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Identification of some nonsmooth evolution systems with illustration
on adhesive contacts at small strains
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A class of evolution quasi-static systems which leads, after a suitable time
discretization, to recursive non-linear programs, is considered and optimal con-
trol or identification problems governed by such systems are investigated. The
resulting problem is an evolutionary Mathematical Programs with Equilibrium
Constraints. A subgradient information of the (in general nonsmooth) compos-
ite objective function is evaluated and the problem is solved by the implicit
programming approach. The abstract theory is illustrated on an identification
problem governed by delamination of a unilateral adhesive contact of elastic
bodies discretized by finite-element method in space and a semiimplicit formulain
time. Being motivated by practical tasks, an identification problem of the fracture
toughness and of the elasticity moduli of the adhesive is computationally imple-
mented and tested numerically on a two-dimensional example. Other applications
including frictional contacts or bulk damage, plasticity or phase transformations
are outlined.

Keywords: rate-independent systems; optimal control; identification; fractional-
step time discretization; quadratic programming; gradient evaluation; variational
analysis; implicit programming approach; limiting subdifferential; coderivative;
nonsmooth contact mechanics; delamination

AMS Subject Classifications: 35Q90; 49N10; 65K15; 65M32; 74M15; 74P10;
90C20

1. Introduction

Many evolution systems have the structure of the generalized gradient flow
q € %A (q: =8,6(1.9)

with functionals &(¢, ¢) and %*(q; ). Here, ¢ is an abstract state of the system and ¢
denotes its time derivative. Quite typically, Z*(g; -) is convex and, making the conjugate
of %*(q; &) with respect to the ‘driving force’ variable &, i.e. Z(q; v) = supg[(v, §) —
X*(q; £)], the generalized gradient flow can equivalently be written in the Biot-equation
form
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9:%(q: q) + 3,61, q) 3 0. (1)

In many cases, the problem is nonsmooth due to a nonsmoothness of Z(q; -) or &(t, q),
which is why we wrote inclusion in (1) rather than equality. Ansatz (1) is very general
and covers great variety of problems in particular in nonsmooth continuum mechanics.
The state variable ¢ may involve displacements and various internal parameters (but also
various concentrations of some constituents subjected to diffusive processes). In this paper,
we focus on a subclass of such problems where the state has the structure

q=u,z) 2

for each time instance ¢ in a Banach space U x Z. In this way, a quasi-static plasticity, or
damage or various phase transformations at small strains can be modelled, and also various
problems in contact mechanics like friction or adhesion, together with various combinations
of these phenomena.

After a suitable time discretization, (1) gives rise to recursive optimization problems.
Often (or, in applications in continuum mechanics we have in mind, rather typically) g ranges
over an infinite-dimensional Banach space and, after a possible ‘spatial’ discretization,
these minimization problems have a structure of strictly convex Quadratic Programming
problems. It is then relatively easy to use such a discretized evolution problem as a governing
system for some optimization problem, e.g. optimal control or identification of parameters.
This leads to Mathematical Programs with Evolution Equilibrium Constraints (MPEEC)
which have been studied, e.g. in [1-3].

The functionals in (1) depend also on an abstract parameter 7 and have a special form

R, q;q) = R\(w,u,z;u) + %o (w,u, z; 2),
Et,m,q) =8, m,u,z).

We then consider an optimal-control or an identification problem on a fixed time interval
[0, T]:

T
Minimize / Jj(u,z)dt + H(m)
0

subject to 8»;%)1 (m,u,z;u) + 0,8, m,u,z) >0 foraa.tel0,T], u) =uy, Q)
3: % (mw,u,2;2) + 9. 6(t, 7w, u,2) 30 foraa. t€[0,T], z(0) = zo,
uelL>®0,T;U), ze L*(0,T;Z2), mell

with some j : U x Z — Rand H : IT — R specified later; here IT is a closed convex set
of a Banach space where 7 lives. In some models, the flow rule for u in (3) is purely static,
i.e. Z) = 0. In this case, if there is no dissipation in this part, then only zg, but not ug is
decisive when considering 9, & (¢, 7, ug, zo) 2 0. We use the standard notation for Bochner
space L*°(0, T'; -) of Banach-space-valued Bochner measurable functions on [0, 7'].

The main aim of the paper is a deep analysis of a discretized version of MPEEC (3)
leading both to sharp necessary optimality conditions as well as to an efficient numerical
procedure based on the so-called Implicit Programming approach (ImP), cf. [4,5]. In
particular, on the basis of the subdifferential calculus of Mordukhovich [6,7] we will show
that the solutionmap S : w +— (u, z) defined via the discretized equilibrium relations in (3),
is single-valued and locally Lipschitz and satisfies henceforth the basic ImP hypothesis. In
the respective proof, one has to deal with a difficult multifunction arising in connection with
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our evolving constraint sets. The application of standard tools of generalized differential
calculus provides us in this case only with an upper estimate of the coderivative of the
normal cone mapping to the overall constraint set, which could be a substantial drawback
both in the optimality conditions as well as in the used numerical approach. To overcome
this hurdle, we have employed a new result from [8], which enables us to compute the
limiting coderivative of the mentioned normal cone mapping exactly.

The plan of the paper is the following. In Section 2, we briefly introduce a suitable
discretization of the identification problem (3) that yields a unique response (u, z) of the
constraint system of (3) for a given 7 and allows for efficient optimization technique. After
introducing some notation and notions from variational analysis in Section 3, we formulate
in Section 4 first-order necessary optimality condition for the discrete version of MPEEC
(3) and derive a subgradient formula for the composite objective function of the discretized
problem. In Section 5, we formulate a specific application-motivated identification problem
from contact continuum mechanics that fits (and illustrates) the system (3). Eventually, in
Section 6, we illustrate the usage of the subgradient evaluation procedure via an adhesive
contact problem in a non-trivial two-dimensional example involving a spatial discretization
by Finite-Element-Method (FEM).

2. Discretization of the identification problem (3)

The natural procedure is to discretize the problem (3) in time. This might be a rather delicate
problem, especially when the inclusions in the controlled system (3) exhibit responses of
different time scales, and in particular with tendencies for jumping, which quite typically
happens in rate-independent systems governed by non-convex potentials & (¢, 7, -, -).

We consider (for simplicity) an equidistant partition of the time interval [0, 7] with a
time step t > O such that 7/t =: K € N and then a fractional-step-type semi-implicit
time discretization of (3). Moreover, if U, Z or I1 is infinite-dimensional, the time-discrete
problem still remains infinite-dimensional, and to implement it on computers, we need
to apply also an abstract space discretization controlled by a parameter, let us denote it
by 4 > 0. Such an approximation can be considered by replacing U, Z and IT in (4)
by their finite-dimensional subsets Uy, Zj, and ITj,. Counting also a possible numerical
approximation of &, denoted by &}, altogether, (3) turns into the problem:

Minimizet Y, j@X,, z5,) + H ()
k—1

. _ _1 U u _
Sub]eCt to 8u%1 (77,', M];hl, Z]‘;h 1; M) + auéah(k-[’ T, ul;h’ Z]‘L{'h 1) =) O’ u(‘gh = Uuop,
k—1
_ 1 2,2
3;;%(??, ub b A %) + 8,8k, muk,, 2y 50, 20, = zon,
u’;h e U, and z’;h eZy fork=1,...,K, well,,

4)

where (uop, zon) € Uj X Zy, is an approximation of the initial condition (ug, zg). Let us note
that the controlled system (4) decouples so that, for a given 77, one has to solve alternating
optimization problems

k—1
e _ ] u—u _ .
Minimize t%, (7[’ u’;h I Zl;h > _m) + &kt U, z';h 1) subjecttou €U, (5a)
T
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and, taking (one of) its solution for u’; 5> further

k—1
. _ 1 22 )
Minimize t%» (71, u];h I Z];h L %) + &y (kt, 7, ulih, z) subjecttoz€Z,  (5b)

which yields z'; ;, s (one of) its solution. Assuming &(t, , -, +) as well as its approximation
& (t, 7, -, -) separately strictly convex (and, of course, coercive with compact level sets)

and Z;(w, u, z; -) convex, i = 1,2, both problems in (5) have unique solutions ufh and

Z]rc 5,» respectively, and thus the whole recursive problem in the constraint system of (4) has a
unique response for a given 7 as well. This allows us to reformulate (4) as a minimization
problem for a functional depending on m only, cf. (9) below. This will be exactly the
situation we will consider in the rest of this article. The fully discretized system (4) can thus
be understood as an MPEC for which a developed theory exists.

In what follows, we will confine ourselves to problems with a bit more detailed (but

nevertheless still fairly general) structure, namely

Et,m,u,z) ifuce Af), z € K(t),

E(t,mou,z)= . (6a)
otherwise,
R\(wu, z,0) = Ri(w,u, z, 1), (6b)
. Ro(m,u,z,2) ifze Ky,
Go(rou,z,fy = | 2wz ifze Ky (6¢)
o0 otherwise,

where £, R, and R, are finite and smooth, A(’), K(’), and K are convex closed set, the last
one being a cone. We will use &, as a possible approximation of £.

Although, in Section 6, we will illustrate usage of this model on a rather special inverse
adhesive-contact problem, most of the considerations can expectedly be applied (after
possible modification) to many other problems from continuum mechanics and physics,
as (various combination of) damage, phase-transformations, plasticity, etc.

Remark 1 (Stability and convergence fort — Oand/z — 0) The focus of this article is on
the identification of the discrete finite-dimensional problem. Nevertheless, the convergence
towards the original continuous problem when t — 0 and 7 — 0 is of interest.

Without going into (usually rather technical) details, let us only mention that under
certain qualification of %, %> and &, a boundedness (= numerical stability) and conver-
gence of a solution (u.j, z7j,) to the discrete state problem obtained by interpolation from
values (u]; o z]; h>1§=1 towards a weak solution (u, z) to controlled state system for a fixed
7 can usually be shown at least in terms of subsequences in various situation. A rather
simple situation is if %5, or possibly also %), is uniformly convex; this corresponds to
some viscosity. In a special fully rate-independent case when %) = 0 and %, (7, u, z; -) is
1-homogeneous and independent of (u, z), such convergence was proved in [9]; in this case
the weak solutions are called local solutions. The uniqueness is, however, not guaranteed in
general. If & (¢, 7, -, -) is jointly uniformly convex, then this uniqueness and even continuous
dependence on 7 hold, cf. [10,11] for a survey of such situations. This is, e.g. the case of
linearized rate-independent plasticity with hardening. Sometimes, viscosity can help for
this uniqueness. This is the case of frictional normal-compliance contact of viscoelastic
bodies which, after a certain algebraic manipulation gets the structure with &(¢, «, -, -)
separately uniformly quadratic with linear constraints in two-dimensions, cf. [12], or with
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conical constraints in three-dimensions. The uniqueness of the response of the continuous
problems was shown in [13].

As usual, the convergence of solutions to (4) towards solutions to (3) is much more
delicate and it is a well-known fact that it cannot be expected unless the controlled state
system in (3) has a unique response or at least any solution to (1) can be attained by the
discretized solutions, which is however usually not granted unless the solution to (1) is
unique. In any case, one needs to show the continuous convergence of the solution map
Sen : 7w (uen, 2en), 1.e. that 7 — O and h — 0 and 7 — 7 implies S;;(7) — S(w).
This is usually a relatively simple modification of the convergence for 7 fixed.

3. Notation and selected notions of variational analysis
Having in mind the discrete problem with 7 > 0 and 2 > 0, we will use notation

-~ - U—TU ~
PrpCr i u,?) = VuR1(n,u,z, . )+Vu5h(kf,n,u,2), (7a)
-~ o~ -~ -2
gk, (it w7, 2) = VZR2<JT,u,z, - >+Vz<€h(kr, T.u,2), (7b)
RE@) = (K1 +2) N KT, (7¢)
K
J(r, i,2) =1 Z jWk, Y+ He) with 4= @', ...,u%) and 2 = (', ..., z5).
k=1

(7d)

Since problems (5) are convex, necessary optimality conditions are also sufficient and thus,
taking into account structure (6), problem (4) can equivalently be written in the form:

Minimize J (7, uzp, 2en) With uzp = !, ... uK) and z0p = (2, ..., 2K)
subjecttoOep’r‘h(n, uf;l,uih,szjl)—}—NAlg(ufh), k=1,..., K, u(r)h = uop,
k k—1 _k k-1 _k k _ 0 _
O € qrh(jT7 u-[h ) ul’h’ Z‘L’h ’ Z‘L’h) +Nﬁk(z1‘;;l)(th)a k - 1’ ) Ka ZI/’L — ZOh,
T eIl

(®)

with K = T /7. Defining the solution map S;, : @ + (u, z) implicitly via the constraints
in (8), we may use the so-called implicit programming approach to rewrite problem (8)
equivalently into the form

Minimize J(m, S;;,(;r)) subjectto m € Ij. ©)]

In the rest of the paper, we will make use of the following standing assumption, which
imply in particular the single-valuedness of the solution map S¢:

(Al):  &u(t,m, u, ) and &,(¢, , -, z) are strictly convex,

(A2): Z1(r,u,z,-)and %> (7, u, z, -) are convex,

(A3): p];h (m,u,-,z)and q/t‘h (m, u, u, z, -) are continuously differentiable mappings, and
(A4):  AFand £¥(Z) are closed convex sets.
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Note that (A1)—(A3) imply that p’r‘h (m, i, -, z)and qfh (m, u, u, z, -) have a positive definite
Jacobian.

In what follows, we will fix time (and, if any, also space) discretization and thus we
will omit 7 and % in the following sections. The dimension of Uy, Z; and IT; will be,
respectively, denoted by N, M and L.

Before devising a (necessarily) quite complicated procedure to evaluate a gradient
information for the nonsmooth functional 7 +— J(m, S(;)), let us still briefly present
basic notions from variational analysis which are essential for this paper. More information
can be found in [7] for finite-dimensional setting or in [6] and [14] for the general infinite-
dimensional case.

All objects in this section are finite-dimensional. For a sequence of sets Ay C R" we
define the Painlevé-Kuratowski upper limit as

Limsup Ay = {x | x; € Ay, x is an accumulation point of {xk}}.
k—o00

Using this construction, we define for any x € A the Bouligand tangent cone, Fréchet
normal cone and the limiting normal cone, respectively, as
Ta(®) = {v]|Jve = v, A \ 0, X + Avp € A,
NAE) = (T4(X)* = {x* | (x*,v) <Oforallv e TA(JE)},
N4 (%) = Limsup N4 (x),
x—An\"
where by x i\) x we understand x — x withx € A. If N (1) = NA(ﬁ), then we say that

7 is a regular point of A, otherwise it is a non-regular point.
To a function f : R” — R U {oo} we can define its subdifferential at x as

Af (%) = {x* | (¥, =1) € Nepi (X, f (X))}

If A happens to be convex, both normal cones coincide and are equal to the normal cone in
the standard sense of convex analysis

N4@) = {x*| (x*,x — %) < Oforall x € A}

and similarly, if f is continuously differentiable at x, then 9f (x) = {V f(Xx)}.
For a set-valued mapping M : R” == R and for any (x, y) € gph M we define the
coderivative D* M (x, y) : R™ = R”" at this point as

D* M(%, $)(y") = {x*| (*", =y*) € Ngph m (%, )}

If M is single-valued, we write only D* M (x)(y*) instead of D* M (x, M (X)) (y*). If M is
single-valued and smooth, then its coderivative amounts to the adjoint Jacobian.

A set-valued mapping M : R” = R has the Aubin property around (x, y) € gph M if
there exist a constant L and neighbourhoods U of X and V of y such that for all x, x" € U
the following inclusion holds true

M) NV C M(xX')+ Lix —x'|B(0, 1),

where B(0, 1) C R™ is the unit ball. If M is single-valued, then the Aubin property reduces
exactly to locally Lipschitzian property.
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Example 3.1 For a short illustration of the aforementioned objects, we use a simple
example whose extension will be used later in the text. Consider C := [0, 1] C R. Since C
is convex, both normal cones coincide and we have

gphN¢ = gphN¢ = ({0} xR_) U ([0, 11x{0}) U ({1} xR).

Fix now (x, y) = (0, 0) and compute

A

ngth()E’ .)_}) = R7XR+9
NgphNe (£, 7) = (R-xRy) U ({0} xR }) U (R- x{0}).

One can see that in this case limiting normal cone is strictly greater than Fréchet one. This
means that (0, 0) is a non-regular point. Similarly, one can see that so is also (1, 0).

4. Evaluation of a subgradient of & — J(x, S(;r)) and first-order necessary optimal-

ity conditions for (8)

To solve problem (8) or equivalently (9) efficiently, we need to compute a subgradient
information for the mapping = +— J (i, S(r)). Unfortunately, we cannot expect that S
is a differentiable function and thus, we need first to compute some kind of generalized
derivative of S.

We will work with the generalized differential calculus of Mordukhovich [6,7] and
compute the limiting subdifferential of the objective in (9). To be able to do so, we first
have to compute the so-called coderivative D* S, which for continuously differentiable
functions amounts to the adjoint Jacobian. First we state a lemma which links these two
concepts together.

LEMMA 4.1 Consider the solution mapping S : w +— (u, 7) being implicitly defined by
system (8) and fix some (u,z) = S(7w). Assume that S is Lipschitz continuous on some
neighborhood of @ and that J is continuously differentiable on some neighbourhood of
(7, u, 7). Denoting f(n) = J(m, S()), we have

0J(T) = Vol (T, it,2) +D* ST, t, 2)(Vo J (7, i, 2), Vo J (T, i, 7).
Proof It follows directly from [6, Theorem 3.13] and [7, Exercise 8.8]. O
To obtain the necessary optimality conditions in the form of original data, we need to
compute D* S. This is carried out in the next lemma which will also be the basis for proving
the Lipschitzian continuity of S later in Corollary 4.4.
LEMMA 4.2 Consider the setting of the solution mapping S : © +— (u, 7) being implicitly

defined by system (8) and fix some (u, z) = S(7). Assuming (Al)—(A4), the upper estimate
of D* S(7, i, ) (u™*, z*) is the collection of all quantities

K K
=Y (Ve TB =D (Vagh T (10)
k=1 k=1
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such that fork = 1, ..., K the adjoint equations
_u*k — Olk _ (Vupk)T,Bk _ (quk)'l'ak o (Vﬁpk+1)TIBk+l _ (V,;qk+l)T8k+l, (11a)

with the terminal conditions BX*! = 0 and $X+' = 0 are fulfilled. For the multipliers
o, B, v, § we have the relations

k
(Z") € Ny, @, —p*@, a* =", a*, 271, (12a)
(g) € Non 0 G, —q (7. i 2)), (12b)

where y = (yl,...,yK) and 8§ = 8%, ...,8%) and where, for u = !, ..., uX) and
7= (zl, ...,zK), we have defined
q'Grou® ut 20 2
q(m, u,z) = :RL x REN  REM _, REKM
g® (o, uk =1 uk, K1 K

0@ =TT Ngre1,(@) : RKM — REM,

Proof Similarly to ¢ and Q, we define

pl(ﬂ’, MO, I/tl, ZO)
p(r,u,z) = :RL x REN « REM _, REN,
K (o, ukK =1 uk K1)
P =15, Ny @by : REN = REN,

We define the following partially linearized mapping

M(u,v) = {(n, u,2)|p e p@,u,z)+Vyp,u,2)(w—u) + V. p(m,it, 2)(z—2)

+Puyweqg(m,u,z)+Vyq@r,u,2)(u—u) + Vyq(r,u,2)(z—2) + Q(Z)}

and show that it is single—valued and locally Lipschitz around (0, 0). Indeed, the relations
defining M read fork =1,..., K
uk e ph@, ad =t ak 7 £ v kL aE Y ak, Yk — ik
Vi pk@, a Y ak, Y @k =k
ek, ak L ik, g 4 N pb b,
Ve gk, @kt a2t 0 4 gk, ak Y b, 71k —ak)
FVagk @, a* AR N G gk ¢ vLgh R, R R, R (R =
+ Vgt @ it DT = Nge e (29
with 1° = 1% and z° = 0. Since the first inclusion is solved for x* and the second one for
zK, we obtain that M is single-valued due to (A1)-(A4). By virtue of [16, Corollary 3D.5]

we further obtain that M is Lipschitz continuous around 7, so that the system defining S is
strongly regular (in the sense of Robinson [17]) at (0, 0, 7, u, 2).
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This enables us to use [3, Proposition 3.2] and [7, Theorem 6.14] to obtain, with I being
the identity matrix, that

0 I 0 e
~ - -V p(ﬁ’ﬁ’z) _vup(ﬁ’ﬁaz) _vzp(ﬁ”ﬁ’ Z) IB

N w,u,z) C g
—Veq(,u,2) =Vuq(w,u,z) —V.q(7,u,z) )

with some o, 8 € REY and y, 8§ € REM satisfying
o i _ o y _ o
ﬂ enghP(M,_p(T[,M, Z)) and S enghQ(Zv _C](”a”’ Z))

Applying the product rule for normal cones [7, Proposition 6.41] we obtain the statement
of the lemma. U

If A¥ is a (convex) polyhedral set, then Ngph ok (+) can be computed due to [18, Theorem
2] or [19, Proposition 3.2]. For the computation of Ngph o (+), we will consider two cases of
R, specifically

B =RM  or (13a)
fFH={zeRM|0<z <, (13b)

where in (13b), the inequality is understood componentwise.

The former case (13a) corresponds to K(’) = K; = RM, while the latter case (13b)
corresponds to K = Rf and K| = RM™ . The former case is simple because from (12b) we
immediately obtain that y* = 0 and §* € RM,

For the analysis of the more complicated case (13b) we recall the definition of O and
define its counterpart Q for a single time instant

0@) = fv e REM vk e Ny (@), k=1.... K},
0() = {(z,v) e RM x RM | v € Ny 5(2)}.

This case is more involved than the previous one, because in Q one has to do with normal
cones to moving sets whereby (components of) z arise simultaneously both as the arguments
as well as parameters specifying the movement of the constraint sets. Such a situation occurs
typically in quasi-variational inequalities and has been studied, e.g. in [20]. Unfortunately,
the results of [20] cannot be directly applied here because the set

£50) = {0}

does not satisfy even the Mangasarian—Fromovitz constraint qualification when described
in the form (13b).

As we have mentioned in the introduction, it would be possible to use standard calculus
rules to obtain a formula for Ngp, ¢ based on multiple computations of N aph O The graph

of Q can easily be visualized in Figure 1 and thus, ngh o can be computed by analysing
8 parts of gph 0 separately, see definition of Q; below. However, when computing Ngph 0
on the basis of N aph & and the chain rule from [21, Theorem 4.1] one obtains only an upper

estimate and not equality.
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Figure 1. Visualization of gph 0.

That is why we make use of [8] where formulas for Fréchet and limiting normal cones
to a finite union of polyhedral sets have been derived and then applied to a special structure
arising in time dependent problems. For simplicity, we will show the result only for the
simplest case of M = 1. However, the generalization to a more—dimensional space is
straightforward and can be conducted in componentwise way.

In the following text, we will assume that i® = 1. Define now the following sets

01={GzveR|Ze0.00).z=5ve 0],
02= |G v eRIze00,2=5v=0},
03 ={G 20 eR}|Z€©0,00,2€ 0,0, v=0],

04 = (0, 00) x {0} x {0},
0s = (0, 00) x {0} x (=00, 0),

06 = {0} x {0} x (=00, 0),
07 = {0} x {0} x {0},

Qg = {0} x {0} x (0, 00).

It is not difficult to show that UE‘: h Q,- = gph Q Moreover, {Qi| i =1,...,8} forms the
so-called normally admissible stratification of gph Q as defined in [8]. Now, define the
following index sets
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ikefl,...,8
O={G"....i5i*1e{1,2,3) = i*e(1,2,3,4,5} },
i*=1ef4,5,6,7,8) = ike{6,7,8)

sh=1 = k=1, sk=5 = k=5
k -k k -k
. . =2 = i"e{l1,2,3},s" =6 — i“e{5,6}
Is)=1a", ..., ik s
W= TEO w3 k23 27 = kel 8 [
sk=4 — ke {3,4,5), sk =8 = ik (1,8}
where we assume that s = (sl,...,sK) S {1,...,8}K and all relations are required to hold

forallk =1, ..., K. Further define
0i =[G w e R¥ |5 v e O k=1.....K}.

As shown in [8], we obtain that U;ce Q; = gph Q and that {Q;| i € ®} forms a normally
admissible statification of gph Q. Now, we may state the result concerning the computation
of Ngph (2, v), which replaces the computation of normal cone to a non-convex set by the
computation of multiple normal cones to convex sets.

PROPOSITION 4.3 [8, Section 4] Fix any (Z, v) € gph Q and denote by s the index of the
unique component Qs such that (zZ,v) € Qs. Then

NgnoG 0) = [ (] Nag,(Q),
sel(5)iel(s)

where N g, (Qy) denotes the common value N o, (z, v) for any (z,v) € Q. For any
s € ®andi e I(s), this value can be computed as

p'+ it
. i :
Net 0, (0y) = K Jrl/lK < R2K ;]f]’: € Ncléik(st), k=1,...,K
. ik =0
UK

Note that the computation of N¢j ,(z, v) is simple aslong as z > 0in which case standard
results can be used. The situation changes, however, if there exists i such that z;_; = 0.
Then N o (zi—1, z, v) is generated by normal cones to all ‘neighboring’ components. This
is the reason why we have to consider all Ql, el Qg.

Now we have enough information to prove the Lipschitz continuity of S for both cases
in (13). Due to assumptions (A1)—(A3) and [18, Proof of Theorem 2] we obtain that if
a pair (o, ,Bk) satisfies (12a), then we have akTﬁk < 0. However, for (y, §) satisfying
(12b), it may happen that ykTSk > 0 (see formula (17) below). Nevertheless, we are able
to overcome this problem by making use of the specific structure of gph Q.

COROLLARY 4.4 Inthe setting of Lemma 4.2 assume that Rk is defined via (13a) or (13b).
Fix some (u,z) = S(m). Then S is Lipschitz continuous around 7.
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Proof Without loss of generality we may assume that M = 1. Since S is single-valued,
it is locally Lipschitz around 7 if and only if it has the so-called Aubin property around
(7, u, z). Moreover, this property is according to [7, Theorem 9.40] equivalent to

D* S(, u, 2)(0, 0) = {0}. (14)

To show this, we plug u™ = z* = 0 into system (11)—(12) and attempt to deduce that
B = 8 = 0, which would imply that (10) is equal to zero as well, and thus condition (14)
is fulfilled.

To this end, we first realize that the first case (13a) implies y*¥ = 0 and 6F € RM.
In the rest of the proof, we will consider only the second case (13b) with a note that
case (13a) can be shown by a slight modification of the last paragraph. Fix any (y, 8) €
Ngph 0 (Z, —q(7, i1, Z)). From Proposition 4.3 we know that there is some s € I(5) such
that for all i € I(s) there exist some ui.‘, /lf.‘ and vl{‘ such that y* = uf + /1;‘, sk = vf,
[LiK = 0 and relation

wh | €Ngg, (O0) (15)

holds forallk =1,..., K.
‘We will define now the index set

k=1 = i*=1,sk=2 = i*e{1,3)
sk=3 = i*=3, k=4 = ik (3,5)
sk=5 = k=5
sk=6, i*1e{1,3) = k=5
1={G"....i5 | sk=6, i*1e(568 = k=6
sk=7, k1 e (1,3} = ke {1,5)
sk=17, i1 €(56,8 = i*e{6,8)
sk=8, i*1e{l,3) = i*=1
sk=8, i*1¢c(56,8 = i*x=38
and say that property (P¥) holds if
s*€{1,2) = pF=o0foralli €I, and (16a)
E!j<k:sj=4, sitl=...=sf=8 = uszforsomeieI (16b)

withi/ =3 and i/t = ... =ik = 1.

Naturally, this property is satisfied if s* ¢ {1, 2, 8} and it can be shown that I C I(s). We
will now show that forall k = 1, ..., K — 1 we have the following implication

YT < 0 and (P**1) holds = y*T8* < 0 and (P*) holds. A7)

Thus, we assume y*+1T§5+1 < 0 and that property (P**!) holds. We will now make
use of the fact that §* = vf, and thus vf does not depend on i. By evaluating (15), we obtain
that there exists i € I C I(s) such that
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=~

k+1

sk+1=1=>/1i——i , k=1 = vf:(),
s =2 = gk = it sk=2 = uk >0, 0k <0,
siHl =3 = it =0, sk=3 = uk =0,
sil=4 — iF =0, sk =4 = uf <0, vF >0,
sk+1:5:>,&f:0, k=5 —= vf:O,
sk=6 = vf:O,
k=7 = v!‘:O,
k=8 — Vi = 0.

The implication s¥ =7 = v¥ = 0 follows from I C I(s), the non-dependence of vf‘

on i and from the possibility to clhoose either i¥ € {1, 5} or i* € {6, 8}. We observe now
that in any case we have ufTSk = ,u,f.‘va‘ < 0. This means that we have managed to prove
y*T 8k < 0 provided [Lf =0or vf‘ =0.

Thus, to prove the first part of (17) it remains to investigate cases skt e(1,2,6,7,8)
and s¥ € {2, 3, 4}. We will restrict now to these problematic cases. If s*1 e {1, 2}, then
(P*+1y implies [Li.‘ = —uf.”'l = 0 and we may apply the previous result. If s**! € {6, 7}
and sk = 4, then choosing i*t1 — 5 and i* = 3 results in [Lf.‘ < 0 and /,Li-( < 0, which
together with vk >0 implies ykT(Sk < 0. Due to definition of ®, it remains to investigate
the last case: s’éJrl = 8 and s* = 4. In this case, we choose i*! = 1 and i¥ = 3, which
leads to ,uf“ + [L;‘ < 0and p,’.‘ < 0. But since ;Lf“ > () due to (Pk+1), we have ,tlf? <0,
and thus we again obtain y* 8% < 0. So far, we have managed to prove that if the left-hand
side of (17) holds true, then we have ykTék <0.

To show the validity of formula (17), we need to verify that (P*) holds as well. To do
s0, we multiply the adjoint Equation (11b) by 8%, which due to assumption (A1)—(A2) and
the already proven ¥ 8F < 0 results in y* = ,uf? + [Lf =0and 8% = v{‘ =0foralli € I.
We will now investigate the cases described on the left-hand side of (16).

For (16a) we have sk e {1, 2}. This by definition of ® yields sktl ¢ {1,2,3,4,5}.
If s¥t1 € {3, 4, 5}, then ,&f = 0 and thus ,uf = 0 follows. If on the other hand we have
sk e {1, 2}, then from assumed (Pk+1) we get ,tlf? = —,u,f.c‘H = 0, and thus uf = 0 follows
for this case as well. To prove (16b) consider some j < kands/ = 4,s/T! = ... = sk =8,
i/ =3and i/t = ... =ik = 1. If s*T! = 8, then i**! = 1 and we may apply (P*¥*1) to
obtain ;Lf“ > 0, which together with [Li.‘ + ,uf“ < 0and ,uf? + /lf? = 0 implies /1,{.‘ > 0.
If s*1 € {6, 7}, then choosing i**! = 5 results in /lf? < 0, which again implies uf > 0.
Since these are all possibilities due to the definition of ®, we have showed formula (17).

Having this formula at hand, the rest of the proof is performed by a finite induction. Since
K = 0, by similar arguments as in the previous text we obtain that y K T6X = KTy K < 0,
which further yields y X = ,uiK = 8K = 0, and thus property (PX) is satisfied. Hence, we
have obtained the validity of the first step for finite induction. Plugging this into the first
adjoint Equation (11a) and multiplying it by X, we obtain that «X = X = 0. Since the
left-hand side of (17) is satisfied, we immediately obtain that yX~1T§K~1 < ( and that
(PX=1y holds. Performing this procedure K times, we obtain that (14) indeed holds, which

finishes the proof. O

Finally, we summarize the derivation of the necessary optimality conditions in Theorem
4.5 below. Thereby, the normal cone Ngpn () is computed in Proposition 4.3 and for
the computation of N aph AK (-) we refer the reader to [18, Theorem 2] or [19, Proposition
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3.2]. Moreover, when solving system (12) and (19), one may use [22, Lemma 4.7] to its
advantage.

THEOREM 4.5 (First-order optimality conditions)  Consider the setting of the solution
mapping S : 7w +— (u, z) implicitly defined by system (8) and fix some (u,z) = S(7).
Assume (Al)—(A4) and that J is continuously differentiable at (7w, u,z). If (7,y,2) is a
local minimum of problem (8), then there exists multipliers («, B, y, 6) satisfying (12) such
that the optimality condition

K K
0€Vad(@ i, = ) (Vap)TB = (Vag") 8" + Nu(@), (18)
k=1 k=1

the adjoint equations withk =1, ..., K

Vo J (@, i, 7) = a* — (Vup") T B* — (Vugh) T8k — (VaptTH T BE — (Vagt ) TR,
(19a)

~VaJ (7,0, 7) =y — (V.g") T8 — (Vptth) T gL — (vt Tkt (19b)

and terminal conditions BXT' = 0 and §5¥+1 = 0 are satisfied.

Remark 2 (More general dissipation I)  In a number of applications %, is finite, but
nonsmooth at 0 and K| = Z. In this case, in the generalized equation system defining S,
one has generally a sum of multifunctions which is typically very difficult to handle, cf.
[7, Theorem 10.41]. Sometimes, however, an analytic formula for the behaviour of S at
the single time instances can be obtained and then D*S can be computed by applying the
(first-order) generalized differential calculus, see [6,7].

Another possible approach to this situation is to transform it into the form considered
here, i.e. %, smooth and a suitable K. Let us illustrate this on a one-dimensional case
Z = Rwith%,(z) = a max(0, 7)+b max(0, —z) withsome a, b > Oand,e.g. £(z) = %zz.
Considering artificial variable (z1, z2) such that z; + z» = z, we may write

az1 — bz ifz; >0andzy <0,

1 . .
E(z1,22) = =(z1+22)* and (21, 22) = . (20)
2 00 otherwise.

Such a transformation allows to widen the application range towards e.g. damage or de-
lamination problems with healing in arbitrary space dimension. Another application can
be frictional contact [23] or adhesive contact with an interfacial plasticity [24] allowing
to distinguish less dissipative mode I (opening) from more dissipative mode II (shear) in
two-dimensional cases. Another, rather academical, application is the bulk plasticity with
kinematic hardening in one dimension. Naturally, all these applications are considered with
a suitable space discretization.

Remark 3 (More general dissipation II)  In some applications, the cone K could be the
second-order (Lorentz, or colloquially also called ‘ice-cream’) cone, defined in R/ by

x e R x> [(x1, .00 -

where | - | stands for the Euclidean norm. In this case, it is possible to make use of
coderivatives of the normal cone mapping associated with second-order cones, which have
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been computed in [25]. Then, however, the special technique of [8], tailored to polyhedral
multifunctions, cannot be used anymore and we have to confine ourselves to standard
calculus rules, which leads to less selective necessary optimality conditions.

Typical applications of this type with K| = Z are a frictional contact in three-dimensional
case or plasticity with kinematic hardening in two- or three-dimensional case, again having
in mind a suitable space discretization in each case. An example which uses a combination
of K| # Z with a nonsmooth potential %, both being of the ‘ice-cream-type’, is plasticity
with isotropic hardening, cf. [10,26,27] which has the dissipation potential acting on the
rate of z = (p, n) of the form:

85(p) + 8k, (p.7) with 0€ S C REY and Ky = {(p, 0) € RIXI xR 1) > ¢,,85(p))
(21)

where ¢g,; > 0 and R‘;:Vd = {A € RI%d: A = AT, trA = 0}, and &4 stands for an
indicator function of a convex set A and &% of its conjugate. Typically, S a ball, which
makes both 85 and K of the ‘ice-cream-type’.

A combination of the preceding case with a general polyhedral set K is also possible.
This combination allows for some applications in identification of parameters of some
phenomenological models of phase transformations in certain ferroic materials as shape-
memory alloys where K( forms constraints on an internal variable like p in (21) and may be
considered polyhedral, cf. the polycrystalic models in [28,29], possibly also in combination
with plasticity like that one in (21), cf. [30,31].

5. Adhesive contact problem and its identification

We illustrate the above abstract identification problem (3) on an unilateral adhesive-contact
problem for a linear elastic body at small strains. We consider 2 C R? a Lipschitz domain
with I'c C 92 and I'p C 92 disjoint parts of the boundary 9€2, where the delamination
is undergoing and time-varying Dirichlet boundary condition where wp(#) is prescribed,
respectively. Now, u : © — R is the displacement and z : I'c — [0, 1] is a delamination
parameter having the meaning of the portion of bonds of the adhesive which are not
debonded. With C the tensor of elastic moduli, % : [0, 1] — R a convex adhesive-stored-

energy function, and with e(u) denoting the small-strain tensor, i.e. [e(u)];; = % g%; + % aale,
we will consider the boundary-value problem
divCe(u) =0 in[0,T] x Q, (22a)
Ce(u)n =0 on [0, T] x (I'\(['c UTp)),
(22b)
uer = wD(t’ ) on [09 T] X FD7 (220)
un >0,  zikux +1' Ce(u)ii > 0,
(zkeyn + 71T Ce(u)it)uy = 0
¢=0. 84020 z(Ha) =0, on [0, T] x I'c, (224d)

E+h@ + %(KNMI%-FKTM%) — edivgV,z > 0, z>0,
(S +h'(z) + %(KNMI%]-FKTM%) — SdiVSVSz) 7=0,
zicptty + Ce(u)n — (1| Ce(u)i)in = 0,
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where we used the decomposition of the trace of displacement u = uyn + ur with uy
being the normal displacement defined as u - 71 and ur being the tangential displacement
on I'c, and where Vj denotes a ‘surface gradient’, i.e. the tangential derivative defined as
V,z = Vz — (Vz-n)n for z defined around I'c. Alternatively, pursuing the concept of fields
defined exclusively on I'c, we can consider z : I'c — R and extend it to a neighbourhood
of I'c and then again define V,z := (Vz) P with P = [ — 7 ® 71 onto a tangent space, which,
in fact, does not depend on the particular extension. Moreover, divg := tr V;. Then divgVy
is the so-called Laplace-Beltrami operator.

Let us remark that (22a) is the force equilibrium, (22b) prescribes the zero-traction
(i.e. free surface) on I'\(I'c U I'p). The condition (22d) combines three complementarity
problems related, respectively, to the Signorini unilateral contact for the displacement u, the
non-negativity constraint for z, and the unidirectionality constraint (i.e. the non-positivity
constraint on z), and eventually the equilibrium of tangential stress. More in detail, the
last two mentioned complementarity problems write in the classical formulation as the
inclusion 86;‘_ 45,00) (z) > & with the admissible driving force fulfilling the inclusion & €
3,8t 7, u, 7) = edivgVyz — h'(2) — S (kgud+ugu2) — Njo, 00 (2)-

Referring to the abstract problem (1), the boundary-value problem (22) corresponds to
the stored and the dissipation energies

1, ) 1
—z(keguy + kpuz) +h(z) + EEVSZ'VSZ ds
I'c

2
1 :
Et,mu,z) = +/ E(Ce(u): e(u)dx ifulr, = wp(r,-)onI'pand (23a)
Q
ulpe-n > 0and z > 0on T,
00 otherwise,
. / aplz]dS ifz <0Oae. onTg, .
X =0, % (z) =1 Jrc with 7 = (o, Ky, k1),

00 otherwise,
(23b)

Note that &(¢, 7, -, -) is not convex but it is separately convex and, if I'p is non-empty
and £ is strictly convex, it is separately strictly convex, complying with our assumption
(A1)-(A2). Considering & quadratic, this leads, after a suitable spatial discretization of (4),
to recursive alternating strictly convex Quadratic-Programming (QP) which can be solved
by efficient prefabricated software packages.

The (distributed) parameters to be identified will be the fracture toughness o and the
elasticity-moduli of the adhesive « and k., i.e. we have considered simply 7 = (o, ky, 1)
as outlined in (23b). This choice has a certain motivation in engineering where, in contrast
to essentially all the bulk material properties, these parameters are largely unknown and
have to be set up in a rather ad-hoc way to fit at least roughly some experiments, cf. e.g.
[32,33] based on experiments from [34]. Actually, the models of adhesive contacts used in
engineering may be more complicated; typically they distinguish modes of delamination
(opening vs shear) and/or may involve friction. Identification of friction/adhesive contacts
may have interesting applications in geophysics where such contact surfaces (called faults)
are deep in lithosphere and not accessible to direct investigations although a lot of indirect
data from earthquakes are usually available; a popular rate-and-state friction model involves
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one internal parameter (called ageing) which is analogous to the delamination parameter
used here, cf. [35] for a survey or also e.g. [36]. Other models that may lead to a recursive
QP have been mentioned in Remark 2, in contrast to problems from Remark 3 that would
lead to a recursive Second-Order Cone Programming (SOCP) for which efficient codes do
exist, cf. [37].

We prescribe some initial conditions ug € H (@) and zg € H'(T'¢), 0 < zog < 1; note
that then 0 < z < 1 is satisfied during the whole evolution process. We further consider a
fixed time horizon 7' > 0 and assume that we have some given desired response (4, z,)
corresponding, e.g. to some experimentally obtained measurements, and we want to identify
parameters 7 such that the response (u, z) = S(i) is as close to (u, z4) as possible, i.e.
we want to minimize the objective

T
é‘ 2 l 2
[T Shouboce [ demafadon e

where ¢ is a fixed weight balancing both parts of the objective function.
After the semi-implicit time discretization, the whole problem (23) reads as

K
1
Minimize t Z [/ £|uk — u§|2dx —i—/ —|Zk — z§|2dS]
Q2 re 2
k=1 c
subject to (u*, z5) = S*(r, u*=1, Z*"1), k=1,...,K, and
T = (o, ky, k7) € T1,

(24a)

where the solution map Sk uk T K (WK, 25 for a particular time instant is

now defined by the alternating recursive system: given @ = (o, Ky, k;) and previous
values (uF~1, zK=1), the first one is solved for u* and the second one for z¥ recursively for
k=1,...,K:

1 1
Minimize f —Ce(u): e(u)dx +/ = (eud + wu?) dS
Q2 re 2

ueH(Q,R4) (24b)
subjectto u|rp, = wk := wp(kt,) and wu|r.-i >0,
& 1
Minimize / [h(z)-i-—V 7-Viz + (— i )+, b)) — « )z] ds
2eH (Te)NL®(Te) Jre 2 %78 2( () (1)) = (24c)

subject to 0<z<ZL

Discretizing system (24b) via finite elements, we obtain

Minimize luTA(rr, zk_l)u
u=(uc,uf,up) 2 (25)
subject to uc € Ag := {ulu-n >0} and up = wf,

where the components of u = (uc, ug, up) correspond to the displacement on contact
boundary I'c, in free nodes (interior and Neumann) in 2 \ (I'cUI'p), and on Dirichlet
boundary I'p, respectively. Matrix A has the following form

Acc Acr Acp A(n, Zk_l) 00
A(m, Zk_l) = | Apc Acr A | + 0 00
Apc Apr App 0 00
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where the first part corresponds to the discretization of the first part of the objective in (24b)
and similarly for the second part. Using simple calculus, discretized problem (25) can be
written as

1 -
Minimize EMI(AQ + A, 25" Yue + (Agwk) Tuc
uc

(26a)
subject to uc € Ag,
where we have defined
Ag = Acc — AcArt Are, Ay = — AR Are,
Apg = Acp — ACFAF_FI App, As = _AF_F1 Arp.
Similarly, when discretizing (24c), we obtain the following problem
1
Minizmize EZTBZ + b(m, uk)TZ (26b)

subjectto 0 < z < k1.

Since both problems in (26) are quadratic, we can pass to their necessary optimality
conditions and the whole optimization problem (8) reads as

K
1
Minimize 7 3" [ £ [uk = [ug &7 + 5[,k + gl — 1g 6+ 5[k - 2]

TTLUC,Z

k=1
subject to 0 € (Ag + A, ZX"N)uk + Agwhk + Np b)), k=1,..., K, u® = u,
0€ B +b(m,u) +Ng 1)@,  k=1...K., =z
m e Il.

27)

By passing from u to u]é we have managed to reduce the number of parameters in (24b)
from the number of all nodes to the number of contact nodes only. This is especially
powerful because the first inclusion in (27) will be solved many times during the parameter
identification procedure while it is sufficient to compute matrices Ay, Ag, A, and As only
once.

To be able to use Theorem 4.5, we need to check whether assumptions (A1)-(A4) are
satisfied. But this amounts to showing that matrices Ay, + A(rr, z~1) and B are positive
ACCACF

FCAFF
Ais positive definite. But the positive definiteness of A follows from the conformal FEM
via positive definiteness of C together with the Korn inequality using Dirichlet boundary
conditions on I'. More precisely, the FEM may also involve some numerical integration
(which in fact has been used for our implementation, too).

definite. Since A, is Schur complement of Acc in A= ), it is positive definite if

Remark 4 (Boundary-element method) Note that (26a) is the optimization problem on
I'c because we eliminated the values up, and ug. This is the philosophy of the boundary-
integral method and (Ag w]’;)T in (26a) is in the position of the (discretized) Poincaré-
Steklov operator transferring Dirichlet boundary conditions on I'¢ to traction forces on
Te.

The discretization then leads to the celebrated Boundary-Element Method (BEM). One
option for this discretization is FEM, cf. e.g. [38], which is in fact what we used here and
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Figure 2. Geometry and boundary conditions of the two-dimensional problem used for calculation.

such BEM represents a noteworthy interpretation of (26a). Other options are based on a
direct discretization of the Poincaré-Steklov operator using the approximate evaluation of
the so-called Somigliana identity based on the underlying integral Green operators, cf. e.g.
[33,39-41].

Remark 5 (Variants of the adhesive model) The contribution 4(z) in (23a) has the
meaning of a stored energy deposited in the adhesive bonds and, during delamination,
this energy naturally increases. If a reversible damage (called healing) were allowed, cf.
Remark 2 above, h'(z) would give a driving force for it. Strict convexity of & represents
certain cohesive effects: when delamination is tended to be complete, still more and more
energy is needed for complete delamination. Cohesive effects can also be modelled by
letting «y and «;. dependent on z so that z +— zx(z) and z +— zk(z) are convex. This
however does not guarantee strict convexity of &(t, m, u, -). Other option complying with a
purely adhesive contact (e.g. & = 0) would be to consider a small, linear viscosity in z, i.e.
P, strictly convex and quadratic. Then the usual concept of weak solution can be used again
together with the semi-implicit fractional-step-type time discretization. Yet, such problem
becomes computational difficult if the viscosity is small, as often considered with the goal
to approximate so-called vanishing-viscosity solution in the rate-independent inviscid limit,
cf. [42].

6. Numerical experiments

In this section, we illustrate usage and efficiency of the theory developed in Section 4 and
later specified in Section 5 on a two-dimensional problem where an elastic body glued
along the x-axis and pulled in the direction of the y-axis by the time-varying loading wp,
cf. Figure 2. Considering the parameters o, &, and k. to be unknown, the main goal is to
identify them via an inverse problem. Following the delamination example in [24,42], we
considered the isotropic material in the bulk with the tensor of elastic moduli

vE

E
— 5::8 8:128 7 +8:18;
(1+v)(1—2v) ijOkl + ik Jjl + 9i; jk)

2(1+v)

with the Young modulus £ = 70 GPa and the Poisson ratio v = 0.35. Concerning the
adhesive-stored-energy and the gradient terms in (23a), we used i (z) = %zz —zande = 1],
while the weight ¢ was chosen as 10'°m~2. For the space discretization we employed a
mesh with 14 x 20 nodes and the equidistant time discretization used 40 time instants. The
contact boundary consists of 12 nodes. As already said, there are three parameters to be
identified: o, Ky, and k. Moreover, we assume that the values of these parameters are not

Ciju -
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Figure 3. Evolution of the deformed specimen with distribution of the delamination parameter z
along I'c (only values 1 or O are displayed) at 17 selected time instances. Displacements depicted as
magnified by factor 50x.

constant along the contact boundary, but it may have different values in every contact node.
This leads to a total number of 3 x 12 = 36 parameters to be identified.

We fixed these 36 values, to be more specific the mean of «y, k, and k., was 187.5 J/mz,
150 GPa/m and 75 GPa/m, respectively. The difference between the smallest and largest
value of ar; was approximately 10% and similarly for k' and .. Next, we randomly generated
some (with time increasing) dragging loading wp, computed the corresponding (u4, z4),
and plugged them into the upper level of problem (27). Since there was no perturbation of
(u @ zd) present, the optimal objective value was zero, which allows numerical testing of
the efficiency of the optimization algorithm.

The computation of problem (27) was performed in Matlab. To compute u* from the
first inclusion in (27), we modified and used the already written code.[43] Since a direct
application of a gradient algorithm to whole problem (27) lead to rather inferior results,
we had to find another way to solve (27), specifically we used a combination of three
optimization algorithms. The first was PSwarm,[44] which combines pattern search with
genetic algorithm particle swarm, the second one standard Matlab function fminunc and
the last one a nonsmooth modification of BFGS algorithm [45] with its implementation.[46]

The optimization process was run in four phases. For the first phase, we simplified
the problem and assumed that the parameters are constant along the contact boundary. This
reduced the number of parameters from 36 to 3. To this problem, the algorithm PSwarm was
used, however, we did not let it converge to the optimal solution but it was interrupted when
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Figure 4. Development of the objective value during particular iterations of the optimization
algorithms used during the four phases of our optimization: phase 1 used a global optimization
algorithm (PSwarm), whereas phases 2—4 used a (sub)gradient algorithm with subsequently refined
discretization of I'c.
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Figure 5. Parameter distribution along the contact boundary, graphs depicting form left to right o,
ky and kg resulting after particular phases of the optimization algorithm.

the problem reached a priori given threshold or when the optimal value did not improve
much in several successive iterations. In other words, the goal of the first phase was to find
an estimate of the solution. Since PSwarm works rather with populations instead of single
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points, multiple initial points had to be chosen. These points were generated randomly from
the following intervals

o € [100 J/m?, 500 I/m?], Ky, k; € [10 GPa/m, 1000 GPa/m].

In the second phase, the reduced problem was still considered but this time, an algorithm
using a gradient information was used. Similarly to the first phase, we did not let the it
converge and interrupted it prematurely. Because of this interruption, non-regular points
were usually evaded and it was possible to use fminunc, even though it is designed for
smooth functions.

While in the first two phases, the values of parameters were constant on the contact
boundary, this no longer holds true for the last two phases. In the third one, we considered
the state in which one parameter corresponds to two nodes on the contact boundary, while
in the fourth phase every parameter corresponded to only one node. This means that there
were 18 parameters in the third phase and 36 in the last one. The evolution of the optimal
value can be seen in Figure 4. Note that on the y axis the logarithm of the objective value
is depicted and that the vertical lines separate the four phases.

The following table summarizes the values of parameters and of the objective function
for all phases. The first column presents the best point in the initial population of PSwarm.
The next four columns show the optimal solutions and values of all four phases. Finally,
the last column corresponds to the actual values of parameters. Since there were multiple
values distributed along the boundary for the last three columns, we show only their mean
in such cases.

Starting Phase 1 Phase 2 Phase 3 Optimal Desired
oF 203.934 190.405 194.877 187.489 187.512 187.5
KN 0.822-1011 1.586-1011  1.462-1011  1.499.1011  1.500-10!1 1.5-1011
K7 47.251-10'0  2326-10'10  7.317.1010  7.498.1010  7.499.1010  7.5.1010
Objective  3138.97 70.503 14.184 3.573-107%  7.538.10711 ¢

In Figure 3, we show the the displacement u (magnified by factor 50) corresponding to
one of the random initial points used for PSwarm and solution of the four phases. A circle
on the contact boundary mean that no delamination has taken place yet at the corresponding
node while an asterisk means that the corresponding node has been completely delaminated.
No symbol being present indicates that only a partial delamination took place. Since the
contact boundary is shorter than the length of the body, there are no symbols at the bottom
right corner.

In Figure 5, we show the distribution of the elastic adhesive moduli « and k. as well
as the fracture toughness ;. along the contact boundary I'c. Four lines corresponding to the
actual parameters and to the terminal points of phases 2, 3 and 4 are depicted. The horizontal
line without any symbols corresponds to phase 2, the line with circles corresponds to line 3
and the line with asterisks corresponds to phase 4, which means that it depicts the parameters
identified by the algorithm. The last line without any symbols (which coincides with the
line with asterisks for k) depicts the actual parameters. We see that while the result of
phase 3 provided a good estimate for the actual parameters. Phase 4 provided only a slight
improvement for «; while it managed to identify the values of «,, completely.
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7. Concluding remarks

The optimality conditions stated in Theorem 4.5 are in the MPEC literature called M-
stationarity conditions because they are based exclusively on notions from the Mordukhovich
subdifferential calculus. They are relatively sharp and can very well be used, e.g. for testing
this type of stationarity at points computed via ImP. It would be a great challenge to derive
suitable optimality conditions also for the original continuous MPEEC (3). Unfortunately,
this problem is formulated over non-Asplund spaces (with a possible exception of the space
for the variable 7r) which are not amenable for a treatment via the Mordukhovich calculus.

If function %, in (4) happens to be Non-differentiable as in Remarks 2-3, then in the
generalized equation system defining S one has to do with sums of multifunctions. Such
situations occur in the so-called Stampacchia variational inequalities, whose sensitivity and
stability analysis represents a great open problem. One possible way to overcome this hurdle
could be a smoothening of %, or a smooth penalization of the constraint.

In this paper, apart from some particular cases like that mentioned in Remark 1, the
main peculiarity consists in the fact that the original continuous problem in (3) (whose
parameters 7 are to be identified) does not need to have a unique response. To control (or
identify) such systems is, from very fundamental reasons, very doubtful. Therefore, one
should interpret the approach used in this article carefully, counting only with a response
of (1) that can be approximated by a particular numerical method (4) and being aware that
possibly some other responses might exist and give even more accurate results. This is the
best one can do and assume in identification of system of the type (1) which may cover very
general situation, e.g. sudden ruptures which are naturally very difficult to be controlled (or
identified).
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