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Abstract.

This contribution is devoted to risk-sensitive and risk-neutral optimality in
Markov decision chains. Since the traditional optimality criteria (e.g. dis-
counted or average rewards) cannot reflect the variability-risk features of the
problem, and using the mean variance selection rules that stem from the clas-
sical work of Markowitz present some technical difficulties, we are interested
in expectation of the stream of rewards generated by the Markov chain that
is evaluated by an exponential utility function with a given risk sensitivity co-
efficient. Recall that for the risk sensitivity coefficient equal zero we arrive at
traditional optimality criteria. In this note we present necessary and sufficient
risk-sensitivity and risk-neutral optimality conditions; in detail for unichain
models and indicate their generalizations to multichain Markov reward chains.
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1 Notation and Preliminaries

The usual optimization criteria examined in the literature on stochastic dynamic programming, such as
a total discounted or mean (average) reward structures, may be quite insufficient to characterize the
problem from the point of a decision maker. To this end it may be preferable if not necessary to select
more sophisticated criteria that also reflect the variability-risk features of the problem. Perhaps the best
known approaches stem from the classical work of Markowitz on mean variance selection rules. On the
other hand risky decisions can be also eliminated when expectation of the stream of one stage rewards
(or costs) is evaluated by an exponential utility function. Recall that exponential utility functions are
separable and hence suitable for sequential decisions.

In what follows, we consider Markov decision chain X = {X,,, n = 0,1,...} with finite state space
Z={1,2,...,N} and an infinite (compact) set A; = [0, K;] C R of possible decisions (actions) in state
i € Z. Supposing that in state i € Z action a € A; is selected, then state j is reached in the next
transition with a given probability p;;(a) and one-stage transition reward ;;(a) > 0 will be accrued to
such transition. We assume that each p;;(a), 7;;(a) is a continuous function of a € A;.

A (Markovian) policy controlling the chain, 7 = (f°, f1,...), is identified by a sequence of decision
vectors {f",n = 0,1,...} where f* € F = A; x ... x Ay for every n = 0,1,2,..., and f* € A; is
the decision (or action) taken at the nth transition if the chain X is in state i. Let 7% be a sequence of
decision vectors starting at the k-th transition, hence 7 = (f°, f1,... f¥=1, 7%). Policy which selects at all
times the same decision rule, i.e. m ~ (f), is called stationary; P(f) is transition probability matrix with
elements p;;(f;). Stationary policy 7 is randomized if there exist decision vectors fO @ ) e F
(4)

and on following policy 7 we select in state ¢ action fi(j ) with a given probability ;"' (of course, Iil('j ) >0

with N k) =1 for all i € 7.)
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Let &, be the cumulative reward obtained in the n first transition of the considered Markov chain
X. Since the process starts in state Xg, &, = Zz;é TX, Xpy.- Similarly let &, ) be reserved for
the cumulative (random) reward, obtained from the mth up to the mth transition (obviously, &, =
TXo,X1 +&(1,n), We tacitly assume that &(; ) starts in state X;).

In this note, we assume that the stream of rewards generated by the Markov processes is evaluated by
an exponential utility function (so-called risk-sensitive models) with a given risk sensitivity coefficient.

To this end, let us consider an exponential utility function, say @”(-), i.e. a separable utility function
with constant risk sensitivity v € R. Then the utility assigned to the (random) outcome £ is given by

sign ) exp , if 0, risk-sensitive case,
qﬂ(g)::{ (sign 7) exp(7¢), if v # Q)

¢ fory=0 risk-neutral case.
Obviously @7 (-) is continuous and strictly increasing. For v>0 (risk averse case) @”(+) is convex, if v<0
(risk seeking case) @”(-) is concave. Finally if v =0 (risk neutral case) @?(-) is linear. Observe that

exponential utility function @?(-) is separable and multiplicative if the risk sensitivity v # 0 and additive
for v = 0. In particular, we have u” (£ +&2) = u?(&1) - u¥ (&) if v # 0 and w7 (&1 +&2) = & + & for v = 0.

Moreover, recall that the certainty equivalent corresponding to &, say Z7(§), is given by
w'(Z7(€)) =E[a"(¢)] (the symbol E is reserved for expectation). (2)

From (1), (2) we can immediately conclude that

~I In{E u" , if 0
26 = { 7 In{E W ()} v # )
E[¢] for v = 0.

Considering Markov decision process X, then if the process starts in state ¢, i.e. Xg = ¢ and policy
m = (f") is followed, for the expectation of utility assigned to (cumulative) random reward &,, obtained
in the n first transitions we get by (1)

(sign v) ET exp(v&y,), if v #0, risk-sensitive case

Era’ (&) ;:{ (4)

ETE, fory=0 risk-neutral case.
In what follows let
Ur(y,n) =Ef@"(&),  Ul(v,n)=E] exp(v€a),  Vi"(n) :=EJ & (5)
2 Risk-Neutral Optimality in Markov Processes
In this section we focus attention primarily on so called unichain models, i.e. when the underlying Markov

chain contains a single class of recurrent states. Then on introducing for arbitrary g,w; € R (4,5 € 7)
the discrepancy function (cf. [8])

Gij(w,g) :==rij —w; +w; — g (6)
we can easily verify the following identity:
n—1
& = ng+wx, —wx, + Y Bxx0 (W, 9)- (7)
k=0

For the risk-neutral models (i.e. if the risk sensitivity coefficient v = 0, and u?(§) = &) we can conclude:

If the process starts in state ¢ and policy m = (f™) is followed then for the expected (undiscounted)
total reward V™(n) := ET &, we immediately get by (7)

n—1

Vi(n) = ng—&-wi-l—E?{Zcﬁxk,ka(mg)—wxn}, where (8)
k=0

n—1

E?Z¢Xk7Xk+1(w7g) = zpw fi{#ii(w, g) Z Xy, X (W, 9)} (9)
k=1

k=0 Jj€ET



It is well-known from the dynamic programming literature (cf. e.g. [1, 6, 9, 10]) that
If there exists state igp € Z that is accessible from any state ¢ € Z for every f € F then (*)

(i) For every f € F the resulting transition probability matrix P(f) is unichain (i.e. P(f) has no two
disjoint closed sets),

(ii) For every f € F there exist numbers g(f), and w;(f),? € Z (unique up to additive constant) such
that

wi(f)+g(f) = Zpij(fi)[rij +w;(f)], (iel) (10)
> i (fi) Giw,g) =0 i Gij(w,g) = rij —wi(f) +w;(f) — g(f).

JET

(iii) There exists decision ferF (resp. f* € F) along with numbers g, (resp. ¢*), w;,i € Z (resp.
w},i € ) (unique up to additive constant) such that

@i+§ = min Zpij(a)[ﬂfrwy > pii(f)lrij + ), (11)
JjeL JjET
ei(f, f) = Zpij(f)[rij + ;] —; — g >0 with ¢;(f, f) =0, (12)
jeT
resp.
wi+g° = %%fzpij(a)[ﬂj +wi] =Y i (F7)ry +wjl, (13)
JE JET
ei(f, [7) = Zpij(f)[rij +wi] —w; —g* <0 with ¢;(f*, f*)=0. (14)
jeT

From (8),(10),(12),(14) we immediately get that § < g(f) < g*, and
V¥ (n) = ng + w; — E iy, V™ (n) = ng* +wi —ET w. (15)

Hence for stationary policy m ~ ( f) and arbitrary policy m = (")

. 1 s o . 1 T oA . . s ]' 7Tn n £ —
Jim V() = lim ~V7(n)=g if andonlyif lim ~E] l;)goxk(f .f)=o. (16)
1 1 =
nlgr;o ﬁVzﬂ (n) = nlgrgo ﬁVzﬂ(n) =g* if and only if nh%rrolo EE? ];)@Xk (f", f)y=0. (17)

Remark. For the general multichain models it is necessary to modify @; ;(w, g) such that @; ;(w,g) :=
rij —w; +w; — g; and introduce ; ;(g) := g; — g;- Then (7) is replaced by

n—1

fn = Nngx, +wx, —wx, + Z |:(’I’L -1- k)/‘EXk,Xk-H (g) + @Xk,Xk+l(w7g)i| (18)
k=0
and (8) reads (see [12], [13])
n—1
Vi) = ngitwi+ EY (0= 1= B)0x,x (9) + Exxin (w,9)] —wx, b (19)
k=0

Then (10) should be completed with >, 7 pi;(fi)[g;(f) — g:(f)] = 0 and considered in the form w;(f) +

9i(f) = > ez pij(fi)lriy + w;(f)]. Similarly optimal policy 7 ~ (f), ™ ~ (f*) must fulfil
min y_pij(@)g; = 6 = D _pi(F)lg; — 6, maxd piy(a)le; — 671 =D _pi(F)le; — 0] (20)
‘jez JET jeT Jje€T

and in (11) (resp. in (13)) minimization (resp. maximization) of a € A; should be considered only for
a € A; C A; fulfilling (20). Then, if the action set is finite it is guaranteed that for sufficiently large n

(n -1- k)/(/;Xkan+1(g) + @ngxk-f-l ('UA)».@) <0 (resp. (n -1- k)/(/;Xkan+1(g*) + @ngxk+1 (w*vg*) > 0)



3 Risk-Sensitive Optimality in Unichain Markov Processes

Similarly to risk-neutral models we get by (5), (6), (7) for the risk-sensitive case

n—1
"/[)Z:O Pxp Xpyy (W, 9)—wx,, ]

UT(y,n) = enotwil y ETe (21)
Now observe that
n—1
E;TE’Y Z X Xjpq (0,9) _ ZPU e"/[rzj—wr‘ruu 9l « E771 g Z Pk X (19) (22)
JET

e (w,9) poj (w.9)

% Gx,., w,g mt1 Y ADX X w,g
E;T {e W2 P X Xpe |Xm _ j} _ ij,e(f}") efy[rj,[—wj-s-wg—g] « Ez- e B ko Xk+1 (23)

e

In analogy with the risk-neutral case if stationary policy 7 ~ (f) is followed, we are looking for numbers
g,wj’s such that >, 7 pi;(fi)e7® (9w) = 1 and for stationary policy with maximal/minimal value of
g(f). To this end we consider the following sets of linear and nonlinear equations

g +wi ()] Zp” ) eriatws (Nl (j e 7) (24)
JET
Yo" +w] — rigtwil Yg+di] — Vrig+dsl (e )
e r}lea]}__(ﬁz;p” [§ € mlnjez;ng fz € ('L € ) ( 5)

for the values g(f), g, g%, wi(f), w}, @; (i = 1,...,N); obviously, these values depend on the selected
risk sensitivity 7. Egs. (25) can be called the v-average reward/cost optimality equation. In particular, if
v} 0 using the Taylor expansion by (24), resp. (25), we have

9(f) +wi(f) =D pij(fi) [eij +w;( )], resp. g+ w; = %igzpij(fi) [ci,j + W]
JET JET
that well corresponds to (11).

On introducing the new variables v (f) := "% (/)| p(f) := €79) and on replacing transition probabil-
ities p;;(fi)’s by general nonnegative numbers defined by g;;(f;) := pi; (fi) - €7 (24) can be alternatively
written as the following set of equations

p(Noif) = D au(f)v(f) (eI) (26)
JET
and (25) can be rewritten as the following sets of nonlinear equations (here @; := €¥%i, vf = ¥,
pim e, p*ime0)
prv; _maXZ%] (fi)v a po; = manq” (fi)o; (i€I) (27)
JjET JET

called y-average reward/cost optimality equation in multiplicative form.

For what follows it is convenient to consider (26), (27) in matrix form. To this end we introduce (cf.
[5]) N x N matrix Q(f) = [¢i;(fi)] with spectral radius (Perron eigenvalue) p(f) along with its right
Perron eigenvector v(f) = [v;(f)], and right Perron eigenvectors v(f*) = v* = [v¥], v(f) = © = [#;]. Then
(26),(27) can be written in matrix form as

p(fv(f) =Q(fv(f), pv" =max Q(f)v*,  Ho =min Q(f). (28)

feF feF

Recall that vectorial maximum and minimum in (28) should be considered componentwise and o, v*
are unique up to multiplicative constant. Furthermore, if the transition probability matrix P(f) is
irreducible then also Q(f) is irreducible and the right Perron eigenvector v(f) can be selected strictly
positive. Unfortunately, if P(f) is unichain in contrast to condition (*) to guarantee that v(f) can be
selected strictly positive it is necessary to assume existence of state



ip € T accessible from any state i € Z for every f € F that belongs to the basic class' of Q(f). (*x)
If condition (xx) is fulfilled it can be shown (cf. [15], [16]) that

(i) In (28) eigenvectors v(f), 0, v* can be selected strictly positive and p*, resp. p, is the maximum,
resp. minimum, Perron eigenvalue of the matrix family {Q(f), f € F}.

(ii) From (3),(21),(22), (24) we immediately get for stationary policy = ~ (f) that

1
U (7, n) = emaDtwilH] o Ererwx, (), ZT (y,n) = = InU (v, n).
v

Similarly, for the mean value of the certainty equivalent for stationary policies 7 ~ ( f ), ™ ~ (f*), and
an arbitrary policy 7 = (f™) we get

1 1
lim —Z7(vy,n) =g¢*, resp. lim —Z7(y,n) =g if and only if

n—oo N n—oo Mn

n—1 n—1
’YkEO ‘Z’xk,:ck+1(w*vg*) ’YkZD @xk,mk+1(7bvg)

1 1
lim —In[ET e ]=0, resp. lim —In[ETe

n—oo N n—oo M

]=0. (29)

In particular, for unichain models condition (xx) is fulfilled if this risk sensitive coefficient v is sufficiently
close to zero (cf. [3, 4, 15]). Finding solution of (28) can be performed by policy or value iteration.
Details can be found e.g. in [2, 3, 7, 14, 15, 16].

4 Risk-Sensitive Optimality in Multichain Markov Processes

To begin with, recall that a (reducible) nonnegative matrix Q(f), f € F has only nonnegative (not
necessary positive) right Perron eigenvectors. Then (cf. [11, 14, 15, 17, 18])

i) On suitably permuting rows and corresponding columns each Q(f), f € F can be written in block-
triangular form such that its (possible reducible) diagonal blocks of Q(f), say Qi (f), are the biggest
submatrices of Q(f) with strictly positive right Perron eigenvectors, i.e. for Q;(f), the ith diagonal
block of Q(f) and for the corresponding (strictly positive) right Perron eigenvector o;(f) it holds

pi(f)vi(f) = Qui(f)vi(f), where v;(f) >0 and pi—1(f) < pi(f) < pit1(f)- (30)

Considering diagonal blocks Q;—1,-1(f) and Q;;(f) where p,—1(f) = p;i(f) accessibility of basic classes
of Qi—1,—1(f) and Q;;(f) is of great importance.

i) Considering the set of nonnegative matrices Q(f), f € F (i.e. is a family of nonnegative matri-
ces fulfilling the “product property”) it is possible to construct (using policy iteration algorithms) the

matrix Q(f) (resp. Q(f*) whose diagonal blocks are the biggest submatrices with positive right Perron
eigenvectors and minimum (resp. maximum) possible spectral radii of the set Q(f), f € F. In particular:

There exist f© = f, f* € F such that the matrix

Qll(fQ) QlQ(fQ) le(fQ)

0 20 (fO) . Qu(f°
P B R S N

0 0 e Qu(f9)

induces the basic partition of the state space Z, such that for f© = f, frferF
I=T(fO)YUL(fO)U...UZ(f®), where Z(f°)NZ;(fO)=0 for i#j,

and in (31) elements of the Q;;(f®) are labelled from Z;(f®).
Furthermore, on keeping the basic partition given by Q(f*) then Q;;(f*) =0 for all j < i and
pi(f)vi(f*) = Qui(f*) vi(f7) 2 Qui(f) vi(f7), where v;(f*) >0 and p;1(f*) < pi(f*) < pira(f7)i with
pi(f*) = pi+1(f™) if and only if each basic class of Q;;(f*) has access to some basic class of  Q;41,i+1(f).
On considering submatrices Q;;(f) with elements from Z;( f©) we can apply results of Section 3 to Q;;(f).

L(i.e. irreducible class with spectral radius equal to the Perron eigenvalue of Q(f))
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Conclusions

In this note necessary and sufficient optimality conditions for discrete time Markov decision chains are
obtained along with equations for average optimal policies both for risk-neutral and risk-sensitive models.
Our analysis is mostly restricted to unichain models, and for the risk-sensitive case some additional
assumptions are made. If no such assumptions are made, it is indicated how to handle this problem by
partition of the state space into suitable classes that inherit from properties of unichain models. Some
further results in this direction can be found in [11, 14, 15, 17, 18].
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