞP ð pe

klkIqeÞ
� �� �

P
pe

klkIqe

� �
� M1 ^M2ð Þ

¼ ½ pe

klkIqe

� �
�M1� ^ ½

pe

klkIqe

� �
�M2�

P
pe

klk �M1

� �
Iqe

� 	
^ pe

lj jj jI qe �M2ð Þ
� 	

P
p
klk � e
� �

Iqe

� 	
^ pe

klkI q� eð Þ
� 	

P
p
klk � e
� �

I q� eð Þ:
Whence �� Sl
u
klkIv
h i

P p
klkIq follows from the continuity of q and the arbitrariness of e. h



172 H. Agahi et al. / Information Sciences 236 (2013) 168–173
Remark 3.3. If ðxIeÞ _ ðeIxÞ 6 x for any x 2 ½0;1Þ and � (with neutral element e) dominates q, then (3.3) holds readily.
Indeed,
aIbð Þ � c P aIbð Þ � cIeð Þ½ �P ða� eÞIðb� cÞ ¼ aIðb� cÞ;
and aIbð Þ � c P ða� cÞIb follows similarly
If � ¼ ^, i.e., for the Sugeno integral, and q bounded from above by the minimum and minimum dominates q, then we

have a general version of Chebyshev inequality for the Sugeno integral on an arbitrary real monotone measure l based on a
product-like operation q.

Notice that when working on [0,1] in Theorem 3.2, we mostly deal with klk ¼ e ¼ 1, then � ¼ ~ is semicopula (t-semi-
norm). Then we get the Chebyshev type inequality for seminormed fuzzy integrals [28].

Corollary 3.4. Let ðX;FÞ be a measurable space and u; v : X ! [0,1] be two comonotone measurable functions. Let
I : ½0;1�2 ! ½0;1� be continuous and non-decreasing in both arguments. If semicopula ~satisfies
ðaIbÞ~ðcÞ½ �P a~cð ÞIb½ � _ aIðb~cÞ½ �; ð3:5Þ
then the inequality
~� Sl uIv½ �P ~� Sl½u�

 �

I ~� Sl v½ �

 �

ð3:6Þ
holds for any capacity l.
Remark 3.5. We can use an example in [28] to show that the condition of aIbð Þ~c½ �P a~cð ÞIb½ � _ aIðb~cÞ½ � in Corollary
3.4 (thus the condition (3.3) in Theorem 3.2) cannot be abandoned, and so we omit it here.
Remark 3.6. Our results generalize those of Agahi et al. [1] as the pseudo-integrals discussed there are special instances of
our Choquet-like expectations (measure in their case is rather special, necessarily pseudo-additive, while we work with a
monotone measure).
4. Concluding remarks

We have proposed new versions of Chebyshev inequality for different kinds of Choquet-like integrals, thus generalizing
some results already known from the literature for the Choquet and for the Sugeno integrals. Note that the area of integral
inequalities is a living area important for applications, especially when approximations have to be considered, with several
fresh generalizations either in the classical Lebesgue integral setting, see for example [38], or the setting of Sugeno integrals
[3]. In our future work we aim to focus on the study of inequalities considering universal integrals recently proposed in [23],
focusing especially on copulas-based universal integrals (covering both the Choquet and Sugeno integrals as particular
cases). Recently, Agahi et al. [4] have proved some probability inequalities, including Hölder’s inequality, Minkowski’s
inequality, Markov’s inequality and Fatou’s lemma for Choquet-like expectation based on a monotone measure in a rather
general form.
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