CEJOR (2016) 24:309-333 @ CrossMark
DOI 10.1007/510100-015-0414-7

ORIGINAL PAPER

A remark on multiobjective stochastic optimization
via strongly convex functions

Vlasta Kankova

Published online: 29 August 2015
© Springer-Verlag Berlin Heidelberg 2015

Abstract Many economic and financial applications lead (from the mathematical
point of view) to deterministic optimization problems depending on a probability
measure. These problems can be static (one stage), dynamic with finite (multistage) or
infinite horizon, single objective or multiobjective. We focus on one-stage case in mul-
tiobjective setting. Evidently, well known results from the deterministic optimization
theory can be employed in the case when the “underlying” probability measure is com-
pletely known. The assumption of a complete knowledge of the probability measure is
fulfilled very seldom. Consequently, we have mostly to analyze the mathematical mod-
els on the data base to obtain a stochastic estimate of the corresponding “theoretical”
characteristics. However, the investigation of these estimates has been done mostly
in one-objective case. In this paper we focus on the investigation of the relationship
between “characteristics” obtained on the base of complete knowledge of the proba-
bility measure and estimates obtained on the (above mentioned) data base, mostly in
the multiobjective case. Consequently we obtain also the relationship between analy-
sis (based on the data) of the economic process characteristics and “real” economic
process. To this end the results of the deterministic multiobjective optimization theory
and the results obtained for stochastic one objective problems will be employed.
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1 Introduction

To introduce a “rather general” multiobjective stochastic programming problem let
(£2, S, P) be a probability space; & := &(w) = (§1(w), ..., &(w)) s-dimensional
random vector defined on (§2, S, P); F(:= F(z), z € R®), Pr and Zf denote the
distribution function, the probability measure and the support corresponding to &.
Let, moreover, g; := gi(x,z),i = 1,...,1,1 > 1 be real-valued (say, continuous)
functions defined on R" x R%; X C X C R" be anonempty set generally depending
on F, and X C R" be a nonempty deterministic set. If the symbol Ef denotes the
operator of mathematical expectation corresponding to F and if for every x € X there
exist finite Epg; (x, £),i = 1, ..., 1, then a rather general “multiobjective” one-stage
stochastic programming problem can be introduced in the form:

Find minEpg;(x,&), i=1,...,1 subjectto x € Xp. (1)

The multiobjective problem (1) corresponds evidently to economic situation in
which a “result” of an economic process is simultaneously influenced by a random
factor £ and a decision parameter x. It is reasonable to evaluate this process by a few
(say I, I > 1) objective functions; moreover, the decision vector has to be determined
without knowledge of the random element realization and it seems to be reasonable to
determine “the decision” with respect to the mathematical expectation of the objec-
tives.

Evidently, an “underlying” multiobjective problem with a random element can be
in the form

Find ming;(x,&), i=1,...,1
subject to g;f(x,é) <0, j=1,...,1,

where g;(x2),i = 1,...,1, gjf(x, z),j = 1,...,1' are functions defined on
R" x R®. Generally g;(x,z),i = 1,...,[ can depend on &;(x, z2), g;‘f(x, 2),i =
1,...,1,j =1,...,1I'. Of course, the approach defined by the last introduced prob-
lems with random elements is only one of possibilities. Evidently, there exists many
others.

Other approaches how to treat the multiobjective problems with random elements
are known from the literature [see e.g., in Ben Abdelaziz (2012), Caballero et al.
(2001), Dupacova et al. (2002), Kuchta (2011) and Gutjahr and Pichler (2013)—
where new approaches to stochastic multiobjective problems (including stochastic
dominance) can be found]. A relationship between efficient points corresponding to
the different approaches are discussed in Caballero et al. (2001). In this paper we study
the approach that is defined by the multiobjective problem (1), generally with con-
straints set depending on F'. Moreover, we restrict our consideration to the case when
the functions Epg;(x,&),i = 1,...,[ are (mostly strongly) convex. The Markowitz
model fulfills e.g., this condition [for the definition of the Markowitz model see e.g.,
Dupacova et al. (2002)]. But objective function in Problem (1) depends linearly on
the probability measure and this condition is not fulfilled in the case of the Markowitz
model. According to this fact, generalized stability results Kaikova (2013a) have to
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be employed to obtain practically the same results (to guarantee the same rate of the
convergence it is necessary the support Zr to be a bounded set.)

Applications to the multiobjective problems can be found also e.g., in Stancu-
Minasian (1984) and Jablonsky (1993). Many of them correspond (under some addi-
tional conditions) to two-stage stochastic problems with multiobjective inner prob-
lems. The assumptions, guaranteing convexity of the inner problems, can be found in
the literature [see e.g., (Ahmed 2004, where convexity simultaneously with numer-
ical tractability were studied; and Shapiro et al. 2009)]. Moreover, in Romisch and
Schulz (1993a,b) and Schulz (1994) the assumptions are introduced under which the
inner objective functions are strongly convex. Employing the results of Romisch and
Schulz (1993b) we can see that even well known risk measure CVaR [for the defin-
ition see e.g., Shapiro et al. (2009)] is, under rather general conditions, the strongly
convex function. Namely considering CVaR with the “underlying” linear problem and
employing the results presented in Kall and Mayer (2005) we can see that CVaR can be
reformulated in the form of a simple recourse problem. Consequently, employing the
results of Romisch and Schulz (1993b) we can obtain for continuous Pr (with respect
to the Lebesgue measure on R*¥) that mostly CVaR is a strongly convex function.

The risk measures appear also often in a constraints set [see e.g., Dupa¢ova and Kopa
(2012)]. Replacing a variance by CVaR in Markowiz model we can obtain optimization
problem with the strongly objective function (for more details about applications see
the Sect.5). At the end of this discussion we mention that a relationship between
convex and strongly convex functions can be found e.g., in Merentes and Nikodem
(2010).

It is possible only very seldom to find out simultaneously the solution with respect
to all criteria in (1) and moreover, these problems depend on a probability measure Pr
that usually has to be estimated on the data base. Consequently, in applications very
often the “underlying” probability measure Pr has to be replaced by empirical one.
Evidently, then the “solution” and an analysis of the problem have to be done with
respect to an empirical problem:

Find minEpnvgi(x,&), i=1,...,] subjectto x € Xpn, )

where FV denotes an empirical distribution function determined by a random sample
(g }INZ | (not necessary independent) corresponding to the distribution function F.
Evidently, if [ = 1 we obtain “classical” one objective stochastic programming
problem. Solving the problem (2) we obtain empirical estimates of an optimal value
and optimal solutions. Let us denote the optimal values of (1) and (2) (in the case
I =1)by ¢! (F, XFr), " (FN, X zv) and the corresponding optimal solutions sets by
XU(F, XFp), X1 (FN, X pn). It follows from the stochastic programming literature that
(pl (FN, x ), X WFN X p~) are under rather general assumptions “good” statistical
estimates of ¢! (F, Xr), X1(F, Xr). It was shown that these estimates are consistent
under rather general assumptions. The convergence rate and an asymptotic distribution
has been studied as well. These results have been, first, obtained for the case X = X
and for “classical” thin tails distributions, see e.g., Wets (1974), Kaitkova (1977, 1978,
1994), Dai et al. (2000), Dupacovd and Wets (1984), Kaniovski et al. (1995), Kaiikova
and Houda (2006), Romisch and Wakolbinger (1987), Romisch (2003), Schulz (1996),
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Shapiro (1994) and Shapiro et al. (2009). Later, the results covering also “heavy” tails
have arisen, see e.g., Kaitkova (2010, 2012, 2013b) and Houda and Karikova (2012).

To analyze (for general /) the relationship between the characteristics obtained under
the assumption of complete knowledge of Pr and them on the data base we employ
the results for one-objective stochastic problems and the results of deterministic mul-
tiobjective theory. Our results cover also the case of the “underlying” distributions
with heavy tails, that correspond just to many economic and financial situations [for
more details see e.g., Klebanov (2003) or Meerschaert and Scheffler (2003)].

According to the above mentioned facts, the paper is organized as follows. First,
we try to recall auxiliary assertions concerning deterministic multiobjective theory
(Sect.2.1). Section 2.2 will be devoted to the stability of one-stage stochastic program-
ming problems. The stability results can be considered as the base for the investigation
of empirical estimates (Sect.2.3). Section3 is devoted to an analysis of the multiob-
jective stochastic programming problems. Essential results can be found in Sect. 4.
Applications (two special cases) and an analysis of a next possible and desirable
investigation can be found in Sects.5 and 6.

2 Some definition and auxiliary assertion
2.1 Deterministic multiobjective problems

To recall some results of the multiobjective deterministic optimization theory we
consider a multiobjective deterministic optimization problem in the following form:

Find min f;j(x), i=1,...,] subjectto x € K, 3)

where fi(x),i = 1,...,[ are real-valued functions defined on R",C C R" is a
nonempty set.

Definition 1 The vector x* is an efficient solution of the problem (3) if and only if
there exists no x € /C such that f;(x) < fi(x*) fori = 1,...,[ and such that for at
least one iy one has f,(x) < fi,(x™).

Definition 2 The vector x* is a properly efficient solution of the multiobjective opti-
mization problem (3) if and only if it is efficient and if there exists a scalar M > 0
such that for each i and each x € K satisfying f; (x) < f; (x™) there exists at least one
Jj such that f;(x*) < f;(x) and

fi (%) = fi(x) - @
fi) — fj (%)

Proposition 1 (Geoffrion (1968)) Let L C R"™ be a nonempty convex set and let
fi(x),i = 1,...,1 be convex functions on K. Then x° € K is a properly efficient
solution of the problem (3) if and only if x° is optimal in
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1 l
;Iél%;)»ifi(x) for some Ap,..., A >0, ;Aizl.

A relationship between efficient and properly efficient points is introduced e.g., in
Ehrgott (2005) or in Geoffrion (1968). We summarize it in the following Remark.

Remark I Let f(x) = (fi(x),..., fi(x)),x € K; KT ICPe/T be sets of efficient

and properly efficient points of the problem (3). If L isaconvex set, fi(x),i =1, ...,/
are convex functions on /C, then
f (;Cpeff) cf (;Ceff) cf (;Cpeff) , (5)

where f(KP¢/1) denotes the closure set of f(}CPe/T).

Definition 3 Let /(x) be a real-valued function defined on a nonempty convex se
K C R". h(x) is a strongly convex function with a parameter p > 0 if

h(axlb+ (1 =2)x?) <ah (xY) + A=)k (x?) =2 (1 =2 pllx’ —x?|3
for every x!', x> e K, 1 € (0, 1).

(Il - Il denotes the Euclidean norm in R".)

Proposition 2 (Kainkovd (1993b)) Let K C R" be a nonempty, compact, convex set.

Let, moreover, h(x) be a strongly convex with a parameter p > 0, continuous, real-

valued function defined on K. If x° is defined by the relation x° = arg mi’rclh(x),
X€E

then
02 _ 2 0
lx —x"|| < —|h(x) — h(x")| forevery x € K.
0

It has been proven in Schulz (1994) [see also Houda (2009)] that strong convexity
condition is sufficient for the quadratic growth condition [for the definition of general
growth conditions see e.g., Romisch (2003) or Houda (2009)].

Proposition 2 expresses the relationship between optimal value and optimal solution
in the case of strongly convex objectives. The situation is more complicated in the
general case, for more details see an analysis in Conclusion.

2.2 Stability in one-objective stochastic programming problems

Torecall suitable (for us) assertions from single criterion stochastic optimization theory
we start with the problem:

Find gpl (F,Xr) =minEpg; (x,&) subjectto x € Xp, (6)

where g1 (x, z) is a real-valued function defined on R" x R®.
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First, we recall some stability results corresponding to the problem (6). To this end
let F and G be two s-dimensional distribution functions for which the Problem (6) is
well defined. According to the triangular inequality we obtain

0 (F.Xp) — ¢ (G, Xo)| = [0 (F. Xp) = 9" (G, Xp)|

+le' @ xn-¢' G x0)|. @

Consequently, it is easy to see that we can study separately stability of the problem (6)
with respect to a perturbation in the objective function and in the constraints set. We
restrict mostly our consideration to the case X = X. To this end let P(R*) denote
the set of all (Borel) probability measure on R®. We shall try to introduce functions m
(defined on R™), dg (may be metric, defined on P(R*) x P(R*)) such that

o' (F,X) — 9" (G, X)| <m (dy (P, P5)).

We introduce (for i = 1, 2) a system of the assumptions A1.(i):

Al. (1)
either g1 (x, z) is a uniformly continuous function on X x (Zr U Zg) or X
is a convex set and there exists € > 0 such that g;(x, z) is a convex bounded
function on X (&) (X (¢) denotes the e-neighborhood of X),
g1(x, z) is a Lipschitz function of z € R® with the Lipschitz constant L;
(corresponding to the £; norm) not depending on x.

(i = 1 corresponds to L1 norm || - [|; and i = 2 to the Euclidean norm || - || in R™)
Furthermore, we define M/ (R*) C P(R’), and dWl;(F, G) = dwl,-(Pp, Pg),i =
1, 2 by

Mﬁ(RS) =Jve P(R‘Y),/ llzlliv(dz) < oo
R

de (F,G) = | inf / lz —zllik(dz x dZ) : k € D(Pg, Pg) ,
RS xRS
Pr, Pg € M{(R®), ®)

where D(Pr, Pg) denotes the set of those measures on P(R® x R*) whose marginal
measures are Pr, Pg. dW{ (F,G) = de (Pg, Pg),i = 1,2 can be considered as
metrics (“distances”) in the space of the probability measures on R¥; dle (Pr, Pg)is
based on the Euclidean norm, dWll (PF, Pg)isbasedon the £; norm. They are known
as the Wasserstein metrics [for more details about the Wasserstein metrics in the space
of the probability measures see e.g., Rachev (1991) and Valander (1973)].

The following Proposition is only alittle generalized assertion presented in Karikova
and Houda (2002a).
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Proposition 3 Let X be a nonempty compact set, Pr € M%(R‘V). If

1. the assumption A.1 (2) is fulfilled,
2. Pg € M%(R“) is arbitrary,

then
¢! (F,X) = ¢'(G, X)| < Lady (Pr. PG) . ©)

The idea to employ the Wasserstein metric to the stability investigation belongs to
Romisch and Schulz [see e.g., Romisch and Schulz (1993b)]. However to estimate the
value dwlz (F, G) for the dimensions greater 2 is (from the numerical point of view)
practically impossible.

Valander in Valander (1973) has proven for s = 1 that

4y (.6 = [ 1F@) - G@ldz,

Consequently, replacing in the case of general s de(F ,G) by dW11 (F, G), the fol-
lowing assertion could be proven.

Proposition 4 (Kailkova and Houda (2006)) Let Pr, Pg € /\/l} (R®), X be a non-
empty set. If A.1 (1) is fulfilled, then

\) +0oo
IEFg1 (x,§) —Eggi (LS)ISMZ/ |F; (z;) — G; (z;)|dz; forevery x € X.

i=1_%,

If, moreover, X is a compact set, then also

g T
o EX =G0 1Y [ IRE) - Gilda.
i=1

=00

Proposition 4 reduces (from the mathematical point of view) s-dimensional case
to one-dimensional. The idea to reduce an s-dimensional case to one dimensional is
credited to Pflug (2001) [see also Smid (2009)]. In this paper we try to employ just
the stability results introduced by Proposition 4 because they are suitable in the case
of the distributions with “heavy” tails.

Remark 2 1. The right hand side of the both inequalities in Proposition 4 are equal
to the value

s T

o0
LY / |Fi(zi) — Gi(z)l dzi,
i=1_"
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independently on the stochastic dependence between the components of the vec-

tor & = (&1,...,&). Consequently, an information about the above mentioned
dependence is neglected and so including it the lower “upper bound” may be
obtained.

2. We have employed the Wasserstein metrics to obtain the stability results for one-
stage stochastic programming problems (1) with Xy = X. Another metrics have
been employed in this purpose, we can recall the Kolmogorov metric [see e.g.,
Karkova (1993a)], Bounded Lipschitz metric [see e.g., Romisch and Wakolbinger
(1987)], Fortet Mourrier metric [see. e.g., Romisch (2003)] or more general semi-
metrics [see Romisch (2003)].

2.3 Empirical estimates in one-stage stochastic programming problems

Replacing G by an empirical estimate FV of F we can employ Proposition 4 to investi-
gate empirical estimates of Problem (6) (with X r = X). Evidently, according to Propo-
oo

sition 4 it is reasonable to investigate the behaviour of f |Fi(zi) — F l.N (z)|dzi, i =
—00
1, ..., s. To this end, we define the following assumptions:

A2 (& }72 | is independent random sequence corresponding to F'; F N'is an empirical

distribution function determined by {&’ }lN: 10
A3 Pr.,i=1,...,s are absolutely continuous w.r.t. the Lebesgue measure on R!,

and recall the following assertions:

Proposition 5 (Shorack and Wellner (1986)) Let s = 1 and Pr € M}(Rl). Let,
moreover A.2 be fulfilled. Then

o0
P wi/IF(Z)—FN(Z)Idz—>N—>OOO =1.

—00

Proposition 6 (Kailkova (2010)) Let s = 1, t > 0 and Assumptions A.2, A.3 be
fulfilled. If there exists B > 0, R := R(N) > 0defined on N such that R(N) — N oo

o0 and, moreover,

—R(N) 00
NP / F(2)dz N0 0, NP / [1 — F(2)ldz = N—o0 0,
—00 R(N)

INF(=R(N)) >N-00 0, 2N[1 = F(R(N))] = N-o0 0,

12NPR(N) X - t 2 0 0
(f‘f‘ )exp — (W) —>N—oo U, (10)
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then

P w:Nﬁ/(F(z)—FN(z) dz>1} —>Nooo 0. (11)

—00
(N denotes the set of natural numbers.)

Evidently, it follows from Propositions 4 and 6 that the convergence rate of
lp'(FN, X) — ¢! (F, X)| depends on the convergence rate of

o]

/)Fi(z,-)—ﬂ’v(z,-) dzi, i=1,...,s. (12)

—00

Since it has been proven in Dvoretski et al. (1956) (under the assumptions of
Proposition 6) that

P Iw : Nl/zsup
Z

FNz) — F(z)‘ > t] <cexp (—21‘2),

where c¢ is universal constant,

it follows from Kankova and Houda (2006) that

12N R(N) . - t 2 0
( : +)exp B (12R<N>Nﬂ) TN

and, consequently, it follows from the relations (10), (11) that the convergence rate of
(12) depends on the tails of the distribution function F.
The following auxiliary assertions have been successively proven.

Proposition 7 (Kankova (2010)) Lets =1, ¢t > 0, B € (0, %) and the assumptions
A.2, A.3 be fulfilled. If there exist constants C1, Cy and T > 0 such that

f(z) < Crexp{—Cslz|} for z € (—o00,—T)U (T, 00),

then
o0
Plw: NP / ‘F(z)—FN(z) >fF —>N—soo O.
—00
(f denotes the probability density corresponding to F.)

Proposition 7 deals with the case of the distribution functions with “thin” tails. If
we admit heavy tails we can introduce a weaker assertions.

@ Springer



318 V. Kankova

Proposition 8 (Houda and Kailkovad (2012)) Lets = 1,t > 0, r > 0, the assumptions
A.2, A.3 be fulfilled. Let, moreover, & be a random variable such that Ep|&|" < oco. If
constants B,y > 0 fulfil the inequalities0 < B+y < 1/2, y > 1/r, B+ (1 —
r)y <0, then

o0
P w:Nﬁ/’F(z)—FN(z) dz>1t% —> N0 0.

—00
Analyzing Proposition 8 we can obtain for g := B(r) introduced by it that

Br) —r 0 1/2, B(r) —,_2+ 0.

Proposition 8 covers some cases of heavy tails distributions. Unfortunately, we
cannot obtain by this Proposition any results for the case when there exist only E|&|"
for r < 2. However, this case corresponds to the stable distributions with the tail
(shape) parameter v < 2 [for more details see e.g., Kozubowski et al. (2003) or
Rachev and Mitting (2000)]. The shape parameter expresses how “heavy” tails of the
distribution are. The case v = 2 corresponds to the normal distribution, when the
second moment exists. To deal with the case when the finite moment exists only for
r < 2, we recall the results of Barrio et al. (1999).

Proposition 9 (Barrio et al. (1999)) Let s = 1, {Si}fvzl, N =1,2,... be a
sequence of independent random values corresponding to a heavy tailed distribution
F with the shape parameter v € (1, 2) and let

supt” P{w: |&] > t} < o0, (13)
t>0
then
o0
lim sup P N /‘F() F¥ol>ml =0 (14)
u w . —— — > = U.
P NP NI/ Z Z
—00

[For some more details see Omelchenko (2012).]

Remark 3 The convergence rate of the value lp'(F, X)—¢'(FV, X)| has been inves-
tigated in the stochastic programming literature many times in the case of “thin” tails
[see e.g., Dai et al. (2000), Kanikova (1978),Shapiro (1994) and Shapiro et al. (2009)].
The large deviations technique has been employed in these papers mostly.

Till now we have dealt with the case Xr = X. Another special case is considered
in Kankova (2012). To recall it we assume:

A4 There exist§ > 0, ¥ > 0 such that fij(z;) > © for z; € Zr,lzi — kg (o) <

28, where
kp(a;) = sup{zi @ Prio @ zi < &i(w)} = al,ai € (0,1),0i =
I,..., s.(fi(zi), i =1, ..., s denotes the probability density corresponding
to Fi(z))-
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Ifgi:=¢g(x),i=1, ..., saredefinedon R*, o; € (0, 1), i =1, 2, ..., s and if
we set

Xp(=Xp@) =[x eX:Plo:gix) <&l >al,
i=1

;e 0,), i=1,...,5, a=(ay,...,0), (15)

then under Assumption A.4 we can see that
s
Xp=[{reX:80) <kn@)}. (16)
i=1
Consequently, setting

)_((v)zn{xeX:g,-(x)fvi}, V= (U1, ..., V),V € ZF (17)
i=1

we obtain
Xp=Xkp@), a=(i,....0a), kp(@) = (kr (@), ... kg(e)).

Proposition 10 (Karikova (2012)) Let X be a convex, compact and nonempty set,
e, D,i=1,....5, ¢ = (x1,...,05). If

1. go(x), x € R" is a Lipschitz function on X with the Lipschitz constant L,

2. A2, A.3, A4 are fulfilled,

3. X(v) are nonempty sets forv € Zr,

4. there exists € > 0 such that gi(x),i = 1, ..., s are convex continuous functions
on X (¢),

then there exists a constant C > 0 such that

X (kr (@) X(kpn (@)
forN € NV and >0 suchthat 0 <¢/LCs <.

P[a):| inf  go(x)— inf go(x)|>t]§2sexp{—2N(z9t/LCs)2}

Remark 4 Observe that the assertion of Proposition 10 does not depend on the tails
distributions. Especially, it is also valid for the stable distributions with the tails para-
meter v € (1,2).

3 Multiobjective stochastic programming problems—problem analysis
To analyze the stability (and consequently empirical estimates) in the case of the multi-

o_bjective stochastic problem (1) we define the sets G(F, X ), QE(F, Xr), Q_F(F, Xr),
GF(F, X;), A and the function g(x, z, A) by the relations:
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320 V. Kankova

G(F, Xp) = {yeRl:yj =Erg;(x,86), j=1,...,1
forsome x € Xp;y=O1,-..,)},
X (F,XFr) ={x € XF :x isa properly efficient point of the problem(1)},
GF(F. Xp) = {y eR :y; =Ergj(x.6), j=1,...1
for some x € X(F, Xp)},
GF(G. X¢g) = {y eR 1y =Epgj(x.&), j=1,...1
for some x € X(G, Xe)},

l
A:[AeRl:kz(Al,...,Al),ki >0i=1....1> X =1],

I
g(x,z,)»)=2kigi(x,z), x€R", € R, %€ A. (19)

i=1
Evidently,

1. G(F, Xp) is the image of the set Xp corresponding to the vector function
Ergi(x,),...,Ergi(x, &) and the underlying distribution F,

2. GF (F, X ) is the image of the set X (F, X F) corresponding to the vector function
Ergi(x,€),...,Ergi(x, &) and the underlying distribution F.,

If for ¢ > 0 the symbol X (¢) denotes the £ — surroundings of the set X and if the
assumption

B.1 - X is a nonempty, convex set and, moreover, there exists ¢ > 0 such that
gi(x,z),i =1,...,s are convex bounded functions on X (¢),
— gi(x,2),i = 1,...,[ are (for every x € X) Lipschitz functions of z € R®
with the Lipschitz constant L (corresponding to £ norm) not depending on
x e X,

is fulfilled, then g(x, z, 1) is (for every z € Zf, A € A) a convex function on X (¢)
and, moreover, (for every x € X, A € A) a Lipschitz function of z € Zp with the
Lipschitz constant L not depending on x € X, A € A. Consequently, applying the
parametric optimization problem:

Find <pA(F, X) =infEpg(x,&,1) subjectto x € X for A e A, (20)

we can apply Proposition 4 to obtain.

Proposition 11 Let Pr, PG € M}(R‘Y), B.1 be fulfilled, X be a nonempty set, then

g oo
Erg .6~ Eog 0l = L1y [ 1R - Gitaldz,
i=1

- =00

forevery x e X,i=1, ..., 1,
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g Too
[Erg(x, &%) —Eg(x,& M) < L1 ) / |Fi(zi) — Gi(z)ldzi
i=1

—00

forevery x € X, A € A.

If, moreover, X is a compact set, then also

N

+00
8 A (. NP
lo*(F, X) — ¢*(G, X)| §L12/ |Fi(zi) — Gi(z;)|dz; forevery A€ A.

i=1_%

To present the next assertion, first, we recall the definition of the Hausdorff distance
of two subsets of R", n > 1. To thisend let ', K” C R" be two nonempty sets. The
Hausdorff distance of these sets A[K', K] := A,[K', K"]is defined by

A, [K. K] = max [8, (K. K7). 8, (K" K)].

/ I\ : -
I (K, ) = sup it [x" —x

2 9
[for more details about the Hausdorff distance see e.g., Rockafellar and Wets (1983)].
Evidently, the following assertion follows from Proposition 11.

Proposition 12 Let Pp, Pg € M}(RS), X be a compact nonempty set. If B.1 is
fulfilled, then

g T
MGFX).66G. 01 =1L Y, [ 1) - Gl da
i=1_"%
Furthermore, if g;(x,z),i = 1,...,l are forevery z € Zr U Zg and some ¢ > 0

strongly convex functions on X (¢) with a parameter p > 0, then also g(x, z, 1) is
for every z € Zp, A € A a strongly convex function on X (¢) with the parameter p.
Employing the triangular inequality, Propositions 2 and Proposition 4 we can obtain
successively for Pr, Pg € M} (R?%) and compact set X that

<k x) — x50

IA

2
5 |Erg (x}(X),&, 1) — Epg (x5(X), &, 1)

IA

2
5 [|[EFg (x3(X).£.1) — Egg (x5(X). £, 1)

+ |Ecg (x&(X)E, 1) — Epg (x5(X), &, 1)]]

o0
2 N
;Ll Z/ |Fi(zi) — Gi(zi)|dz;
i=1

=00

+ 3 [ 1R - Gz
=11

IA
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L
- Z/ |Fi(zi) — Gi(zi)|dz; | forevery A€ A,
p —0o0

21

where x} (X), xé‘; (X) are solutions of problem (20) with the “underlying” distributions
F and G.
Consequently

1

2

|<*(F) = x*(G)| < —le/ |Fi(zi) — Gi(zi)|dzj |  forevery A€ A.
(22)

Now already we can formulate the next assertion.

Proposition 13 Let Pp, Pg € M%(R‘Y), X be a compact set. If B.1 is fulfilled and,
moreover, gi(x,z),i = 1,...,1 are for every 7 € Zr U Z¢ strongly convex functions
on X with a parameter p > 0, then

172

A, [X(F. X)), X (G, X)] < L1— /IF(z, —Gi(zi)dzi

1100

Proof The assertion of Proposition 13 follows immediately from the relation (22),
Proposition 1 and the properties of the Hausdorff distance. O

Evidently, the next Corollary follows from Proposition 13, properties of the Lip-
schitz functions and the Hausdorff distance.

Corollary 1 If the assumptions of Proposition 13 are fulfilled and, moreover,
Ergi(x,2),i = 1,...,1 are Lipschitz functions of x € X, then there exists L, > 0
such that

1/2

_ _ 4 s
ag"(F.%).67G. )] = Lz;Z/ |Fy (@) — Gi (i)l dz;

Remark 5 Let X be compact nonempty set,e > 0. If Epg;(x,&),i =1, ..., are for
every z € Zr U Zg convex continuous bounded functions on X (¢), then they are also
Lipschitz functions on X [for more details see Rockafellar (1970)].

4 Multiobjective stochastic programming problems: empirical estimates

Replacing (in the assertions of the previous section) G by FV and employing the
properties of the probability measure we can investigate the corresponding empirical
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estimates of the multiobjective problems (1) with Xy = X to obtain the following
results.

Theorem 1 Let Assumptions B.1 and A.2 be fulfilled, Pr € ./\/l{ (R*), X be acompact
nonempty set. Then

1.
p {a) A [Q(F, X), G(FV, X)] N 0} =1

If, moreover,

2. gi(x,2),i = 1,...,1 are for every z € ZF strongly convex functions with a
parameter p > 0 on X, then also

P {a) LA, [)E(F, X), & (FN, X)] o 0} =1

3. —gi(x,2),i =1,...,1 are for every z € ZF strongly convex functions with a
parameter p > 0 on a convex set X,
— Ergi(x,§),i =1,...,1 are Lipschitz functions of x € X,
then also

P {a) A [QF(F, x), GF (FN,X)] N o} =1

Proof The assertion 1 of Theorem 1 follows from Propositions 5, and Proposition 12.
The assertion 2 follows from Proposition 5, Proposition 13 and the properties of the
Hausdorff distance.

The assertion 3 follows from Corollary 1, Proposition 5 and the properties of the
Lipschitz functions. O

Remark 6 See that the stable probability measures with one dimensional marginals
having tails parameters v; > 1,i = 1,..., s belong to M{(RS ). Consequently, the
assertions of Theorem 1 are valid (under the corresponding assumptions) also for the
stable distributions with the tail parameter v; € (1,2),i =1, ..., s.

Replacing G by F" in Proposition 13 we can furthermore successively obtain for
y > 0 that

P {a) N7 A, [;?(F, X), X(FV, X)] > z}

. oo 12
<Pjw:N’ le/ Fi(zi) — FN(z)| dz >r¢,
i=1_1
P {a) . NV A, [z’\_’(F, X), X(FV, X)] > t}
. 4o 1/2
<Plw: NZVle/ Fi(zi)—F,.N(z,-)}dz,- >1t,
i=1_"%
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P {a) N7 A, [;?(F, X), X(FN, X)] > t}

s +OO
<Plw:|NY le/

i=1

R - Fl@ldz | |z @3)

—00

Applying this system of inequalities, Proposition 7 and Proposition 11 we can
obtain.

Theorem 2 Let B.1, A.2, A.3 be fulfilled, X be a compact nonempty set, t > 0. If there
exists constants C1, Cy and T > O such that

fi@ < Crexp{—Calzj|} for zj € (—o0,—T)U(T,00), j=1,....5,

then

P {a) NP, [Q(F, X),g(FN,X)] > z} N =0 for Be (o, %)

If moreover

2. gi(x, zj), i =1, ..., lareforevery z € ZF strongly convex functions on convex
set X with the parameter p > 0, then also

P {a) - NPa, [X(F, X), X(FN, X)] > t} o N—oe=0 for Be (o, %)

3. —gi(x,2),i = 1,...,1 are for every z € ZF strongly convex functions on a
convex set X with a parameter p > 0,
— Ergi(x,8),i =1,...,1 Lipschitz functions of x € X,
then also

P {a) - NPa, [g‘F(F, X),g'F(FN,X)] > z} =0 for Be (0, i)

Proof The first assertion of Theorem 2 follows from Proposition 7 and Proposition 12.
The assertion 2 follows Proposition 7, Proposition 13 and the relation (23).
The last assertion follows from the second assertion and the properties of Lipschitz
functions. O

Theorem 3 Lett > 0, r > 0, Assumptions B.1, A.2, A.3 be fulfilled. Let, moreover,
& be a random vector with the components &;,i = 1, ..., s such that Ef|&;|" < oo.
If constants B, y > 0 fulfil the inequalities 0 < B+y < 1/2, vy >1/r, B+ (1 —
r)y < 0, then

P {a) - NP A, [Q(F, X), G(FV, X)] > t} N =0.

If moreover
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2. gi(x,zi),i = 1,...,1 are for every z € Zf strongly convex function on convex
set X with the parameter p, then also

P {a) -NPa, [/”?(F, X),)E(FN,X)] > t} N =0 for B= g

3. —gi(x,2),i = 1,...,1 are for every z € Zf strongly convex functions on a
convex set X with a parameter p > 0,

— Ergi(x,8),i =1,...,1 are for every z € Zf Lipschitz functions of x € X,
then also

P {a) NP, [Q_F(F, X),g'F(FN,X)] > t} o N—oo=0 for B = g

Proof The proof of Theorem 3 is the same as the proof of Theorem 2, only a Propo-

sition 7 is necessary to replace by Proposition 8. O
Theorem 4 Let Assumptions B.1, A.2 and A.3 be fulfilled, Pr € M}(RS), M>0,X
be a compact set. If one-dimensional components &;,i = 1, ..., s ofthe random vector

& have the distribution functions F; with the tails parameters v; € (1, 2) fulfilling the
relations

supt” Pp{w: |&| >t} <oo, i=1,...,5,
t>0
then
1.
. N N _
lim sup P lw: ——A; [Q(F, X), G(F ,X)] =Ml =0
M—>00 N N v
with v = min(vy, ..., vg).
If moreover
2. gi(x, 2),i =1, ..., [ are strongly convex with a parameter p > 0 function on

X, then also fory = vl

4
2v

lim supP{w:NVA” [QE(F, X),)E(FN,X)] >M} —0

M—oc0 N

with v = min (v, ..., vy).

3. —gi(x,2),i=1,...,1are for every z € ZF strongly convex functions on a
convex set X with a parameter p > 0,
— Ergi(x, &), i =1, ..., [ are Lipschitz functions of x € X
_v—1
then also for y = -

lim supP{w:NVAn [g’F(F, X)), G" (FN,X)] > 1\71} —0

M—oc0 N

with v = min(vy, ..., vs}.
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Proof Evidently, the first assertion follows from Proposition 9 and Proposition 12.
To prove the assertion 2 we can see that it follows from the relation (23) that for
y=1-1/v

P{a):NVAn [A?(F, X),;\?(FN,X)] zt} <
+
Plo: | N> Lli/oo‘Fi(zi)—FiN(zi)‘dzi > 2
i=1_

Evidently now the assertion 2 follows from the last inequality, the properties of the
probability measure and the first assertion.

The last assertion follows from the second assertion and the properties of the Lip-
schitz functions. O

In the next section let us give a sketch of two possible applications.

5 Applications: analysis of two special examples

We consider and analyze two very simple typical problems from practise.

1. First, we shall rather modify an example from Stancu-Minasian (1984) p. 287
belonging to a group of classical “production planning problems”. A factory is
producing two main groups of goods: group A having n; assortments and group
B including n; assortments. A goal of a company is:

— to minimize the total cost of production,

to minimize the next expense connected with ecological tax,

— to minimize the cost of material,

to minimize expense connected with transport goods to the main stock.

Furthermore, we recall the following conditions and notions:

— A capacity of the factory is the value K (deterministic), values x|, xp correspond
to a partition of the capacity to the groups A and B, C1x| 4+ Cax; is a cost that the
company has to pay for partition,

— demands on assortments are random values A;, i = 1, ...n in the group A and
Bj, j =1, ..., nyinthe group B (of course with probability measures supports
bounded sets), )

— the company wishes to invest into production of group A the value A > Ajand
into group B the value B Z;’zz | Bj.

— it is necessary (maybe after the realization of A;, Bj,i = 1,...,n1,j =
1,...,n2) to determine values ya;, yg,j,i = 1,...,n1,j = 1,...,n2 cor-
responding to the production of A;, Bj,

— the cost of production ya;,yp,j,i = 1,...,n1,j = 1,...,ny is equal to

da,iya,i-dB jyB,j,
— the expense connected with ecological taxes are Ca,;ya,i, CB,j YBi, i =
I,....,n1,j=1,...,n2,
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— the costs of the material corresponding to y4 ;, yg,j,i =1,...,n1,j=1,...,n2

ar€ CA,iYA,i»CB,jYB,j»
— expense connected with transport 74 ; ya i, 1B, ;yB,

C1,C2,dni,dB,j,CAi,CB,jsCA,i»CB,j,tAi 1B j,» A, B >0,

Evidently, the company situation leads simultaneously to problems:

Find min {C1x1 + Coxo + Q1 (x1,x2) :x1 +x2 <K, x1, X2 > O},

ny

n
Q' (x1,x) =Epmin{ > daiyai+ D ds ys:
i=1 j=1

ni ni
Ddaivai+Cixi =AY A,
i=1 1=

n»

ny
ZdB*ij’j + Cyxp =B ZBJ',
Jj=1 Jj=1

Ai <yai, i=1,...,n, Bj<ypj, j=1,...,n¢, (24)

Find - min { Q2(x1, x2) : 1 +x2 < K, 21,2 = o} :

ni n2
2 . - - )
0 (x1, x2) = Ep min CAiYAi+ D CBjYB,j:
jYB.j
i=1 =1

ni

ny
ZdA,iYA,i +Cix1 = AZAh

i=1 1=1

ny na
ZdB*ij’j + Coxp = BZBJ‘,
Jj=1 j=1

A <yai.,i=1,...,n, Bj<ypj, j=1,...,n¢, (25)

Find min [ Q%(v1, x2) 1 x1 + %2 < K, 31, x2 2 0}

ni

ny
3 ~ )
Q7 (x1, x2) = EF min ZCA,iyA,i + ZCB,j)’B,j :
i=1 j=1

ni ni
ZdA,iYA,i +Cix1 = AZAi,
i=1 1=1
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np n2
ZdB,ij,j + Coxp = BZBja
j=1 j=1

Ai <yai,,i=1,...,n, Bj<ypj, j=1,...,n2¢, (26)
Find min{Q4(x1,x2):x1+xsz, xl,x220},

ni no
4 .
0" (x1, x2) = Ep min E tAiyAi + E B,jYB,j :
i=1 j=1

ny

ni
Ddaivai+Cixi =AY A,
i=1 1=l

ny n2
ZdB,ij, j+Caxa =B Z Bj,
j=1 j=1

Ai <yaii=1,...,n, Bj<ypj;, j=1,....na¢, 27

€= (A1,...,An.Bi,....By,).

Evidently, we have obtained multiobjective stochastic optimization problem. This
type of the problems has been introduced in Cho (1995), where the stability has been
investigated. If at least one of the objective functions is strongly convex, then all results
of this paper are valid. If assumptions of strongly convexity is not fulfilled, then prob-
lem belongs only to multiobjective convex group of optimization and a little weaker
results are valid. However, it is possible “to believe” that the strong convexity can be
fulfilled for standard continuous (with respect to the Lebesgue measure) probability
distribution. Moreover, very often (in the above investigated model) is reasonable to
add the next problem:

Find min {C1x1 + Coxy + Q5 (x1,x2) :x1+x2 <K, x1,x2 > O},

0°(x1,x2) = Ep { min{gTyT +¢7y ™ :

ni ny
Cixi+Caxa+y" =y =AD Ai+BY Bj, y',y_ =01, (28
i=1 Jj+l

where g+, ¢~ are constants (generally they can also be random values).

It follows from the paper (Romisch and Schulz 1993a) that under relatively general
conditions the last problem is strongly convex. Consequently, if we add this problem
to the list of objectives we can see that results of this paper are valid.
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The next example fulfils the conditions of strongly convexity.

2. Let us consider an “underlying” problem of classical portfolio selection:

n

n
Find maxZEkxk s.t. Zxkfl, xk>0k=,....,n,s=n, (29)
k=1 k=1

with xj a fraction of the unit wealth invested in the asset k, & (random values
with finite second moments) return of the asset. Evidently the above mentioned

problem is (under an assumption of knowledge &,k = 1, ..., n) a very simple
problem of linear programming. However, mostly the decision xx, k = 1,...n
has to be determined before the realization of &,k = 1,...,n. Of course it is

possible to maximize the average of profit. It means to solve the problem:

n n
Find maXZEFSkxk s.t. Zxkf I, x>0, k=1,...,n (30
k=1 k=1

This approach is not usually reasonable because it does not include a risk (the
realization of the vector (&1, ..., &,) can be relatively “far” from the vector of
its mathematical expectation) consequently profit can be “great” negative value.
Evidently, it is reasonable to consider as second criterion risk. Markowitz [see, e.g.,
Dupacova et al. (2002)] first connected these two criteria in one and introduced
the following problem:

Find max Zp.kxk — KZZxkck jXj

k=1 j=1

Zxkfl, x>0, k=1,...,n, K >0 constant, (31)
k=1

where iy = Epér, o, j =Ep G — ) (5 —nj). k j=1,

Evidently >} _, Z?=1 XkCk, jxj can be considered as a risk measure and according
to the properties of the mathematical statistics we can see that

Zﬂkxk — KZZxkck jXj

k=1 j=1

is (under general conditions) a strongly convex function. > j_; >i_ xkcx, jx; is
a symmetric function with respect to w1, ..., i,. This property can be sometimes
suitable but it has not to be ideal everywhere. Consequently, it can be reasonable to
replace > ;_, Z'}Zl XkCk jxj by another risk measures. In financial mathematics are
well known risk measures VaR and CVaR. We recall them (for our case) by
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Zx) =D &x, €0, 1), x=(x1, ..., ),
k=1
VaRa(Z(x)) =inf{t : P[Z(x) <t] > «a},

n +
. 1
CVaR.(Z(x)) = min [v + my:| , y=Ep (;&xz - U)

It is known [see, e.g., Shapiro et al. (2009)] that VaR does not fulfill conditions of
“good” risk measure, however CVaR these conditions fulfils. Moreover, employ-
ing the results presented in Kall and Mayer (2005) we can see that CVaR, with
the“underlying” linear problem, can be reformulated in the form of simple recourse
problem. Consequently employing the results of Romisch and Schulz (1993a) we can
obtain for a continuous Pr (with respect to the Lebesgue measure on R*) that CVaR
is (under general additional assumptions) a strongly convex function.

Consequently, considering the problems (30), (31) we have two problems with
strongly convex objective functions; from which one is useful for an investor preferring
symmetrical risk measure and the other that protects before a great loss. Evidently, it
can be often very useful to consider simultaneously both these objective functions and
to consider the problem as multiobjective problem.

6 Conclusion: discussion

The paper deals with the multiobjective stochastic programming problems. In par-
ticular the aim of the paper is to show that the multiobjective deterministic objec-
tive theory and the results of one objective stochastic programming problems can
be employed to investigate a relationship between characteristics (of multiobjective
problems) obtained under complete knowledge of the probability measure and them
determined on the data base. To this end, we have restricted our investigation to (prop-
erly) efficient points and their functions values [for the definition see (18)]. According
to (5) itis easy to see that a restriction of the investigation to properly efficient (instead
efficient) points is not essential.

To obtain the above mentioned results we have mostly supposed that the objective
functions g;(x,z),i = 1,...,[ are strongly convex on convex set X with the same
parameter p > 0.

This assumption is rather strong, but it guarantees one point solution set in the
simple objective case and consequently also [for every A € A for the problem (20)].
Evidently, it is suitable for many quadratic cases.

A little weaker results can be considered when at least one functions from the set
{gi(x,2),i = 1,...,1} is strongly convex and the other are only convex, evidently,
linear functions do not fulfill the assumption of strongly convexity however if & is
a linear function h(x) = ajx; + -+ + dpxn, X = (X1,...,%,) € R",a; € R, i =
1, ..., n and if we denote

Ae) = {xc € X : h(xe) = ¢},
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then (under some additional assumptions)
Lic—c| =< plA@©. Al = Lle=c, e ¢ eR,

where L, L > 0, and p'[A(c), A(c'] is the corresponding metric. Evidently, then
we can obtain by another technique some similar results (maybe also for some more
general types of objectives).

Furthermore, we have restricted ourselves also to the case when X = X. Consid-
ering X r fulfilling the relation (15), and fulfilling Proposition 10, the relation (7) and
taking the proof idea of Theorem 23 in Katikova (2012) we can obtain the results for
more general type of Xr.

The investigation in all above mentioned directions is beyond the scope of this

paper.
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