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Generalizing a first approach by L. A. Zadeh (J. Math. Anal. Appl. 23, 1968), expected
values of fuzzy events are studied which are (up to standard boundary conditions) only
required to be monotone. They can be seen as an extension of capacities, i.e., monotone
set functions satisfying standard boundary conditions. Some of these expected values
can be characterized axiomatically, others are based on some distinguished integrals
(Choquet, Sugeno, Shilkret, universal, and decomposition integral).
Keywords: Expected value; fuzzy event; capacity; Choquet integral; Sugeno integral;
universal integral.

1. Introduction
The problem of determining the “size” of a fuzzy event is a challenging problem,
going back to L. A. Zadeh,60 who introduced and studied probability measures of
fuzzy events. To be precise, he considered a ﬁxed probability measure and proposed
to apply the standard probabilistic expectation (i.e., the Lebesgue(-Stieltjes) integral with respect to the probability measure) to the membership function of the
fuzzy event.
In the literature various more general types of measures (which are monotone non-decreasing, but not necessarily σ-additive or ﬁnitely additive) have been
studied.2,7–10,14,16,19,29,30,32–34,36–38,40,44–47,50–53,55–57 In the most general case,
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these measures are (up to some boundary conditions) only monotone non-decreasing
with respect to set inclusion. In this paper, we shall consistently use the term
capacity for a monotone non-decreasing set function (deﬁned on a σ-algebra of
crisp (or Cantorian) subsets of the universe of discourse) which also satisﬁes the
standard boundary conditions. In this way, we shall avoid any confusion with similar notions like monotone set function, monotone measure, non-additive measure
or fuzzy measure (even if these notions were used in the original sources).
For capacities with additional properties we shall either use their standard
names (such as probability measure) or we will explicitly mention the additional
properties: the Lebesgue measure on the unit interval and, more generally, each
probability measure are examples of a σ-additive capacity.
The aim of this paper is to discuss several approaches to the expectation of fuzzy
events. Considering capacities as normed quantiﬁcations of crisp sets, the expected
values of fuzzy events presented in this paper generalize the ideas of Ref. 60.
Some of the expected values of fuzzy events can be deﬁned axiomatically (see
Sec. 3), and then the properties of the corresponding capacities should reﬂect these
axioms. In Sec. 4 expected values of fuzzy sets based on some distinguished integrals and arbitrary capacities are discussed, including axiomatic approaches to these
expectations. Section 5 is devoted to expectations with respect to universal integral, and in Sec. 6 we discuss expectations of fuzzy events based on decomposition
integrals.
2. Preliminaries
Our basic setting is a measurable space,1,17 i.e., a pair (X, A) consisting of a nonempty set X (the universe of discourse) and a σ-algebra A of subsets of X. Recall
that a σ-algebra 1 is a collection of subsets of X which contains the empty set ∅ and
the universe X and which is closed under complementation and countable unions.
Definition 1. If (X, A) is a measurable space, then a capacity on (X, A) is a
function m : A → [0, 1] which satisﬁes
(i) m(∅) = 0 and m(X) = 1,
(ii) m(A) ≤ m(B) whenever A ⊆ B.

(boundary conditions)
(monotone non-decreasing)

Note again that a capacity as given in Deﬁnition 1, is neither required to be
(ﬁnitely or σ-)additive nor to be continuous in any sense (recall that a set function
m : A → [0, 1] is said to be (ﬁnitely) additive whenever m(A ∪ B) = m(A) + m(B)
for all disjoint subsets A, B of X, and σ-additive whenever

 ∞
∞


An =
m(An )
m
n=1

n=1

for each sequence (A1 , A2 , . . . ) of pairwise disjoint sunsets of X).

page 58

December 2, 2015

13:59

118-ijufks

S021848851540005X

Expected Values of Fuzzy Events

59

We shall write D for the class of all measurable spaces. Given a speciﬁc measurable space (X, A), the set of all capacities m : A → [0, 1] will be denoted by
M(X, A), and the set of all measurable functions f : X → [0, 1] by F (X, A). Recall
that a function f : X → [0, 1] is measurable (with respect to the σ-algebra A on X
and the σ-algebra B([0, 1]) of Borel subsets of [0, 1]) if, for each α ∈ [0, 1], we have
{x ∈ X | f (x) ≥ α} ∈ A.
To avoid any confusion, we will denote fuzzy subsets 42,59 of X by capital letters,
and the membership function of the fuzzy set A by μA : X → [0, 1]. A fuzzy set A
is said to be a subset of a fuzzy set B (in symbols A ⊆ B) if and only if we have
μA ≤ μB , i.e., if μA (x) ≤ μB (x) for all x ∈ X.
In the case of a crisp set A we obviously have μA = 1A , i.e., the membership
function coincides with the characteristic function of A.
If A is a fuzzy subset of X and α ∈ [0, 1], then the α-cut (or α-level set ) of A
is the (crisp) set Aα deﬁned by
Aα = {x ∈ X | μA (x) ≥ α} .
Note that we have A0 = X and μA (x) = sup{min(α, 1Aα (x)) | α ∈ [0, 1]} for each
x ∈ X.
Given a measurable space (X, A), a fuzzy subset A of X with μA ∈ F (X, A),
i.e., with a measurable membership function (which is equivalent to Aα ∈ A for
each α ∈ [0, 1]), will be called a fuzzy event. The set of all fuzzy events will be
 and it was called a (generated) fuzzy σ-algebra or fuzzy tribe on X
denoted by A,
in Refs. 4–6, 21 and 23.
The classical expected value of a random variable Y : X → R is given by

Y dp ,
Ep (Y ) =
X

where p : A → [0, 1] is a probability measure on the measurable space (X, A) and
the integral is a Lebesgue(-Stieltjes) integral. For a fuzzy event A ∈ A the value
Ep (μA ) was called the probability of the fuzzy event A in Ref. 60.
In the following text we shall brieﬂy write Ep (A) rather than Ep (μA ), and we
shall generalize this notion as follows:
Definition 2. Let (X, A) be a measurable space. An expected value of fuzzy events
is a function E : A → [0, 1] which satisﬁes
(i) E(∅) = 0 and E(X) = 1,
(ii) E(A) ≤ E(B) whenever A ⊆ B.

(boundary conditions)
(monotone non-decreasing)

Hence, each expected value of fuzzy events E : A → [0, 1] as given in Deﬁnition 2
can be seen as an extension of some capacity m : A → [0, 1] given by m(A) = E(A).
In such a case, the notation Em will often be used to stress the link between the
capacity m and the expectation of fuzzy events.
Given a capacity m ∈ M(X, A), the monotonicity (ii) in Deﬁnition 2 implies
that the smallest expectation of fuzzy events (Em )∗ with respect to m is given
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by (Em )∗ (A) = m(A1 ), while the greatest expectation (Em )∗ of fuzzy events with
respect to m is given by (Em )∗ (A) = m({x ∈ X | μA (x) > 0}) (the sets A1 and
{x ∈ X | μA (x) > 0} are often called the kernel and the support of the fuzzy
event A, abbreviated by ker(A) and supp(A), respectively).
3. Axiomatic Approaches to the Expected Value of a Fuzzy Event
A typical property of a probability measure p is the valuation property, i.e., we
always have p(A ∩ B) + p(A ∪ B) = p(A) + p(B). It is desirable to have some
counterpart of this property also for fuzzy events and their expected values.
Note that the intersection and the union of fuzzy sets are usually deﬁned by
means of a pair consisting of a t-norm T and a its dual t-conorm S (see Refs. 26,
42 and 59), i.e., we have S(x, y) = 1 − T (1 − x, 1 − y). Then A ∩T B denotes the
T -based intersection of the fuzzy events A and B, and A ∪S B their S-based union.
Some basic t-norms are the Gödel t-norm TM : [0, 1]2 → [0, 1], the product t ukasiewicz t-norm TL : [0, 1]2 → [0, 1] given by,
norm TP : [0, 1]2 → [0, 1], and the L
respectively,
TM (x, y) = min(x, y) ,

(3.1)

TP (x, y) = Π(x, y) = x · y ,

(3.2)

TL (x, y) = max(x + y − 1, 0) .

(3.3)

An important family of t-norms is the family of Frank
given by
⎧
TM (x, y)
⎪
⎪
⎪
⎪
⎪
⎪
⎪TP (x, y)
⎨
F
Ts (x, y) = T (x, y)
L
⎪
⎪
⎪
⎪
⎪
x
y
⎪
⎪
⎩logs 1 + (s − 1)(s − 1)
s−1

t-norms 13,26 (TsF )s∈[0,∞]
if s = 0 ,
if s = 1 ,
if s = ∞,

(3.4)

otherwise.

The Frank t-norms (and the ordinal sums 13,26 of Frank t-norms) together with
their dual t-conorms are the only pairs (T, S) satisfying the functional equation
T (x, y) + S(x, y) = x + y
and, subsequently, for all fuzzy subsets A, B of X,
μA∩T B + μA∪S B = μA + μB ,
thus generalizing the well-known valuation property for characteristic functions of
crisp subsets U, V of X
1U∩V + 1U∪V = 1U + 1V .
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Definition 3. Let T be a t-norm and S the dual t-conorm. An expectation
E : A → [0, 1] of fuzzy events is said to be a T -valuation if for all fuzzy fuzzy
events A, B ∈ A we have
E(A ∩T B) + E(A ∪S B) = E(A) + E(B) .
It is not diﬃcult to see (compare Theorem 3.1 in Ref. 22) that, for a measurable
t-norm T , each expectation of fuzzy events which is also a T -valuation as given in
Deﬁnition 3, necessarily is a TM -valuation.
The following result for valuations with respect to the L
 ukasiewicz t-norm (3.3)
provides an axiomatization of the concept of L.A. Zadeh,60 and it is a consequence
of Refs. 20, 21 and 25 and, in particular, of Theorem 2.6(c) in Ref. 3 (compare also
Refs. 4, 5 and 6).
Theorem 1. An expectation E : A → [0, 1] of fuzzy events is a TL -valuation if and
only if for each A ∈ A we have

E(A) =
μA dpE ,
(3.5)
X

where the probability measure pE : A → [0, 1] is given by pE (U ) = E(U ).
In other words, Theorem 1 shows that the probability measures of fuzzy events
studied in Ref. 60 are, in fact, expectations of fuzzy events which are TL -valuations.
For valuations with respect to a Frank t-norm TsF (3.4) with s ∈ ]0, ∞[ we have
the following result based on Theorem 4.1 in Ref. 22 (compare also Refs. 4–6 and
23).
Theorem 2. If s ∈ ]0, ∞[, then an expectation E : A → [0, 1] of fuzzy events is a
TsF -valuation if and only if there exists a function f ∈ F (X, A) such that for each
A ∈ A we have

E(A) =
[f + (1 − f ) · μA ] dpE ,
(3.6)
{x∈X|μA (x)>0}

where the probability measure pE : A → [0, 1] is given by pE (U ) = E(U )
If E1 , E2 : A → [0, 1] are two TsF -valuations with

[f1 + (1 − f1 ) · μA ] dpE1 ,
E1 (A) =
{x∈X|μA (x)>0}

E2 (A) =
[f2 + (1 − f2 ) · μA ] dpE2 ,
{x∈X|μA (x)>0}

respectively, then the equality E1 = E2 holds if and only if we have pE1 = pE2 and
pE1 ({x ∈ X | f1 (x) = f2 (x)}) = 0.
The following characterization for valuations with respect to the Gödel t-norm
TM (3.1) is the most general in this group of results. It goes back to the main
theorem in Ref. 20 (compare also Refs. 4, 5 and 6). Its proof relies on the RadonNikodým Theorem 1 and involves the concept of a Markov kernel.1
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In our context, an A-Markov kernel is a two-place function K : X × B([0, 1[) →
[0, 1] such that its ﬁrst component K(, U ) : X → [0, 1] is A-measurable for each
U ∈ B([0, 1[), and its second component K(x, ) : B([0, 1[) → [0, 1] is a probability
measure for each x ∈ X.
Theorem 3. An expectation E : A → [0, 1] of fuzzy events is a TM -valuation if
and only if there exists an A-Markov kernel K : X × B([0, 1[) → [0, 1] such that for
 we have
each A ∈ A,

K(x, [0, μA (x)[) dpE (x) ,
(3.7)
E(A) =
X

where the probability measure pE : A → [0, 1] is given by pE (U ) = E(U ).
If E1 , E2 : A → [0, 1] are two TM -valuations with

K1 (x, [0, μA (x)[) dpE1 (x) ,
E1 (A) =
X


E2 (A) =

X

K2 (x, [0, μA (x)[) dpE2 (x) ,

respectively, then the equality E1 = E2 holds if and only if we have pE1 = pE2 and
pE1 ({x ∈ X | K1 (x, U ) = K2 (x, U )}) = 0 for each U ∈ B([0, 1[).
4. Expected Value of Fuzzy Events Based on Some Special
Integrals
Given an integral with respect to some capacity m, the expected value of a fuzzy
event A can be deﬁned in a straightforward way as the integral of the membership
function μA with respect to m. This was the original idea in Ref. 60 for the case
of a probability measure and the Lebesgue(-Stieltjes) integral, i.e., the classical
expected value of a random variable, in this case of the membership function of a
fuzzy event A.
The crucial property of an integral to allow the deﬁnition of an expected value,
up to the monotonicity with respect to the integrand, is that it reproduces the
capacity, i.e., yields m(A), when applied to the characteristic function of a crisp
subset A of X. There are several integrals having this property, sometimes, however,
only for a restricted class of capacities.
This is the case for the Lebesgue(-Stieltjes) integral (with respect to a probability measure) and for pseudo-additive integrals 31,43,54,58 (with respect to pseudoadditive capacities).
Our aim is to avoid any constraints concerning the capacities under consideration, i.e., a certain universality of the integrals we work with.
4.1. Choquet integral
To the best of our knowledge, historically the ﬁrst and also most applied integral
of this type is the Choquet integral, formalized by G. Choquet in 1954,8 based on
some earlier ideas of G. Vitali.56
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Definition 4. Given a measurable space (X, A) and a capacity m : A → [0, 1], the
expected value (Ch)Em (A) of a fuzzy event A ∈ A based on the Choquet integral
(Choquet expectation) is given by
 1
m(Aα ) dα ,
(4.1)
(Ch)Em (A) =
0

where the integral on the right hand side is a Riemann integral.
In the case of a ﬁnite universe X = {x1 , x2 , . . . , xn }, where we usually put

A = 2X , and a fuzzy event A with μA = ni=1 ai · 1{xi } we can apply Deﬁnition 4
and obtain its expected value (Ch)Em (A) based on the Choquet integral by
(Ch)Em (A) =

n




aσ(i) · m({xσ(i) , . . . , xσ(n) }) − m({xσ(i+1) , . . . , xσ(n) }) , (4.2)

i=1

where the function σ : {1, 2, . . . , n} → {1, 2, . . . , n} is a permutation such that
aσ(1) ≤ aσ(2) ≤ · · · ≤ aσ(n) , and {xσ(n+1) , xσ(n) } = ∅ by convention.
Observe that (Ch)Em is positively homogeneous and comonotone additive, i.e.,
for all fuzzy events A, B ∈ A which are comonotone and satisfy A ∩TL B = ∅ and
for all c ∈ ]0, ∞[ satisfying c · μA ≤ 1 we have

(Ch)Em (c · A) = c · (Ch)Em (A) ,
(Ch)Em (A ∪SL B) = (Ch)Em (A) + (Ch)Em (B) ,
where μc·A = c · μA . Recall that two fuzzy subsets A, B of X are comonotone if the
union of the two chains of the α-cuts (Aα )α∈[0,1] and (B α )α∈[0,1] is again a chain
or, equivalently, if (μA (x) − μA (y)) · (μB (x) − μB (y)) ≥ 0 for all x, y ∈ X.
Obviously, if the underlying capacity m is a probability measure, then (Ch)Em
coincides with the expected value considered in Ref. 60.
The following characterization of the Choquet expectation of fuzzy events is a
consequence of the results of D. Schmeidler in Refs. 48 and 49 (see also Ref. 24):
Theorem 4. Let E : A → [0, 1] be an expectation of fuzzy events with respect to
some capacity m ∈ M(X, A). Then E = (Ch)Em if and only if E is comonotone
additive.
4.2. Sugeno integral
Another expected value of fuzzy events is based on the Sugeno integral, which had
a predecessor, the Ky Fan metric 12 which was introduced in 1943 and measures
the distance of a function from the zero function. Independently of this approach,
the Sugeno integral was proposed in M. Sugeno’s PhD thesis in 1974,53 and it is
based on the lattice operations ∨ (sup, max) and ∧ (inf, min).
Definition 5. Given a measurable space (X, A) and a capacity m : A → [0, 1],
the expected value (Su)Em (A) of a fuzzy event A ∈ A based on the Sugeno integral
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(Sugeno expectation) is given by
(Su)Em (A) =



(α ∧ m(Aα )) .

(4.3)

α∈[0,1]

Applying Deﬁnition 5 to the case of a fuzzy subset A of a ﬁnite universe X =
n
{x1 , x2 , . . . , xn } with μA = i=1 ai · 1{xi } , we get
(Su)Em (A) =

n


aσ(i) ∧ m({xσ(i) , . . . , xσ(n) }) ,

(4.4)

i=1

where the function σ : {1, 2, . . . , n} → {1, 2, . . . , n} is again a permutation such that
aσ(1) ≤ aσ(2) ≤ · · · ≤ aσ(n) .
The expected value (Su)Em based on the Sugeno integral is comonotone maxitive and min-homogeneous, i.e., we have
(Su)Em (A ∪SM B) = (Su)Em (A) ∨ (Su)Em (B)
for all comonotone fuzzy events A, B ∈ A and
(Su)Em (Ac ∩TM A) = c ∧ (Su)Em (A)
for all fuzzy events A and for all c ∈ [0, 1] and the fuzzy event Ac with constant
membership function μAc = c ∧ 1X .
The following axiomatic characterization of the Sugeno expectation of fuzzy
events follows from Ref. 35 (see also Ref. 24):
Theorem 5. Let E : A → [0, 1] be an expectation of fuzzy events with respect to
some capacity m ∈ M(X, A). Then E = (Su)Em if and only if E is comonotone
maxitive and min-homogeneous.
4.3. Shilkret integral
The third integral we consider here is the Shilkret integral, originally introduced
by N. Shilkret in 197151 for maxitive measures only. However, it is not diﬃcult
to see that only the monotonicity of the measure m (together with m(∅) = 0) is
needed, so it can be applied to each capacity.
Definition 6. Given a measurable space (X, A) and a capacity m : A → [0, 1], the
expected value (Sh)Em (A) of a fuzzy event A ∈ A based on the Shilkret integral
(Shilkret expectation) is given by

(α · m(Aα )) .
(4.5)
(Sh)Em (A) =
α∈[0,1]

Applying Deﬁnition 6 to the case of a fuzzy subset A of a ﬁnite universe X =
n
{x1 , x2 , . . . , xn } with μA = i=1 ai · 1{xi } , we obtain
(Sh)Em (A) =

n

i=1

aσ(i) · m({xσ(i) , . . . , xσ(n) }) ,

(4.6)
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where the function σ : {1, 2, . . . , n} → {1, 2, . . . , n} is again a permutation such that
aσ(1) ≤ aσ(2) ≤ · · · ≤ aσ(n) .
The expected value (Sh)Em based on the Shilkret integral is comonotone maxitive (as (Su)Em ) and positively homogeneous (as (Ch)Em ), i.e., we have
(Sh)Em (A ∪SM B) = (Sh)Em (A) ∨ (Sh)Em (B)
for all comonotone fuzzy events A, B ∈ A and
(Sh)Em (c · A) = c · (Sh)Em (A)
for all fuzzy events A and for all c ∈ ]0, ∞[ satisfying c · μA ≤ 1, where μc·A = c · μA .
In fact, these properties fully characterize the Shilkret expectation of fuzzy
events:24
Theorem 6. Let E : A → [0, 1] be an expectation of fuzzy events with respect to
some capacity m ∈ M(X, A). Then E = (Sh)Em if and only if E is comonotone
maxitive and positively homogeneous.
4.4. First numerical examples
Here are two examples: in the ﬁrst one we use a σ-additive capacity (the Lebesgue
measure on [0, 1]), and in the second one a capacity which is not additive.
Example 1. Put X = [0, 1], A = B([0, 1]), and let m ∈ M(X, A) be the standard
Lebesque measure (i.e., the uniform probability). Consider the fuzzy set A ∈ A
whose membership function is given by μA = idX , i.e. μA (x) = x for each x ∈ X.
Clearly, for each α ∈ [0, 1] we have Aα = [α, 1] and m(Aα ) = 1 − α.
Obviously, for the smallest expectation of fuzzy events (Em )∗ with respect to m
and for the greatest expectation (Em )∗ we get (Em )∗ (A) = 0 and (Em )∗ (A) = 1,
respectively.
Since m is σ-additive, the Choquet expectation (Ch)Em coincides with the
standard expectation Em , and we get
 1
1
(Ch)Em (A) = Em (μA ) =
(1 − α) dα = .
2
0
For the Sugeno expectation (Su)Em (A) and the Shilkret expectation (Sh)Em (A)
we obtain

1
(α ∧ (1 − α)) = ,
(Su)Em (A) =
2
α∈[0,1]

(Sh)Em (A) =



(α · (1 − α)) =

α∈[0,1]

1
.
4

Example 2. Let (X, A) = ([0, 1], B([0, 1])) and consider the fuzzy event A whose
trapezoidal membership function μA : X → [0, 1] is given by
μA (x) = max(min(10x − 2, −5x + 4, 1), 0)
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and the capacity m ∈ M(X, A) given by m(B) = (λ(B))2 , where λ is the
standard Lebesgue measure on B([0, 1]). Clearly, for each α ∈ [0, 1] we have
Aα = [0.2 + 0.1α, 0.8 − 0.2α], and m(Aα ) = (0.6 − 0.3α)2 . Then we obtain
(Em )∗ (A) = 0.32 = 0.09 ,
(Em )∗ (A) = 0.62 = 0.36 ,
(Ch)Em (A) = 0.21 ,

√
0.68 − 0.43
(Su)Em (A) =
≈ 0.2695127 ,
0.09
(Sh)Em (A) ≈ 0.1066666 .

5. Expected Value with Respect to Universal Integrals on [0, 1]
A uniﬁed approach for integrals deﬁned on an arbitrary measurable space (X, A) ∈
D and for an arbitrary capacity m ∈ M(X, A) reproducing the underlying capacity, i.e., for each A ∈ A the integral of 1A yields m(A), was introduced by E.P.
Klement, R. Mesiar & E. Pap in 201027 and studied under the name universal
integral.
5.1. Universal integrals
Definition 7. A function

I:



M(X, A) × F (X, A) → [0, 1]

(X,A)∈D

is called a universal integral on [0, 1] if there exists a semicopula ⊗ : [0, 1]2 → [0, 1]
(i.e., a monotone non-decreasing binary operation on [0, 1] with neutral element 1)
such that the following two conditions hold:
(I1) for all (X, A) ∈ D, for all m ∈ M(X, A), for all A ∈ A and for all c ∈ [0, 1] we
have
I(m, c · 1A ) = c ⊗ m(A) ,
(I2) for all (X1 , A1 ), (X2 , A2 ) ∈ D and for all (m1 , f1 ) ∈ (M(X1 , A1 ) × F (X1 , A1 ))
and (m2 , f2 ) ∈ (M(X2 , A2 ) × F (X2 , A2 )) satisfying, for each α ∈ [0, 1], the
inequality m1 ({f1 ≥ α}) ≤ m2 ({f2 ≥ α}) we have
I(m1 , f1 ) ≤ I(m2 , f2 ) .
Observe that, as a consequence of (I2) in Deﬁnition 7, for a given (X, A) ∈ D
the restriction I|M(X,A)×F (X,A) of the universal integral I to M(X, A) × F (X, A)
is monotone non-decreasing in both arguments, i.e., with respect to the underlying
capacities and to the integrands.
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Furthermore, if m1 and m2 are probability measures (possibly on diﬀerent measurable spaces) then the validity of the inequalities m1 ({f1 ≥ α}) ≤ m2 ({f2 ≥ α})
for each α ∈ [0, 1] is equivalent to the fact that the distribution functions F1 , F2 of
f1 and f2 satisfy F1 ≥ F2 which means that for the standard expected values of
the random variables f1 and f2 we have Em1 (f1 ) ≤ Em2 (f2 ). This shows that the
universal integral generalizes the important monotonicity of the standard expected
value (based on the Lebesgue(-Stieltjes) integral).
Observe that all three integrals considered in Sec. 4, the Choquet, the Sugeno
and the Shilkret integral, are universal integrals on [0, 1]. For the Choquet and the
Shilkret integral the underlying semicopula is the standard product, and for the
Sugeno integral it is the lattice meet.
Definition 8. Fixing a universal integral I on [0, 1], a measurable space (X, A)
and a capacity m ∈ M(X, A) then the expected value (I)Em (A) of a fuzzy event
A ∈ A based on the universal integral I (universal expectation) and the capacity m
is given by
(I)Em (A) = I(m, μA ) .

(5.1)

From property (I1) of the universal integral I given in Deﬁnition 8 it follows
immediately that the expected value (I)Em of fuzzy events based on I satisﬁes
(I)Em (Ac ) = c for each c ∈ [0, 1] and the fuzzy event Ac ∈ A with constant
membership function μAc = c ∧ 1X .
Note that the universal integrals provide a framework for the deﬁnition of expected values of fuzzy events, but this approach is, up to some special cases, not
constructive in nature.
If we ﬁx a semicopula ⊗ then it is possible to compute the smallest universal
integral I⊗ with respect to ⊗ (see Eq. (7) in Ref. 27 for the explicit formula).
For example, this means that, for a ﬁxed semicopula ⊗, a measurable space
(X, A) and a capacity m ∈ M(X, A), the smallest expected value (I⊗ )Em (A) of a
fuzzy event A ∈ A based on a universal integral related to ⊗ and the capacity m is
given by
 

α ⊗ m(Aα ) .
(5.2)
(I⊗ )Em (A) =
α∈[0,1]

Taking for ⊗ the standard product Π, this leads to the Shilkret expectation (4.5),
i.e., (IΠ )Em = (Sh)Em , while putting ⊗ = ∧ yields the Sugeno expectation (4.3),
i.e., (I∧ )Em = (Su)Em .
Note that an expected value E of fuzzy events related to a capacity m ∈
M(X, A) is described by (5.2), i.e., E = (I⊗ )Em if and only if E is comonotone
maxitive and ⊗-homogeneous.
In a similar way, it is possible to compute the greatest universal integral I⊗
with respect to a ﬁxed semicopula ⊗ and, subsequently, the greatest expected value
(I⊗ )Em (A) of a fuzzy event A ∈ A based on a universal integral related to ⊗ and
the capacity m (see again Ref. 27 for details).
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5.2. Copula-based universal integrals on [0, 1]
An important subclass of universal integrals on [0, 1] are those where the underlying
semicopula is a copula C : [0, 1]2 → [0, 1], i.e., a supermodular semicopula C which
means that it satisﬁes also
C(x ∨ y) + C(x ∧ y) ≥ C(x) + C(y)
for all x, y ∈ [0, 1]2 (here the operations ∨ and ∧ are applied component-wise).
Each copula C is in a one-to-one correspondence to a probability measure PC
on the Borel subsets B([0, 1]2 ) of [0, 1]2 with uniform margins, i.e., for all x ∈ [0, 1]
we have PC ([0, x] × [0, 1]) = PC ([0, 1] × [0, x]) = x. The correspondence between C
and PC is uniquely determined by
PC ([0, x] × [0, y]) = C(x, y)
for all (x, y) ∈ [0, 1]2 . For more details on copulas we recommend.15,41
Given a copula C : [0, 1]2 → [0, 1], then the function
 

I(C) :
M(X, A) × F (X, A) → [0, 1]
(X,A)∈D

deﬁned by
I(C) (m, f ) = PC ({(x, y) ∈ [0, 1]2 | y ≤ m({z ∈ X | f (z) ≥ x})})

(5.3)

is a universal integral on [0, 1].
Definition 9. Fixing a copula C, a measurable space (X, A) and a capacity m ∈
M(X, A) then the expected value (I(C) )Em (A) of a fuzzy event A ∈ A based on the
copula-based universal integral I(C) (copula-based universal expectation) and the
capacity m is given by
(I(C) )Em (A) = PC ({(x, y) ∈ [0, 1]2 | y ≤ m(Ax )}) .

(5.4)

As an immediate consequence of Deﬁnition 9, note that for the product copula
Π (i.e., for the standard product) the expected value (I(Π) )Em is the Choquet
expectation (4.1), i.e., we have (I(Π) )Em = (Ch)Em , and for the greatest copula M
(which coincides with the lattice meet ∧) the expected value (I(M) )Em equals the
Sugeno expectation (4.3), i.e., (I(M) )Em = (Su)Em .
In the case of a fuzzy subset A of a ﬁnite universe X = {x1 , x2 , . . . , xn } with
n
μA = i=1 ai · 1{xi } we get
(I(C) )Em (A) =

n


C(aσ(i) , m({xσ(i) , . . . , xσ(n) }))
i=1


− C(aσ(i) , m({xσ(i+1) , . . . , xσ(n) })) , (5.5)
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where the function σ : {1, 2, . . . , n} → {1, 2, . . . , n} is a permutation such that
aσ(1) ≤ aσ(2) ≤ · · · ≤ aσ(n) , and {xσ(n+1) , xσ(n) } = ∅ by convention.
Remark 1. Expected values E : A → [0, 1] of fuzzy events can be required to
satisfy additional properties. One of them could be, for example, to satisfy
E(A) = 1 − E(A) ,

(5.6)

 where the membership function of the complement A of A ∈ A is
for each A ∈ A,
given by μA = 1 − μA (see Ref. 59).
This is possible if and only if the capacity m = E|A deﬁned by m(U ) = E(U )
is self-dual. Note that the dual capacity md of m is given by md (A) = 1 − m(A).
Then self-duality of m means m = md or, equivalently, m(A) + m(A) = 1 for each
A ∈ A (and then m is sometimes called a participation measure).
Obviously, each probability measure p is self-dual, and the probability of fuzzy
events proposed in Ref. 60 satisﬁes (5.6).
Other typical examples of expected values of fuzzy events satisfying (5.6) are
related to copula-based integrals I(C) with a radially symmetric copula C, i.e.,
 : [0, 1]2 → [0, 1] is given by
 = C, where the survival copula 41 C
satisfying C
 y) = x + y − 1 + C(1 − x, 1 − y) .
C(x,
Note that this includes all copula-based universal expectations based on some Frank
copula13 (see (3.4)) and, subsequently, the Choquet and the Sugeno expectation.
d
is self-dual.
Notice also that, for each m ∈ M(X, A), the capacity m
 = m+m
2
Example 3. Keeping the notations and the setting of Example 1, consider the
Hamacher product 18,26 H : [0, 1]2 → [0, 1] deﬁned by
⎧
⎪
if (x, y) = (0, 0) ,
⎨0
H(x, y) =
x·y
⎪
otherwise,
⎩
x+y−x·y
which is a copula and, subsequently, also a semicopula. Then we get for the expected
values (IH )Em with respect to the universal integral IH based on the semicopula H
and for the copula-based universal expectation (I(H) )Em , both with respect to the
capacity m, respectively,

1
H(α, 1 − α) = ,
(IH )Em (A) =
3
α∈[0,1]
√
4π 3 − 9
2
(I(H) )Em (A) = PH ({(x, y) ∈ [0, 1] | x + y ≤ 1}) =
≈ 0.4728 .
27
6. Expected Value with Respect to Decomposition Integrals
For a ﬁxed measurable space (X, A), each ﬁnite subset H of A \ {∅} is called a
collection, and each non-empty system H of collections is called a decomposition
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system related to (X, A). Recently, decomposition integrals were introduced by
Y. Even & E. Lehrer in 201411 as follows:
Definition 10. Let (X, A) be a measurable space and H a decomposition system related to (X, A). then for each capacity m ∈ M(X, A) and for each function
f : X → [0, ∞[ which is measurable with respect to A and B([0, ∞[) the decomposition integral IH (m, f ) is deﬁned by




aG · m(G)  H ∈ H,
IH (m, f ) = sup
G∈H

aG ≥ 0 for each G ∈ H and




aG · 1 G ≤ f

. (6.1)

G∈H

Not each decomposition integral given in Deﬁnition 10 reproduces the underlying capacity m when applied to a measurable characteristic function of a crisp subset
of X, i.e., we do not have IH (m, 1G ) = m(G) for all G ∈ A, in general. Necessary
and suﬃcient conditions for decomposition systems satisfying IH (m, 1G ) = m(G)
for all G ∈ A were given recently.40 Only decomposition systems satisfying these
conditions can be used to deﬁne expected values of fuzzy events with respect to
decomposition integrals.
Definition 11. Fix a measurable space (X, A), a decomposition system H related
to (X, A) satisfying the two conditions

H = A \ {∅},
(completeness)
(i)
H∈H

(ii)



G∈H

G = ∅ for each H ∈ H,

(independence)

and a capacity m ∈ M(X, A). Then the expected value (IH )Em (A) of a fuzzy event
A ∈ A based on the decomposition integral IH and the capacity m (decomposition
expectation) is given by
(IH )Em (A) = IH (m, μA ) .

(6.2)

As a consequence of Deﬁnition 11, also the expected value (IH )Em of fuzzy
events based on the decomposition integral IH and a capacity m satisﬁes
(IH )Em (Ac ) = c for each c ∈ [0, 1] and the fuzzy event Ac ∈ A with constant
membership function μAc = c ∧ 1X .
Consider a measurable space (X, A), a capacity m ∈ M(X, A) and the decomposition system H1 = {{G} | G ∈ A}, i.e., each collection in H1 is a singleton. Then
(IH1 )Em equals the Shilkret expectation (4.5), i.e., we have (IH1 )Em = (Sh)Em .
Similarly, if the decomposition system H∞ = {H | H is a ﬁnite chain in A} is
considered, then (IH∞ )Em equals the Choquet expectation (4.1), i.e., we have
(IH∞ )Em = (Ch)Em .
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Strictly speaking, the decomposition systems H1 and H∞ heavily depend on the
underlying measurable space (X, A) (each change of A yields a diﬀerent decomposition system). But their deﬁnition is universal enough that they can be deﬁned in
each measurable space (X, A) in a generic way, and in such cases we can consider
the (well-deﬁned) function
 

M(X, A) × F (X, A) → [0, ∞] .
(6.3)
IH :
(X,A)∈D

The only decomposition systems40 H such that IH given by (6.3) is a universal
integral on [0, 1] form a hierarchical system H1 ⊆ H2 ⊆ · · · ⊆ H∞ and are given by
Hn = {H | H is a chain in A and card(H) = n} for each n ∈ {1, 2, . . . }. Then the
corresponding expectations form a hierarchical system with the Shilkret and the
Choquet expectations being the extremal cases:
(Sh)Em = (IH1 )Em ≤ (IH2 )Em ≤ · · · ≤ (IH∞ )Em = (Ch)Em .
A dual approach, the so-called superdecomposition integral was introduced by
R. Mesiar, J. Li & E. Pap in 2015.39
Definition 12. Under the hypotheses of Deﬁnition 11, the expected value
 based on the superdecomposition integral IH
(IH )Em (A) of a fuzzy event A ∈ As
and the capacity m (superdecomposition expectation) is deﬁned by
(IH )Em (A) = IH (m, μA )




= inf
aG · m(G)  H ∈ H, aG ≥ 0 for each G ∈ H
G∈H

and




a G · 1 G ≥ μA

.

(6.4)

G∈H

As a consequence of Deﬁnition 12 we obtain
(IH1 )Em ≥ (IH2 )Em ≥ · · · ≥ (IH∞ )Em = (Ch)Em ,
where
(IH1 )Em (A) = sup{μA (x) | x ∈ X} · m({x ∈ X | μA (x) > 0}) .
For further generalizations based on copulas (where in the case of the product
copula Π the decomposition/superdecomposition expectation is obtained) we refer
to Ref. 28.
Example 4. Keeping the notations and settings of Example 1, we obtain for each
n ∈ {1, 2, . . . }
(IHn )Em (A) =

n
2n + 2

and (IHn )Em (A) =

n+1
.
2n

Observe that lim (IHn )Em (A) = lim (IHn )Em (A) = (Ch)Em (A) = 12 .
n→∞

n→∞
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7. Concluding Remarks
We have discussed the challenging topic of expected values of fuzzy events, a study
which originated in Ref. 60. In doing so, we have summarized known results (sometimes from a new perspective) and introduced new concepts. These parameters of
fuzzy events can be seen as their “size”, and diﬀerent approaches allow us to consider
diﬀerent properties when measuring fuzzy events. So, for example, T -valuations
were discussed in Sec. 3, while expectations of fuzzy events which are comonotone
additive (comonotone maxitive, min-homogeneous, or positively homogeneous) were
characterized in Sec. 4.
Note that the set E of all expected values of fuzzy events form a bounded lattice
with top and bottom elements E∗ and E∗ given by


1 if A = X,
0 if A = ∅,
∗
E (A) =
E∗ (A) =
0 otherwise,
1 otherwise,
respectively, which can be written also in the form E∗ = (Em∗ )∗ and E∗ = (Em∗ )∗ ,
see Sec. 2, where m∗ is the smallest and m∗ is the greatest capacity on (X, A),
respectively. Moreover, the set E is also a convex class.
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