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Abstract We design a new mesoscopic thin-film model for shape-memory materials which takes into account
thermomechanical effects. Starting from a microscopic thermodynamical bulk model, we guide the reader
through a suitable dimension reduction procedure followed by a scale transition valid for specimen large in
area up to a limiting model which describes microstructure by means of parametrized measures. All our models
obey the second law of thermodynamics and possess suitable weak solutions. This is shown for the resulting
thin-film models by making the procedure described above mathematically rigorous. The main emphasis is,
thus, put on modeling and mathematical treatment of joint interactions of mechanical and thermal effects
accompanying phase transitions and on reduction in specimen dimensions and transition of material scales.

Keywords Dimension reduction problems - Shape-memory alloys - Parameterized measures -
Thermomechanics
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1 Introduction

Shape-memory alloys (SMAs) belong to the group of so-called smart materials owing to their outstand-
ing response to thermal and/or mechanical loads. In particular, they exhibit the shape-memory effect related
to recovery from deformation by heat supply. The remarkable behavior of SMAs is due to a diffusionless
solid-to-solid phase transition (martensitic transformation) characterized by a change in the crystal lattice; in
particular, the specimen can transit from a phase of higher symmetry of the crystal lattice, called austenite, to
a phase with a less symmetric lattice, referred to as martensite. Martensite exists in many symmetry-related
variants. Hence, the aforementioned phase transition is often accompanied by fast spatial oscillations of the
deformation gradient in martensite, the so-called microstructure. A SMA specimen can, then, by restructuring
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this microstructure (sometimes referred to as reorientation) compensate mechanical loads, which is a key
ingredient for its thermomechanical response.

Due to their particular multiscale character, when changes of the crystal lattice lead to extra-ordinary
response on macroscale, SMAs have been in the scope of research of physicists, mathematicians and engineers
for the last decades, cf. the monographs [10, 18,27,37,40] for example. In particular, developing reliable models
on various time and length scales as well as surpassing scales is still a big challenge to these communities [39].

Models of the behavior of SMAs then serve for experiment interpretation or when tailoring SMA samples
to a specific application area like to surgical tools or stents (for which SMAs are already widely used nowa-
days [21]); cf. [46] also for other applications. Thus, a large number of models has been developed for specific
scales and/or loading regimes, see, e.g., [44] for a survey.

Within this contribution, we consider only continuum-mechanics-based models operating on the single-
crystalline level. Following [44], such models can be divided into microscopic and mesoscopic ones; the crucial
difference is that microscopic models operate on the scale of several um’s and record fully the oscillations
of the deformation gradient while mesoscopic models record only asymptotics of fine oscillations, e.g., in
terms of Young measures generated by gradients (cf. [29]) and are suited for laboratory-sized specimen. Even
though, as mentioned, the modeling effort has been large in the past decades, a model for single-crystalline
SMAs on the mesoscopic scale that would reflect the thermomechanically coupled nature of SMAs has been
proposed only very recently [8].

The main goal of this contribution is to adapt the aforementioned model [8] to the special geometry of thin
films. Indeed, this adaptation is of importance since thin-film specimens are widely used for their microactuator
behavior in micro-electro-mechanical (MEMS) devices as they are able to form, under certain circumstances,
tents and tunnels [11,19,36]. They profit from the fact that the sizes of these components can be reduced
significantly without affecting their functionality that, as explained above, stems merely from crystallographic
changes; hence, actuators from SMAs possess a significant power—weight ratio [38].

Dimension reduction, i.e., the rigorous limit procedure when one dimension of the specimen becomes
negligible, forms an important tool for obtaining models for the thin-film geometry. In the context of SMAs,
this 3D-2D dimension reduction has been performed in the static case; see [11] for the static analysis on the
micro- or [31] on the macro-scale (the transition from the first to the latter was shown by Shu [38][48]), or on
a purely mesoscopic level [3,15,25,32]; similar procedures are used also in the context of multimaterials [9].
A general framework in rate-independent evolutionary system has been analysed in [34]. Nevertheless, a
dimension reduction in the evolutionary mesoscopic model capturing thermomechanical coupling is, to our
best knowledge, still missing in the literature.

Thus, we fill this gap by rigorously deriving a thin-film model in the thermomechanically coupled setting. To
reach this goal, we propose (see Sect. 2) atwo-step procedure: starting from the microscopic thermodynamically
consistent hyperelastic bulk model [8], we perform the dimension reduction and then we upscale to a mesoscopic
model.

This paper is structured as follows. First, in Sect. 2, we review bulk and thin-film microscopic models
which are a starting point of our consideration and which furnish us with ingredients needed for the limiting
mesoscopic one. Then, in Sect. 3, we review the existence of a suitably defined weak solution to the microscopic
model and, in Sect. 4, we pass to a thin-film limiting model as the material thickness goes to zero. Finally,
Sect. 5 is devoted to the existence of a weak solution to a mesoscopic model stemming from the microscopic
one by omitting surface energy terms.

2 Considered models and captured effects

In this section, let us shortly introduce the models considered in this contribution and highlight the main effects
they capture. As mentioned, the goal of this contribution is to develop a mesoscopic, thermomechanically
coupled model in the thin-film geometry. In order to achieve this, we perform the following two-step limiting
procedure

Microscopic bulk model — Microscopic thin-film model — Mesoscopic thin-film model,

i.e., we consider a thermomechanically coupled model for bulk SMAs that fully resolves the microstructure
and let one dimension of the specimen vanish in the first step. Thus, we obtain a thin-film model that is
again thermomechanically coupled and fully resolves the microstructure (microscopic thin-film model). In this
model, we perform then the upscaling for thin films large in area to obtain the mesoscopic thin-film model.
This sequence of reasoning is kept throughout the article.
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One might also consider following another path, namely, to pass first to a mesoscopic bulk model and
then perform the dimension reduction. However, as argued in [17], in the case of ferromagnetics, mesoscopic
models form a good approximation of the microscopic ones when the size of the specimen becomes in all
directions much larger than the size of the associated microstructure. On the other hand, during the dimension
reduction procedure, the size of the specimen in a certain direction converges to zero becoming thus less and
less dominant over the microstructure size.

Therefore, we consider the former path—dimension reduction followed by scale transition—physically
more appropriate. One might still want to consider, e.g., a joint limiting procedure as in [15]. There is no
indication the two different approaches should yield the same result.

Our analysis is restricted to single-crystal materials as in [11]. Although shape-memory thin films are
typically polycrystals, single-crystal films have as well been produced [20,50]. Nevertheless, we believe that
our model can be extended to polycrystals; however, various scaling limits depending on the aspect ratio
between film thickness and grain size [48] would make the analysis much more complicated; therefore, we
refrain from this scenario here.

2.1 Microscopic bulk model

The starting point of our analysis shall be a microscopic bulk model, analogous to [8], defined in the framework
of generalized standard materials, cf. [28]. Take £2, C R3 (the reference configuration of the body), ¢ > 0,
such that

2 =wx (0,e) forsome w C R?, (D

as usual in dimension reduction problems; here w, the plane of the film is a bounded Lipschitz domain in the
(x1, x2) plane with disjoint boundary segments yp U yn UN = dw, where yp is the part of the boundary where
Dirichlet boundary condition is prescribed, on yN, we demand a Neumann boundary conditions and N is a
null set; moreover, ¢ is the thickness measure of the body. Furthermore, time ¢ € [0, T'] shall be considered on
a finite time horizon 0 < 7" < +o00, and we denote Q, := [0, T'] x §2, the space-time cylinder, its boundary
X¢:=10,T] x 082, while XY := [0, T] x I{ for I{ := yn x (0, &); X and I} analogously.

In what follows, y(t): 2, — R3 will denote the deformation of 2, at each time instant 7 € [0, T']. The
set of state variables further includes the temperatured : Q. — R and an internal variable, namely, a vectorial
phase field \ : Q. — RM+1 that, up to small mismatch, corresponds to the vector of volume fractions of the
variants of martensite and/or the austenite phase. Indeed, when assuming that the considered material can exist
in M e N variants of martensite, together with the austenite, we have possible M + 1 states of the specimen.
Hence, we may introduce . : R3*3 — RM+1 a continuous, frame-indifferent (i.e., Z(F) = Z(RF) for
every R € SO(3) and every F € R3*3), bounded mapping such that

volume fraction of the i-th variant of martensite ifi < M,
volume fraction of austenite ifi =M+ 1,

ZL(Vy)i = [
e.g., Z(-); can be chosen such that it equals one near the respective well and vanishes far from it [30]. We
then assume that A ~ Z(Vy), the size of the mismatch is controlled by the penalty term in (2). Moreover,
we follow the modeling assumption that the evolution of the internal variable leads to energy dissipation (so,
indirectly, change of the ratio of the martensitic variants and/or austenite phase leads to dissipation).

Within the framework of generalized standard solids, we have to constitutively define two potentials: the
Gibbs free energy ¢¢ and a dissipation potential ,@; (the two parameters denote the dependence on both
the bulk thickness ¢ and the parameter 1 governing microscopic effects). Here, we confine ourselves to the
following forms of the two potentials:

%,f(t,y,)»,@)=/H(Vy,k,@)dx—/f(t)~ydx—/g(t)~de
¢ ¢ e

N

Helmbholtz free energy external loading

1 (IV2V 13 g, 3308, HIVAI 2 g cgnn) ) 6 A= LN g iy @)

interfacial energy penalty term
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following [22,42], we propose the following partially linearized ansatz
H(F,%,0) := W(F)+Z@®)+ (0 —)a-r, YF R 1eRM 950, 3)

where 6, > 0 is the temperature at which austenite and martensite are energetically equal, W is the purely
mechanic part of the Helmholtz free energy, Z purely thermal part and a := (0, 0, ..., 0, —sy;) " with s being
a specific transformation entropy, which corresponds, roughly, to the Clausius—Clapeyron constant multiplied
by the transformation strain, cf. [4,30]. Also, the transformation entropy is proportional to the latent heat. Let
us note that the thermomechanical coupling term is the leading order in the chemical energy [49].

The range of temperatures where such an approximation holds has to be determined for the particular SMAs
individually as it is, as mentioned in [49], essentially given by the ratio of the difference in heat capacities
between austenite and martensite and the transformation entropy—the latter being commonly much larger.

When choosing W of a multi-well character with the individual wells manifesting the variants of martensite
and the austenitic phase, this choice allows the model to predict the formation of microstructure, or in other
words, oscillations of the deformation gradient. Now, as the interfacial energy in (2) (the form is chosen
following, e.g., [10,37]) has a compactifying effect, the size of the microstructure is controlled by /7.

To see how does this thermomechanical coupling induces the shape-memory effect, let us begin at high
temperature 6 > 6. This means that [(0 — 6 )a]y+1 < 0, namely, to achieve the smallest Gibbs energy, the
material will prefer to reside in the austenite phase. At the transformation temperature 6 = 6y, as W is presumed
to have equally deep wells, there is no energetic distinction between the different phases. And analogously, for
low temperatures, 6 < 6y, the austenite yields a positive contribution to the overall energy through the coupling
term, therefore the zero-coupling-energy contributor martensitic phases, recall that a := (0,0, ..., 0, —s[r)T,
will be given priority in the lattice.

We remark that the interfacial energy term for the volume fraction || VA||2

L2(2¢:RM+1D)x3
in modeling of SMA, see for example [26, Sect. 13.6] or [33] even though o(ther terms gllowing for sharp
interfaces between variants can be found in an isothermal setting, e.g., in [4,5].

Note that the W12 penalization term relaxes the pointwise constraint A = .#(Vy), the Lagrange multiplier
k > 0 considered constant all through, making the mathematical analysis feasible (e.g., an L?-penalty would
require in the weak formulation of the flow rule an L>-estimate for V2, what we do not have at hand).

The dissipation potential is chosen in the form

is fairly standard

. o . .
Ay (¥, 1) =/77|Vy'| + ;I?»Iq +85(1) dx, “)
¢

with real constants @ > 0 and ¢ > 2, the dot standing for h = %. The last term 8§(X), the Legendre—Fenchel

conjugate of the indicator function of a bounded convex neighborhood S of the origin 0 € RM*! s considered
1-homogeneous (to capture dissipation due to rate-independent processes—considered dominant) and non-
smooth at §5(0) (to assure that the change of the phase variable—and, in particular, also the martensite/austenite
transition—is an activated process). The term % |74 corresponds to dissipation due to rate-dependent processes
and, in fact, is included mostly for mathematical convenience although models featuring rate dependent dissi-
pation were, at least in the pollyerstatline care, derined recently[13] . Indeed, heat conduction is the dominant
cause of rate-dependent effects when the loading frequency is small enough so that we can neglect inertia;
cf. Remark 1. So, we consider « sufficiently small so that the rate-dependent term only yields integrability of
A that is needed but does not dominantly contribute to the overall evolution. Finally, the term 7|V y| models
pinning effects, cf. [1], which will vanish on the mesoscopic scale. The chosen, rate-independent, form of the
dissipation potential is a modeling issue which is analytically convenient in our situation.

The evolution of the state variables is then standardly [28], in quasistatic approximation, governed by the
following inclusions accompanied with the balance of the entropy s:

032,(9, 1) + 3,4, (1, . %, 0) 30, (5a)
0, %y (3. 1) + 8,9, (t, ¥, %, 0) 3 0, (5b)
L o . w0 . .
05 + div j =a(5|w +5S(,\)),\+n|vy|. (5¢)

In the last equation, j stands for the heat flux and shall be assumed to be governed by the Fourier law, i.e.,
Jj = —K(a, 0) VO with K being the heat conductivity tensor. Moreover, 9 is the convex sub-differential which
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we used in (5a) only formally (since %,f (t, vy, A, 0) is not convex). We shall give a rigorous weak formulation
of the system (5) in Sect. 3—here, for highlighting ideas, we believe the formal system is sufficient.

Remark 1 (Quasistatic approximation) The quasistatic approximation considered here is motivated by speed
of propagation of the austenite/martensite interface in CuAINi measured in [47]. In thermal gradient, the speed
may be as slow as 1073 ms™! which is significantly less than the characteristic speed of wave propagation
being around the order 103 ms~!. Since the interface propagation is connected to temperature changes, and
thus to heat conduction, we include it in our model. On the other hand, we assume that the loading frequency
of the specimen is sufficiently low so that inertial effects may be neglected.

Remark 2 (Boundary conditions) The system (5), of course, needs to be furnished with appropriate boundary
conditions. As it turns out, this is rather nontrivial due to the fact that we included the second gradients in the
Gibbs free energy through its interfacial part. Due to this fact, we have to work in the context of so-called
non-simple continua where boundary conditions have to be prescribed with special care (see e.g., [43]). We
shall, thus, assume that the boundary conditions for (5a) in the strong formulation are such that they “vanish”
in weak formulation. The entropy equation (5c) is, nonetheless, furnished by Robin-type boundary conditions,
cf. Sect. 3.

To summarize, the system (5) records formation of microstructure of finite width in martensite as well as
its dissipative evolution that is linked to thermal effects, in particular, the shape-memory effect (i.e., recovery
from deformation by heat supply) is captured; also, an “inverse” effect is included in the model, namely, the
heating/cooling of the specimen during martensitic transformation—since the latent heat in SMAs is typically
larger than dissipative effects, the mentioned cooling can indeed be observed [49].

2.2 Microscopic thin-film model

Now when ¢ — 0 in the potentials (2)—(4), we obtain (after suitable rescaling and a careful limit procedure
exposed in Sect. 3) the following “thin-film Gibbs free energy and dissipation potential”

gn(t,y,b,)\ve)z/c%ﬂ(vp)’vb,)we)dzp_/fo(t)dep_/gO(t)dep
13} w YN

in-plane Helmholtz free energy external force acting in-plane

2
+ n (”V]Z)y”iZ(w;Rbed) + 2 vab”L2(w;R3><2) + ||Vp)"”i2(w;]R(M+l)x2))

interfacial energy
2
tK ”)L B .Z(prw) “ W12 (p;RM+1) (6a)

penalty term

where J2(Vpy, b, A,0) = W(V,y|b) + Z(0) + (0 — Oy)a - A, and

o L. o - .
Iy (y, b, ) =/77|(pr|/9)| + 5|)»|q +85(0) dzp. (6b)

w

So, the potentials (6a) and (6b) are analogous to (2) and (4) but operate only on the two-dimensional domain
w, and, following [11], we obtained a further state variable b that refers to the Cosserat vector and measures
the deformation of the cross section of the thin film. All state variables y, b, A and 6 in (6a) will be shown
to be independent of the third variable x3, likewise the external forces: f 0, x1,x2) = f(, x1,x2,0), go(t)
analogously. Consistently, we introduced V,, the in-plane gradient, more precisely,

(Vpu)l.j = Ju;/dx; foranyu:w — RYandi=1,...,3and j = 1,2; @)

also a point (x1, x2, x3) € §2, consists of an in-plane x, = (x1, x2) and a normal component x3. Lastly, we
introduce the notation (F|z) € R3*3 if F € R3*? and z € R is the last column of the matrix.
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With the definition of the two needed potentials at hand, we have the evolution of the thin-film specimen
governed by the following system analogous to (5)

85,5 %n (3. b, 1) + By %y (2. ¥, b, 1, 0) 3 0, (82)
& By (3, b, 3) + 83,%,(t, y,b, 1, 0) 30, (8b)

o . . . .
05 +divj =29 (Em" + Sié(k)) A+ n|(V,310)]. (8¢)

Since the structure of the model is inherited from the bulk model, its main features are analogous to the
ones highlighted in the previous subsection.

2.3 Mesoscopic thin-film model

For thin films of large area passing to the limit,  — 0 is justified by scaling arguments similar to [8,17];
this limit is sometimes referred to as relaxation.

In such a case, the interfacial energy vanishes and so the microstructure—or, in other words, oscillations of
the deformation gradient—become “infinitely fine”; therefore, we need a suitable mathematical tool to capture
this phenomenon. To this end, we employ here the so-called gradient Young measure v € ¢ IlfD (£22: R?*3) which
we shortly introduce in Sect. 5; at this point, it is sufficient to think of them as representatives of the “infinitely
fine” microstructure. We use the operator “e” to indicate an application of the (gradient) Young measure on
its dual, a continuous function with appropriate growth at infinity. For the precise defination see Sect. 5.

In the thin-film geometry, also the Cosserat vector can form fast spatial oscillations additionally to the
deformation gradient. This is caused by the fact that a thin film can form an accordion-like structure; if the
area of the thin film approaches infinity, also the piling up of the film into the accordion-like structure may
become infinitely fine causing again “infinitely fast” oscillations of the Cosserat vector. We capture these by
introducing the Young measure u € %f’ (2:R3).

After passing n — 0, the Gibbs free energy will read as

G(t,y,v, 14, 1, 0) = / We(v., i) + Z(0) + (8 — A)a- (1) dzp + K14 — Lo, I3, 1 2 moms)
w

mismatch term

(relaxed) Helmholtz free energy

- / £ - ydz, / (1) - ydS,, ©

YN

external forces

here we denoted Vy = idev;  fora.a. z, € w the “average deformation” induced by the microstructure. Notice
that the interfacial energy is missing now. Similarly, we scale pinning effects in the dissipation potential to
zero and obtain

%0 =/g|)\|q + 8500 dzp.

Again, the evolution of the state variables is governed by the following set of equations/inclusions:

A @ (L, y, v, 1, 1, 0) 30, (10a)
BRAM) + 3G, y,v, 10, A, 0) 30, (10b)
05 +divj =9 (qu + 3;0\)) i (10¢)

q

In this system, in particular, (10a) is merely a formal inclusion since the set of gradient Young measures is
not convex; therefore, the (convex) subdifferential loses sense here. However, we shall formulate (10a) later,
in Sect. 5, via a minimization problem which will, additionally, capture the standard assumption in quasistatic
processes that the Gibbs free energy is minimized in every ¢ € [0, T'].
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Lastly, let us note that this mesoscopic model does predict several geometric properties of the microstructure,
on the other side, the width of the microstructure is not captured anymore. In this approximation, it is so fine
that it becomes a characteristic of a single material point—in accord with our intentions with the upscaling.
Still, all the important effects stemming from the interplay of formation of microstructure, dissipation and heat
conduction in the specimen remain included.

3 Analysis of the microscopic bulk model

Let us now review the weak formulation of (5) and a proof of existence of weak solutions following [7,8,42].
We start with some preparatory paragraphs introducing the necessary notation and the so-called enthalpy
transformation that will come in handy for the analysis performed later.

To perform the latter, we first transform the entropy equation (5¢) into a heat equation by employing the
standard Gibbs relation s = —Hy; thus getting

ey(0)6 — div (K(x, 0)VE) = ~ |49 + 85() + 1| V| + 6a - &, (11)
q

where ¢y () = —6 Hyy, is the specific heat capacity. Note that the adiabatic term +6 a-A results from the proposed
thermomechanical coupling and leads (as already announced) to heating/cooling during phase transition which
is actually dominant over the dissipated energy transformed to heat, as observed in experiments [49].

Reformulating this heat Eq. (11) through the enthalpy transformation (cf. [42], for example) by introducing
the enthalpy w through

0
w=¢y(0) = /cv(r) dr, (12)
0
one arrives to the relation
W — div (# (A, w)Vw) = a|il? + 85R) + VY| + O(w)a - A, (13)
where
o1 = i K, ®
O(w) = ¢ (w) =90, ifw 2.0’ , and 7 (\,w):= —( (w)).
0, otherwise cy (O (w))

We refer to (13) as the enthalpy equation; notice that this will be more convenient for our analysis since the
time derivative is not multiplied by the specific heat capacity anymore. Let us stress that in more complicated
situations—when we do not have the partially linearized ansatz (3) for the Helmholtz free energy—it requires
more care to perform the enthalpy transformation (12), cf. [45].

Let us consider the following Robin boundary condition for (13)

(L, w)Vw) - n+bO(w) = bbex,  on X°,

for b, Bex¢ € R a given heat transfer coefficient, 6.5 a given external temperature; cf. [8].
As far as additional notation is concerned, we will use Q5f7 for the “deformation-related” part of the Gibbs
free energy

&2 (1, y(1), AD), O W (1)) = / WVy0) +0 V20| + 5 [VAT ) - Ly dx
2

—/f(t)~y(t)dx—/g(t)~y(t)d5,
2

N

since this is the only part of the energy that contributes to the semi-stability (14).
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Further, where it shall be obvious, we will denote the list of arguments of ¢ and &; at time 7 simply by
t, that is,

GE(D) =G, y(0). M0, OW®)),  GE(1) = B(1, y(1), A1), O(w(1))
Lastly,

G, v)e = / VA~ VA "y d
2

will stand for the inner product in W—12(2,; RM+1) ~ (Wol’z(.Qs; RM+1))* while Vary, (u; I x M) shall be
the time variation of a map u with respect to a continuous function # > 0, more precisely

n
Vary, (u; I x M) := sup [ Z/h(u(ti, x) —u(ti—1,x))dx:
i=1y;
for all partitions [#g, t,] = I, n € N, suchthatty <t <--- < tn};

we shall omit the space argument / x M incase I x M = Q.

3.1 Weak formulation

To define a suitable weak solution of the system (5), we shall call for the energetic solution concept (see
e.g., [35]) further adapted to combinations of rate-independent/rate-dependent processes in [42]. Let us note
that, for further convenience, we will explicitly express the dependence of the solutions on the parameters &
and 7 in their notation.

Definition 1 The triple (y7*, A%, w"?) belonging to
Y€ BV (O, T; Wh(2:: R) NLP0, T; W2 (2:; RY),
AE e W0, T; L9(26; RMTH) N L0, T; Wh2 (82, RMHDIy),
w' e L1, T: W (£2)),

satisfying the boundary condition y™¢(z, x) = 0 on X which is called a weak solution of the system (5) if
the following holds:

1. SEMI- STABILITY:
G <GE, 5. (@), O (1) + 1 / V3 — Vy™e ()| dx (14)
2

for all § € W22(£2,; R¥) such that §(x) = 0 on I and all ¢ € [0, T.
2. DEFORMATION- RELATED ENERGY EQUALITY:

T
B (T) — & (0) + nVar (Vy"*) = /[@5;];@) 2 (W — L(VYTE), W), dt (15)
0

3. FLOW RULE:

N

/216(()~’7"8 — Z(Vy"), v = i) di

0
K

+//((~)(w’7’8) — Op)a-(v — ATE) + 2n VATV 4+ glvl" + 85(v) dxdr
q
0 2

N
o . .
> VA ()72 g, musty = MIVATE O g s + / / glﬂ’giufﬁ;(k”’s)dxdr (16)
0 £,

for all test functions v € L9(0, T; L9(2,; RM+1)) n L0, T; W'2(£2,; RM+1)) and all s € [0, T'].
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4. ENTHALPY EQUATION:

/%(A”'g, wE)Vw™e . Ve—w™r dxdr + / bO (w™ ) dSdr

0. ye
:/(8§(i"’8)+a|i’7’8|‘1 +@(w”’g)a-i”ﬂ(dxdt—l—n/;%@”(dxdt)
O as
+/wg’€;(0) dx—l—/b@ext( dsdr (17)
2 xXe

forall ¢ € C! (@8) such that ¢(T) = 0; the Radon measure &' € 4 (ES), representing the heat
production stemming from the term |Vy| in (4), is defined for every closed set A = [¢, s] x B, where
[z,s] € [0, T]and B C 2, a Borel set, as

JON(A) = Var(Vy™?; [t, 5] X B).

5. INITIAL CONDITIONS: y7¢(0) = yg for some yo € W>%(£2,;R?) and A74(0) = Ao in £2s, A0 €
L9(2,; RM+L,

Remark 3 (Weak formulation of the flow rule (5b)) The weak formulation (16) is a standard weak formulation
of the differential inclusion (5b) together with a by parts integration in the term

S
// 2nVATE . (Vv — VAT®) dxdr

0 £

s
by parts
= / / 20VATE - Vo drdr — VA ) g sy + NIVAE O 2, 0 s,
0 £

Further, while standardly one would demand only that it holds for s = T', we require that the flow rule holds
forall s € [0, T]. Notice that if we did not perform the aforementioned by parts integration, both requirements
would be equivalent. Indeed, in such a case, taking a test function such that v = A"-¢ on (s, T'] would yield the
flow rule for any s € [0, T] if it were known for s = T.

Here, since we used by parts integration, the required weak formulation is a bit stronger which shall be
advantageous when performing the dimension reduction in Sect. 4.

Remark 4

(i) Note that the second law of thermodynamics holds, i.e., the entropy production will be non-negative, if
we can show that 67°¢ > 0 (when the assumed positive semi-definiteness of K holds).
(ii) Definition 1 is indeed selective, cf. [8].

3.2 Change of variables and rescaling

In order to prepare for the dimension reduction performed later, let us change variables in order to work on
the fixed domain £2 := 21 = w x (0, 1) by introducing new coordinates z: £2, — §2 as

z(x) = (21, 22, 23) = (X1, X2, x3/€)  Vx = (X1, X2, X3) € £2;. (18)

Subsequently, the scaled functionals (with unchanged notation)

1 1
g° = g%,f oz ! and Ry = ;@5 oz !, (19)
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in terms of the new variables read as

G0 = / W (Vi) +k VAT (075 (1) = 2V o)
2

2 1 1
+n(IV,2,y"’8(t)I2 + SV OF + S5 OF + 19,7 0 + 8—2|x7;(t)|2)

HOWTE (1) — b)a - APE() — f() - yE () dz — / () -yt (1) dS (202)
I'n
and
Ry (1 (1), A (1) = / n|Viy"t o] + gli’”(r)l" + 85 (A7) dz. (20b)
2

The scaling factor 1/e corresponds to the stiffness of the material (in linearized elasticity to the Lamé coeffi-
cients of order 1/¢).
Above, we denoted by Vg the scaled gradient, namely,

: )
~83
£

with the 3 x 2 planar component (V,g);; of the gradient, cf. (7), and (g 3); := dgx/0x3 fork =1, 2, 3.
The scaled inverse Laplace operator A7': L2(2; RM+1) — W2 (2; RM+1) stands for the relation
A7 'g = h whenever

Vég = (Vpg

/Véh(z) Vi) — g()¢(z)dz =0 1)
2

for all p € C*°(£2; ]RMH), 1.e., in the classical formulation
92h; N %h; 1 9%h;

3z dz3 &2 923

hi =0 ondf2, fori=1,...,M+1.

=g in§2, fori=1,....,M+1,

Also, we will keep the notation ((-, -))., defined as (f, g)e = f_Q V;A;lf . VéA;lg dz, for the scaled inner
product in wW=12(2).
In the same spirit, the transformed initial conditions shall be denoted as

y7(0, 2) = ¥0,6(2) := Yo(zp» £23),
A0, 2) = ho,e(2) = Ao(zp, £23), (22)
w'(0, 2) = wo,¢(2) == wo(zp, £23).

In view of (18)—(20), the transformation of Definition 1 of the weak solution is straightforward.

3.3 Data qualification and existence of weak solutions

Throughout the article, we shall use the following data qualifications:

(D1) Stored energy density: W : R3*3 — R is continuous and frame-indifferent, and there exist positive real
constants ¢1 and ¢; satisfying

ci(—=1+[A]") < W(A) < 21+ |A]P)

forsome2 < p <6andall A € R3x3,
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(D2) External forces:

FeWh®, T LV (2, R%), ge W™, T; L (I R%),

such that f o z7! and g o z~! (denoted again by f and g) are independent of the thickness &.
(D3) Phase distribution function: £ - R3*3 — R is continuous and bounded.
(D4) Specific heat capacity:cy: R — R is continuous and satisfies the growth

(1 4+0)571 < ¢y(0) < ea(1 + )52

for some real positive constants ¢y, ¢z and ¢’ < ¢; < ¢;. This assumption will be employed to prove
the strong convergence (41) for the temperature.

(D5) Heat conductivity tensor: # : R x R — R3*3 is continuous and there exist real positive constants &
and Z such that

HOuw) < B, x A wx = Elx
hold for all A, w € Rand all x € R3.
(D6) Initial and boundary data:
beL®(X%),b>0 and Oy € L(Z?), Oexe = 0,
yo € WH2(2,;R?), and  wp € L' (£2;) with 6y > 0,
and
ro € L9(2,; R+ is independent of x3.

Remark 5 Note that (D1) excludes the constraint on the Helmholtz free energy that W (F) — oo whenever
det(F) — 0, or, in the thin-film setting, whenever the normal of the thin film approaches zero. The results
of [2] would allow us to consider such a constraint in the static case when the Cosserat vector is minimized out.
Here, however, the interplay between the Cosserat vector and the film normal makes the situation considerably
more difficult, and results of [2] are not applicable. Let us also point to [6] for further results on Young measure
relaxation considering the non-interpenetration constraint.

To ease notation, we shall from now on use C as a generic constant possibly depending on the given data
but never on &, 1.

Proposition 1 (Existence of a bulk weak solution) Let (D1)—(D6) hold. Then, for every ¢ > 0, > 0 fixed,
there exists a weak solution of (5) in the spirit of Definition 1 such that the following a-priori estimates hold:

Y™ Ol gy o,7:wi1 2R3y < Cn™ (23a)
sup ||Véyn’€(t)||Lp(Q;R3x3) <C, (23b)
te[0,T]
1
sup || = ¥'53 (1) <Cn ', (23¢)
te[0,T1 11 €7 L2(£2;R3%3)
sup ([ Vi (1) |wrzgursxsy < Cn~ /2 (23d)
t€l0,T]
for the deformation,
1A\l Lao.7: La(2:mM+1y) < C, (24a)
sup (VLA (D)l 2(gupemsny < Cp~ /2 (24b)
1€[0,T] ’
for the phase field, and
||wn’8||L00(o,T;Ll(g)) <C, (25a)
5
IVew™ e o, 751 (25w < C(r) foranyr < T (25b)
D™ (0,7 (wheo(2yy) = € (25¢)

for the enthalpy.
Note that in (25¢) .# denotes the set of Radon measures.
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Proof The proof follows a rather standard procedure, cf. [7,8] or [42], of showing that the interpolants of a
particular discrete approximation converge to the sought bulk solution; therefore, a detailed proof is omitted.
Let us, however, sketch its main ingredients.

STEP 1: TIME DISCRETIZATION OF THE WEAK FORMULATION. Define the discrete weak solution of (5) at
timelevelk,k = 1,..., T/t,asatriple (y{, A}, wf) € W*2(22; R?) x L% (2; RM+1) x W1-2(£2) satisfying

1. TIME- INCREMENTAL MINIMIZATION PROBLEM:

Minimize 9 (1, y, %, © w))) + / T2 4+ nIV]y — VivE |
2

A — AT T |k — AT |4
+ 8% (#) + —|—*1 gz
T q T
subjectto (v, 1) € W>2(2; R?) x L% (2; RM+1),
y(z) =0 forze Ip. (26)

2. ENTHALPY EQUATION:

wr — w?
/% + A, wi)Viw - v;;dz+/b,§(~)(w;)g — bl fex £ S
2 982

)\“[ _ X‘L’_ )\’I _ )\"E_ q V/y‘[ _ V/y‘r_ )\'I _ )\"[_
:/8;(ktk1)§+ak kl§+‘ak akl'g_i_@(w;)a'(ktkl);dz
Q
forall . € Wh2(£2).
3. INITIAL CONDITIONS:
Yo = Y0.es Ay =My  wWH=wh, ae. in g2,

where b7, A ., w( . are suitable approximations of the original data (D6).

Notice the added regularization term |, 0T |A|?7 dz allows for a rather standard proof of existence of a discrete
weak solution but vanishes as T — 0. Details are to be found, e.g., in [7].

STEP 2: A- PRIORI ESTIMATES. Let us outline the proof of the a-priori estimates (23)—(25) merely heuristically,
on the continuum level instead of the discrete setting, where a rigorous proof would follow the same ideas but
be technically more demanding, cf. [7] again.

First, from the energy equality (15) integrated only to some s € [0, 7] (note that we actually need only the
lower inequality—this can be, on the discrete level, got from (26) integrated to any arbitrary s € [0, T]), we
get by exploiting the coercivity assumptions (D1) on the left-hand side and the bounds (D2)—(D3) as well as
(D6) on the right-hand side

2
) dz

s
T Var (V3" 2 x [0, s]) < / / (43|i"’8|"+cw;y”’f|”) dzdr + C. @7
q
0 2

2
2 1 1
/ cwgy"’%s)v’+n(|V,2,y’7’8(s)| +2‘gvpy,"f<s) I ESYHO

2

Further, by testing the flow rule (16) (after the change of scale) by v = 0 on [0, 5] (note that this test
essentially executes the standard test of the strong flow rule by A"-¢) we get

s
. o .
/ / S0 LU 24 0V 0 g ety + 11 R0l g e
0 2

N

< —ZK/((A"’E —X(V;y”'g),i”’a))gdwr//|@(w’7*8) — Oexe| - |AT€] dzdt, (28)
0 0 2
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where we used that [Ao] 3 = 0 due to (D6). This, after plugging in the by parts integration formula
N
2/(()&7»8, AT, dt = / VLA ATE ()2 — VLA A(0) dz, (29)
0 2
yields (with the help of Young’s inequality and (D6) again) the estimate

S
//(3§()\”’5)+°—t|i"’€|q) dzdt+/K|VéA;1A"’€(s)|2dz+n|Vék”’8(s)|2dz
q
0 2 2

N
(04 .
5//4—|A”’8|4+C|w|dzdt+c. (30)
q
0 2

Lastly, testing enthalpy equation (13) by «/lg, with some [ > 8 such that « < /g, and integrating again over
£2 and [0, s] gives (notice that this test can be straightforwardly executed on the discrete level)

N s
20
lg//w"’adzdt 5//l—alk”'gl"+C|w”*8|dzdt+(;—SVar|.|(Véy'7’5;Q x[0,s)+C. (1)
q q q
0 2 0 2

Adding (27), (30) and (31) gives then the bounds (23), (24) and (25a). The estimate (25b) on the scaled
gradient of w? follows by fine technique due to [13,14] from the test of the enthalpy equation in (13) by
1 —1/(1 4+ w™®)*, while (25¢) is a standard dual estimate stemming from the enthalpy equation (17) itself.

STEP 3: CONVERGENCE t — 0:The proof of convergence for t — 0 can be performed similarly as in [7,42],
or the methods exposed in the proof of Theorem 1 are easily applicable to this case, too. O

4 Dimension reduction in the microscopic thin-film model

Let us now concentrate on the microscopic thin-film model given through the system of inclusion/equations
(8). As mentioned above, particularly the inclusion (8a) is rather formal; therefore, we propose its weak
formulation in the spirit of semi-energetic solutions, due to [42], similarly to the previous section. Also, again,
we transformed the heat equation into a enthalpy equation.

4.1 Weak formulation

To shorten the notation, we shall denote hereinafter 2 := [0, T] x w, while the in-plane inner product
in the space W12 (w; RM+1) will be denoted as (u,v)), := L, V,,A;lu . VpAljlvdzp, for all u,v €

W12(w; RM+1) whereas A;l s L (w; RMALy Wol’z(a); RM+1) is the in-plane inverse Laplace operator,
more precisely, A;l g = h whenever

/V,,h(z,,) Vpb(zp) = 8(zp)d(zp)dzp =0

w
for every ¢ € C°(w; RM +l), 1.€., in the classical formulation

2h;  9%h; . .
Stz =& . fori= 1o Ml
1 2

hi =0 ondw, fori=1,...,M+1.



696 B. Benesovi et al.

Definition 2 Let us call the quadruple (y", b", A, w") belonging to

y1 € BV(0,T; Whl(w; R*) N L®(0, T; W?2(w; RY)), (32a)
b" € BV(0, T; L' (w; R*)) N L>®(0, T; W2 (w; RY)), (32b)
AT e W0, T; L (w; RMTY) N L0, T; Wh2(w; RMFY), (32¢)
w’ e L0, T; Whl(w)), (32d)

such that (y", b")(¢, z1, z2) = Oforall ¢t € [0, T] and a.e. on yp, a weak solution of the evolutionary thin-film
problem (8) if it satisfies

1. SEMI- STABILITY:

Gy(1) < %y(1, 5, b, A(1), ©(W" (1)) +/77 [(Vpy" 016" (1) = (V,31b)| dzp (33)

w

for every (y, b) € W22(w; R?) x W2(w; R?) such that (¥, b) = 0 a.e. on yp (recall the definition (6a)
of the Gibbs free energy ¥,(1));
2. DEFORMATION- RELATED ENERGY EQUALITY:

T
&, (T) = 6,(0) + nVar | (Vpy"[b"); 2) = /[%];(I) + 2 = Z(Vpy"@)b" (1)), ATy di - (34)
0

where &, (1) is defined as

2
&, (1) = / W,y "B + 1 (IV2y"2 4+ 219,b7) dzp + K |27 = LT3 16N 3,15 arn,

2 W

3. FLOW RULE:

N

/2/{(()»’7 — Z(VpyT)|b" (1)), v — )'»"))p dr
0

)
+//<@(w”)—etr)a-(v—i")+2nva7-vpv+g|v|‘1+5§(v)dz,,dt
q
0 w

N
o . .
> VA (T2 prsay = MIVpA O 2 porisa, + / / 5|x"|q+6§<>»”>dzpdr (36)
0 o

for all test functions v € L4(0, T; L9 (w; RMT1)) N L2, T; W2 (w; RM*1) and every s € [0, T'].
4. ENTHALPY EQUATION:

T
/%(k”,w”)va”-vpg —w'¢ dzpdt—l—//b@(w”); ds,dr :/wog“(()) dz,
2

0dw w

T
+/ (8;&”) + a1+ (O W) —bp)a- i”){ dz,dr + r}/ ¢ (dzpdt) + // b0ex ¢ dS,dr (37)
2 9 03w
for all ¢ € C'(2) such that ¢(T) = 0. Analogously to (37), here again the Radon measure 7" <

AM(2),n > 0 represents the heat production due to nl(Vp y'|l§)| and is defined for any closed set A =
[t,s] x B, where [t,s] € [0, T] and B C w a Borel set, as

JCT(A) = Var|(Vpy"|b"); [, 5] x B).
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5. INITIAL CONDITIONS:

y"(0, Zp) = yO,O(Zp) = yo(zp, 0),
b"(0, zp) = bo(zp) := (0),3(2p, 0), (38)
A0, zp) = 1o,0(zp) 1= Ao(2p, 0),

4.2 Existence of weak solutions

Theorem 1 Let (D1)-(D6) hold. Then, there exists a quadruple (y", b, A", w™) belonging to the spaces (32)
such that (y",b")(t, z1,22) = 0 forallt € [0, T] and a.e. on yp and a (not relabeled) subsequence ¢ — 04
such that the following holds

Y1) = y(t) in W>2(2; R?) forall t € [0, T, (392)
1
—y%E () — b(1) in Wh2(2; R?) forall t € [0, T, (39b)
e
ATE s AT in Wha(0, T; L9(82; RM+1y), (39¢)
VIATE — (V,A710) in L2(2; RM+D>X3y torail t € [0, T (39d)
n,& n . r r 5
Vow"® =~ V,w inL"(0,T; L' (82)) forany 1 <r < 7 (39e)
5
wh — w" in L*(Q) forany 1 <s < 3 (391)

with {(y%, A8, wT8)} oo a family of weak solutions of (5) obtained in Proposition 1; (y", b", A, w") is

then a weak solution to (8) in the spirit of Definition 2.

Proof For the sake of transparency, let us divide the proof into separate distinct steps.

STEP 1: SELECTION OF SUBSEQUENCES. The a-priori estimates (23) ensure—by Helly’s selection principle—

the existence of two vector fields y7 € BV (0, T; whl(22:R3),b" € BV(0, T; L'(£2; R3)) such that
Y1) = (1) in W22(£2; R?) forall £ € [0, T1, (40a)

1
~yE () = (1) in Wh2(2: R?) forall ¢ € [0, T]. (40b)
PRs

Similarly, using standard selection and embedding theorems, estimate (24a) ensures the existence of a limit
phase field A7 such that

ATE AT in W0, T; L9(82; RM+y), (40c)

By exploiting further the estimate (24b) and the continuous embedding of the Sobolev space
Wha(0, T; L9($2; RM*1)) into C(0, T; L1(£2; RM+1) we get that

VoATE() = Va1 (1) in L2(2; RMHD*2) for all £ in [0, T]. (40d)

The situation is more complicated for the third component of V,A"-¢, we shall return to it later in Step 3, where
also the strong convergence (39d) will be shown. The strong convergences (39a)—(39b) will be obtained in
Step 5.

Lastly, we may extract a (not relabeled) subsequence of {w”"¢}.. ¢ such that (39¢) and (39f) are satisfied,;
notice that the latter convergence stems from the dual estimate (25¢) and the generalized Aubin—Lions lemma,
cf. [41, Corollary 7.8 and 7.9] and [42, equation (4.55)]. Moreover, (39f) yields, together with the assumption
(D4), the strong convergence

OW"*) — Ow") in L1 (Q). 1)
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In order to see this, we exploit the first inequality in assumption (D4)

g O (w™e)
wh® = / cv(r)ydr = c / A+r)S 7 dr = e (L + O @) —1),
0 0

where we used that 67+ > 0, together with the assumption ¢; > ¢’ to get the bound
O @) = C (14w )7).

Hence, by the continuity of the Nemytskii mapping induced by &, one arrives to (41).
STEP 2: INDEPENDENCE OF z3.It follows from the estimates (23d) and the weak lower semicontinuity of the
norm that

0 = liminf ce > lim(i)nf 1% O llwr2ersy = 15O Iwi2e.r3) = 0.
e—=>04 ’ ) ’ ’

€—>0+

This means that y” is independent of z3 for all ¢ € [0, T']. Analogously, the independence of A" and b" of z3
follows from the estimate (24b), resp. (23c). For w", we get that it is independent of z3 only for a.a. r € [0, T]
from (25b).

STEP 3: THIN- FILM FLOW RULE.Recall the bulk flow (16) which we rescale and in which we expand the
matrix V/ into its planar and normal components, namely

S N

/ / (@) — B (v — A1) + - [o]¢ + 85(v) dzdr + / 2c (W1 = LV, v = A1), di
q
0 2 0

S
2n
+//2anA”’S-va+ 8—2A73’8-v,3 dzdt—i—nIIVp)\OHiZ(Q;R(MH)Xz)
0 2

S
n ) o . .
= WV, O oy + 25 5 O 2 gy + / / I 4 030 dzdr
0 2

where we used that, due to (D6), Ao does not depend on the third component. Let us admit only test functions
independent of z3 which simplifies the flow rule to

N s

//(@(w”’e) —Op)a- (v —ATE) + glvlq + 85 (v) dzdr + / 2 (AT — L(VLyTE), v — ATEY), de
q
0 2 0

N
0 2

N
n , a . .
> nIIV,,A”’E(s)||iz(Q;R<M+1>xz)+8—2||Xf738(s)||iz(g;RM+1)+//5l?~’7~8Iq + 850 dzdt. (42)
0 2

Let us take an s € [0, T'] arbitrary but fixed. Then, from (24b), we can choose a further subsequence of &’s
dependent on s, labeled ¢y (y), such that

RM+1

1€k (s) 2
A 3 N2 0.1y = ds €
el L2(2;R )
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Let us work, for the moment, only with this special subsequence and pass to the limit &5y — 04 in (42) to
obtain

N

//(@(w”) —Op)a- (v — AT+ g|v|q + 85(v) dzpdt +/2K((M — Z(V,y"b"), v — A1), di
0 w 0

N
+//2anA”.vadzpdt+n||Vp)x0||%2(w;R(MH)X2)
0 w

N
> DIV, A7 (s)])2 d %9 455G dzd 43
= nllVp (S)HLz(w;R(MH)xz)‘i‘n s+ ;| " +385(2") dzpdr, (43)
0 w

forall v € L9(0, T; L9 (w; RMT1) N L0, T; W2 (w; RIM+TD*2y,

To see this, we employ (40c) and (41) on the left-hand side to pass to the limit (even for the whole sequence
e — 04)in [§ [o(@ W) —Op)a - (v — A7) dzdr.

Further, let us choose ¢ € [0, T'] arbitrarily but fixed, and denote, for the sake of simplicity, A;”g =
APE(t) — L (Vy™e(1)). Then, the weak convergences (40a)—(40b), shown in Step 1, yield that V,y"¢(t) —
(V,y"1b")(t) strongly in L?($2; R3*3). Thus, by (D3), Nemytskii continuity and the estimate (24b), we also
get that A]" — A7(1) — Z(V,y"(1)|b"(t)) =: A] strongly in L?(£2; RM+1),

Let us show that in such a case, for ¢ — 0,

VIATTATS = VAt Al in L2 RMT),
Indeed, denote h¢ = A1 A]"®; then h¢ solves

1
/V,,hf.vp¢ T ;h;i3 ¢3— AP Pdz=0 Vo e Wy (2; RMH). (44)
2

Taking ¢ independent of z3 this simplifies to

/vphf-qus — A pdz=0 V¢ e Wy (w; RMHY. (45)
2

Since [|Vphi || [2(o:r+1)x2) is uniformly bounded (owing to the bounds on A"®), we pass to the limite — 0.
in (45) and get that V,hi — V,h; in L2(§2; RM+Dx2y where h; solves

/vph,-v,,qs —Alpdz, =0 Vo e Wy (w; RMT, (46)

[0

Here, we relied on the fact that the limit difference A? does not depend on z3,i.e., h = A;l A?.

Next, test (44) by e¢ and notice that éllhf’3  L2(@:rM+1) is uniformly bounded (owing to the bounds on
A% to get %hfﬁ — 0in L?(£2; RM+1), Finally, by testing the difference of (44) and (46) with 18 — h,, we
obtain even that V,h{ — (V,h,;|0) strongly in L2(§2; RM+Dx3) Note that all the above would stay valid

even if we had only A;"® — A] in L?(£2; RM*+1) at hand.
Thus, relying on Lebegue’s dominated convergence theorem, we have that

s s
/2/{(()\."’8 — L(VLyTE), v — ) dt — /ZK((A" — ZL(Vpy"b"), v — AT, dt.
0 0
Finally, on the left-hand side of (42) in term [ [, 2nV,A"¢-V,v dzdt, we use (40d) again combined with

Lebegue’s dominated convergence; on the right-hand side of (42), we rely on the weak lower semicontinuity
of the involved convex terms to obtain (43).
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Next, we aim to show that d; = 0. Clearly, d > 0 and the opposite inequality could be immediately
seen if we were allowed to put v = A7 in (43). Yet, A7 does not need to have the required regularity. So we
introduce a sequence of smooth functions {)»Z}bo such that AZ — Al strongly in Wha(0, T; L9 (w; RM+1))

and V,A] (1) — V,A7(¢) strongly in L?(w; RM*1) for ¢ — 04 forall t € [0, T]. Putting then v = 4] in (43)
yields

s N
. . o . . . .
//(@(w”) —Op)a- (A — A1) + guzw + 85(A)) dzpdt + / 26 (A = L (Vpy" "), A — W) dt
0 w 0

S
+ / / 20V 11T A pdt A 01V 2ol 2o, gors e,
0 w

N
o . .
> UHVP)‘W(S)”iz(w;R(M‘H)XZ)+nd5 +//§W|q + 85(AT) dz pdr. (47)
0 o

Reformulating, by means of by parts integration, [y [, 2nV,A"-V,A] dz,dt as

s N N
/ / 20V A1V, dzpdt = / / 20(VpAT = Vpal)-Vyhi dzpdt + / / 20V -V pi] dz,dt
0 0 o 0 2

S
=//2n(vpm — Vpi))-Vpi] dz,pdt
0 w
A n(IVpAf O 2 emnsner, = IVpAL O 2 porinsa)) (48)

and passing to the limit £ — 0 yields that

S
/ / VA"V pig dzpdt = IV O marsnea, = 1Vp20l17 2 umasrsnn)-
0 w

Therefore, passing £ — 04 in (47) gives that d; < 0.
Last but not least, note that the s-dependent subsequence & (s) was used to pass at the limit merely in the
term Eiz ||A”3’8 (s) ||i2 (@:RM+D)> all other limit passages hold in the whole sequence of ¢’s. Hence, we arrive at the

relation ﬁ ||)»f73’gk(” (s) ||i2 (@ RM+D) 0 for all subsequences gy () in which the left-hand side converges,

and, by uniqueness of the limit, we conclude that

1 n,€ 2
8_2”)\’3 (S)HLZ(_Q;]R(M+I)) -0 (49)

in the original sequence of ¢’s, independently of the chosen s € [0, T]. Thus, we conclude that the normal part
of (39d) and (36) hold.

STEP 4: PHASE- FIELD- RELATED ENERGY EQUALITY AND STRONG CONVERGENCE OF A"¢.In this step,
let us deduce an energy equality that is related to the phase field. To this end, we reformulate the flow rule (16)
(exploiting the convexity of | - |7) into the following equivalent form
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s
//oc|i”’g|q_2in’€~(v — ATE) + (O W) — Oy)a-(v — A1) + 8% (v) dzdt
0 2

N

N
. 2
+/2K((M~€ — L(VLyTE), v — ATEY) . dt + // 20V V0 + 8—2)\73’8-1;,3 dzdt
0 02

N
n , .
= lIVpA" O moreveay = MVprollzagmorene + 5 I5 172 muey + / / 85(A"°) dzdt
0 £
(50)

and test (50) by v = 0 to get

s

N
_(/ / a|APEIT2AIE A 4 (O (') — fy)a-ATC dzdr + / 2O = LV y™e), W), d’)
0 2

s
1 .
= U(HVp)\n’S(S)||iz(Q;R<M+1)x2) - ”Vp)‘OH%Z(_Q;R(MJrl)xZ + 8_2||Ag€(s)||i2(Q;RM+l)) +//5§()Jl,s) dzdr
0 2

D

and also by v = 247¢ to get (if A€ does not have the required regularity we can proceed as in Step 3
above, namely we can smoothen A™¢, perform by parts integration analogous to (48) and pass to limit with
the mollifying parameter which gives the desired result)

N

N
(//aww—zw.w + (O (W"?) — Op)a-A"¢ dzdr -‘1-/2/((()»77’6 — L(VLYTE), W), dt)
0 2
n,e 2 2 1 n.e 2
+2n{ 1IVp2 (s)||L2(Q;R(M+1)><2) - ||Vp)"0||L2(Q;R(M+1)><2) + 8_2”}\’3 (s)||L2(_Q;RM+1)

N
1 .
> n(nvpx"’%s)||§2(9;R(M+1>X2)—||vpxo||§z(g;R<M+,>xz)+8—2||x7g8(s)||iz(9;RM+l)) - / / $5G7) dudr,
02

where we relied on the one-homogeneity of §5(-). In other words,

s

S
—(//a|)\”’5|q—zi"»€-i"’€ + (O W"?) — Op)a-A"¢ dzdr +/2K(()\.n’8 —X(V;y”’s),in’g))gdt)
0 2 0

N
1 .
sn(nvpx'”(s)||";2(9;R(M+1>Xz)—||vpxo||";2(9;R<MH>xz)+g—2||x73’8(s>||iz(9;RM“))+ / / 55G0) dadr;
02

(52)

combining this with (51), we obtain the phase-field-related energy equality in the bulk, more precisely

N

S S
//ap'ﬂﬂq dzdt = _//(@(w“) — O)a- AT dzdr —/2;((()»"’8 — L(VLyT), W), dt
0 2 0 2

0

S
1 .
_n(va)"n’s(S)||%2(Q;R(M+l)><2) - ||Vp)~0||iz(9;R(M+1>x2) + 8_2||)\7§8(S)||22(Q;RM+1)) _//(S;(M’e)dzdt.
0 £

(53)
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By an analogous procedure, we get from (36) the phase-field-related energy equality in the thin film
s

S N
//mi"rf dzpdt = —//(@(w”) — Oy)a-A" dz ,dt —/2K((m — L(V,y"b"), A1), dt
0 o 0 w

0

S
_n(”Vp)"](s)”iZ(w;R(M-H)xZ) - ”Vp)"O”iZ(w;R(M-H)XZ)) _//5;0\'7) dzpdz.(54)
0 o

Having (53) and (54) at hand, we prove the strong convergences (39¢) and the in-plane part of (39d). Indeed,
we have

S S S
//amq dzpdr < liminf//a|i”’8|q dzdr < lim sup//a|)'\”’€|q dzdt
>0y e—>04
0 o 0 2 0 2
s

s

=limsup ( -/ / (O = B0k + 550) dzdr = [ 260 = 2V, 71
0 2

e—>04 0
1
+ n(nvpxoniz(g;wmuxz) — ||vpx'7’8(s>||iz(9;R<M+M)—82||A7f<s>||iz(9;RMH)))

s s

11 . : :
D fim (//(@(w"’g)—etr)a.xn*gdzdt+/2K(()»’7’8—$(V§y'7’5),A”’S))Sdt+ ;"*73’8(5)||iz<9;w+1>)
2 0

e—>04
0

s
+1(IVp 200720 gt ey — lim inf IV A" ()12 ga1sz)) — Tim inf / / SE() dzdi

0 £
s N

2)5—//(@(w”)—9tr)a-i’7 dz,,dz—/2K((A"—$(v,,y’7|b"),i’7)),, dr
0 o 0

—

s
1V p 20017 2 et ix2y = VAT 172 iz — / / 85Ty dzpdr
w

0
N
v :
(=>//a|)\"|‘f dzdt,
0 w

where the inequalities on the first line follow from the weak lower semicontinuity of the norm and a general
liminf < lim sup relation, the equality (I) is due to (53), the equality (II) follows from general lim sup, lim inf
relation, the inequality (III) was obtained by lower semicontinuity of the convex terms and (40c) and (40d),
the limit ¢ — 04 uses (41), (49) and similar techniques as when passing to the limit in the flow rule in Step 3.
Finally, (IV) is due to (54). ]

So, we conclude that [|A"* | 4 (g.rm+1y = IA7]| g (g:rM+1y and, as the space L7(Q; RM+1Y is uniformly
convex, also

A8 AT in LY(Q; RMT). (55)
Moreover, using (55) and passing to the limit ¢ — 0L in (53) and comparing to (54) yields that

IV ()32 gmon ey = IVpA O 2 gupaniieey, Vs €10, T1. (56)
STEP 5: THIN- FILM SEMI- STABILITY. Fix again some ¢ € [0, T'] arbitrarily. Then, we test (14) (formulated

only in the deformation-related energy) by y5(z) := y(zp) + £z3bs(z)) with some arbitrary y € W22(w; R?)
and a smooth approximation {bs}s-o of an arbitrary b € Wh2(w; R?) (the smoothing is required in order to
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obtain the test function in W22(£2; R3)) such that V(zp) + €z3bs(zp) = 0 a.e. on I'p. Then, by taking first
liminf, .o then liminfs .o, one arrives to

&, (t) < liminf & ()
£—>0+

< lim |{liminf & (@, j§, A (1)) +/n |V.55 — Viy"(1)| dz
=04 | e—04
2

< lim [limsup & (7, y5, A7* (1)) + / n|Viy5 — Viy"e(n)] dz

5—)0+ 8%04_
2

= 0,0, 5.5 1700 + [ 0](V,515) ~ (7, 018700 .

[0

where we used (39c), (39d) and the compact embedding L9 (£2; RM+1y € w=12(2; RM+1) (recall that
q > 2) to pass to the limit in ijv(t’ y5, ATE(1)) while (40a), (40b) was used to pass to the limit in
f_Q n |v;yg — V;y”'g(t)| dz. Observe that this is equivalent to (33).

Moreover, letting § := y"(¢) and b := b"(t) yields

lim @f](t) =&,(t) forallte[0,T]. (57)
8—>0+

From this we may, similarly as in [11], deduce that
V291 (t) — V231 in L2(2; R?PX),
Vpéy,”f(t) — V,b"(1) in L}(2; R>*?),
:_2)’7]3’3?(1) — 0 in L?(£2;RY),

thus showing (39a2)—(39b). As we will not need this improved convergence in the following, we omit a detailed
proof.

STEP 6: THIN- FILM DEFORMATION- RELATED ENERGY EQUALITY. We show the deformation-related energy
equality (34) as two inequalities. One follows from the bulk inequality by taking lim inf,_,(, with the aid of
the convergences (39a)—(39d), the data qualification (D2) as

&, (T) — &, (0) + nVar)| (V,y"[b")

< limjnf (®;(T) — ®(0) + nVar|.|(Véy"’5))
T
<timsup [ 1050 + {13 00,17 (0) a
s—0,
T
< / [6,1/(0) + (6,1, (). 47(1)) di (58)
0

as far as the first inequality is concerned, recall that Var|.| is lower-semicontinuous under the convergences
(392)—(39b).

The opposite inequality is a consequence of the thin-film semi-stability (33) (cf. [24,30,42] and [8] for
an analogous (and more detailed) proof as the one given below). To see this, we introduce a partition of
[0,T1,0 =19 <t <--- < tng) = T, such that max{|s” | — %1 i =1,..., N(B)} < B and test (33) at

the time 17 | by (y7(t7), b7(:P)), i = 1, ..., N(B). Summing from 0 to N(8) reveals that
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N(B) /3
&, (T) — &, (0) + nVar [ (V,y"[b") = > / (6,1t y" ) dr
i= lﬁ
tt 1
#
N@B) )
+3 [{oahonedpah e o) e 59
i=1tiﬁ:l
where
p 1
N(B) N(B)
> / (10,3,67 ). 0 af). 27, 40 dr = 21 3 / @1@) = 2y B A0 p d
i=1 } i=lp
ti—l t 1
ﬂ ﬂ
N(B) N(B)
+> / @) =A@y iy de + > / @@y — 2yl inalyy, dr
i= lﬂ i= lﬂ
171 l 1
o) (i)
#
N(@B) ¢
+> / Gy = Ly ()" ). i) — Ay di (60)
i=1 B

(iii)

To make the limit passage for 8 — 0., one makes use of the fact (cf. [16]) that for every Bochner integrable
h: [0, T] — X,with X a Banach space, there is a sequence of partitions of [0, 7] such that 4 can be approached

by its piecewise constant interpolants /4 defined on [0, T'] as hg|, s = h(ti’s ),i =1,..., N(B) strongly

1l P
to h in LI(O, T; X); more precisely

/3
N(B)

Jim Z/Hh,g(t)—h(t)”xdt_o

llﬂ
ll

Hence, one may assume that we always take partitions for which this approximation result holds and we may
assume that

Ay =T in LY(0, T; LY (w; RMT1)), (61a)
yg—=y" in LP(0, T; WP (w; RY)), (61b)
by —b" in L2(0, T; L*(w; R?)), (61c)
ig N in L0, T; LY(w; RMT1Y), (61d)
[ = ZVpy"o"), A ]y = G = Z(Vpy" b7, 4T, in L0, T). (61¢)

Using (61b) we establish that ZN(’S) fﬁ [CHA y”(tﬁ)) dt — fo [&,];(¢, y"(t))dt ; moreover, (61a)
assures that (i) in (60) converges to O by (6le) we immediately see that (ii) in (60) converges to
fo (T = Z(V,yT|bT), )J’))p dr and, finally, by the uniform boundedness of )J’(tlp) — X(pr"(tf)lb”(tf))
in L0, T; W=12(w; RM*1)) and (61d) the term (iii) in (60) converges to 0.
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Thus, we got that
T
&, (T) — (’5;(0) + nVar), (Viy™®) > /[an];(t) + ([(’5,7];\(1), X”(t)) dr
0

and combining this with (58) as well as (57) we obtain that
Vary. (Vy™*) — Var|(V,y"|b") (62)

STEP 7: THIN- FILM ENTHALPY EQUATION. Recall that the bulk enthalpy equation reads as

/%(A"’a, W)V . Ve — whe¢ dzdr + / 6O (w4 dSdt

0 x
= / (S57%) + @417 + O™ )a- A7) dzdr + 1 / ¢ A (dxdr)
0 0
+ / wote(0)dz + / bOexi ¢ dSdr (63)
2 P

with ¢ € C! (2) and £(T) = 0. Let us restrict ourselves to test functions independent of z3. When taking
& — 04 in (63), we aim to get (37).
First, let us show that

lim [ ¢ (dzdt) = / ¢ A" (dzdt). (64)

e—04

Q Q

To this end, recall that from the a-priori estimates, (23) follows the existence of a limit measure A such that

AT in (), (65)
while, on the other hand, (62) ensures that

lim 7"(Q) = A7 (Q). (66)

e—

Now, the contradiction argument in [42, Proposition 4.3] supports that (65)-(66) indeed yield (64). More
precisely, if, by contradiction, it held that 57" # ¢, we could define the Borel set B := supp (71 —) C Q
and (66) would imply that

/(%ﬂ” — #)dzdt > 0
B

(otherwise (66) would be violated), which immediately contradicts the weak™* lower semicontinuity of the map
e g A" (dzdr).

For the other terms in (63), we use A7 — A7in L9(0, T; L9(§2; RM+1Y), we — win L5 (0, T; L°(£2)),
forany 1 < s < 5/3;the latter convergence ensures also that w™¢ — w”in L'(0, T; L' (X)) which allows us to
pass to the limit in the boundary terms on the left-hand side of (63) as well as that 2 (A8, wT¢) — £ (A", w')
in LA(0, T; LP(£2; R3*3)) forany 1 < B < 4o0. Hence, we obtain (37). O
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5 Relaxation in the microscopic thin-film model

In this section, we surpass scales to rigorously obtain the mesoscopic model formally given by (10a)—(10c).

As mentioned in Sect. 2, this upscaling lets the interfacial energy vanish; this may lead to fast spatial
oscillations of the deformation gradient, on one hand, as well as of the Cosserat vector, on the other hand. A
standard tool to capture these oscillations is the theory of (gradient) Young measures [29,37,51].

Let 0 C R! be a Lebesgue measurable subset with finite measure. Young measures are weakly measurable
and essentially bounded mappings v € L' (€; Co(R%))* = LX(O; A (R%)); here, Co(R?) denotes the space
of continuous functions on R? vanishing at infinity, so that . (R¢) denotes the space of Radon measures on
RY. Having a bounded sequence {ui}rey C LP (0 R?) for 1 < p < oo then there is a subsequence (not
relabeled) and a Young measure v such that limg .o [,; A (x, ux(x)) dx = [, [pa h(x, F) vy (dF)dx whenever
{h(-, u) ey C LY(O) is uniformly integrable, where i : & x R? > Risa Carathéodory integrand. We
then say that v is generated by {uy}ren. The set of mappings from L3 (0 A (R?)) generated by bounded
sequences in L? (0 R%) is denoted by #P(0; RY).

Animportant subsetof ¥ 7 (0, R?) is the set of so-called p-gradient Young measures (1 < p < +00) which
consists of measures generated by {V yx }r<n of a bounded sequence of mappings { yi }ren C WP (0; R?). The
set of p-gradient Young measures (shortly gradient Young measures) is denoted by 47 (¢; R?*!). Occasionally,
we may write 4} (0; R¥!) to indicate that yy = 0 on yp C 0.

Further, we use the shorthand notation (momentum operator) ““ e ” defined through

[fov](x) := / f(s)ve(ds).
Rdxl

Denoting id : R/ — R*! the identity mapping, we speak of idev as the mean value of the gradient
Young measure v € 4P (0, RAx! ). It can be proved, cf. [29], that whenever v € ¥7 (0 RXm) there exists
y € WHP(0; R) such that Vy = idev a.e. on . Additionally, v is an element of %y’,’)(ﬁ; R*Y if and only if

y =0on yp.

5.1 Weak formulation

Let us now state the weak formulation of (10a)—(10c).

Definition 3 We call the quintuple (y, v, i, A, w), where

y € B0, T; WP (w; RY)), (67a)
v €GP (w; RP)IOT (67b)
e (PP (0 R¥)OT] (67¢)
Ae Wi, T; L9(RM T, (67d)
w e L0, T; L (»)), (67¢)

such that y(¢) = idovzp (t) fora.a. z, € wand all € [0, T'] a weak solution of (10a)—(10c) if it satisfies
1. MINIMIZATION PROPERTY:

G, y(@), v@), u(0), M1), O(w(@))) =¥, y, v, i, A1), O (w(r))) (68)

for every (¥, v, i1) € WP (w; R?) x %ﬁ)(w; R3*2) x #P(w; R3) such that y = idev,, for almost all
Zp € w and ¢ defined in (9).
2. Flow rule:

T T
/ZK((/\ — Lo, ), v—A),dt + //(Q(w”’s) —Op)a-(v — ?\)+§|v|" + 85(v) dzpdr
0w

0
T
2//gmq + 8500 dzpdr (69)
q
0 o

for all test functions v € L4(0, T'; L1 (w; RM+1Y).
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3. ENTHALPY EQUATION:

T
/%(x,w)va.vp; —wé dzpdt+//b@(w); ds,,dr
2 00w

T
=/(5§(k)+a|X|‘1 +(@(w))a-)\)gdz,,dr+/wo;(0)dz,,+// bOexc dS,dt (70)

2 ® 00w

for every ¢ € CY(2) such that £(T) = 0.
4. REMAINING INITIAL CONDITIONS:

v, (0) =68y00¢,),  Mz,(0) =38hy(z,),  A0) = Ao, (71)
with yo,0(zp), bo(zp) and Ag,o referring to (38).

Notice that in this formulation, we used the (not completely standard) notation B(0, T; X) for the space
of function [0, 7] — X, X a Banach space, that are bounded but not necessarily Lebesgue measurable. Also,
we used the notation

We(v, W)(zp) = / / W (Ab) dv, (A) dpz, (b),
R3x2 R3

with ¥ a continuous function with at most p-growth.

Remark 6 (Deformation-related energy equality) Note that we omit a deformation-related energy equality
analogous to (34). Since we scale down the rate-independent dissipation due to |(V,y"|b")| to zero, such an

equality is a direct consequence of (68) and, hence, becomes redundant. To see this, we may proceed as Step

6 of the proof of Theorem 1 and introduce a partition of the interval [0, T'],0 = t(’? < t{g . tlﬂ( @ = T and

test (68) att = tiﬁ_l by (y(tl.ﬂ), v(tiﬁ), /L(liﬁ)); summing and passing to the limit 5 — 0 leads, as in Step 6 of
the proof of Theorem 1, to the inequality

T

&(T) — &(0) > /eﬁg(z)+(®;(t),)\(z)) dr, (72)
0

where

B(1) = &(t, y(1), v(t), (1), A1) := / We(v, 1) dz, + K|k — Lo, W51 mses,
—/fo-ydzp—/go-dep, (73)
2 N

is the deformation-related part of the mesoscopic Gibbs free energy.
The other inequality is then obtained by an analogous procedure. We test the Eq. (68) at t = tl.ﬂ by
(y (tl.ﬂ_ s v(tl.ﬂ_l), [L(tl-ﬂ_ 1))- We obtain an “energy-related” inequality because the dissipation component related

to n|(V,y"|b")| is not present in (68) anymore.
5.2 Existence of weak solutions

Theorem 2 Let {(y", b", A, w")},~0 be a family of weak solutions of the thin-film problem (8a)—(8¢c) as found
in Theorem 1. Then, there exists a quintuple (y, v, i, A, w), satisfying (67), and a sequence n — 04 such that
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A= a in WH(0, T: L9 (w; RMTY), (74)

and
w! —=w in L™, T; W' (w)), for every r < Z, (752)
w’ — w in L°(0, T; L*(w)), for every s < g (75b)

Moreover, for eacht € [0, T, there exists a subsequence ny ) such that Vyy, . (t) generates a gradient Young

measure v(t), Yk ) = y@)in Wl’p(a); R3) and b’]k(t) (t) generates a Young measure [4(1).
At least one cluster point found in this way is then a weak solution to (10a)-(10c) in the sense of
Definition 3.

Proof For lucidity, let us divide the proof into several steps. Let us note that the idea of the proof, in particular
the technique of selecting a suitable cluster point, roughly follows [8].

STEP 1: SELECTION OF SUBSEQUENCES AND REFORMULATION OF THE FLOW RULE.Similarly as in Step
1 of the proof of Theorem 1, we choose, owing to the a-priori estimates (24)—(25) (and the Aubin—Lions
theorem), a (not relabeled) subsequence of  — 0 and find (A, w) such that

A= in Wha(0, T; LY (w; RMT1Y) (76)

and (75) hold as well as the limit lim; o, &,(7T) is well defined. Recall that, again as in Step 1 in the proof
of Theorem 1, we have the additional convergences A7(t) — A(¢) in L9 (w; RM+1) for all r € [0, T] and
Ow") — O(w)in LY (2).

Now, let us turn our attention to the flow rule (36), more specifically to the penalty term

T
/ZK((X”(f) — LV y (01" (1)), v — A7), dt (77
0

involved in fOT ([%,7];, v— )'»'7) dtz, which turns out to be the most troublesome. Indeed, note that since the limit
for (Vy", b") is evaluated pointwise in ¢ € [0, T'], the limit of .Z(V,,y"(#)|b"(¢)) (taken again pointwise) is
not guaranteed to be measurable in time. Moreover, A converges only weakly in L9(2; RM H), and, thus,
convergence of this term for a.a. r € [0, T'] cannot be expected. To handle the latter obstacle, we plug the
energy equality (34) into (36) with s = T to obtain a weaker reformulated flow rule:

& nypn n 2 % 50 * a1
n(T) + nVar (Vpy?1b7) + nlIVp A (T2, g2y + EM |74 3g(A") dzpdt

T
< 6,(0) + /[@n];(r, Y1(1)) dr + /(@(w”)—@tr)a-(f)—in) + 20V, A1V, 5 4 gmq + 85(D) dz pdr
0

2
T

[ 27 = 2Ty 8t T 0l (78)
0

Indeed, the term fOT 2k (A1) — ZL(Vpy"(1)|b7(2)), X))p dr is no longer present in (78).
Further, inspired by [8,16,24], we define

BY(¢) = lim sup 2k (A7(1) — Ly )b (1), v()), and F(t) =lim sup[@n];(t, y'(1))
n—0 n—0
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for any v € L9(Z2, RM+1Yy and every t € [0, T]; notice that both B¥ and .% are measurable. Moreover, by
Fatou’s lemma, we have

T

T
/‘B”(I)dt > lim SUP/2K((?»"(I) = Z(Vpy" 1" (1)), v(1))p dr,
0

T

n—>04

n—>04

T
Z (t) dt > lim sup /[Gjn];(t, y(t)) dt.
0 0
Since L1(2; RM H) is separable, we consider, for now, the test functions v = vt only from a countable dense

subset of L9(2,; RM+1), denoted by 7. Next, we fix t € [0, T'] and choose a subsequence of 7’s labeled Nyt
such that

(1) = limO 2 (At (1) — L (Vpy "t (DD (1)), vE (1)) (79a)
N ot~ Y9+

F()y = lim_[&,](t, y"" (1)). (79b)
N, 0t 0+

By a diagonal selection, we can find a further subsequence labeled 7, such that (79) holds for all v*. Note that
the chosen subsequence remains to be time-dependent.

Now, owing to the a-priori estimates (23b) and (23c), we choose yet another subsequence of 1) (not
relabeled) such that {V, y,, , (£) }ren generates the gradient Young measure v, , (1) and {by,, (¢)}xen generates
the Young measure Kz, (1); so,

P = lim 2 (WO (1) — L(Vpy™O @) [b™O (1)), v(1)p dt = 26 (A1) — Lo(v, ), v(1))p,

Nk —> 0+

FM) = lim_[8,1(t, vy, ©) = &t y(1)).

Nk(ry— 0+
Thus, when passing to the limit  — O in (78), using weak lower semicontinuity of the convex terms and
non-negativity of nVar.|(V,y"|b") + n||V,A1(T) ”%4/—1-2(w-R(M+1>X2) we get, similarly as in Step 3 of the proof
of Theorem 1, the reformulated mesoscopic flow rule

T
&(T) —i—/%lilq —I—S;(i) dz,dt < &(0) +/Q5;(t, y(t))dt
0
T
+/(@(w) —Op)a-(v— 1) + g|v|q +385(v) dz,dr + / 2k (A — ZLeo(v, 1), V), dt, (80)
2 0

where, by density, the test functions can be taken from the whole space L9(2; RM+I ).

STEP 2: MINIMIZATION PRINCIPLE, BACK TO THE ORIGINAL FLOW RULE.First, we notice that (68) is
equivalent to

&, y, v, u, A1) =6, y, v, it, A(1))

for every (¥, v, 1) € Wh?(w; R3) x Gt (@; R3*2) x &P (w; R?) such that j = ideb,, fora.a. z, € o.
Thus, thanks to (33), we have

B(t, y, v, u, A(t)) < liminf &, (t, y™O (1), b0 (t), A0 (1))
Nk(ry— 0+

< liminf &, (¢, 5, b, A0 (1)) + / M) | (Vpy™O (1) [0 (1)) — (V,,31b)| dz)y
Nk(y— 0+
w

- / W (V,31B) dzp + kA1) = LV pFIB) Iy 12 1) — / f0-ydz, — / g yds,
w 2] N
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for every y € W22 (w; R?) and b € Wh2(w; R?), such that y = 0 on yp. By density, we have that

&1, y, v, 1, A1) < / WV 316) dzp + K lIA() =L (V31D 12y — / £ 5dzp— / g*-5ds,
w N

even for all § € W!2(w; R3) satisfying y = 0 on yp and all b € L2(w; R3). Take an arbitrary pair of
admissible Young measure (v, i) € %ﬂ) (w; R3*2) x #/P(£2; R?), then we can always find its bounded
generating sequence {(V,J, bi)lken C LP(w: R3*2) x LP(w; R3) such that {(IVpyl? + 16k |P been is equi-
integrable [23], the sequence {y; }ren C WP (w; R?) is bounded and yk(zl z2) =0forz € yp forall k € N.

Passing to the limit for &k — o in the prev1ous inequality with y; and by in place of y and b we get that
&, y, v, u, A1) < &(¢t, y, v, i, A(t)) where y is the weak limit of y;. Hence, Eq. (68) is shown.
Note that as a side product of the above procedure we obtained also that

&(0) := &(0, y(0), v(0), £(0), 1(0)) = nlif& 6,(0), (81a)
&(T) := &(T, y(T), v(T), u(T), MT)) = nliﬂol &, (T). (81b)

Hence, the reformulated flow rule reads as

T
@(T)+/3|)\|q + 8%(h) dzpdr < @(0)+/®;(t,y(t))dt
2 1 0
T
+/(@(w) —Op)a-(v —A) + glvl" +6§(v)dzpdt+/2/<((k —ZLe(v, ), v),dt, (82)
0

and exploiting the balance of the mesoscopic deformation-related energy equality—cf. Remark 6 and (73)—we
also get the mesoscopic flow rule (69).

STEP 3: STRONG CONVERGENCE OF A”.This convergence is obtained from the monotonicity properties of
the dissipation term | - | in the reformulated flow rule. Indeed, let us rewrite (78) (relying on the convexity of
|-19) as

&, (T) + nVary (Vpy 16" + nlIVph (T2 s, + / 85 (1) dzpdr < /[@,7];(:, y'(1)) dt
3
+&,(0) + / a[ATT2AN(5 — W) + (O (W)~ a-(T—AT) + 85(D) + 20V A"V, 0 dz ,dt
2

T

+ / 2 = LTy IB7), 5) p dt + 11V o2, o)’ (83)
0

similarly, (82) is rewritten as

T T
&(T) +/ gl)'»lq + 8;()'») dzp,dr < 6(0) + / Qﬁ;(t, y(t))dt —}-/2/((()» — ZLeo(v, 1), v)pdt
2 0 0
+/a|i|q*2i.(v — )+ (O W) —bp)a-(v— i)+ 85(v)dz,de.  (84)

2

Then, having a sequence {)\/j}jeN C ¥ NCO,T; Wh2(w; RM*1)) such that A’j — i in L1(2; RM+1)
for j — oo (recall that ¥ is the dense countable subset of L9 (2; RM+1) used in Step 1), let us test (84) by Al
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and, symmetrically, (83) by )Jj, as A does not have the required smoothness to be used as a test function in (83)
and, moreover, we wish to use (79) (as well as the resulting convergences in Step 1) which is only available
for test functions from 7.

Let us add (83) and (84) and apply lim ;. o limsup, . to get

. . —1 . —1 . .
e tim (130 ety I ) (1 o ooy —I Lo o))
n—0

T
< lim sup a// (14719720319 24) - (1= dzpae
0 o

< lim lim sup (6(0)—6(T)+Q§,7(0)—G5,7(T)—nVar|.|(V,,y’7|b")+n/|VpA0|2 — |[V,A1(T)|? dz,
———

j=o0 550

(] Dy @ (L))

T
+ / & (1, y) + [&y; (1, y") dt + / a [T = 3) 4 85(V) — 85(h) dzpdr
——
0 011)) 2 )
T
+ / 2 — LTy b1, 30 p + 26 — Lo(w, ), i), dr
0

W) (VD

+ / (O ") = Or) (1 — ) + (O (w) — O) (AT — 4) dzdr + 27V A"V 0, dedf)
2 % (VIIT)
T
<26(0) — 26(T) + / 28/(t, y) + 4k (L — Lo(v, ), i), dt = 0.
0

Here, the first inequality is due to Holder’s inequality. Further, we used that term (I) is not smaller than
6(0)—&(T) by (81) and the non-negativity of (II); and (II)>. The convergence of the term between them to
0 is obvious. Term (III) is, owing to Step 1, bounded from above by &/ (z, y). Now, as j — oo term (IV)
converges to 0 as A7 is bounded uniformly in L9(Z; RM+1) The limsup of the term (V), again by Step 1, is
bounded from above by (A — Ze(v, 1), 1)) p; for the terms (VI) and (VII) we proceed analogously as in Step
1, while the term (VIII) converges to 0 as the limit  — 0 is executed first.

Finally, note that the last equality is due to the balance of the deformation-related energy; cf. Remark
6. Hence, we obtained ||A”||Lq(g;RM+1) — ||Allpg(2.rm+1y and from (76) by the uniform convexity of

L9(2; RM+1y also (74).

STEP 4: ENTHALPY EQUATION. It only remains to prove the enthalpy equation (70); to obtain it, we pass to
the limit  — 04 in (37) following ideas of Step 7 in the proof of Theorem 1. In order to pass to the limit in
the terms expressing the heating due to dissipation, however, we need to show that 7 |, 66 " (dzpdt) — 0.

To see this, we actually need only to show that lim;_.¢ nVar| (V) y"|b") = 0 which we obtain by passing to
the limit in (34). Indeed,
lim sup nVar|,| (V,y"|b")

n—0

n—0

< limsup ( —6,(T) + &,(0) + / ([8,1,(" (1), b (1), A1), A7) + [,]; (2, y" (1)) dt)- (85)
0

To pass to the limit on the right-hand side, we rewrite

(1,15, (0(0), b(1), A(1)), M) = ([&, 15 (v1(1), b7 (1), A7(1)), &) + ([&,15, (07(1), A1), AT — &). (86)
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Note that for the first term we get by Step 1 (if necessary, we can approximate A by {¢}scn belonging to the
dense countable subset of L7 (2; RM*1) used in Step 1)

T

(6,1, (1), b" (1), A1), ) < /(QSQ(VO), (1), 1(0)), A) dr, (87)

0

while the second term converges to 0 in L' ([0, T']) owing to Step 3. Thus, we get

T

0 < lim sup nVarp.|(V,y"[b") < &(0) — &(T) + / (&, (@), n@), 1)), )'») + &), y(r))dr <0, (88)
n—>04 o

where the last inequality follows from Remark 6. O
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