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1. Introduction

In this paper, a new class of fuzzy bi-cooperative
games (bi-cooperative games with fuzzy bi-coalitions)
in multilinear extension form is proposed. The multi-
linear extension of a game [8] has been instrumental
for easy computations of the Shapley like solutions
for large games. In [7] a fuzzy cooperative game in
multilinear extension form is defined. Here a simi-
lar approach to obtain a fuzzy bi-cooperative game is
adopted however it breaks from the former due to the
presence of bipolarity among players.

Bi-cooperative games a la Bilbao [2] consider
problems arising from certain social and economic sit-
uations, where the players’ set is divided into a partition
of three groups viz., the group of the positive contribu-
tors, the negative contributors and the absentees. Each
such partition can be uniquely represented by a pair
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of positive and negative contributors and is called a bi-
coalition. A solution in this paradigm distributes the net
payoff among the players that is accrued by the game.
Labreuche and Grabisch [6] introduced the LG value
for the class of crisp bi-cooperative games. Alterna-
tive solution concepts are found in [1, 4, 5]. However
their difference is attributed to the two distinct order-
ings on the set of bi-coalitions namely, the product order
and the order implied by monotonicity. Labreuche and
Grabisch [6] highlighted this idea in details.

In a crisp bi-coalition the memberships of the players
(rates of participation) can be considered as 1 for her
full involvement as a positive or negative contributor
and 0 for being indifferent or absentee.? Furthermore,
it is possible to have players who participate partially
in a bi-coalition, an idea similar to the notion of fuzzy
cooperative games. In [3] a class of fuzzy bi-cooperative
games and its solution concept (LG value) is defined.
A particular class of bi-cooperative games namely the

2 A player in a crisp bi-coalition has three options : to join the
group of positive contributors (denoted this by 1), the group of neg-
ative contributors (denoted by —1) or remain indifferent (denoted
by 0). However if we only consider her rate of participation in the
bi-coalition irrespective of her polarity, it ranges in [0, 1].
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fuzzy bi-cooperative games in Choquet integral form
is investigated and the solution is characterized with
the LG axioms. A similar approach is adopted in this
paper to obtain the LG value for the class of fuzzy bi-
cooperative games in multilinear extension form.

The rest of the paper is organized as follows. Sec-
tion 2 presents the notion of bi-cooperative games and
a corresponding solution concept in both crisp and
fuzzy environment. In Section 3, the notion of a fuzzy
bi-cooperative game in multilinear extension form is
introduced followed by an illustrative example. Finally,
Section 4 brings some concluding remarks.

2. Model formulation

In this section, the basic definitions and results related
to the development of the model is introduced. To a large
extent, this section is based on [6] and [3]. Throughout
the paperlet N = {1, 2, 3, ..., n} denote the players’ set
and

OQN)={S,T)|S, TS Nand SNT =09},

the set of all bi-coalitions of N. Let us consider the
members of S in (S, T) € Q(N) contribute positively
and the members of T contribute negatively to the game.
By what is called an abuse of notations we alterna-
tively use 7 for the singleton set {i}, wherever there is
no possibility of confusion.

2.1. Bi-cooperative games with crisp bi-coalitions

A bi-cooperative game is a pair (N, v) of which N
is the players’ set and v: Q(N) — R, a real valued
function such that v(@, #) = 0. Whenever N is fixed,
(N, v) is replaced by v to simplify the notations. In
[6] a value is defined on BGV, the class of all bi-
cooperative games as a function ® : BGY — (R")2N)
which associates each bi-cooperative game v a vector
(D1 (v), P2(v), ..., Dp(v)) representing a payoff distri-
bution to the players in the game. There are two more
definitions of a value found in the literature, see [1, 4, 5].
However, the definition given in [6] is seen to be more
natural as it incorporates the bi-polar nature of the
model. For a detailed discussion related to this idea,
one can refer to [6].

Definition 2.1. Let v e BGY. A player i is called
left monotone with respect to v if

VS, T)e Q(N\i), v(SULT)>v(S,T).

A player i is right monotone with respect to v if

VS, T) e QIN\D, (S, TUD) =S, T).
The bi-cooperative game v is monotone if all players
are left and right monotone with respect to v.

Remark 2.2. The expression v(SUi, T)— v(S, T)
(respectively v(S,T) —v(S, T Ui)) is called the
marginal contribution of player i with respect to
(S, T) € Q(N \ i) when she is a positive contributor
(respectively a negative contributor).

Prior to the definition of the LG value of the class of
crisp bi-cooperative games, define the following.

Definition 2.3. Let (S, 7) € Q(N)andv € BGY .Player
i € N is a null player for v, if it satisfies

v SULT)=v(S,T)=v(S, TUI) (1)

for every (S, T) € Q(N \ i).
Now the LG value for the class BGY is defined as
follows.

Definition 2.4. A function @ :BGY — (R")2M
defines the LG value if for every (S, T) € Q(N) it sat-
isfies the following axioms.

Axiom b1 (Efficiency) : If v € BGY, it holds that,

D DN, v)(S. T) = (S, T)

ieN

Axiom b2 (Linearity) : Forall ¢, B e R, b, v € BgGN,
(N, ab + pv)(S, T)
=a ®;(N,b)(S, T) + B Pi(N, v)(S, T).

Axiom b3 (Null Player Axiom) : If player i is null for
v e BGY, then ®;(N, v)(S, T) = 0.

Axiom b4 (Intra-Coalition Symmetry) : If v € BG" and
a permutation r is defined on N, such that 7§ = § and
7T = T, then it holds that, for alli € N,

®i(N,vor 1S, T) = ®i(N, v)(S, T)
where mv(wrL, M) = v(L, M) and nL = {mi : i € L}

for every (L, M) € Q(N).

Axiom b5 (Inter-Coalition Symmetry) : Let i € S and
J € T,andv;, v;betwo bi-cooperative games such that
forall (8, T") € QUSUT)\ {i, j}),
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vi(S"UL, T) —vi(S', T
=08, T) —vi(S, T'U )
vi(SUL T U j)—v(S, T Uj)
=v;(SULT)—vi(SUL T Uj)
Then,
D;(N, v;)(S, T) = —® (N, v,)(S, T). )

Axiom b6 (Monotonicity): Given v, V' € BGY such
that 3i € N with

VS, TY=uv{S,T) 3)
V(S'UL T > v Ui, T) 4)
VS, T'UD>uS, T Ui (5)

forall (S, T") € Q(N \ i), then
@;(N, V')(S, T) > ®i(N, v)(S, T).

In [6], an intuitive explanation about axioms bI-b6
is given in details. In addition to the standard Shapley
axioms viz., Efficiency (b1), Linearity (b2) and Null
Player (b3), here we have the intra and inter-coalition
symmetry axioms ((b4) and (b5) respectively) that take
care of the anonymity of the players in two different
ways. The intra-coalition symmetry axiom suggests that
the role of the players of S, T and N \ (SU T) is dif-
ferent. Thus symmetry holds only among players of S,
players of T and players of N \ (S U T). On the other
hand the inter-coalition symmetry axiom tells that when
the contribution of a player i € S to a game v; is exactly
the opposite of that of a player j € T toa game v; , then
the incentive payoff for i shall be exactly the opposite
of the payoff for j. The monotonicity axiom (b6) says
that the value to a player for a larger game can not be
less than that of the smaller game.

The following theorem ensures existence and unique-
ness of the LG value.

Theorem 2.5. There exists a unique value
®(N,v)(S, T) on BGN for (S,T)e Q(N) that
satisfies Axiom (bl)- Axiom (b6) and is given by,

D;(N,v)(S, T)

kl(s+t—k—1)!
= Y SR vkue - viol ©)
ko O

for all ie N where for K< SUT, V(K):=
vV SNK, TNK). Moreover, if ie N\(SUT),
D;(N,v)(S, T)=0.

An important corollary to Theorem 2.5 given in [6]
is as follows.

Result 2.6. We have,
Yie N\(SUT), &;(w)(S,T)=0
Vi € S, with i left monotone, ®;(v)(S,T) >0 (7)
Vi € T, with i right monotone, ®;(v)(S, T) <0

2.2. Bi-cooperative games with fuzzy bi-coalitions

Let N = {1, 2, ..., n} be given. A fuzzy bi-coalition
is an expression A on N given by,

A= {<i,p@), Vi@ > | min@ud,v})=0)

where [LX N — [0, 1], \JX : N — [0, 1] represent
respectively, the membership functions over N of the
fuzzy sets of positive and negative contributors of A.
Note that the minimum condition in the above defini-
tion implies that the two roles (positive and negative
contributions) are mutually exclusive so that one can
not simultaneously put her partial participations in both
of them, see [3].

Thus it follows that the functions ;LX and v% fully
identify the fuzzy bi-coalition A of N. As N is fixed
here, ,ug and vg can be replaced by w4 and vy4. Player
i is a positive contributor in A if w4 (i) > 0 and a nega-
tive contributor if v4 (i) > 0. Let FB(N) denote the set
of all fuzzy bi-coalitions on N. Every crisp bi-coalition
can also be considered as a fuzzy bi-coalition with
each player participating fully (with membership 1) or
abstaining (with membership 0). Thus with an abuse of
notations, write Q(N) C FB(N).

For comparing the fuzzy bi-coalitions A, B €
FB(N), the following operations and relations are
adopted.

A X B % pna(i) < up@) and va(@) < vp@i) Vi € N.
A =B uali) = up() and va@i) = vg@i) Vi € N.

For any A € FB(N), denote by F5(A), the set of all
fuzzy bi-coalitions B such that B < A.

The intersection of two fuzzy bi-coalitions A and B
is obtained using the minimum operator ’A’ as follows.

AN B = {<i, pal) A wp@i), va@i) A vp(i) >: i € N)

It follows that under the above mentioned ordering rela-
tion FB(N) is an inf-semilattice. However, the union is
defined only on a restricted sub-domain of FB(N). For
A, B € FB(N) such that {ua(i) Vv up@} Alva@d) v
ve(i)} =0, Vi € N, AU B is defined as follows.
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AUB={<i,pua@i)V up),va@) Vvg@i)>:ie N}

®)

The Support of a fuzzy bi-coalition A, denoted by
Supp(A), is given by

Supp(A) = ({i € Nlpa@@) > 0}, {i € Njva(@d) > 0})
)
Note that, Supp(A) € Q(N).

Definition 2.7. The null fuzzy bi-coalition @ is given
by

bp ={< i, ugy(D), vy () > |i € N}

where (g, (i) = 0, and vg,({) =0 Vi € N.
Thus a bi-cooperative game with fuzzy bi-coalitions
is defined as follows.

Definition 2.8. A bi-cooperative game with fuzzy bi-
coalitions (a fuzzy bi-cooperative game in short) is a
function w : FB(N) — R with w(@p) = 0. We call the
value w(A) the worth of A due to the fuzzy or partial
contributions by the members of N.

The worth w(A) for every A € FB(N) is interpreted
as the gain (whenever w(A) > 0) or loss (whenever
w(A) < 0) that A can receive when the players par-
ticipate in it in either of the three distinct capacities
: positive, negative or absentees. Denote by Grg(N)
the class of all fuzzy bi-cooperative games. It follows
that the class BGY, of crisp bi-cooperative games is a
subclass of the class Grp(N) of fuzzy bi-cooperative
games.

Definition 2.9. Let w € Grg(N). Playeri € N is called
left monotone in fuzzy sense with respect to w if for
every A, B € FB(N) such that p4(i) > pp(i) with
na()) = up(j) and va(j) = vp(j) for i # j € N, it
follows that w(A) > w(B). Similarly, player i is right
monotone in fuzzy sense with respect to w if for every
A, B € FB(N) such that vq(i) > vp(i) with ua(j) =
wup(j) and va(j) = vp(j) fori # j € N, it follows that
w(A) < w(B).

The game w € Grp(N) is fuzzy monotone if every
player is both left and right monotone in fuzzy sense.

Let us define the LG value for a fuzzy bi-cooperative
game. Preparatory to this, following definitions due
to [3] are given.

Definition 2.10. If A € FB(N), and w € Grg(N), the
player i € N is said to be a null player for w in A
if w(BUI)= w(B) for all B € FB(A) with ug(@i) =
vp(i) =0 and all I € FB(N) such that u;(j) =
vi(j) = 0 when j # i, where the union U is defined
in (8).

Definition 2.11. Let A € FB(N). For any permutation
7 on N, define the fuzzy bi-coalition 7A by

tra@) = pae i) (10)

Vra(i) = va(r i) (11)

Then mA is called a permutation of the fuzzy bi-
coalition A.

The LG value for fuzzy bi-cooperative games is
defined as follows.

Definition 2.1. A function ® : Grg(N) — (R")7BM)
is said to be the LG value on Grp(N) if it satisfies the
following six axioms:

Axiom f1 (Efficiency): If w € Grp(N) and A €
FB(N), then

Y Piw)(A) = w(A).

ieN

Axiom f2 (Linearity): For o, € R and w,w’ €
Grp(N) it follows that ®(aw + Bw') = a®(w) +
BR(w),

Axiom f3 (Null Player Axiom): If player i € N is
a null player for w € Grp(N), in A € FB(N), then,
D;(w)(A) = 0.

Axiom f4 (Intra coalition Symmetry): For any w €
Grp(N), and a permutation 7, defined on N such that
wA = A, itholds foralli € N,

Qi (w)(A) = Pri(rw)(A) (12)

where mw € Grp(N) is defined by mw(rA) = w(A),
with wA defined as in Definition 2.11.

Axiom f5 (Inter coalition Symmetry): Given A €
FB(N) and i,je N, if w; and w; are two bi-
cooperative games with fuzzy bi-coalitions such that
forevery B € FB(A)withi, j ¢ Supp(B)(i.e., up(i) =
0= wup(j) and vp(@) =0 =vp(j)), and every pair
of I,J € FB(N), such that u;(i)=v;(j)>0 or
wi(j) =vi(@) > 0 and prk) = pyk) =0 =vk) =
vy(k) VY k € N\ {i, j}, it holds that,

wi(BU I) — w;(B)
=w;(B)—w;(BUJ)

wi(BUITUJ)—wi(BUJ)
=wj(BUD)—w;(BUIUJ)
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then, ®;(w;)(A) = —qu(wj)(A)-

Axiom f6 (Monotonicity): Let w and w’ be two bi-
cooperative games with fuzzy bi-coalitions and A €
FB(N). Let further that there exists an i € N such
that for every I € FB(N) with (i) > 0 or v;(i) >
0, ur(j) =vi(j) =0, Vj #1i, and for all B € FB(A)
such that pp(i) = vp(i) = 0, it holds that,

w'(B) = w(B)
w(BUI > wBUI
then, D;(w)(A) > O;(w)(A).

In [3] it is remarked that it is easy to see that if @
satisfies Axioms fI-f6 then its restriction to the class
of crisp bi-cooperative games satisfies Axioms b1-b6.
Thus we can recover the crisp value from its fuzzy coun-
terpart under restriction of its domain. As a matter of
fact all the above axioms are obtained intuitively from
their crisp analogues by generalizing the idea of partic-
ipation of players. For example, Axiom f5(an analogue
to Axiom b5), says that when contribution of a player i
to a game wy, is exactly opposite of that of player j, to a
game w, (i and j having equal rates of participations)
then i’s payoff will be exactly opposite to the one for j.
Similarly, Axiom f6 implies that if i provides some pos-
itive contribution to B € FB(A), and the added value
for w’ is greater than that for w or if i provides some
negative contribution to B € FB(A), and the negative
added value for w’ is lesser than that for w in abso-
lute value, then its payoff due to w’ can not be lesser
than the one due to w. This establishes a well deserved
link between the crisp and fuzzy frameworks pertain-
ing to bi-cooperative games. Furthermore, the definition
above can be adopted for any class of bi-cooperative
games with fuzzy bi-coalitions. Following section deals
with the notion of fuzzy bi-cooperative games in mul-
tilinear extension form and their properties.

3. Fuzzy bi-cooperative games in multilinear
extension form

Given v € BGY, define a fuzzy bi-cooperative game
w : FB(N) — R in multilinear extension form as fol-
lows.

w(A) = [ wat) [T = vaGinw(L, 7)

ieL jeM

+ ][ va® [T = ratioy@, M

ieM jeL

DY

(8, T)eQ*(L,M)

y(A)u(S, T) 13)

forevery A € FB(N) with Supp(A) = (L, M)e Q(N)
and Q*(L,M)={(S,T):SCL, TCM,(ST)¢
{(L,9), (@, M)}} and where,

y(A) =< [[rat [ A= nratiy

icS jeL\S
(14)
[Tva® T 0 —vaGi»
ieT jEM\T

Denote by G75(N) the class of fuzzy bi-cooperative
games in multilinear extension form. Observe that w
restricted to BGY gives the crisp bi-cooperative game
v. More precisely we have the following.

For (S, T) € Q(N), define a fuzzy bi-coalition ASD
as follows.

o flities s
HaSDVI =N 0 it j ¢ s

G fritier 6
PASDI =N 0 it jgT

It is easy to see that AST) represents the crisp bi-
coalition (S, 7). In the following uniqueness of the
above multilinear extension is shown in the line of
Owen [8].

Theorem 2.1. The fuzzy bi-cooperative game w :
FB(N) — R given by (13) is uniquely defined in the
sense that if v, vy are two distict games then the cor-
responding fuzzy bi-cooperative games in multilinear
extension form are also distinct .

Proof. Observe that for a particular fuzzy bi-coalition
A, we have exactly one of the following mutually exclu-
sive cases.

Case (a): L #+ 0, M = (7, it follows from (13)

w(d) = [[ra) [T = vaGio(L, 9

iceL JEM
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Case (b): L =, M + (; thus (13) becomes,
w(A) = [[va® [0 = naip@, M)

ieM jeL
Case (¢): L # 0, M +# 0; thus (13) becomes,

w(A) = Z

(8, 7)eQ*(L,M)

y(A)u(S, T)

where y(A) is given by (14). Let w have the form
w(A) =

>, Cs {HMA(i)HVA(i)}

(8, T)eQ*(L,M) ieS ieT

where C(s 7) are constants. Then for every (S, 7T) €
Q(N), it follows from (15) and (16)

wAST)y = Y~

(8", THE(S,T)

C(S’,T/)

so that the condition w(A(S’ )y = u(S, T) reduces to

w @A) = )"

(8", THE(S,T)

C(S,,T,)

Now the proof follows exactly in the same way as of
Owen ([8], pg-79). ]
In what follows we define a function ® : GF(N) —
(R™)7BIN) and show that it is the LG value for the class
GM:(N). Define @ : GB(N) — (R")7BMN) by

5 ki +m —k— )

D;(w)(A) =
KS(LUMM\{i) (4 m)!
[T ra® [T =vatry
tel reM
[v(L N (K Ui), #) —v(LNK, 7))
KW +m—k=1)!
+ >
KS(LUM)\{i) @+ m)t
x [T va® [0 = matry)
teM rel
[v(@, M N (K UIQ)) —v(@, MNK)]
N Z Ka+m—k=1!

!
KS(LUM\{i) (4 m)!

> ST wao T (= raty)

(S0,To)e Q7 \ 7€50 reL\So

[Tva TT =va0) pv(So, To)

teTp reM\Ty

- ¥ [Tra@w T A=naty (17

5. Te; | res, reL\s,
[Tva JT 0 =vat) pvSp. Tp)
1eT, reM\T,
where, 07 = Q* (LN (K Ui), MN(KUi))and Q} =

O*(L N K, M-N K). An equivalent expression of (17)
is given below.

Q;(w)(A) =

k(A +m —k — 1)
> x

|
kedomy  LHM!

[Tra® [T = vaey)
teL reM
[v(LN(K U1), ?d) —v(L N K, ?)]

3 ki +m —k — 1)

* (I 4+ m)!

KS(LUM)\{i}

[Tva® T = aty)

teM relL
[v(@, MN(K U 1)) — v(@, M N K)]

+ > {[Jra® JT 0 = paty

(S, T)eQ*(L,M) teS reL\S
[Tva® T a—vaemeiwys, 1)
teT reM\T

(18)

where ®;(v) on the right hand side of (18) is the
i-th component of the LG value for the correspond-
ing crisp bi-cooperative game v. Since for a particular
fuzzy bi-coalition A, exactly one of the following mutu-
ally exclusive cases : Case (a): L = ¥, M + (J; Case
(b): L #+ ¥, M = (@ and Case (c): L #+ @, M + @ occurs
therefore exactly one of the three components on the
right side of (17) is non-zero. In what follows, a second
alternative expression of (17) is developed. Preparatory
to this, define the following.

wag() =pa /\ xx(). YieN (19

vag() =va() \ xx (), YieN  (20)
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where xg is the characteristic (membership) function
of K given by

) 1ifjekK 1)
XKL = 0 otherwise
It follows that
Supp(Ak) (22)
=({j € N: pag() > 0}, {j € N:vae(j) > 0})
=(LNK,MNK) (23)

Similarly, for I € FB(N) such that
mr(@) = pa@), vi@) = va(@) (24)
ni(j) =vi(j) =0, if i #j (25)

we have Supp (Ax UI) = (LN (KUi), MN(KUi))
which follows from the facts that

wagon() = ma() N\ xkomG) — (26)

vagun() =va) \ xkom() @7

Using (19) through (27),
w(Ag UI)
= [T ra® JT0 = vav(L n (K Ui), 0)
leL jeM
+ ] va® [T = waiyv@, M 0 (KU )
leM jeL

p3

(S0, To)e Q7 \1€S0

[T ra® TT = raGi

JEL\So

[Tva® T 0 =vat) pv(So.To)  (28)

leTy JjeM\Ty

w(Ag) = [[ua® [ = vau(L N K, %)

leL jeM
+ [ va® ] = watiy v@, M N k)
leM jeL

>

(S0.To)e Q5 \ [€S

[Tra® TT = natin

JEL\So

[Tva® T @ =vai) pv(So. To) 29)

leTy JeEM\Ty

Therefore using (19) through (29), expression (17)
can be simplified to the following.

D;(w)(A)
. K +m—k —1)!
KS(LUMM\(i) (4 m)!
{w(Ag UT) — w(Ak)} (30)

Our main theorem stands as follows.

Theorem 3.2.The function ® : GRp(N) — (RS
given by (17) (or equivalently by (30)) is the unique
LG-value for the class of fuzzy bi-cooperative games in
multilinear extension form given by (13).

Proof. The proof includes two parts: ® given by (17)
(or equivalently (30)) is an LG value for G 5(N) and it
is unique.

The uniqueness of ® follows from the uniqueness of
the LG value of the corresponding crisp bi-cooperative
game and that of the multilinear extension followed by
the axiom of linearity. Thus it is enough to show that ®
is an LG value i.e., ® satisfies the LG-axioms given by
Axiom f1 — f6. Let us proceed as follows.

Axiom f1 (Efficiency).

Let us consider L UM = {iy, iz, 13, ...ip} in (22).
It is worth mentioning here that the roles of the
players (positive or negative) are not important in
the formulation however it does not affect their
bipolarity.

Foreveryi; (j=1,2,...p)and K C (LU M)\ {i;},
in the following all the possible (K Ui;)s (where K U
ij=(LN(KUi;)UMN(KUij)) havebeen listed
as entries in a matrix Py of p clusters with k£ + 1
repeated entries.

Pk=(A,1§A§E.--§A,’j)

{in, - igyr, it} - lip—=1), - ips i1}
{i2, - - ikg2, i1} s X

o
~—
I

{i27"'ip—lsil} X
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o Mip—k—1), - ip, in}
{ig, - igya, iz}

{it, - ikyr, in}
{ila i4 tt ik+29 12}

2
Ak ==
{ilv"'ip—l»iz}
{i1, -+ ip, iz} X
{ila"'ik,ip} "'{ip—ks"'ip}
P _
Ay =
{lla 'lp—Zalp} X
{i2,ip—k—1) " ip—1,ip} X

In a similar way, for every i;(j = 1,2, ...p) and K C
(LUM)\ij, all the possible K s (K =(LNK)U
(M N K)) have been listed as entries in a matrix Qg
of p clusters with p — k repeated entries as follows.

Ov=(pipi...o50)

where the entries of Bf{ (I =1,2,..., p)areexactly same
as those of the corresponding Ai with only the excep-
tion that they do not contain i;(I = 1, 2, ..., p).

Since the j”* cluster of Q4 corresponds to the ;™
cluster of Py, it follows from (17)

D 0 w)A)

ije(LUM)
—1 ‘ —1 ‘
S5 ID SN I ol U v Rett
k=0 \i;je(LUM) k=0 \i;je(LUM)
where
i k'(p—k—1)!
l}_
Ck - Z p!
K:|K|=k,ij¢K

x [T watin TT A =vaGu@ Nk vip. 9

ireL ireM
+ ] vato [T = matop®. MK Uip)
ireM ireL

+ S { 1 watio

(S0, To)e Q*(LN(KUL 1), MO(KUL 1) - ir€So

IT = nay I vatio

ireL\Soy ireTy

[T (1= vato focso. 7o)

ireM\Ty
i kKl(p—k—1)!
Dl= % ———
K:|K|=k p:
ij¢ K
x| [ Twato JT A = vaGoyoL n K.9)
ireL ireM
+ [Tvato [T = @, M0 k)
ireM ireL
2 > I raGo
(S Ty Q*(LNK., MNK) | ireS,
IT = naGy I vato
ireL\S, ireT,
T a=vaGo pv(s,. 1)
ireM\T,
Now
> d
ije(LUM)
kKl(p—k—1)!
= > 2 T
ije(LUM) K:|K|=k,ij¢K p:
[T #ato T (1 = vaGepu(L N (K Ui, )
i;elL ireM
+ [ vato [T (1 = matrv®@, M (K Uij)
ieM ireL

+ > I rato

(S0, To)e Q*(LN(KU{i j 1, MN(KULi 1) | ir€So

IT = naGy I vatio

ireL\Soy ireTpy
II a—=vaG) pvSo, To) (32)
ireM\Ty
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> vy

ije(LUM)

= > D

i;€(LUM) K:|K|=k,i j¢K

k'(p—k—1)
—_— 7 x
p!

[T #ato [T = vatiuL n K, 9)

iteL ireM
+ [ vatio) [0 = matiny@, M0 K)
ieM ireL

+ > T wato

(S). Ty)eQ*(LNK, MNK) | ir€S,

IT = paG I vato

ireL\S, iveT,
IT = vaG pv(Sy, Tp) (33)
ireM\T,

It follows from the matrix P and Qy the entries of
Py and Qg4 are identical whereas each entry of Py is
repeated k + 1 times and each entry of Qy is repeated
p — k times. In view of this along with (32) - (33)

. . Lj
and noting that the expressions of E A (o)
ij . . _ .
and E i eLuM) D} areidenticalfork = 1,2, --- p,we

see that in (31) the corresponding elements cancel each
other. It follows that,

> oo = > ¢,

ije(LUM) ije(LUM)

= [ wato [T A = valu@ n(K Vi), 9)

i;eL ireM

+ I vato [T = mayw®@, M0 (K Uij)

ieM ireL

+ 3 { TI #atio

(S0,To)e Q*(LN(KU{i jH, MN(KULi ;1) ir€So

IT = naGo) IT vato

ireL\So i1€Tp

[T = vaGo focso. Ty

i,-EM\T()

It follows from the fact that, when |K|=p —
land ij ¢ K, Q"(LN(KU{i;}), M N(KU{i;}) =
Q*(L, M),

> D (w)A)
ije(LUM)
= [ #ato T (1 = vaGw(r, )
irel ireM
+ [ valo [T = matyw@, )
iieM ireL

+o > I rato

(S0, To)e Q*(L.M) | ir€So

IT @ = raGoy

ireL\So

[T vaGo JT = vaG) p v(So. To)

ieTy ireM\Tp
= w(A).

N ={i1, iz, ..., ip} being arbitrary the result holds
for every N. This proves efficiency of ®.

Axiom f2 (Linearity). This is obvious.

Axiom f3 (Null Player Axiom). Let i € N be a null
player. Then by definition 2.10, for every A € FB(N),
we have w(BU I) = w(B), VB € FB(A) with ug(i) =
vp(i) = 0and VI € FB(N) such that u;(j) = vi(j) =
0, when j = i. It follows from (30),

KW+ m—k— 1)
I+ m)!

Q(w)(A) = Y

KCS(LUM)\{i}
(w(Ag UI) —w(Ag)) = 0
Axiom f4 (Intra Coalition Symmetry). It follows from
(13) that for any A € FB(N), w € G75(N) and a per-
mutation 7 such that 7A = A,
O (mw)(rA)

> K +m—k—1)!
(I + m)!

7K Cr(LUM)\{mi}
{mw(wAzx U (])) — mw(wAzk))}

> K+ m—k — 1)
I+ m)!

K S(LUM)\(i}
{rw(mAzkx U (D)) — mw(mAzk)} (34)
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Following (19) and (20)
M () =pra(i) \ xax (), Vj€N

=pua@ ') N\ xx@™j). VjieN

(35)
= pagG ' j)
= Urag())
It follows that
VA () =vrag(j), VjE€N
U(aAzxUai)(J) =aaxun(j), VjeN
Vi ALxUD)(J) =Va(agun(j), Vj €N
(36)

Putting (35) through (36) in (34) ,

5 K+ m—k— 1)

ri(rw)(wA) = T m)

K S(LUM)\{i}
{rw(m(Ag U ))) — nw(m(Ak))}
37)

Using the fact that (mw)(wrA) = w(A) and 7A = A,

(37) becomes

k'l+m—k—1)!
I+ m)!

Or(rw)(A) = Y

K'S(LUM)\{i}
(w(Ax U D) — w(Ag))
= ®;(w)(A)

Axiom f5 (Inter coalition Symmetry). Let w' and w/ be
two bi-cooperative games with fuzzy bi-coalitions such
that forevery B € FB(A) withi, j ¢ Supp Band every
pair 1, J € FB(N) such that

w1 =vy(j) > 0or uy(j) =vii) > 0 and py(k) =
wyk)y=0=v;k) =vyk), Yk e N\{i j}, it holds
that,

1. w/(BUI) — w'(B) = w/(B) — w/(BU J)
2. wW(BUJUI —wi(BUJ)
=w/(BUD —w/(BUITUJ)

Given K C N and i, j,/ € N, let us construct A’Ié as
follows.

b0 = { mAO A, HELENLLT) o

0, otherwise

b0 = { O A D, LN o

0, otherwise

where the function xx is given by (21).
Let J € FB(N) be such that
wi () = pag(D, va(j) = vag(j) (40)
pyk)y =vyk) =0,if k+j (4D
Therefore using the facts that Ax = A% U Jwhen K C

(LUM)\ {i}and Ag = A% U T when
K C (LU M)\ {j}, it follows from (17),

. KW +m —k— 1)
s = S — )
kecomy  ETm
(W(AkUD —w'(Ax)), i,j¢ K
K+ m —k — 1!
kecomy  ETm
W' (AL UTU I —wi(AL U )
and
: K\ +m—k— 1)
owha= 3 KEm )

|
KS(LUM\{j) @+ m)!

(w/(Ag U D) — w/(Ag))

K +m—k—1)!
(I + m)!

KS(LUMM\(j)
w/(AL uTU D) —wiAL U D)

Using (1) and (2), upon fur}her simplifications we
obtain ®;(w')(A) = — & j(w/)(A).

Axiom f6 (Monotonicity). Let w and w' be two bi-
cooperative games with fuzzy bi-coalitions and A €
FB(N). Let further that 3 an i € N, such that for
every I € FB(N)with uj(@) > Oorv;(i) > 0, us(j) =
vi(j) =0,Vj#iand VB € FB(A) such that up(i) =
vg(i) = 0, it holds that

1. w'(B) = w(B)
2. wW(BUI) > w(BUI

The result follows from (30) along with (1) and (2).This
completes the proof. (]

Example 3.3. Let us take an illustrative example where
the crisp bi-cooperative game

v: Q({1,2,3})) — Ris given by

v(@,9) =0, v({1},9) =1, v({3},9) =2, v(¥, {2}) =
3, v({1}, {2) =4, v({3}, {2D) =2, v({1, 3}, {2}) =5,
v({1, 3}, ¥) = 6.and v(S, T) = O for any other (S, T) €
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9({1, 2, 3}). Let A be a fuzzy bi-coalition over {1, 2, 3}
given by

A=1{<1,01,0>,<2,0,02>,<3,0.3,0>}

Thus using (13), w(A) = .716. After some com-
putations, the LG value of w for A is found to be
(0.0973, 0.4699, 0.1488). A close look at the values of
the crisp bi-cooperative game reveals that player 2 is a
negative contributor and both player 1 and 3 are posi-
tive contributors, however 3 is more influential than 1 in
generating a value. Moreover, Player 3 has more mem-
bership as a positive contributor than 1 in the fuzzy
bi-coalition A also. The LG value divides the value
w(A) among the three players accordingly.

4. Conclusion

This paper proposes a new class of fuzzy bi-
cooperative games, namely the fuzzy bi-cooperative
games in multilinear extension form. The LG value is
obtained as a solution concept for these games. The
class of games what is defined here generalizes Owen’s
multilinear extension. For the future research, the rela-
tionship between the defined value and the other payoff

indices such as the fuzzy core, the fuzzy population
monotonic allocation scheme etc., may be further con-
sidered.
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