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Abstract

The observer design problem for Switched Linear Systems (SLS) subject to an unknown switching signal
is addressed in this work. Based on known observability results for SLS, an appropriate SLS observer is
proposed and its convergence is analysed showing that the corresponding estimates converge in finite-time
to the SLS state. More precisely, the observers of the continuous state evolution and the observers of the
switching signal are investigated and their convergence studied separately. The main tool to analyse the
observability is the well-known geometric concept of (A, B)-invariant subspaces. The developed SLS
observers are then applied to construct synchronized chaotic generators based on the SLS with chaotic
behavior. Finally, an example of a non-trivial chaotic SLS and its detailed analysis are presented to illustrate
the achieved results.
© 2015 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

The goal of this paper is to address an observer design for Switched Linear Systems (SLS)
subject to an unknown switching signal. A SLS may be viewed as a subclass of the class of
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Hybrid Dynamical Systems (HDS) formed by a collection of Linear Systems (LS) together with a
time dependent exogenous switching signal. The system state evolution is then uniquely
determined by a given initial condition and by the mentioned switching signal determining at
each time instant the unique active linear system driving the state.

The study of the fundamental properties of SLS has received a great deal of attention during
the last decade. In particular, SLS observability has been thoroughly analysed depending on
whether the switching signal is known or unknown.

On one hand, if the switching signal is known, the focus has been on determining the
continuous state after a finite number of switchings [1-4]. It has been shown that the
observability of each LS is not a necessary condition [1,4]. On the other hand, if the switching
signal is unknown (for instance when switchings may occur in an unpredictable way), the
observability of the continuous phase and the observability of the switching signal [5-8] were
shown to be mutually independent properties [7]. Moreover, if the switching signal is unknown,
the observability of each LS is not sufficient for the overall SLS observability [7]. As a matter of
fact, the unknown switching signal computation requires the so-called distinguishability property
[5] enabling to detect the current evolving LS based on the input—output information only. Last
but not least, for the unknown switching signal the controlled inputs also play a central role
leading to two different distinguishability notions [9]: (i) distinguishability for every nonzero
state trajectory [10] and (ii) distinguishability for “almost every” input [6—8]. The latter case, as
expected, requires less restrictive conditions to be fulfilled, in particular, the observability of each
LS is not required.

To be more specific, the unknown switching signal is usually estimated using the so-called
“location observer” based on the SLS continuous-time input—output information. In [11], a multi-
observer structure based on Luenberger observers together with a residual generator (similar to
those used in fault detection) is used as a location observer. The reported results, however,
require a careful selection of the threshold for the residue generation. Moreover, as noticed in
[11] it can occur that the residue remains true after switching to another subsystem, thus missing
the detection of switching. In [12], the location observer algorithm that requires the numerical
computation of derivatives of inputs and outputs has been proposed as the location observer.
Nevertheless, the analysis presented there is restricted to monovariable SLS. In [13], the location
observer uses a super twisting based step-by-step observer for switched nonlinear systems that
can be transformed into the normal form.

However the focus is on autonomous systems and the super twisting based step-by-step observer
requires the knowledge of the bound of the state velocity. In [14] the location observer is formed by a
set of Luenberger observers with an associated super twisting based differentiator [15] used to obtain
the exact error signal which updates the estimate. Using the results on distinguishability for every
nonzero state trajectory, the authors of [14] showed the convergence of the observer. Unfortunately,
this distinguishability notion requires the observability of each LS.

Furthermore, multi-observer structures have been proposed in the framework of supervisory
control of a class of SLS composed of a LS with an unknown parameter [16—18] and in adaptive
control [19,20] where the aim is to decide, based on the size of the output estimation error, which
candidate controller (from a bank of controllers) should be used in the feedback loop with the
process. Unfortunately, as noticed in [21], this scheme cannot be used to recover the switching
signal because the smallness of the output estimation error is not sufficient to infer the evolving
LS [21].
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The observability and the observer design problem have also been addressed in discrete-time
SLS, see e.g. [9,22-24]. Nevertheless, as pointed out in [7], continuous and discrete—time SLS
have notable differences requiring these two classes of systems to be studied separately.

In this framework, the aim of this paper is twofold. First, to introduce a finite-time SLS observer
guaranteeing that the observers and controllers can be designed separately. To the best of our
knowledge, no result exists allowing such separation using Luenberger multi-observers. Such a task
will be addressed for a rather general class of SLS for which the observability of each LS is not required.
Since the observability of the switching signal is independent from the observability of the continuous
state, the proposed observer is capable of estimating the continuous state and the switching signal of the
SLS independently. The corresponding convergence analysis is based on the global finite-time stability
[25], higher-order sliding modes techniques [26] and the SLS observability results [7,27].

Secondly, based on the developed observers, this paper addresses the design of a
synchronization scheme for several chaotic SLS. As a matter of fact, while dealing successfully
with the issue of the unknown switching signal detection, the paper opens new possibilities for
chaotic SLS synchronization. This is an important task enabling the possible use of SLS with
chaotic behavior in various chaotic encryption schemes, such as chaos shift keying, in which
different chaotic attractors are associated to different digital symbols, and two-channel
transmission, in which the output of the chaotic SLS is sent to the receiver through the first
channel, while the encrypted message (encrypted using the chaotic state) is conveyed by the
second channel, see [28,29] and further references within there. To the best of our knowledge,
even though it has been shown that new and novel chaotic behavior can be generated by SLS
(see e.g. [30-35]), the synchronization of general classes of SLS with chaotic behavior (e.g. those
presented in [32,31,36]) has not been reported yet in the literature.

This work is organized as follows. Section 2 introduces the basic notation and preliminaries
while Section 3 reviews the observability results of SLS needed later on. The main paper results
are presented in Sections 4 and 5. Section 4 is devoted to the SLS observer design and its
convergence analysis while in Section 5 the later results are used it to construct an efficient
synchronization scheme of SLS with chaotic behavior. The final section draws some conclusions
and provides some outlooks for the related future research.

2. Notation and preliminaries
2.1. Linear systems

A LS 2(A,B,C) or simply X is represented by
x(1) = Ax(1) + Bu(1),  y(t) = Cx(1) (1

where x € XR" is the state vector, u € U = RP is the control input, y € ) = RY the output signal
and A, B, C are constant matrices of appropriate dimensions. The input function space is denoted
by U and is considered to be L,(f). Through the paper B stands for 3B and K for ker C.
A subspace S C X is called A-invariant if AS C S and (A, B)-invariant if there exists a state
feedback u(r) = Fx(t) such that (A + BF)S C S or equivalently if AS C S+ B. The class of
(A, B)-invariant subspaces contained in a subspace £ C X' is denoted by I(A, B; £). It is well
known that this class is closed under addition, hence, there exists a supremal element denoted
sup 3(A, B; £). An algorithm for computing sup 3(A, B; £) is presented in [37].
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2.2. Switched linear systems

A SLS X545 =(F,o0) is a HDS where F ={X,...,%,} is a collection of LS and o:
[to,00)—{1,...,m} is a switching signal determining, at each time instant, the evolving LS
2; € F. The state equation of the SLS is

X(1) = Asyx(t) + Boyu(t),  y(t) = Copx(t), x(tg) =xo, 06(ty) = 0p. (2

where o(¢) is assumed to be unknown and generated exogenously. If o(t) =i, i € {1, ..., m} then
the evolving LS is Zi(A;, B;, C)).

The notation, x;(t,x(71), 4} -,)) stands for the state trajectory x(f) obtained when
o(t)=1i, Yte[r1,72] and the input up, ., (i.e. the restriction of the functions u(?) to [z}, 72]) is
applied to the system with initial condition x(z;) € &, i.e.

t
xi(t, X(71), gz, 2y) = € x(1) +/ MTOBu(g) dg,  telr, ) (3)
7

In a similar way, the notation y;(t, x(1), 4z, +,}) stands for the output of Eq. (3).
Through this work we make the following assumptions on Eq. (2).

2.2.1. Assumptions

The initial condition of the SLS (2) is bounded, i.e. llxgll <& with a known constant §. A
minimum dwell time in each LS is assumed, i.e. if 7, and #; are two consecutive switching
times, then #; —#,_1>74,. However, only the dwell time for the first switching time 7, is
assumed to be known. A maximum dwell time is not considered. For simplicity, the state x(f) in
Eq. (2) is assumed to be continuous, i.e. at the switching time ¢, x(#;) = x(¢;” ). Zeno behavior,
which is characterized by infinite switching in a finite-time interval, is excluded.

3. Observability of switched linear systems

Basic results on observability of SLS needed later on are reviewed here, see [5—7,27] for more
details. These results are based on the geometric approach. An interested reader can find their
extension to the perturbed case in [8] while the discrete-time case is treated in [9].

Definition 1. The continuous state trajectory x(f) (resp. the switching signal (7)) of the SLS (2)
is said to be observable if there exists a finite-time zsuch that the knowledge on the structure (2)
and the input up, ) and output yp, 4 over a finite-time interval 7 € [fo, 7] suffices to uniquely
determine the signal x(z) (resp. the signal o(7)).

SLS observability problem with unknown switching signal is critically related to the so-called
distinguishability concept defined as follows.

Definition 2. Let u, ), Ve ] be a measurable input—output behavior of the SLS X, = (F, 0)
in the time interval [r;,75] and let X;,X;e F, then the LS X; and X; are said to be
(U[z).,22] Yz, -»))-Indistinguishable, if there exist state trajectories (not necessarily starting from the
same initial condition) x;(, x(1), Yz, z,) of Z; and x;(t, x'(z1), U, -,1) of Z;, such that

yi(t, x(Tl)a M[T[,Tz]) = yj(t> x,(Tl), u[‘rl,rz]) = y[Tlale.

Otherwise, X; and X; are said to be (U, z,], Y, o,)-distinguishable. The indistinguishability
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subspace, W;; < R of 2, % is defined as

77
X0
Wij= { lxg] : Ju(t),>1o such that y,(t, xo, Uy, ) = y;(t, Xy, u[m,,])}. 4)

In [27], it has been shown that the indistinguishability subspace, W, is equal to the supremal
(A,-j,B[j)-invariant subspace contained in K =ker Cj; (see also [9]), denoted as sup I(Aj;, Byj;
Kij), where

A O
A,‘j = 0 Aj B,‘j =

This implies that the extended LS X;(Ay, Bjj, Cyj) with matrices (5) gives zero output in the
interval [z}, 72]. Thus, the inputs for which two LS may become indistinguishable are closely
related to the systems zeros of X;(A, By, Cjj) [8].
Clearly, the LS X; and X; are distinguishable for every nonzero state trajectory iff W; =0 [27].
However, since the LS becomes indistinguishable for particular inputs [10,27], less restrictive
conditions can be obtained by studying the observability for almost every input [7,9].

B;

B C,y:[ci _Cj}. 5)

Definition 3. On a functional space a property is said to hold “almost everywhere” or “for
almost every” in the sense of prevalence [38] if the set of exceptions is a Haar null set, also
known as a “shy set”. For instance, every proper subspace of the function space is a shy set [38],
this property is used in [8] to show that the property holds for almost every input, by showing
that it only fails to hold on a proper subspace of the input space.

Although we do not report here the formal definition of a shy set S C V, the following
important properties give an insight on its meaning [38]:

e AsetSC R"is shy if and only if it has Lebesgue measure zero. Thus, the concept of shy set is
a natural extension of the concept of null set because both concepts coincides in R".

® A shy set has no interior. Thus, “almost every” implies dense.

e Every countable set in V and every proper subspace of V are shy with respect to V.

Definition 4. The continuous state trajectory x(f) (resp. switching signal (7)) of the SLS (2) is
said to be observable for almost every input if almost every input ensure the computation of the
continuous state x(f) (resp. switching signal o(7)).

Clearly, an input u, .,) can be used to make the LS (up, r,], Y, .,)-distinguishable iff u, -,
drives every state trajectory of Xj; outside the indistinguishability subspace. Then, it follows that
this holds iff B;ZW;; [27]. Now, due to the superposition property of the extended LS X, the set
of exceptions,

{ gty = 3 X0, %0, ilt, X0, ury.27) = y; (1, X0, gro.c1) (6)

i.e. the set of inputs for which the evolving LS cannot be determined, is a subspace of Uy, in
which u(?) takes values. Since B;€)V;; implies the existence of a smooth input steering the state
trajectory outside WV;;, then Eq. (6) is a proper subspace of Uy, and thus a shy set with respect to
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Uy [38]. Hence, almost every input u, ;; guarantees the (u;, ], y[ﬂ,TZ])-distinguishability between
2; and X, under this situation the LS are simply said to be distinguishable for almost every input.
Thus, we can state the following proposition.

Proposition 5. If B;gW,; then for almost every input and for every nonzero time interval
[z1,72], yi(2) # y,(1) holds almost everywhere in [z, 72].

Thus, if the LS are distinguishable for almost every input the equality y,(f) = y;(f) cannot hold
during a nonzero time interval, i.e. y,(f) = y;(7) then y,(7T) # yj(W).

If the LS are observable and distinguishable, then the continuous state can also be estimated.
However, if every [x” x'|" e Wy is of the form x=x" (ie. W; is symmetric), then the
continuous state trajectory for which the LS become indistinguishable is the same in both systems
and the continuous state can be estimated even though the LS are indistinguishable, clearly, in
this case the observability of each LS is required. From the previous discussion, the next theorem
follows easily.

Theorem 6 (Gomez-Gutiérrez et al. [10], Babaali and Pappas [7]). Let X, = (F,0) be a SLS
with no maximum dwell time set. Then

1. The switching signal o(t) of X is observable for almost every input iff VX, X e F,i#j%;
and X; are distinguishable for almost every input, i.e. Bi@W;.

2. The continuous state x(f) of Xy is observable for almost every input iff each LS X; € F is
observable and Y X;,X; € F i # J, either BygW,j or W is symmetric.

3.1. Illustrative example

Consider, the SLS X,; = (F,o0) with F ={Zi(A1,B1,C1), Z2(A2,B»,C»)} with o(f) an
exogenous switching signal, where X, and X, with matrices

A B C
x5 (09 15 0 (0] r77
—15 09 0 0 0
L0 0 05 1] |
poA [—05 0 0 (0] 177
0 -1 20 0 0
| 0 —20 -1 0| 1

do not have property being observable for every nonzero input as W, # 0. For instance, since
A= —% is a system zero of the extended LS X, then, when X is evolving and the input
u(t)=e~ /2" is applied to the initial condition xo=[0 0 —1]7 produces the same output
()= —e~ /2" as when X, is evolving and the input u(r) = e~ (/2" is applied to the initial
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condition xo=[—100]". Thus, X, and %, are (e~ (/2" —e=(1/21_ indistinguishable.
However, X, and X, are (—%e” ,e ! ) -distinguishable because the input—output behavior
(—3e~",e") can only be produced by X; when the input u(r) = —3¢ ' is applied to the initial
condition xo =[0 0 1]7.

However, since B, @W),, the SLS is observable for almost every input. In particular, ¥; and
%, cannot become indistinguishable if the input u(r) = 1 is applied, because 1=0 is not a system

zero of the extended system X, [8].
4. Observer design

The proposed SLS observer uses a bank of extended finite-observers designed one for each LS
in the SLS. Thus, let us first introduce the extended finite-time observers for LS.

4.1. The extended finite-time observer for multivariable LS

The finite-time observer for each LS is based on the result of global finite-time stability of
scalar systems presented in [25], this observer is described in the following for the multivariable
case. This finite-time observer is preferred because it provides a simple way to choose the
observer's gains. However, different gain selection can be used following the results on high-
order sliding modes presented in [26].

Let r = n—dim(N), where NV is the unobservable subspace of the LS, and assume that C is
composed of linearly independent rows, then, by a similarity transformation 7, X can be
transformed into the observable/unobservable form with the observable subsystem expressed in a
multivariable observer form. This transformation leads to the similar system

Zo 0 XO Fo _ 6 0 -YO 7
7S N el ) Pl TP S L] | ™
where x=T7X and the state vector X, =[%;--%,]" represents the observable variables. The
subsystem X,(A,,B,, C,) is observable [39,40] with matrices

-Arl Orl,rq Cl,rl Ol,rq
A, = : - : , C,= : - :
Orq,rl Arq Ol,rl Cl,rq

X =

where 0;,, is a 1 x r; zero matrix, Ori,,./ is a r; x r; zero matrix with possible nonzero first
column and A,, is a r; X r; matrix, C;,, is a 1 x r; matrix of the form

£ 1 0 - 0
£ 0 1 - 0

Ay=11 1 1 = |, Cp=[1 0 = 0]
£ 0 0 1
£ 0 0 0

where the entries marked by “s” represent possible nonzero values, The B, matrix has no
particular structure. Notice that, X, is formed by g single output subsystems of dimensions
Fly.otq (With 7 ri=r), coupled only by the measured variables. The similarity
transformation leading to the multivariable observer form can be found in [39,40].
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Thus, an observer is designed for each block k=1,...,q, with an additional variable &, which is
used as a measurement of the effort required by the observer to maintain a zero output estimation
error, this signal will be useful in the detection of the evolving LS. The observer for the k-th
block is given as follows:

xl _al(y) +x2 + pky [elja‘ +B u
W =ds) + 3 + p*haeb ] + Bzu;

< -k

Xy =dal () + p"ky [e}]“ + By u+ &

Lk

&= = [ (®)
where ek = x% — xl, [k |% = |ek|% sign(e}) and a! (y) j=1,...,r; is a known linear combination
of the measured signal y, this function is assomated with the entries marked by “s¢” shown in A,,.
Notice that, since the R subsystems are only coupled by the measured variables, the error
dynamics of the subsystems are independent from each other and is given by

¢ = ez pky[ef]™
e’é = 63 2k [elj"z

gl;k = gk _prkkm [-61“ e
E' = kg [ ] ©)

which, according to [25, Corollary 2], p, k; and «; can be designed such that the estimation error
of each block ¢’ =[e} el &1" is globally finite-time stable. Notice that, Eq. (9) also coincides
with the differentiation error of the high-order sliding-mode differentiator [26] when presented in
the non-recursive form. Thus, a different choice of the observers parameters p, k; and a; for a
finite-time convergence can be taken from [26].

Proposition 7. Let the initial conditions of the observer (8) be taken as zero and let the
continuous initial condition of the SLS (2) be bounded by 6, i.e. | xo |l <8, with a known constant
0, as in Assumption 2.2.1. Then for every constant t; the gains of Eq. (8) can be designed in such
a way that the estimation error (9) convergences to the origin with upper convergence bound
less than ty.

Proof. Consider the error dynamics given in Eq. (9). Take p > 1 and consider the time-scaling

f— tp togethe~rk with the coordinate change " =P&* with P=diag(l,p,...,p") and

[e1 . ’jk &']. These transformations and time scaling take Eq. (9) into the following form:

@) .

praiet I G

d@y) s L

— =8 —k, 2]
~k
di¢)

df = —kyy o [35]7

(10)

which does not depend on p. Therefore, due to the finite-time stability of Eq. (10), V>0, exists
71 such that it holds

é(f,&))=0, V&g such thatlléyll<é and Vix>7,
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where &) = é(#). Going back to original coordinates eand real time ¢ the above implies that

e(t,e0) =0, Veg such that llegll <5 and Vi>7;/p.

Indeed, the above implication is correct as the inequality lleyll <& clearly implies that
l€g Il <& due to the straightforward inequality

el < lell, Vp=>1.

Therefore V6,7, >0 there exists p(8,7;) such that e(z,e9) =0, Vey such that llegll <6 and
Vt>r1,. O

So, one really has to make the assumption that the initial conditions are bounded by some 6 > 0, as in
Assumptions 2.2.1, but for every bound ¢ and every time 7 >0 there exist gains such that the error
dynamics (9) goes to zero in finite time less than z;. Another alternative is to design the individual
observers such that the convergence error coincides with the error of the uniformly convergent robust
exact differentiator proposed in [41]. The main advantage of that algorithm is that it has a fixed time-
convergence bound that is independent of the initial condition, where a similar argument can be made to
show that an uniformly convergent observer can also be designed with upper convergence bound less
than Tk-

Notice that, whenever e(t) = [eyT (1) E'(M]T =0 the observer becomes an exact copy of the
observable subsystem of its associated LS producing the same input—output information as the evolving
LS. We next show that under distinguishability conditions the i-th observer will give ¢(¢) = 0 whenever
%, is evolving and e(t) # 0 otherwise, thus allowing to infer the evolving LS.

Roughly speaking, the additional variable & can be seen as a measure of the effort of the
observer to maintain a zero output estimation error. Thus, when %; is evolving the observer will
converge to e{, (£) = 0 with £7(r) = 0. Furthermore, it is possible to compute the values that the
i-th observer will take under the evolution of X;. However, for the sake of brevity such analysis is
not presented here. We would like to highlight that by simple using multi-observers structures of
finite-time observers, without this additional variable, more than one observer may give zero
output estimation error, provided that they are robust observers.

Thus, using the distinguishability property the evolving system can be inferred from the signal
(1) of each observer, as stated below.

4.2. SLS observer

Let Z,,(,) = (F, o) be a SLS with minimum dwell time 7, for the first switching time then an
observer X5, for X, is designed as depicted in Fig. 1, where

® A global finite-time observer is designed for the observable subsystem of each LS X € F with
an extra variable ¢ (as described in Section 4.1) and with upper time convergence bound
7 <74,. The estimation of the observable variables of % is given by X, .

e If for the LS observer 3y, ey =y(1)—3(1) =0 and &(r) =0 for all 1 € [z, 7 + €] with e~ 0 and
some time 7 then as long as e(f) = [ef W) =0, 6(1)=k.

® If 6(f) =k then the next switching time is detected as the minimum time #;>7 satisfying
ex(t)) =0 and e (1;") # 0.
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@ If 6(¢) =i and the switching time 7, is detected, then the variables of the k-th observer, k=1,
...,m, are reinitialized, X;(z;) as T_l._lTifc,-(t,) and &, as zero," where %, = [)NCZ,k )Ncg’k]T with
X =0.

o If for the LS observer Xy, e(t) = 0 then x(¢) = TxX(2).

In Fig. I the SLS is depicted for the estimation of both, the continuous state and the switching
signal. In the following we show how this scheme can be used for the separate estimation of the
continuous state and the switching signal.

4.3. Detection of the evolving linear system

Notice that when using the observability for almost every input, the observability of each LS is
not required for the distinguishability and %; and %; are (ufr, r,), Yz, r,))-distinguishable iff %; and
X, are (u[ﬂ@],y[TlJz])-distinguishable with X, ; the observable subsystem of X; (see Eq. (7)).
Thus, we can establish the following lemma.

Lemma 8. Let X, be a SLS and i;,(,) be its observer designed in such a way that each finite-
time observer has an upper convergence bound 7 and let €j(t) be the signal e(t) = [e)T, GG
of the observer associated to the observable subsystem ofX;. Then, if o(t)=i, Yte€[to, 1)),
1> 1 > 1o, and X; and X are (Upy, 1), Yir, 1,))-distinguishable then €(t) = [e)T,(t) EL(D)]" # 0 almost
everywhere in [ty 11). On the contrary, if X; and %; are (Uf, 1), Yz, 1,))-indistinguishable then
Vte[w, ), €(t)=0.

Proof. Let X, (A, , Boj, C,,) be the observable subsystem of X; and assume by contradiction
that €;(r) =0 for all ¢ e[z, ¢;) which implies that the finite-time observer associated to X;
becomes a copy of X, and its observable variables %, (f) are such that y;(r) — yi(t) = Cix(t) - C,
sJ%0j(t) = 0 for all 7 € [zy, 1;). Therefore X; and X,; as well as X; and ; are (uz, 1), Yz, 1,))-indis-
tinguishable, which contradicts the initial assumption. Thus, if Z; is evolving then the observer
associated to the observable subsystem of X; gives e(f) # 0 almost everywhere in [z, ),
according to Proposition 5. The second part of the theorem follows trivially from Eq. (9). O

Since according to Theorem 6 the observability of the switching signal for almost every input
requires the LS in F to be distinguishable from each other, then the evolving LS can be detected
after the finite-time 7, because only the observer associated with the evolving LS gives
et)= [eyT () E'(]" =0 for all ¢ € [z, 1), as formally stated in the following proposition.

Proposition 9. Let X be a SLS and let ig(,) be the proposed observer. Then if the switching
signal of Xy is observable for almost every input then only the observer of X; will give e(t) =0
for all t € [ty, t1]. Furthermore only €;(t) can be zero in a nonzero interval, and the index of the
evolving system can be obtained by the only observer giving e(t) =0 for all t € [ty, Ty + €], with
e~0.

Proof. The proof follows from Lemma 8 and Proposition 5. O

T, ke{l,...,m} is the similarity transformation taking X into the observable/unobservable form with the observable
subsystem represented in the multivariable observer form (for the multivariable observer form see [40]).
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4.4. Detection of the switching times and state reinitialization of the observers

In this subsection we show how each switching can be detected and how to completely
estimate the switching signal.

Let us assume that the LS %; is evolving and detected by the proposed observer and that at time
t; a switching occurs from X; to X;. Then, the output of the evolving state trajectory is
Y1) = y;(t, X0, Uy 1))for 1 € [to, 11) and y(2) = y;(t, x(t1), Uy, 1,)) for t € [11,12). Thus, the switching
time #; can be detected iff

yj(t?x(tl)s u[tl,tz)) # yi(ta -x(tl)a u[t|,f2))' (1 1)

Notice that, if the switching signal is observable for almost every input, then Z; is detected by the
SLS observer before the first switching time #; and Eq. (11) holds because X; and X; are
distinguishable. Thus, after the switching time, X; cannot produce the same input—output
information than X, and according to Lemma 8 and Proposition 5 X; can no longer give e(f) =0
during a nonzero interval. Thus, the switching time #; can be detected as established in the
following lemma.

Lemma 10. Let X, be a SLS and let S&(,) be the proposed observer and let €i(t) = be the
signal e(t) = [e}T.(t) ELD]" of the observer associated to the observable subsystem of X;. Then if
the switching signal of X,y is observable for almost every input then the switching time is
detected as the time t >t for which €,(t) is no longer zero. In fact, €,(t) # 0 almost everywhere in
[t1,12). In a similar way any subsequent switching time can be detected.

4.5. Estimation of the continuous state and estimation of the switching signal independently

Recall that, under the observability for almost every input, the switching signal is observable
even if each individual LS is unobservable. However, since the continuous state cannot be
completely estimated, in general, the state of the observers cannot be reinitialized as proposed
and the switching signal can only be estimated after the convergence of the observers. Thus, in
general, a known minimum dwell time between each switching is required to detect the evolving
LS before another switching occurs. Fortunately, if a switching occurs from Z; to X; and Ni=N §
where N, is the unobservable subspace of X, k =i, j, then at the switching time the observable
variables of the LS X; can be completely determined from the observable variables of the LS X,
Thus, the state of the individual observers can be reinitialized as proposed, hence the state of the
switching signal can be computed right after a switching occurs and the switching signal can be
completely estimated in finite-time.

The estimation of the switching signal independently from the estimation of the continuous
state is formally stated below.

Theorem 11. Let X5y be a SLS, ﬁ&(,) be the proposed observer and let N'; = Nj vi,ZieF.
Then if the switching signal of Xu is observable for almost every input, then for almost every
input 6(t) = o(t) for all t>7y.

Proof. According to Proposition 9 6(f) =i V't € [, t1) and from Lemma 10 each switching time
is detected. Now, let Tij:Tj’lT,» be a non-singular transformation such that 7} is the
transformation leading to the observable/unobservable form of the LS X;, k=1,2. Since
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u(t) y(@®)
— —) SLS S
it i
1 > > .. 16(t
1 Finite-time &) Decision lﬁ’
: ) Observer for X, Process :
1 X1(0) if 1
1 " " 1
1 . . &) =0Vt € [ry,72] |
: with7, =71 + &, &= 0. :
1 — Finite-time _E(T) then: while .(7) = 0 1
1 " 1
| k3 Observer for X, —_— G =k 1X(7)
' En(®) (1) = Teiulr) —>
: % = [&]), x2,17 with %5 = 0. :
|\6(t) =[ef £'(]" =0, eyn) =y —5(1) SLS Observer /'

Fig. 1. SLS observer.

-10 -10 X2 -10 -10

x1

Fig. 2. Chaotic behavior of the SLS for different continuous and discrete initial conditions. (a) 69 =2, xo =[10 0 O]T and
t€[0,20]. (b) oo =1, xo=[—1 1 2]" and 1 € [0, 20].

Ni=N; VX, X eF,itis easy to see that T}; is of the form

T, 0 ) .
Tj= . s such that X, ; =7 ;X,;.

Thus, if o(f)=1i Vte[t;_1,1;) and o(t)=j Yt €[t;,1;41) then, at the switching time #;, the
observable state variables of X; are a linear combination only of the variables that were estimated
by the previous observer. Thus, X, (t;) =X, (t;), with X,; the observable states of the evolving
system X; and, only the observer associated with the evolving LS X; will give Vt e [t,1141),
e(t) =0. Hence, 6(t) = o(t) for all t>7,. O
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Variable €(r) = [e] (1) £"(1)]" for the observer for X,

20 T T T T T 2000
0 * 10
e,(t)
o 6 (
-20 L ! L ! 0 —2000

0 2 4 6 8 10 12 14

Variable €(r) = [el (1) £7(1)]" for the observer for %,

T T - T T T 4000
e(®) | 3000
—&(®) | 2000

: : : - 3 1000
10
4 -1000
6 8 10 12

-10 . L -2000
0

2 4

Estimation of the switching signal (o (¢) vs &(1))

AN LI 1L

1 1
o, — )
O -~ - 1 1 1 1 1 -~ -&(t)
0 2 4 6 8 10 12 14

time (s)

Fig. 3. Estimation of the switching signal o(¢).

Theorem 12. Let X,;) be a SLS and let i;;(,) be its observer. Then if the continuous state of X
is observable for almost every input, then for almost every input x(t) = x(t) for all t >t} with 7, a
finite time.

Proof. Since only the continuous state of the SLS is observable then in the proposed SLS
observer more than one finite-time observer may give e(f) = [e; (1) E'(1)]F =0, however, by
Theorem 6 in such a case the indistinguishability subspace is symmetric which implies that the
estimation of the continuous state in such observers is the same and any one gives x(7) = x(1).
Furthermore, even if not every switching time is detected, an exact estimation of the continuous
state is maintained because the symmetry of the indistinguishability subspace holds whenever
Eq. (11) is not satisfied. Thus, the proposed SLS observer with its corresponding reinitialization
procedure (whenever a switching is detected) gives x(¢) = x(¢) for all > 7y, even if the switching
signal is unknown. O

Remark 13. If noise is present, instead of detecting the evolving system by the observer with
e(t) = 0 a threshold ¢ needs to be considered. Thus, detecting the evolving system if lle(?) | <¢in
a short interval. However, further investigation on the conditions on the noise and the model
mismatching, and its relation with ¢ is required and is considered as future work. However, we
would like to highlight that even without this analysis the contribution has practical applications
in chaotic synchronization and secure communications, for instance visible light communication
systems in indoor have very high signal-to-noise-ratio (SNR) in the range 40-70 dB [42—44].
Under such SNR the effect of noise is negligible.
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time (s)

Fig. 4. Estimation of the continuous state of the SLS.

Remark 14. Since a finite-time estimation is achieved and no finite escapes can occur in SLS,
the proposed observer can be designed separately from the controller.

5. Synchronization of SLS with chaotic behavior

SLS can exhibit highly nonlinear behavior such as chaos when a suitable switching signal is
applied. This property is exploited to create new chaotic attractors as well as to synthesize by SLS
well known chaotic systems such as the Lorenz and Rdssler attractors [45]. A chaotic system can
be used in encryption and secure communications, where a message encrypted using the chaotic
system is transmitted through an open channel which is then decrypted by the receiver by using a
synchronized copy of the same chaotic system, see [28,29] and further references within there.
The synchronization problem can be naturally reformulated as an observer design problem
[28,29]. As a matter of fact, for a selected chaotic SLS, the currently evolving LS and the current
switching signal value may be considered to be unknown at the receiver.

5.1. Switching law for generating chaotic behavior

In [32] the following switching law was proposed for generating chaotic and chaotic-like
behavior in SLS. Let X1(A;, By, Cy) and 2,(A,, By, C») be an unstable and a stable scalar affine
LS, respectively. And let xf§ =1(xf + %) and /=1lIxF—x5 I, where x}¥ and x% are such that
A1xT 4+ By =0 and Ayx3 4+ B, =0, respectively.
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Fig. 5. Chaotic attractor generated by the SAS in Eq. (12).

Define the following three regions: Ry ={x: lx—x{l <k}, Ro={x:k<lx—x{l <m},
Ry ={x: llx—x{ |l = m} with [<k<m< + oo. Then the switching rule is constructed as follows.
When X, is active, it will switch to X at time #; if x(¢;) € R3. Similarly, when X, is active, it will switch
to X at time # if x(f;) € R;. In addition, in order to fulfill the minimum dwell time assumption, the first
switching time cannot occur before the dwell time z,,. Furthermore, the initial evolving LS can be either
2, or %,. With this switching rule o(¢), Eq. (2) will has a chaotic behavior if the system parameters are
properly chosen [32]. For a sufficient condition for a SLS to be chaotic see [31].

5.2. Illustrative example

Consider the SLS described in Section 3.1. Since, 2| and X, cannot become indistinguishable
if a constant input u(r) = 1 is applied. Thus, the continuous state and the switching signal of the
affine SLS proposed in [32] are observable and the proposed observer can be applied where
F ={Z1(A1,B,C}),25(A;, By, C,)} are described in Section 3.1, and o(z) is as described in
Section 5.1 with k=3 and m=10. This SLS have a chaotic behavior with the strange attractor
shown in Fig. 2.

The estimation of the switching signal and the continuous state is shown in Figs. 3 and 4,
respectively. For this simulation, we are assuming no knowledge on the parameters k and m from
Section 5.1. Clearly, that knowledge simplifies the estimation process. The parameters for both
observers were chosen as k;=3.8, k,=4.55, k3=2.05, k4=0.3, p=10 and a=0.8. The
estimation process for the switching signal is shown in Fig. 3. According to Proposition 9, only
the observer associated to the evolving system can give e(f) = [e,(f) &1)]" =0 for a nonzero
interval which is shown in Fig. 4-@. Hence, according to Proposition (9) the evolving LS % is
detected, Fig. 3-@. After a switching occurrence the observer associated with X, can no longer
maintain e(7) = 0, thus detecting the switching time as stated in Lemma (10), Fig. 3-@. Whenever
the switching time is detected the states of every observer are reinitialized with the final state of
observer X,, Fig. 3-@. Notice that only the observer associated with the evolving LS will
maintain €e=0 for a nonzero interval, Fig. 3-@, thus detecting the next evolving LS, Fig. 3-®.
Finally, Fig. 4 shows that the state of the SLS is estimated and the synchronization occurs after a
finite-time interval.
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5.3. Comments on the applicability of the observer for SLS under a class of Zeno behavior

Although the focus of the paper is for SLS with excluded Zeno behavior, we would like to
comment that the proposed observer could be used under Zeno behavior as long as the evolution
during Zeno can be represented by an equivalent AS, as in sliding motion on a switching
hyperplane (recall that sliding motion is a class of Zeno [46]). Consider for instance the chaotic
SAS proposed in [47] which is described by

X =Ax—Bsign(h), h=Dx, (12)
where
—Z%w+2) 1 0 k 117"
A=| —-Qlwi+®*) 0 1|, B=|2kpp| and D= |0
—a? 0 0 kp* 0

and k=1, 1=0.05, =10, p=1, f=—1 and {= —0.078.

This SAS exhibits chaotic behavior and sliding motion [48] over the switching hyperplane, the
state evolution of this system is shown in Fig. 5. For the estimation purpose an equivalent SAS
not exhibiting Zeno behavior can be used in the observer design. Notice that sliding motion
oceurs since hh <0 in a neighborhood of submanifold {x € R"|h(x) = 0} and that in the sliding
motion 7=h =0 and thus the evolution is constrained in an (A,Im B)-controlled invariant
subspace contained in ker D. Using Utkin's equivalent control method [49] it can be found that
during the sliding motion the evolution is equivalent to that of the system x = Ax + Bu,, where
Ueq =Kx and K = —(DB)~ 'DA [47]. Thus, the evolution during the sliding motion is given by
the LS % =Ax with A= (A + BK) and hence, by designing the proposed observer for the
switched affine system

Al b
S4B 1 if h>0

zl 1o with  o(x)=1{2 if h=0 (13)
2 3 if h<0

S, |A|-B

both x(f) and the switching signal o(x) of Eq. (13) can be estimated. Thus, detecting also the Zeno
occurrence. Notice that, if y = x; then a single observer can be designed in such a way that the
error dynamics is not a switched system, otherwise the evolving LS and the continuous state need
to be estimated from the continuous output.

6. Conclusions

An observer design for SLS with unknown switching signal has been presented here. The
corresponding observer estimates in finite-time both the state evolution during the continuous
phase and the originally unknown SLS switching signal. Moreover, efficiency of these observers
has been demonstrated by their application to the chaotic SLS synchronization scheme
construction being an important topic of the current research with possible applications to secure
encryption. Future and ongoing research of the related topics is focused to the possible
extensions of the presented results to the case when the output of the SLS is affected by noise
while its inner dynamics is affected by (unknown) disturbances.



D. Gomez-Gutiérrez et al. / Journal of the Franklin Institute 352 (2015) 1595-1612 1611
Acknowledgements

The authors would like to thank the anonymous reviewers for their valuable comments and
suggestions that improved the quality of the paper.

This work was supported by CONACYT through Project 127858 and by the Czech Science
Foundation through the research Grant no. 13-20433S.

References

[1] Z. Sun, S.S. Ge, T.H. Lee, Controllability and reachability criteria for switched linear systems, Automatica 38 (5)
(2002) 775-786.

[2] E. De Santis, M.D. Di Benedetto, Design of Luenberger-like observers for detectable switching systems, in:
Proceedings of the 2005 IEEE International Symposium on Intelligent Control, 2005, pp. 30-35.

[3] A. Tanwani, H. Shim, D. Liberzon, Observability implies observer design for switched linear systems, in: Hybrid
Systems: Computation and Control, ACM, Chicago, IL, USA, 2011, pp. 3-12.

[4] A. Tanwani, H. Shim, D. Liberzon, Observability for switched linear systems: characterization and observer design,
IEEE Trans. Autom. Control 58 (4) (2013) 891-904.

[5] R. Vidal, A. Chiuso, S. Soatto, S. Sastry, Observability of linear hybrid systems, in: Hybrid systems: Computation
and Control, Springer-Verlag, Prague, Czech Republic, 2003, pp. 526-539.

[6] E. De Santis, M.D. Di Benedetto, G. Pola, On observability and detectability of continuous-time linear switching
systems, in: Proceedings of the 42nd IEEE Conference on Decision and Control, 2003, pp. 5777-5782.

[7] M. Babaali, G.J. Pappas, Observability of switched linear systems in continuous time, in: Hybrid Systems:
Computation and Control, Springer-Verlag, Zurich, Switzerland, 2005, pp. 103-117.

[8] D. Gomez-Gutiérrez, A. Ramirez-Trevifio, J. Ruiz-Leén, S. Di Gennaro, On the observability of continuous-time
switched linear systems under partially unknown inputs, IEEE Trans. Autom. Control 57 (3) (2012)
732-738 ISSN 0018-9286.

[9] E. de Santis, On location observability notions for switching systems, Syst. Control Lett. 60 (10) (2011) 807-814.

[10] D. G6émez-Gutiérrez, G. Ramirez-Prado, A. Ramirez-Trevifio, J. Ruiz-Le6n, Observability of switched linear
systems, IEEE Trans. Ind. Inf. 6 (2) (2010) 127-135 ISSN 1551-3203.

[11] A. Balluchi, L. Benvenuti, M.D.D. Benedetto, A.L. Sangiovanni-vincentelli, Design of observers for hybrid
systems, in: In Hybrid Systems: Computation and Control, Springer-Verlag, CA, USA, 2002, pp. 76-89.

[12] M. Fliess, C. Join, W. Perruquetti, Real-time estimation for switched linear systems, in: IEEE Conference on
Decision and Control, 2008, pp. 941-946.

[13] J. Barbot, H. Saadaoui, M. Djemai, N. Manamanni, Nonlinear observer for autonomous switching systems with
jumps, Nonlinear Anal.: Hybrid Syst. 1 (4) (2007) 537-547.

[14] F.J. Bejarano, L. Fridman, State exact reconstruction for switched linear systems via a super-twisting algorithm, Int.
J. Syst. Sci. 42 (2011) 717-724.

[15] A. Levant, Robust exact differentiation via sliding mode technique, Automatica 34 (3) (1998)
379-384 ISSN 0005-1098.

[16] B. Anderson, T. Brinsmead, D. Liberzon, A. Stephen Morse, Multiple model adaptive control with safe switching,
Int. J. Adapt. Control Signal Process. 15 (5) (2001) 445-470.

[17] J.P. Hespanha, D. Liberzon, A.S. Morse, Hysteresis-based switching algorithms for supervisory control of uncertain
systems, Automatica 39 (2) (2003) 263-272.

[18] J.P. Hespanha, D. Liberzon, A.S. Morse, Overcoming the limitations of adaptive control by means of logic-based
switching, Syst. Control Lett. 49 (1) (2003) 49-65.

[19] B.D. Anderson, T.S. Brinsmead, F. de Bruyne, J. Hespanha, D. Liberzon, A.S. Morse, Multiple model adaptive
control. Part I. Finite controller coverings, Int. J. Robust Nonlinear Control 10 (11-12) (2000) 909-929.

[20] K.S. Narendra, O.A. Driollet, M. Feiler, K. George, Adaptive control using multiple models, switching and tuning,
Int. J. Adapt. Control Signal Process. 17 (2) (2003) 87-102.

[21] J.P. Hespanha, Tutorial on supervisor control, in: Lecture Notes for the workshop Control using Logic and
Switching for the 40th Conference on Decision and Control, Orlando, Florida, 2001.

[22] M. Babaali, M. Egerstedt, Asymptotic observers for discrete-time switched linear systems, in: Proceedings of the
16th IFAC World Congress, vol. 16, 2005.


http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref1
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref1
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref4
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref4
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref8
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref8
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref8
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref9
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref10
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref10
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref13
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref13
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref14
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref14
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref15
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref15
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref16
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref16
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref17
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref17
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref18
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref18
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref19
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref19
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref20
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref20

1612 D. Gomez-Gutiérrez et al. / Journal of the Franklin Institute 352 (2015) 1595-1612

[23] A. Alessandri, M. Baglietto, G. Battistelli, Luenberger observers for switching discrete-time linear systems, Int. J.
Control 80 (12) (2007) 1931-1943.

[24] M. Baglietto, G. Battistelli, L. Scardovi, Active mode observation of switching systems based on set-valued
estimation of the continuous state, Int. J. Robust Nonlinear Control 19 (14) (2009) 1521-1540.

[25] Y. Shen, X. Xia, Global asymptotical stability and global finite-time stability for nonlinear homogeneous systems,
in: 18th IFAC World Congress, 2011, pp. 4644—4647.

[26] A. Levant, Higher-order sliding modes, differentiation and output-feedback controls, Int. J. Control 76 (9-10)
(2003) 924-941.

[27] D. Gémez-Gutiérrez, A. Ramirez-Trevifio, J. Ruiz-Leon, S. Di Gennaro, Observability of switched linear systems: a
geometric approach, in: IEEE Conference on Decision and Control, 2010, pp. 5636-5642.

[28] S. Celikovsky, G. Chen, Secure synchronization of a class of chaotic systems from a nonlinear observer approach,
IEEE Trans. Autom. Control 50 (1) (2005) 76-82.

[29] S. Celikovskyy, V. Lynnyk, Desynchronization chaos shift keying method based on the error second derivative and
its security analysis, Int. J. Bifurc. Chaos 22 (09) (2012).

[30] T. Matsumoto, L. Chua, M. Komuro, The double scroll, IEEE Trans. Circuits Syst. 32 (8) (1985) 797-818.

[31] L. Xie, Y. Zhou, Y. Zhao, Criterion of chaos for switched linear systems with controllers, Int. J. Bifurc. Chaos 20
(12) (2010) 4103—4109.

[32] X. Liu, K.-L. Teo, H. Zhang, G. Chen, Switching control of linear systems for generating chaos, Chaos, Solitons
Fractals 30 (2006) 725-733.

[33] L. Jun, X. Chengrong, Generating new chaos with a switching piecewise-linear controller, in: International
Workshop on Intelligent Systems and Applications, 2009, pp. 1-4.

[34] Z. Zheng, J. Lii, G. Chen, T. Zhou, S. Zhang, Generating two simultaneously chaotic attractors with a switching
piecewise-linear controller, Chaos, Solitons Fractals 20 (2) (2004) 277-288.

[35] J. Lii, T. Zhou, G. Chen, X. Yang, Generating chaos with a switching piecewise-linear controller, Chaos 21 (12)
(2004) 344-349.

[36] E. Campos-Cantén, J.G. Barajas-Ramirez, G. Solis-Perales, R. Femat, Multiscroll attractors by switching systems,
Chaos 20 (1) (2010) 1-6.

[37] G. Basile, G. Marro, Controlled and Conditioned Invariants in Linear System Theory, Prentice Hall, New Jersey,
United States, 1992.

[38] B.R. Hunt, T. Sauer, J.A. Yorke, Prevalence: a translation-invariant “almost every” on infinite-dimensional spaces,
Bull. Am. Math. Soc. 27 (2) (1992) 217-238.

[39] V. Popov, Invariant description of linear, time-invariant controllable systems, SIAM J. Control 10 (2) (1972)
252-264.

[40] T. Kailath, Linear Systems, Prentice-Hall, Englewood Cliffs, NJ, 1980.

[41] M.T. Angulo, J.A. Moreno, L. Fridman, Robust exact uniformly convergent arbitrary order differentiator,
Automatica 49 (8) (2013) 2489-2495.

[42] D. O'brien, L. Zeng, H. Le-Minh, G. Faulkner, J.W. Walewski, S. Randel, Visible light communications: challenges
and possibilities, in: 19th International Symposium on Personal, Indoor and Mobile Radio Communications
(PIMRC 2008), IEEE, Cannes, France, 2008, pp. 1-5.

[43] D. OBrien, H. Le Minh, L. Zeng, G. Faulkner, K. Lee, D. Jung, Y. Oh, E.T. Won, Indoor visible light
communications: challenges and prospects, in: Optical Engineering+ Applications, International Society for Optics
and Photonics, 2008, pp. 709106-709106.

[44] L.A. Azizan, M.S. Ab-Rahman, M.R. Hassan, A.A.A. Bakar, R. Nordin, Optimization of signal-to-noise ratio for
wireless light-emitting diode communication in modern lighting layouts, Opt. Eng. 53 (4) (2014) 1-9.

[45] G.F.V. Amaral, C. Letellier, L.A. Aguirre, Piecewise affine models of chaotic attractors: the Rossler and Lorenz
systems, Chaos 16 (1) (2006) 1-14.

[46] L. Yu, J.-P. Barbot, D. Benmerzouk, D. Boutat, T. Floquet, G. Zheng, Discussion about sliding mode algorithms,
Zeno phenomena and observability, in: Sliding Modes after the First Decade of the 21st Century, Springer, Mexico
City, Mexico, 2012, pp. 199-219.

[47] M. di Bernardo, K.H. Johansson, F. Vasca, Self-oscillations and sliding in relay feedback systems: symmetry and
bifurcations, Int. J. Bifurc. Chaos 11 (04) (2001) 1121-1140.

[48] P. Kowalczyk, M. Di Bernardo, Existence of stable asymmetric limit cycles and chaos in unforced symmetric relay
feedback systems, in: Proceedings of the European Control Conference, Porto, 2001, pp. 1999-2004.

[49] V. Utkin, J. Guldner, J. Shi, Sliding Mode Control in Electromechanical Systems, Taylor and Francis, Pennsylvania,
USA, 1999.


http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref23
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref23
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref24
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref24
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref26
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref26
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref28
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref28
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref30
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref31
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref31
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref32
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref32
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref34
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref34
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref35
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref35
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref36
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref36
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref37
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref37
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref38
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref38
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref39
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref39
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref40
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref41
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref41
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref44
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref44
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref45
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref45
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref47
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref47
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref49
http://refhub.elsevier.com/S0016-0032(15)00064-2/sbref49

	On the observer design problem for continuous-time switched linear systems with unknown switchings
	Introduction
	Notation and preliminaries
	Linear systems
	Switched linear systems
	Assumptions


	Observability of switched linear systems
	Illustrative example

	Observer design
	The extended finite-time observer for multivariable LS
	SLS observer
	Detection of the evolving linear system
	Detection of the switching times and state reinitialization of the observers
	Estimation of the continuous state and estimation of the switching signal independently

	Synchronization of SLS with chaotic behavior
	Switching law for generating chaotic behavior
	Illustrative example
	Comments on the applicability of the observer for SLS under a class of Zeno behavior

	Conclusions
	Acknowledgements
	References




