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Abstract

Classical solutions to PDEs with discrete state-dependent delay are studied. We prove the well-posedness
in a set X r which is analogous to the solution manifold used for ordinary differential equations with state-
dependent delay. We prove that the evolution operators are C !_smooth on the solution manifold.
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1. Introduction

Differential equations play an important role in describing mathematical models of many real-
world processes. For many years the models are successfully used to study a number of physical,
biological, chemical, control and other problems. A particular interest is in differential equations
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with many variables such as partial differential equations (PDE) and/or integral differential equa-
tions (IDE) in the case when one of the variables is time. Such equations are frequently called
evolution equations. They received much attention from researchers from different fields since
such equations could (in one way or another) discover future states of a model. It is generally
known that taking into account the past states of the model, in addition to the present one, makes
the model more realistic. This leads to the so-called delay differential equations (DDE). Histori-
cally, the theory of DDE was first initiated for the simplest case of ordinary differential equations
(ODE) with constant delay (see the monographs [2,7,4,13] and references therein). Recently
many important results have been extended to the case of delay PDEs with constant delay (see
e.g., [26,6,25,28]).

Investigating the models described by DDEs it is clear that the constancy of delays is an extra
assumption which significantly simplifies the study mathematically but is rarely met in the under-
lying real-world processes. The value of the delays can be time or state-dependent. Recent results
showed that the theory of state-dependent delay equations (SDDE) essentially differs from the
ones of constant and time-dependent delays. The basic results on ODEs with state-dependent
delay can be found in [5,10,11,17,12,16,27] and the review [8]. The starting point of many math-
ematical studies is the well-posedness of an initial-value problem for a differential equation. It is
directly connected with the choice of the space of initial functions (phase space). For DDEs with
constant delay the natural phase space is the space of continuous functions. However, SDDEs
non-uniqueness of solutions with continuous initial function has been observed in [5] for ODE
case. The example in [5] was designed by choosing a non-Lipschitz initial function ¢ € C[—h, 0]
and a state-dependent delay such that the value —r(¢) € [—h, 0] (at the initial function) is a non-
Lipschitz point of ¢. In order to overcome this difficulty, i.e., to guarantee unique solvability
of initial value problems it was necessary to restrict the set of initial functions (and solutions)
to a set of smoother functions. This approach includes the restrictions to layers in the space of
Lipschitz functions, C! functions or the so-called solution manifold (a subset of C![—#, 0]). As
noted in [8, p. 465] “...typically, the IVP is uniquely solved for initial and other data which satisfy
suitable Lipschitz conditions.” The idea to investigate ODEs with state-dependent delays in the
space of Lipschitz continuous functions is very fruitful, see e.g. [17,27]. In the present work we
rely on the study of solution manifold for ODEs [14,16,27].

The study of PDEs with state-dependent delay is naturally more difficult and was initiated only
recently [19-24]. In contrast to the ODEs with state-dependent delays, the possibility to exploit
the space of Lipschitz continuous functions in the case of PDEs with state-dependent delays
meets additional difficulties. One difficulty is that the solutions of PDEs usually do not belong
to the space of Lipschitz continuous functions. Another difficulty is that the time-derivative of
a solution belongs to a wider space comparing to the space to which the solution itself belongs.
This fact makes the choice of the appropriate Lipschitz property more involved, and it depends
on a particular model under consideration. It was already found (see [22] and [24]) that non-local
operators could be very useful in such models and bring additional smoothness to the solutions.
Further studies also show that approaches using C!-spaces and solution manifolds (see [14,27]
and [8] for ODE case) could also be used for PDE models, see [22,24]. In this work we combine
the results for ODEs [8,16,27] and PDEs [22,24].

We also mention that a simple and natural additional property concerning the state-dependent
delay which guarantees the uniqueness of solutions in the whole space of continuous functions
was proposed in [21] and generalized in [23]. We will not develop this approach here.

Our goal in this paper is to investigate classical solutions to parabolic PDEs with discrete
state-dependent delay. We find conditions for the well-posedness and prove the existence of a
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solution manifold. We prove that the evolution operators G, : X — X are C!-smooth for all
t > 0. Our considerations rely on the result [27] and we try to be as close as possible to the line
of the proof in [27] to clarify which parts of the proof need additional care in the PDE case. As
in [22,24] it is shown that non-local (in space coordinates) operators are useful in our case. We
notice that in [22,24] neither classical solutions nor C!-smoothness of the evolution operators
was discussed. In the final section we consider an example of a state-dependent delay which is
defined by a threshold condition.

2. Preliminaries and the well-posedness

We are interested in the following parabolic partial differential equation with discrete state-
dependent delay (SDD)

du(t
Z(t) +Aut) = F(u,), t>0 )
with the initial condition
ug = ulj—n,0) = ¢ € C = C([—h,0]; L*()). )

As usual for delay equations [7], for any real a < b, t € [a, b] and any continuous function
u:la—h,b]— LZ(Q), we denote by u, the element of C defined by the formula u; = u,(0) =
u(t +0) for 0 € [—h,0].

We assume

(H1) Operator A is the infinitesimal generator of a compact Co-semigroup in L*(S2).
(H2) Nonlinear map F has the form

F(p) = B(p(—=r(9))), F:C— L*(Q), 3)

where B : L*(Q) — L?(R) is a bounded and Lipschitz operator. Here the state-dependent
delay r : C([—h,0]; L2(Q)) — [0, h]isa Lipschitz mapping.

In our study we use the standard (cf. [18, Def. 2.3, p. 106] and [18, Def. 2.1, p. 105])
Definition 1. A function u € C([—h, T]; LZ(Q)) is called amild solutionon[—h,T) of
the initial value problem (1), (2) if it satisfies (2) and

t
u(t) = e 4p(0) + / e AT Fug)ds, 1[0, 7). (4)

0
A function u € C([—h, T); L*(R2)) N C'((0,T); L3(Q)) is called a classical solution

on [—h, T) of the initial value problem (1), (2) if it satisfies (2), u(z) € D(A) for O <t < T
and (1) is satisfied on (0, T').

Theorem 1. Assume (H1)—(H2) are satisfied. Then for any ¢ € C there is t, > 0 such that initial-
value problem (1), (2) has a mild solution for t € [0, t,).
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The proof is standard since F is continuous (see [6]).

We notice that F is not a Lipschitz mapping from C to L?(2), so we cannot, in general,
guarantee the uniqueness of mild solutions (for ODE case see [5]).

Let us fix any mild solution « of (1), (2) and consider

g(t) = F(uy), t€10,14). 3)

Mapping g is continuous (from [0, #,) to L?(2)) since B, u and r are continuous. Choose T €
(0,1,). We have g € C([0, T']; L2(R)), hence g € L%(0, T'; L?(2)). The initial value problem

du(t)

T T A =g, v(0) =x € L}(Q) (6)

has a unique mild solution, which is v = u if we choose x = u(0).
Now we assume that

(H3) operator A is the infinitesimal generator of an analytic (compact) semigroup in L*(S2).

Below we always assume that (H1)—(H3) are satisfied.

As usual, we denote the family of all Holder continuous functions with exponent « € (0, 1)
in/ C Rby C*(; L2()). By [18, Theorem 3.1, p. 110] the solution v (= u) of (6) is Holder
continuous with exponent 1/2 on [e, T] for every € € (0, T). If additionally x € D(A) then
ve ([0, TT; L2(Q)).

Now we show that g € CT([0, T1; L2()) if ¢ € C3([—h,0]; L2(R2)) C C. Since for u €
C3([—h, T]; L()) and € [0, T] one has ||u; — us||c < Hylt — 5| and

18(t) — gII < Lpllut — () — u(s — r(us)|| < Ly Hylt — s +r(us) — r(ug)|2
< LgH, (1t —s| + Ly |luy — us|lc)? . 7

Here H, is the Holder constant of u on [—h, T], L p and L, are Lipschitz constants of B and
r respectively. We get from (7) that

1
2

186) = )11 < L Hy (T + L Hlt = 51)

Nl

< LpH, (T% +LrHu) it —s|%, s,tel0,T].

Here we used |t — 5| < T%|t — s|%. We have shown that g € C%([O, T1; L2(Q)). It gives,
by [18, Corollary 3.3, p. 113], that our mild solution u is classical (under assumptions ¢ €
C%([—h, 0]; L2(2)) C C and u(0) € D(A)).

Set

X ={peC(=h,0: LA@). ¢(0) € D)}, (8)

= 0 p(60 Ap(0)]]. 9
llellx aeIP_aJ%]”(p( )|I+961P_a;0]||§0( I+ 11A@0)]] ©))
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Clearly, X is a Banach space since A is closed. We show that problem (1), (2) has a unique
solution for any ¢ € X.

As mentioned before, F' is not Lipschitz on C, but if ¢ is Lipschitz (with Lipschitz con-
stant L), then one easily gets the following estimate (see (3))

[1F (@) = F(W)Il < Lallp(=r(p) =¥ (=r¥))l|
< Lp(Lylr(p) —r()l +1lg = ¥llc) = Lp(LyLr + Dllp — ¥llc. (10)

Here Lp and L, are Lipschitz constants of maps B and r.

By [18, Theorem 3.5, p. 114] (item (ii)), Au and du/dt are continuous on [0, T'], so u is
Lipschitz from [—h, T] to L?(2). This property together with (10) implies the uniqueness of
solution to (1), (2).

The above proves the following

Theorem 2. Assume (HI)—(H3) are satisfied. Then for any ¢ € X there is t, > 0 such that initial
value problem (1), (2) has a unique classical solution on [—h, ty).

3. Solution manifold
Let U C be an open subset of X. We need the following assumption.

(S) The map F : U — L*(Q) is continuously differentiable, and for every ¢ € U the deriva-
tive DF(¢) € L.(X; L%(Q)) has an extension D, F(¢) which is an element of the space
of bounded linear operators L.(X¢; L*>(2)), where Xo = {¢ € C([—h,0]; L*(R)), ¢(0) €
D(A)} is a Banach space with the norm ||¢||x, = maxge[—p,01 |1@(0) || + [|A@(0)]|.

Condition (S) is analogous to that of [8, p. 467].
Let us consider the subset

Xr ={peC'([~h,0]; L*(R)), ¢(0) € D(A), $(0) + Ap(0) = F(¢)} (11)

of X. X will be called solution manifold according to the terminology of [27]. The equation in
(11) is understood as equation in L2(£2). We have the following analogue to [27, Proposition 1].

Lemma 1. If condition (S) holds and X p # @) then X is a C' submanifold of X.

Proof of Lemma 1. Consider any ¢ € Xr C X (see (11) and also (8)). Choose b > 0 so large
that

1De F (D)L, (xy:12(2)) <b-

Define a : [—h, 0] 2 s > se? € R. Then

a(0)=0, d'©=1, la(s)l<= é (=h=s=<0).

Define the closed subspaces Y and Z of X as follows:
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Y={a()y’:y' e L2 (Q)} Cc X
and
Z={peX:¢0)=0}CX.

Clearly YNZ={0},and X =Y & Z.
We can define the projections

Py =a()p0),  Pzp=¢ —a(-)$(0).

Usep=y+z2=Pyod+ Pz¢.
We define

G:X=Y®Z3¢ ¢(0)+ Ap(0) — F($) € LX().

Clearly ¢ € XFr <= G(¢) = 0. For the bounded linear map DyG(¢) € L.(Y; L3(Q)) we
have

DyG(@)y = 3(0) + Ay(0) — DF(@)y = y° — DF(@)a(-)y° = y° — D F(@)a()y°

since y = a(-)y for some y? € L2(2), y(0) = y°, y(0) = 0.
Using the choices of @ and b € R we obtain

_ IDF (@I _ 1
1Dy G@)lI 120 = 11’1120 (1 - )z 51l

Then DyG(@) : ¥ — L*(R) is a linear isomorphism. The Implicit function theorem can be
applied to complete the proof of lemma. O

For the convenience of the reader we remind some properties of the semigroup {e 4! }i>0-

Lemma 2. (See [9, Theorem 1.4.3, p. 26] or [18, Theorem 2.6.13, p. 74].) Let A be a sectorial
operator in the Banach space Y and Reo (A) > 6 > 0. Then

(1) for o = 0 there exists Co < 00 such that
[|A% ™A || < Cqt~%e ™% fort > 0; (12)
(i) f0<a <1, xe€ D(A%),
—At 1 o o
ll(e™"" = Dx|| = =Ci—at“|[|A%x|| for t > 0. (13)
o

Also Cy, is bounded for o in any compact interval of (0, 00) and also bounded as o — 0+.
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Remark 1. It is important to notice that we can write ||[(e~4" — I)A@(0)|| < |le=4 — I]] -
[|Ap(0)]], but ||e_At —1I|| 4 0ast— 0+ because e~ is not a uniformly continuous semi-
group since A is unbounded (see [18, Theorem 1.2, p. 2]).

Remark 2. We also notice that the (linear) mapping D(A) 5 £ —> (e~ — g € C1([0, T);
L?()) is continuous, while L2(2) 5 £ —> (e~ — )& € C1((0, T]; L*(R)) is not.

We need the following

Lemma 3. Let A be a sectorial operator in the Banach space Y and f : (0, T) — Y be locally
Holder continuous with fop [|f(s)||ds < oo forsome p > 0. For0 <t <T, define

t

Ir(f)t)=F@t) = / e~ A7) f(s) ds. (14)

0

Then

(i) F() is continuous on [0, T);

(1) F(-) continuously differentiable on (0, T), with F (t) € D(A) for0 <t < T, and dF(t)/dt +
AFt)=ft)on0<t<T, F(t) > 0in X ast — 0+.

(iii) If additionally f : (0, T) — Y satisfies

@) — fFOI <K@t —s) for O<s<t<T <o,

where K : (0, T) — R is continuous with fOT K (s)ds < oo, then for every B € [0, y) the
function F(t) is continuously differentiable F : (0, T) — Y8 = D(AP) with

dF(t)
dt

t
’ sMrﬂnf(t)u+M/<r—s>yfﬁ*‘1<<s>ds (15)
B
0

for0 <t <T. Here M is a constant independent of v, B, f ().
Further, iffoh K(s)ds = O(h%) as h — O+, for some § > 0, then t — dF(t)/dt is locally
Holder continuous from (0, T) into YA,

@Gv) If £:10,T] — Y is Holder continuous (on the compact [0, T] the local and global Holder
properties coincide), then F € C! ([0, T]; Y).

Proof of Lemma 3. Items (i) and (ii) are proved in [9, Lemma 3.2.1, p. 50]. Item (iii) is proved in
[9, Lemma 3.5.1, p. 70]. The proof of (iv) is contained in the proof of [18, Theorem 3.5, item (ii),
p. 114]. We briefly outline the main steps. Using properties (ii) (i.e. dF(¢)/dt + AF(t) = f(¢)
on0 <t <T)and f € C([0,T]; Y) it is enough to show that AF is continuous at t = 0. We
write F(1) = [y e 29I f(s) — f(O]ds + [y e A f(t)ds = vi(t) + va(t). The property
Avy1 € CY([0,T];Y) is proved in [18, Lemma 3.4, p. 113]. To show that Av, € C([0, T]; Y) one
uses
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t

t t
Auz(t)=/AeAW)f(z)ds:/AeAff(r)drzf{—j—remf(z)} dt

0 0 0
= fO)—e M f(1)=F(0) —e M F(0) +e (£ (0) — £(1)).
Hence [[Ava()|| < I£(0) — e~ O] + Nle™ 41 £(0) — fOI < [£(0) — e A FO)|| +

M| f(0) — f(t)|| = 0 as t — 0+ due to the continuity of e=4” and f(¢). It completes the proof
of Lemma3. 0O

To simplify the calculations we assume the following Lipschitz property holds

da € (0,1), LB 4 > 0 so that
[|A%*(B(u) — B(v))|| < L ollu — v|| holds for all u, v € LZ(Q). (16)

Remark 3. It is easy to see that (16) implies similar property with o« =0, i.e.,
dLpo>0sothat ||[B(u) — B(v)|| < Lpollu —v|| holds for all u, v € LZ(Q). a7

Example 1. Let us consider B(u) = fQ f(x — y)b(u(y))dy which is a convolution of a func-
tion f € H'(2) and composition b o u with b : R — R Lipschitz. We use the properties of a
convolution (see e.g. [3, pp. 104, 108]) (f * g)(x) = [ f(x — y)g(y)dy, namely || f * gl|zr <
I|£1,111gllLr forany f e L' and g € LP, 1 < p < 00 and also DP(f x g) = (DP f) x g, partic-
ularly, V(f * g) = (V f) » g (for details see e.g. [3, Proposition 4.20, p. 107]).

If we consider Laplace operator with Dirichlet boundary conditions A ~ (—A)p, then
I1A1/2- | is equivalentto || -|| 71,50 || A"/ (B(u) — B())|| < C}||B(u) = BO)|[*+CF|V(B() —
B)II* < CRIIFI13,11b@) =b@)|[*+CHIV 117, 11b(w) — b(v)]|*. Using the Lipschitz property
of b, we get (16) witha = 1/2 and Lp o = ClLb(||f||il + ||Vf||il)1/2.

Using (16) and (3) one easily gets the Lipschitz property for F. Namely, for Lipschitz v and
Lipschitz SDD r

AY(F () — FOOII < NAY(B(Y (= () — B(x (=r GO
S Lol (=r(¥))) — x(=rGONI
SLgoLyL/lY — xllc+ Lol — xllc=Lrall¥ — xllc, Lra=Lpa(LyL,+1).
(18)

Using (17), similarly to (18), one gets

HEW) = FOOIl < Lroll¥ —xllc.  Lro=Lpo(LyL,+1). 19)

We use all notations of [27], changing R” for L?(2) when necessary. For example, we use
the notation Er (see [27, p. 50])

. 1 1 _ (p(t)7 fort € [_h70)1
Er:C ([-h,0D) = C ([-h,T)), (Ere)(t) = |:(p(0) +16(0) forte[0,T].

(20)
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Let B be a real Banach space. The open ball in B with radius p > 0 and centre 0 is denoted
by B,.. Form € M and 1« > 0 we denote M, , = M N (m + B,).

On the other hand, some notations should be changed. For example, for any ¥ € Xr and
> 0 we set (remind that || - ||x is not just Cl-norm, see (8), (9), (1 1))

Xy = Xe (¥ + €' 0=h, 05 L2@xp ) = W e Xpillo—plix <ph. @D

For T > 0 (to be chosen below), we split a map x € C!([—h, T]) = C'([—h, T]; L*(Q)) with
xo =@ € Xp given, as x = y + ¢, where for short ¢(¢t) = (E7¢)(¢) is defined in (20).
We look for a fixed point of the following map (¢ is the parameter)

e~ (0) — (0) — 1¢(0) + [y e A" F (y; + ¢r)dr, t€[0,T],

Rru(p.y) = [0 I )

where Ry, : Xy X (CA([=h, T1; L2(Q)))e — C{([—h, T1; L*()), and Xy, defined in (21).
Here for 7 > 0 we denote by Cé([—h, T1: L3(2)) the closed subspace of maps z € C'([—h, T];
L?(2)) which vanish on [—#, 0].

Proposition 1. Ry, : Xy, x (CA([=h, TT; L*(R))) > CA([—h, T1; L*(Q)).

To prove that the image of Rt (¢, y) = z belongs to Cé ([—h,TI; Lz(Q)), we notice that
y € Cl([—h, T1; L*(Q)) implies y + ¢ € Lip([—h, T1; L*>(R2)), which together with (10) gives
that F (y; + @), T € [0, T] is Lipschitz, so [9, Lemma 3.2.1, p. 50] can be applied to the integral
term in Ry, (see (22)). This gives z € C1(0, T; L*(Q)).

The property ||z(¢)]| — 0 as t — 0+ is simple. The last step is to show that ||z(¢)|| — O as
t — 04. Using [9, Lemma 3.2.1, p. 50] and property ¢ € X r, we have

t
21 = —Ae M p(0) — ¢(0) — A / e A E(ye 4 Go)dT + Fon +61)
0
t
=—Ae Y p(0) + Ap(0) — F(p) — A / e A TOF (ye + @) dT + F(yr + @1).
0

Hence

t

IZOI < I = DA + [IF (v + @) — F(@)l] + A/e_A”_f)F(yz + ¢o)dr
0
(23)

The first two terms in (23) tend to zero as t — O+ since ¢(0) € D(A), e~ A s strongly
continuous, F is continuous and ||y, + ¢; — ¢||c — 0 as t — 0+. To estimate the last term in
(23) we use (18) for 1 = 0 and the property ||A%e || < Cut ™%~ %, a > 0 (remind that e~ 4!
is analytic and see Lemma 2 and [9, Theorem 1.4.3, p. 26], [18, Theorem 2.6.13, p. 74]). So
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t t
A / e MTDF (e + go)dr | = / Al ATDAYE (ye + §r) de
0 0

t
< f Cloalt =) eI Ly Lllye + ¢ellc d
0

t
<LpaCi—q  max |[ys +¢s||C/(f - T)a_le_a(t_r)d‘t -0
s€[0,T]
0

as ¢+ — 04 since the last integral is convergent for o > 0. It completes the proof of Proposi-
tionl. O

Remark 4. It is important in the proof of Proposition 1 to have the property (16) with o > 0 for
the convergence of the last integral.

As in [27, p. 56] we will use local charts of the manifold X 7 and a version of Banach’s fixed
point theorem with parameters (see e.g., Proposition 1.1 of Appendix VI in [4, p. 497]).

Remark 5. More precisely, we look for a fixed point of Rr, (¢, y) as a function of y where
parameter is the image of ¢ under a local chart map instead of ¢ € Xy, ;. The reason is that the
parameter should belong to an open subset of a Banach space, but Xy, is not even linear (it is a
subset of the manifold X r).

We remind that for short we denoted by ¢ = E7¢, where E7¢ is defined in (20).

Proposition 2. (See [27, Prop. 2].) For every € > 0O there exist T = T (¢) > 0 and 1 = u(g) such
that for all ¢ € ¥ + (C'([—h, 0]; LZ(Q)))M andallt €[0,T],

¢ €Y+ (C'([=h, 01; L*())e
The proof is unchanged as in [27, Proposition 2], so we omit it here.
Let us denote M7 > 0 a constant satisfying ||e~4%|| < M7 for all s € [0, T]. Now we prove
an analogue to [27, Proposition 3].
Proposition 3. For all ¢ € Xy, and y, w € (C{([—h, TT; L*(R))), one has
RTu (@, ¥) = Rru(p, willct q—n,11:2)) < Lrp 1Y = Wl qon,11:02(0)) (24)
where we denoted for short the Lipschitz constant

Lgy, =TLpoe(Mr+1)+T“Ci—aMra ' Lp . (25)

with Lo e =Lpo(eL, +1) and Lroe = Lpo(eL, + 1) (cf. (18), (19)). The constant « is
defined in (16).
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Proof of Proposition 3. Using (19), we have for all |[y||~1 <€

HEW) = FOOIl = Lroell¥ — xlles  Lro.e=Lpo(eLr+1).

Let z = Rru(¢,y), v= Ryu(p, w) for y,w € (C{([—h, T1; L*(R))),. For all ¢ € [0, T, one
gets

t
llz(t) — v()|| < ||fe—A<’—f>(F<yf + @) — F(we + @) drl|
0
STMrLrpoelly —wlleiq—nry:22@)- (26)

Next [|2(1) = 00| < I1F (e + @) — F(w; + @)l + 1A g e 20D (F(yr + @) — F(we +

¢ dzll < Lroely — willc + fy 1A% 4D A%(F (y; + ¢2) — F(wr + ¢-))l d7. To
estimate the first term we write

t+s T
[lyr — willc = max || /()"(T) —w(r))drt|| < / [ly(z) —w(t)lldT
s€[—h,0]
0 0
=Tlly —wllet—n,11;12Q)-
For the second term, as in Proposition 1, we use the property ||A%e~4!|| < Cqt %™, a >0

(see [9, Theorem 1.4.3, p. 26] or [18, Theorem 2.6.13, p. 74]), the Lipschitz property (18) and
calculations fot (t—0)* 'dr =1%/a to get

t
/ A= ACTDY | A% (F (yr + ¢r) — F(wr + ¢0)) | dt
0

< Cr—aT% "M Lpacly — Wl et (—n, T1:L2(2))-
Hence
12() = 011 < { TLr0.e + T*CroaMra™ Liae Iy = wllerg_nry 20
The last estimate and (26) combined give (24). O
The following statement is an analogue to [27, Proposition 4 and Corollary 1].

Proposition 4. For given § > 0 there exist T =T (8) > 0, u = w(8) > 0, such that for all ¢ €
Xyu (1Y — ¢llx < p) one has

HRT (@, Ollet (—n,11:02(02)) < 90-
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Moreover, for a positive € there exist 6 > 0 (and T =T () > 0, u = u(8) > 0 as above) and
A €(0,1), such that Ry, (defined in (22)) maps the subset Xy, x (Cy([—h, T1; L*(Q))), into
the closed ball C1(C([—h, T1; L>(2)))se C (C{([—h, T1; L2(Q)))e.

Proof of Proposition 4. Consider z = Ry, (¢, 0). For ¢ € [0, T], we write

t

(1) = e (0) — 9 (0) — 16:0) + / e ADE G de
0

= (e = D)(0) = () + (e = DY (0) — 1 - (§(0) — ¥(0)) — 13/(0)

t t

+ [0 rgo - P ar+ [ OFG ar. @

0 0

We estimate different parts of (27) in the following ten steps.

1. Using the property ||(e =4 — I)x|| < éCl_at"‘HA"‘xH (see [9, Theorem 1.4.3]) one gets

1™ = DO = $O)I = 242 ((0) — Y (O] = C12[| A (0) — Y (O]
< Ctillp — ¥lix.

2. It (@) = O <1 [lg = Yllx.
311 fy e A0 FGo = Fho | dll < MrtLpomaxeepo,n lige = ellc < MrtLeo(l +

Dlle —¥llx.
4. || fo e AUTDF () dt|| < Myt L omaxeeqo [|Wellc < MrtLgo(1+ T)[|¥||x.
Now we proceed to estimate the time derivative of z(¢)

t
2(1) = —Ae"Mp(0) — 9(0) + F(¢r) — A / e AT () de

0
t
= —Ae Y p(0) + Ap(0) + F(p) + F(¢) — A / e AT (@) dT
0

= (e = DA®W(0) — ¢(0)) — (e~ — 1) AY(0)
+[F (@) — FOWO1 4+ [F@) — FAO1+[F() — F(9)]

t
Ae AF(¢r) — F(fir)} dT — / Ae” YO () d. (28)
0

[
o

We use the following

5. (e = DA ©0) — 9O < (M1 + Dl — ¥lIx.
We remind (19) for steps 6 and 7.
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IF (@) = FOoll < Lromaxeepon l1ée — Yelle < Lro(l +Dlle — ¥ llx.

IF(9) = FONII < Lrolle — ¥llx.

||F(1/A/,) — F()|| = 0 ast — 0+ since I/A/ is continuous from [—#, T] to LZ(Q).

| o Ae™AC"DUF (90) = FGho)}dell = || [y AT 4D AY(F(¢r) — F(Po)}d|

0 e

t
< / Cloalt = " eI Ly 160 — Yellc dt < Ci—aLraDarllo — Vlix.
0

where Dy 1 = fOT(T — 1) e T=D g o> 0.
10. Similar to the previous case (L p o instead of Lf )

t
||/Ae—A<’—f>F(&r>dr|| <Ci—aLpoDorll¥]lx.
0

Now we can apply estimates 1-10 (combined) to (27), (28). It gives the possibility to choose
small enough T =T (§) > 0, » =r(5) > 0 such that

||Z||c1([_h,T];L2(sz)) = ||Rru(p, 0)||cl([—h,T];L2($2)) <. (29)

Remark 6. Small u is used in 5-7 only. For all the other terms it is enough (to be small) to have
asmall T.

Now we prove the second part of Proposition 4. We have
IRT (@, )’)”cl([_h,T];LZ(Q)) <IIRru(¢,y) — Rru(e, 0)||c1([_h,T];L2(Q))
+ l|RTu (@, 0)||C1([_h,T];L2(Q))~ (30)

The first term in (30) is controlled by Proposition 3 (see (24)), while the second one by (29).

More precisely, we proceed as follows. First choose ¢ > 0, then choose small 7'(¢) > 0 to
have the Lipschitz constant Lgy, <1 (see(24),(25)). Next we set § = %(1 —Lg;,) > 0 and the
corresponding T = T (8) € (0, T (¢)], w = n(8) > 0 as in the first part of Proposition 4, see (29).
Finally, we set A = %(1 + L RTu) € (0, 1). Now estimates (30), (24) and (29) show that for any
y € (CA([—h, T1; L*()))s we have

URT (@, et —n, 11020 = Lrey Vet q-n,1y:0202)) +8 < LRy, 8 +8
=Lg;, e+ %(1 — Lgy,) = 8%(1 + Lgy,)=¢cr<e.
It completes the proof of Proposition 4. O
We assume

(H4) Nonlinear operators B : L*(2) — D(A%) for some a > 0 and r : C([—h, 0]; L2(Q)) —
[0, h] are C'-smooth.
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Remark 7. Assumption (H4) implies that the restriction r : C([—h, O]; L*(2)) D C'([—h,0];
L?(2)) — [0, k] is also C'-smooth. In addition, it is easy to see that (H4) implies condition (S).

Proposition 5. Assume (HI)—(H4) are satisfied. Then R, is C L_smooth.

The proof of Proposition 5 follows the one of [27, Prop. 5]. The main essential difference is
the following. The C 1_smoothness of B : L2() — D(A") implies the C !_smoothness of F :
Xy x C'([=h,0]; LX(R)) - D(A®) defined as F(¢, y) = B(p(—r(p+y) +y(=r(g+))).

We also use evident additional property of the C'-smoothness of the map X 3 ¢ >
e~ A9(0) € C([0, T1; L*(R2)) (remind the definition of X in (8)). Here we use I7 : C'([0, T1;
L% (Q)) — C([0, TT; L2(Q)) given by IT(»)(t) = [y e A" y(r)dt instead of I used in
[27, p. 50]. We rely on [9, Lemma 3.2.1, p. 50] (see Lemma 3, item (iv) above). O

As in [27, p. 56] we are ready to use local charts of the submanifold Xy and a version of
Banach’s fixed point theorem with parameters (see e.g., [4, Proposition 1.1 of Appendix VI]J).
Namely, Propositions 3-5 allow us to apply Banach’s fixed point theorem to get for any ¢ €
Xy, the unique fixed point y = y¥ € (C(l)([—h, T1; L3(Q))). of the map R7,. We denote this
correspondence by Y, : Xy, — (C(l)([—h, T1; L*(R))), and it is C!-smooth.

It also gives that the map

St Xy — CH(I—h, T1; L*(Q)), @31

defined by St =x¢ =y +¢9=Yr,(p) + ETgis C'-smooth. Here E7¢ is defined in (20).
The local semiflow

Fr:[0,T]x Xy, — XrCX
is given by

Fru(t, @) =x{ = ev (Stu(p)). (32)

Here we denoted the evaluation map

ev; : CY([=h, T1; L)) — C'([=h, 0]; L*(R)), evx=x, forall rel0,T).
(33)

Proposition 6. Assume (H1)—-(H4) are satisfied. Then Fr,, is continuous, and each solution map

Fru(t,): Xy o9+ x? € Xp, t €[0,T), is C'-smooth. For all t € [0, T}, all ¢ € Xy,

and all y € Ty X, one has Tpm(,,q;) 3Dy Fru(t,9)x = vt(d”X), where the function v = @) ¢

Cl([—h,T1; L3(2)) N C([0, T1; D(A)) is the solution of the initial value problem

0(t) = Av(t) + DF(x)v, forall te€[0,T], vo= x. (34)

Here Ty X is the tangent space to the manifold X g at point ¢ € X.
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Proof of Proposition 6. We denote for short G = Fr,, and S = St,,. Now we discuss the conti-
nuity of F (remind the definition of X in (8) and the norm || - ||x in (9)).

G (s, ) = Gt o)Ix = lIxf = x{ llc1n.op + [AGX (s) = x? ()]
< = xCleri—pop + 158 — L M etp_nop + NAGE () = x2 ()] + [[Ax4 (s) — x? )|
<1SCO0 = S@lcti—p,y + 115 = x| c1—p.0p + 1AGK () = x¥ ()]
+ AR () — x?@)]I. (35)

Consider the third term in (35).
JAGX (s) — x? ()] < [le™ A(x (0) — p(0)]|

5
+/||e—A<S—f>A1—“A“(F(xg<)—F(xf))ndr
0

<lIx —@llx + C1—aT*«"MrLp o (Lyv Ly + D||Ix* —x¥||c{-n.T]
<IIx —@llx + C1—oT*« "MrLp o (Lyo Ly + DIIS(x) — S(@)|c{—h.T]-

We see that due to the continuity of § = S7,, (see (31)) the first and the third terms in (35)
tend to zero when ||x — ¢||x — 0. The second term in (35) tends to zero as |s — t| — O since
x € CY([—h, TT; L3(R2)). The last term in (35) vanishes due to [ 18, Theorem 3.5, item (ii), p. 114]
(remind that x¥(0) = ¢(0) € D(A)). We proved the continuity of F. To verify the differential
equation for v (see (34)), we follow the line of arguments presented in [27, p. 58]. More precisely,
we first verify the integral equation (4) i.e. show that v is a mild solution to (34). The only
difference in our case is the presence of the operator A which is linear. Hence it does not add any
difficulties in the differentiability of S = S, when we define for fixed ¢ € Xy ;,, and x € Ty X
the function v= DS(¢)x € C'([—h, T1; L?*(2)). Here DS is understood as the differential of a
map between manifolds (see (31) for the definition of S and [1] for basic theory of manifolds).
One can see [27, p. 58] that vg = evgDS(¢) x = D(evg o S)(¢)x = x. Here the evaluation map
ev; is defined in (33). Also for t € [0, T] and all ¢ € X, one has ev;(S(¢)) = evx @) = x,((p) =
F(t, ¢), which implies (see (32))

vy =ev; DS(P) x = D(ev; 0 S)(@)x = D2F(t, x).

To show that v satisfies the integral variant of equation (34) i.e., it is a mild solution to (34), we
first remind (31) and notation ¢(¢) = (E7¢)(¢) (20). For t > 0 we have

S@) (1) =x9 () =y + Ergp =Yru(p) + Erg
t
=e Mp(0) — p(0) — t(0) + f e AT F (yr + @) dT + ¢(0) + 19(0)
0
t

=e Mp(0) + / e AT FE(y, + ¢r) dr
0
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Hence

t
S(@)(t) = e M p(0) + / e A F (D) dx, t>0, (36)
0

and the definition v = DS(¢)x € C'([—h, T]; L>(Q)) gives for t > 0

t

v(t) = (DS(P)x)(t) = x(0) + / e AT DF ) v, dr.
0

For more details see [27, p. 58]. So v is a mild solution to (34).

Remark 8. To differentiate the nonlinear term in (36) we apply the same result on the smoothness
of the substitution operator as in [27, p. 51]. More precisely, we consider an open set U C
C'([—h,0]; L3(R)) and the open set

Ur ={neC(0,T]; C'([—h,0]; L*(Q))) : n(t) e Uforall t<[0,T]}.

It is proved in [4, Appendix IV, p. 490] that the substitution operator Fr : Ur sn+—> Fone
C([—h,0]; L3(RQ)) is C'-smooth, with (DF7(n)x)(t) = DF(n(t))x(t) for all n € Ur, x €
C([0, T]; C'(I—h, 0); L*(R))), 1 € [0, T].

To show that v is classical solution we remind first that Assumption (H4) gives the (local)
Lipschitz property for the Frechet derivative DF : X D U — L*(S2) here U C X is an open set.
We remind (see e.g. [8, p. 466]) the form of D F using the restricted evaluation map (not to be
confused with the evaluation map ev; defined in (33))

Ev:CY([=h,0]; L>(Q)) x [—h,0] 5(¢, 5) > ¢(s) € L*(Q)

which is continuously differentiable, with D; Ev(¢, s)x = Ev(x,s) and Dy Ev(¢,s)1 = ¢'(s).
Hence we write our delay term F as the composition F = B o Ev o (id x (—r)) (see (3)) which
is continuously differentiable from U to L?(), with

DF(¢)x = DB(@¢(—r(@))[D1Ev(¢p, —r(@)x — D2Ev($, —r(9))Dr(¢)x]
= DB(¢(=r(@Nx(=r (@) — ¢ (=r () Dr(p)x] (37

for ¢ € U and x € C1([—h, 0]; L3(R)).

Mappings B and r satisfy (H4) and we remind (see Remark 7) that our F satisfies the condi-
tion similar to (S) in [8, p. 467]. For an example of a delay term see below.

The (local) Lipschitz property for the Frechet derivative DF : X — L?(2) and the additional
smoothness of the initial function x € T, Xr C X gives the possibility to apply Theorem 2 to
show that v is a classical solution to (34). O
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Define the set Y = U¢€X[O, t(¢)) x {¢} C[0,00) x X and the map G : Y — X given by the

formula G(t, ¢) = x;p . Propositions 1-6 combined lead to the following

Theorem 3. Assume (HI)—(H4) are satisfied. Then G is continuous, and for every t > 0
such that Y; # ¥ the map G, is C'-smooth. For every (t,¢) € Y and for all x € Ty X, one
has DG (¢p)x = v; with v : [—h, t(¢)) — L2(RQ) is C'-smooth and satisfies v(t) = Av(t) +
DF(G(t,$))vy, fort €10,1(¢)), vo = x.

4. Example of a state-dependent delay

Consider the following example of the delay term used, for example, in population dynamics
[15, p. 191]. Tt is the so-called, threshold condition.

The state-dependent delay r : C([—h, 0]; L?(2)) — [0, k] is given implicitly by the following
equation

R(r;p) =1, (38)
where
0
. — Cl .
R(r; ¢) —/ <C2+f9 2o dx —|—C3> ds, C;>0. (39)
Since
D1R(r(9); ¢) - Dr(p)¥ + DaR(r(¢); o) =0
and
. — Cl . .
DIR(”(‘P)’ (p) : 1 - <C2 +fQ (p2(_r)(x)dx + C3> 1#0’ Cl > 07
0
. —_— Cl . . .
DyR(r(p): )V = f TONN ATEs Y AL /cp(S)(x) Y(s)()dx | ds,
—r Q
we have
Dr(gowf:( < +C3)_1
Ca+ [ @*(—r)(x)dx
0
Ci
* (/ |1+ laet@w > Q/ R @
—F (g

Now, we substitute the above form of Dr(¢) into (37) and arrive at
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DF (@)Y = DB(p(=r () | ¥ (=r(®) = ¢'(=r(9)) X

C -1
C
(Cz Iy T TR VI 3)

0
Cy
) (/) [c2+fg<p2(s)<x)dx]2'2'9/‘”(”()‘)"”(”“)‘1)‘ s @D
o

We see that mapping r satisfies (H4). We also remind (see Remark 7) that in this example F
satisfies the condition similar to (S) in [8, p. 467], provided operator B : L%() — D(AY) (for
some « > 0) is C'-smooth.
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