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Abstract

In this work, we study the performance of different algorithms for learn-
ing gene networks from data. We consider representatives of different structure
learning approaches, some of which perform unrestricted searches, such as the
PC algorithm and the Gobnilp method and some of which introduce prior in-
formation on the structure, such as the K2 algorithm. Competing methods
are evaluated both in terms of their predictive accuracy and their ability to
reconstruct the true underlying network. A real data application based on an
experiment performed by the University of Padova is also considered. We also
discuss merits and disadvantages of categorizing gene expression measurements.

1 Introduction

The interest in modelling gene networks has increased in recent years for two reasons.
It is a widely accepted stance that a number of disorders and pathologies are associated
with subtle changes in gene functioning. Better understanding of the mechanism that
governs gene expression is an essential first step towards the development of efficient
and highly specific drugs acting on molecular level. In addition to that, technological
advances seen in the last two decades drastically reduced experimental costs, which
made measurements of biological activity more readily available. This led to a growing
body of experimentally obtained knowledge that is stored, in numerous forms, in
online public databases. One instance is represented by pathway diagrams, which are
elaborate diagrams featuring genes, proteins and other small molecules, showing how
they work together to achieve a particular biological effect. From a technical point of
view, they are networks and can be represented through a graph where genes and their
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connections are, respectively, nodes and edges. Although pathway diagrams represent
our up-to-date knowledge of the cellular processes, we can not always assume that
derived mathematical graphs will be the optimal structure for statistical modelling.
There are a number of reasons to consider them tentative models, see [4], and for this
reason structure learning is an important task in genomics setting.

In this empirical comparison, we consider representatives of different structure
learning approaches, such as the PC algorithm [8], the Gobnilp method [3] and the K2
algorithm [2]. We perform an extensive simulation study in which we study whether
the approaches that include prior information, such as K2, perform better than those
that rely on data only. We also look at the impact of discretization. In addition to a
simulation study, we consider real data from the Drosophila Melanogaster experiment
performed by the University of Padova [4]. In this experiment that focused on a WNT
signalling pathway in a fruit fly, the expression of 12 genes was measured. Figure 5
shows a DAG derived from a WNT pathway diagram, featuring only genes measured
in the experiment.

2 Structure learning algorithms

In this empirical study, we consider a number of variants of the PC algorithm [8], the
K2 algorithm [2] and the exact Gobnilp method [3]. Of the examined approaches, the
K2 algorithm and all modifications of the K2 algorithm considered here, include the
prior information. The prior information is in the form of the topological ordering
of the studied genes. In the simulation study, we specify the topological ordering ac-
cording to the true underlying graph. In the real study, we relied on public databases
of biological knowledge. In particular, we used the WNT pathway of the KEGG
database to construct a DAG for the set of genes under study, from which we, then,
derived a topological ordering. The topological ordering is in general not unique. The
consequences of its non-uniqueness will not be discussed here.
To summarize, in this empirical study, we consider the following options.

PC The PC algorithm using x? test of independence at the 5% significance level.
PC20 The PC algorithm using x? test of independence at the 20% significance level.
K2 The original K2 algorithm.

K2-BIC A modified K2 algorithm, where the criterion used to score competing
DAGs is BIC, while the search strategy remains the one step greedy search.

G-BIC The Gobnilp algorithm with the BIC scoring criterion.

G-BICm The Gobnilp algorithm with the modified BIC criterion (the penalty term
is multiplied by a factor of 1073).

G-BICI The Gobnilp algorithm where the modified BIC criterion (the penalty term
is multiplied by 107%). This implementation efficiently finds the model with
the least number of parameters among all those maximising the log likelihood
function.
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CK2 The CK2 algorithm proposed in [4]. The only algorithm in this study that is
applied to the continuous measurements.

2.1 Categorization of expression measurements

Most structure learning algorithms make use of categorical variables, while gene ex-
pressions are quantitative measurements, usually continuous. In the work that first
introduced the idea of using DAGs for representing gene regulatory networks, [7] con-
sidered both discrete and continuous models. It is clear that the former attenuates the
effect of the technical variability, but might lead to information loss, and is sensitive
to the choice of the categorization procedure. The former incurs no information loss,
but is incapable of capturing non-linear relationships between genes. In particular,
combinatorial relationships (one gene is over-expressed only if a subset of its parents
is over-expressed, but not if at least one of them is under-expressed) can be modeled
only with a discrete Bayesian network. The two approaches thus seem complementary
and we believe that both can help researchers obtain the biologically relevant results,
at least as a means of postulating testable scientific hypothesis.

When the goal of categorization is to obtain categories which are meaningful from
the biological perspective, one would ideally have the control group (a previous ex-
periment) which would serve as a reference for comparison [7]. When control data are
not available, we propose to perform categorization based solely on data at hand. It
is assumed that genes can assume only a few functional states, for example “under-
expressed”, ‘normal”’, and “over-expressed”. The actual measurements depend on
these functional states and the amount of biological variability and technical noise. A
plausible model for such data is a mixture of K normal distributions, each centered
at one of the K functional states

K
XiNZTikN(,Ufikvgizk)? ’iil,...7p,
k=1

where X is an expression of the considered gene, p;; and afk are parameters corre-
sponding to the k-th functional state, 7, the probability that an observation belongs
to the k-th component (7;, > O,Zle Tik = 1) and p is the number of considered
genes. However, it is not always plausible to assume that all K states are present in
a single experiment, for example, certain genes remain normally expressed in a wide
range of conditions, others can only be downregulated, etc. This led us to propose a
data driven approach to categorization: a number of components, that can vary from
one (corresponding to a gene with only one observed state) to K (all functional states
are present in the data) is estimated from the data for each gene independently. The
assumed model for the i-th gene is thus

K;
X; ~ ZTikN(MikaU,‘zk)7 i=1,2,...,p,
k=1

where Kj is the estimated number of components for the i-th gene, 7 are, as before,
the weights of individual components, pu;r,0;r are component specific parameters.
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The approach that simultaneously estimates the number of components in the mixture
and parameters pertaining to different components and then classifies each observation
according to the estimated model is called Model Based Clustering and was introduced
by [5]. We used its implementation in the R package mclust [6]. In what follows, we
will denote Y; = (Yi1,..., Y,z ) the variable obtained from X; through the proposed
categorization, where Y;; = 1, if X; falls to category j, and zero otherwise.

2.2 Evaluation of predictive accuracy

When evaluating the predictive accuracy of different approaches, we restricted our
attention to a case with small sample size; a situation most relevant for our field of
application. We adopted a “leave-one-out” approach, where in each step the chosen
learning algorithm is applied to the data from which the single observation j has
been removed. In the second step, the removed observation is used to evaluate the
predictive accuracy: prediction of the value of every variable is computed given the
values of all other variables.

To measure the distance between the observed value and the predicted value for
variable Y; fixing all remaining variables to the values observed on the removed obser-

vation j, we use the Brier score, introduced in [1]. If we denote jy; = (jyi1s-- -, j¥;%,)
the observed value of variable Y; in the jth observation, j = 1,...,n, the Brier score
is defined as
1 s
ibi =35 ;(jffik — yin)?, (1)

where ;7;;, is the predicted probability that Y; falls into the category k. The Brier
score measures the squared distance between the forecast probability distribution and
the observed value. It can assume values between 0 (the perfect forecast) and 1 (the
worst possible forecast).

We measure the predictive accuracy with a scalar B = 22‘;1 Zle ;jb;. Obviously,
algorithms having lower score are preferred.

We compare algorithms designed for categorical and continuous data. The learn-
ing algorithms that work with continuous data produce predictions on the continuous
scale. In order to make them comparable with categorical predictions, we combine
discriminant analysis with the proposed categorization procedure. We classify con-
tinuous predictions into one of the gene specific components estimated in the initial
categorization. More precisely, we apply the discriminant analysis to the prediction
in; the output is the estimated vector of probabilities (71, .. . ,jﬁif{i) that in falls
into associated categories. We can then plug this vector in the expression for the
Brier score (1).

3 Simulation study

To attenuate dependence of our conclusions on characteristics of individual graphs, we
randomly generated 10 DAGs on 10 nodes. We achieved this by randomly generating
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Figure 1: Simulation study: mean value of the B score and its 95% confidence interval.

10 adjacency matrices — for each graph we set a sparsity parameter = € (0.3,0.5)
and fixed the topological ordering. We next sampled an observation from a Bernoulli
variable with the parameter 7 for each plausible edge (corresponding to the upper
triangular part of the adjacency matrix) to obtain an adjacency matrix uniquely de-
termining the corresponding DAG. When generating observations from a single DAG,
our intention was to mimic the situation in which each gene has two underlying states
(low and high expression), that are then affected and, to a certain level, ”masked”
by some biological and technical variation. We thus generated observations from a
mixture of two multivariate normal distributions with a given graphical structure
(the so-called Gaussian Bayesian networks, each with weight 0.5), where parameters
of each component were randomly sampled from prespecfied intervals. To generate
observations for a single component we adopted the structural equations approach,
in which each variable is a linear function of its parents and a random error. More
precisely, for each of the two components we have

Xz:az+ﬁ;rpa(Xl)+€z7 iil,...,p,

where €; ~ N(0,02) is the random disturbance, 3; is the vector of regression coeffi-
cients giving dependence of X; on its parents, and «; is an intercept. Both components
were set to have the same matrix of 3 coefficients, so that the dependence structure
is shared across components, while the intercept and the random fluctuation were
allowed to vary. Before passing these datasets to the algorithms using categorical
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variables, we performed categorization as described in 2.1. Namely, we performed
model based clustering, where each variable was allowed to have either two or three
clusters, depending on the model fit. In this situation, we knew that there were two
underlying states—corresponding to two clusters—but we estimated the number of clus-
ters from data so as to approach the conditions of a real study as close as possible.
For each graph, we randomly generated 100 datasets.

We first look at the ability of considered algorithms to reconstruct the underlying
graphical structure from observations. We rely on two measures: PPV that stands for
Positive Predictive Value and is defined as TP/(TP + FP); and Sensitivity, defined
as TP/(TP + FN), where TP (true positive), FP (false positive), and F'N (false
negative) refer to the inferred edges. For each considered sample size and for each of
the 10 DAGs, we generated 100 datasets and applied structure learning algorithms.
The pooled results are shown in Tables 1 and 2 and Figure 2, that shows graphically
how PPV and Sensitivity change with sample size for different approaches. Given
that the results of the approaches of the same type (such as PC and PC20; and
K2 and K2BIC) have nearly identical results, we show one representative per group,
namely PC, GBIC and K2. We see that CK2 gives best results in terms of PPV,
and even more strikingly in terms of sensitivity. CK2 is followed by the other two
(categorical) K2 approaches and Gobnilp methods. On the other hand, PC algorithm
performs poorly in this setting. An interesting question is whether these measures of
performance depend on the density of the true underlying DAGs. Figure 3 shows how
PPV and Sensitivity depend on the number of edges of the DAG used to generate data.
For each of the 10 DAGs, we show the value of PPV and Sensitivity for the largest
sample size n = 500. We see, perhaps not surprisingly, that PPV increases roughly
linearly with the number of edges in the underlying DAG, while sensitivity seems
largely unaffected. As an illustration of the performance of considered approaches in
reconstructing the ”true” DAG, we show one example of a reconstructed network in
Figure 4. Alongside a ”true” DAG used to simulate data there is a DAG inferred by
the CK2 algorithm, from one of the 100 simulated datasets (n = 500).

Next, we look at predictive accuracy of considered algorithms. Here, we restricted
our attention to the smallest sample size (n = 20) for two reasons. It is the situation
most relevant to our field of application, where the number of observations is usually
limited. Furthermore, it gives us the opportunity to compare obtained results to those
in the real application described in Section 4, since the ratio p/n is approximately the
same. Therefore, for each of the 10 DAGs and 100 generated datasets of size n = 20,
we computed the B score following the ”leave-one-out” approach, as described in
2.2. In the end, we performed a random effects meta analysis (assuming that the B
score is approximately normally distributed) to combine results for different graphs.
The mean B score and its 95% confidence interval are shown in Figure 1. CK2
reached the lowest B score, followed by K2 and K2-BIC. Of all Gobnilp methods,
the likelihood one G-BICI leads to the lowest B score. PC variants perform slightly
worse than Gobnilp variants, but the difference is less pronounced than in network
reconstruction.
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Figure 2: Simulation study: Pooled positive predictive accuracy (left) and sensitivity
(right) of considered algorithms for different samples sizes.
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Figure 3: Simulation study: Positive predictive accuracy (left) and sensitivity (right)
as a function of the number of edges of the true underlying DAG, for the 10 randomly
generated DAGs and the sample size n = 500.
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Table 1: Pooled positive predictive value.

n PC PC20 K2 K2-BIC GBIC GBICm GBICI CK2

20 0.36 0.35 0.45 0.45 0.43 0.42 0.40 0.56
30 037 0.37 0.45 0.45 0.43 0.41 0.40  0.59
50 0.33 0.34 0.45 0.45 0.44 0.41 0.40 0.60
100 0.28 0.25 0.45 0.45 0.41 0.39 0.40 0.61
500 0.31 0.30 0.46 0.46 0.42 0.40 0.41  0.58

Table 2: Pooled sensitivity.
n PC PC20 K2 K2-BIC GBIC GBICm GBICI CK2

20 0.08 0.09 0.20 0.19 0.21 0.21 0.21 0.47
30 0.09 0.10 0.19 0.19 0.21 0.20 0.21 0.56
50 0.08 0.09 0.20 0.20 0.20 0.21 0.20 0.69
100 0.04 0.04 0.20 0.20 0.19 0.21 0.21 0.83
500 0.06 0.07 0.24 0.24 0.20 0.22 0.22 0.93

4 Drosophila Melanogaster experiment

The experimental data from the Drosophila Melanogaster experiment performed by
the University of Padova [4] consist of 28 observations of 12 genes. All measured
genes belong to the WNT signalling pathway involved in embryonic development.
DAG derived from this pathway is shown in Figure 5. The topological ordering of
this DAG was passed to the methods that include prior information (K2, K2-BIC and
CK2). Other methods rely on data only.

The Figure 6 shows the B score for each of the considered methods. Full (com-
plete) DAG and empty (no arrows) DAG were added for reference. Here, K2 reaches
the minimal B score, followed by the Gobnilp’s likelihood method G-BICl. The K2
algorithm with the BIC score, K2-BIC, together with the remaining Gobnilp meth-
ods, G-BICm and G-BIC, also perform reasonably well with a slightly inferior score
with respect to the leading twosome. On the other hand, the PC algorithm gives
significantly less accurate predictions. The CK2 algorithm, seems to fail in this case.
Its B score is almost comparable to the one of the full graph (Full). It is interesting
to note that of the two methods on categorized variables using the BIC score, K2-BIC
and G-BIC, it is the former that minimizes the B score. This is a little surprising,
since Gobnilp finds globally optimal structures, while K2-BIC uses the ordering of
variables, and thus might suffer from misspecification. In addition to that, K2-BIC
relies on the greedy search, possibly restricting the search space enough to miss the
global optima. In fact, structures found by Gobnilp have a lower BIC criterion (and
thus a better fit to the data), but are inferior when it comes to prediction. This
observation, together with a success of the K2, suggests that possibly the subject
matter knowledge employed to specify the ordering of variables is the reason behind
their good performance. To test this hypothesis, we generated 20 random orderings
and passed them to the K2 algorithm. None of the twenty computed scores is lower
than that that determined by pathway, providing support for the practice of using
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Figure 4: Simulation study: One of the 10 DAGs used to simulate data (left) and the
network reconstructed by CK2 from 500 observations.

Figure 5: Drosophila melanogaster experiment: DAG derived from a diagram repre-
senting WNT signaling pathway in fruit flies.
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Figure 6: Drosophila melanogaster experiment: B score of different algorithms.

the prior information in the form of a topological ordering.

The right plot in Figure 7 shows how the B score deteriorates with the addition
of arrows to the optimal structure found by K2. Here, the B score is a function of the
number of arrows present in the graph. It starts from the K2 structure, containing
15 arrows, and ends with the full graph, containing 66 arrows. Structures in between
are obtained sequentially, by randomly adding a single arrow to the current struc-
ture. Obviously, the order of addition of arrows plays a role, and thus this is only
one possible way in which the score might evolve between the two extreme points.
Nevertheless, the increasing trend of the dependence is informative and independent
of the order of arrow inclusion.

One of the reasons behind the success of the K2 algorithm might also be that it
identifies DAGs with a relatively high number of edges. To examine this possibility,
we computed the average size of the Markov blanket for considered methods. The
results are reported in the Table shown in the left panel of Figure 7. We see that
K2 indeed has a comparatively large average Markov blanket size, but it is second
to the Gobnilp’s likelihood method. The ranking of methods with respect to their
prediction accuracy suggests therefore that the density of the graphs inferred by K2
is not the only reason for its good performance.

5 Discussion

In this work we performed an extensive empirical study of popular structure learning
algorithms in a highly specific setting of gene networks. This area is atypical in that
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Figure 7: Drosophila melanogaster experiment: Average size of the Markov blanket
for different algorithms (left) and B score as a function of the number of edges in the
inferred DAG.

it usually involves a limited number of observations affected by different kinds of
substantial "noise”, both biological and technical. For this reason, structure learning
in genomics faces a lot of previously unexplored problems and our goal was to better
understand the choices made in practice. In particular, we focused on impact of
categorising gene expression measurements and including vague prior information.
To this end, we analysed a real dataset and performed a simulation study specifically
designed to mimic limitations of real studies.

We found that including prior information in the form of a topological ordering
can significantly improve the performance, both in terms of network reconstruction
and predictive accuracy. This is reflected in the fact that K2 algorithm, in spite
of relying on a heuristic search method, performs either better or equally well as
the exact Gobnilp method not including any prior information. This observation is
especially important with the limited number of observations and was confirmed by
both real and simulated datasets.

Results of the simulation study and the real study coincide to a large extent. The
most striking difference is the performance of the CK2 algorithm, the only considered
algorithm designed for continuous variables. While it performs poorly in the real
study, in the simulation study it gives the best results. One possible explanation
concerns the simulation mechanism: the data generating mechanism specified in the
simulation study might not be a good approximation of the mechanism that gave rise
to measurements in the real study. CK2, relying on continuous measurements, would
be more sensitive to this difference with respect to its competitors using categorized
data. Possible future work would involve investigation of different data generating
mechanisms. It would be highly interesting to generate data from a discrete Bayesian
network and then introduce random fluctuation for each variable independently.

There is a lot of concern regarding the application of structure learning algorithms
in genomics setting. When the goal is to elucidate biological mechanisms governing
gene expression, reflected in the reconstruction of the gene network, we would agree
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that this concern is justified. The signal to noise ratio in genomic studies does not
seem to allow for an accurate reconstruction, at least for the time being. From the
prediction perspective, however, the results reported here are encouraging: learned
graphs, that can be considered as rough approximations of the true network, manage
to bring considerable improvement over the procedure that does not assume or look for
any conditional independence relations between genes. This is an important empirical
conclusion that we draw from this study.
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