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Partitioned Alternating Least Squares Technique for
Canonical Polyadic Tensor Decomposition
Petr Tichavský, Anh-Huy Phan, and Andrzej Cichocki

Abstract—Canonical polyadic decomposition (CPD), also known
as parallel factor analysis, is a representation of a given tensor as a
sum of rank-one components. Traditional method for accomplishing CPD is the alternating least squares (ALS) algorithm. Convergence of ALS is known to be slow, especially when some factor matrices of the tensor contain nearly collinear columns. We propose
a novel variant of this technique, in which the factor matrices are
partitioned into blocks, and each iteration jointly updates blocks
of different factor matrices. Each partial optimization is quadratic
and can be done in closed form. The algorithm alternates between
different random partitionings of the matrices. As a result, a faster
convergence is achieved. Another improvement can be obtained
when the method is combined with the enhanced line search of
Rajih et al. Complexity per iteration is between those of the ALS
and the Levenberg–Marquardt (damped Gauss–Newton) method.
It is important, however, that the idea of alternating quadratic optimization with partitioned factor matrices is general and can be
applied to other variants of the tensor decomposition problems,
e.g., when non-Gaussian additive noise is considered.

I. INTRODUCTION
ANONICAL polyadic decomposition (CPD) of a tensor,
also known as parallel factor analysis (PARAFAC), is an
extension of a low-rank decomposition to higher-way arrays,
usually called tensors. It has many applications, e.g., in chemometrics, psychometrics, telecommunication, sensor array processing, data mining, neuroscience, blind source separation,
arithmetic complexity and others, see, e.g., [1]–[3], and the
references therein. Most of the existing methods of PARAFAC
are based on the alternating least squares (ALS) algorithm that
proceeds iteratively, and minimizes a criterion (that is usually
quadratic) of the fit with respect to individual factors one by one.
Convergence of the ALS algorithm was studied in [4], [5]. It
was shown to be linear, sublinear, or superlinear even in the case
of rank-one fitting. In the case of a general rank, the global convergence is not guaranteed, and side local minima may occur.
The convergence of ALS is known often to be slow if some of
the modes contain nearly collinear vectors, where the iteration
ends in a “convergence bottleneck,” or in “swamp” situations or

C

Manuscript received April 14, 2016; revised June 01, 2016; accepted June 03,
2016. Date of publication June 06, 2016; date of current version June 22, 2016.
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nearly “degenerate” cases, when the factors are highly collinear
in all modes [6]. In order to improve convergence of the ALS
in such cases, many alternative algorithms were developed,
namely, the enhanced line search (ELS) [7], semialgebraic
method [8], Levenberg–Marquardt (LM) algorithm [9], and
its fast implementations [10], [11], nonlinear search algorithm
using dog-leg trust-region method [12]. A comprehensive
comparison of these techniques exceeds the scope of this letter.
Although these algorithms have proved to be quite good in
many applications, ALS remains to be the most frequently used
algorithm for CPD because of its simplicity. We propose a novel
variant of this technique, which is less simple, but still transforms the problem to a series of quadratic optimizations so
that monotonic convergence is guaranteed just as in ALS. In
the method, the factor matrices are partitioned into blocks, and
in each step blocks of different matrices are jointly updated.
Each optimization subproblem is quadratic and can be solved
in closed form. The technique is referred to as partitioned ALS
(PALS). The partitioning can be taken at random or to follow
some criteria to reduce the complexity. As a default, we consider
random partitioning of the factor matrices.
The algorithm has appeared to converge much more regularly
than the ordinary ALS and requires much fewer iterations in
difficult scenarios, where the factor matrices contain collinear
or nearly collinear columns. Indeed, the convergence of ALS
can be made faster through the ELS technique, but both ALS
and ALS+ELS have the same points of slow or no convergence,
and in these points PALS may further reduce the fitting error.
Note that PALS can also be combined with the ELS technique.
The letter is organized as follows. Section II presents the
PALS algorithm, and ELS for completeness. Section III summarizes some implementation details. Section IV contains simulations and Section V concludes the letter.
II. PARTITIONED ALS
For simplicity, we restrict our presentation to third-order tensors. An extension of the proposed algorithm to higher-order
tensors is straightforward. Alternatively, for decomposition of
higher-order tensor one may use a technique of folding its dimension described in [13], which converts the CPD of the original tensor to CPDs of order-3 tensors.
Assume that a third-order tensor T of the dimension I × J ×
K has elements
Tij k =

R


Aif Bj f Ck f

(1)

f =1

where Aif , Bj f , and Ck f , are elements of factor matrices A, B,
and C, respectively, that have dimensions I × R, J × R, and
K × R. Here, R is the number of the factors. Symbolically, we
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Let tensor Y be a noisy observation of T . Then, the least squares
solution for θ can be written as

TABLE I
OUTLINE OF THE PALS ALGORITHM

θ̂ = J† vec(Y) = (JH J)−1 JH vec(Y) = H−1 g .
H

(8)

†

H

with H = J J and g = J vec(Y); the symbol stands for the
Moore–Penrose pseudoinverse, and H is the Hermitian transposition [1], [10].
Now, the matrix J can be partitioned in three blocks as
J = [JA , JB , JC ]

(9)

JA = (C1  B1 ) ⊗ II

(10)

where
write [1]
T = [[A, B, C]] .

(2)

The CPD model (2) of a tensor is multilinear. It means that
the model is linear with respect to each of the factor matrices
separately, but not jointly. Joint estimation of these factor matrices is effectively nonlinear. On the other hand, optimization
of the model fit with respect to each of the factor matrices can
proceed separately in closed form, and it is a global minimum
of the cost function. The ALS consists in a cyclic optimization
with respect to A, B, and C. The cost function


ϕ(T , A, B, C) = vec(T − [[A, B, C]])2

(3)

can be minimized in closed form, and convergence is monotonic.
Let i1 , i2 , i3 be disjoint subsets of the set {1, 2, . . . , R} such
that their union is the whole set. Note that one or two sets of
i1 , i2 , i3 can be empty. Let A1 be composed of those columns
of A indexed by i1 : in MATLAB notation it would be A1 =
A(:, i1 ). Similarly, A2 , A3 , B1 , . . . , C3 are defined.
The key observation of the PALS technique is that the tensor
is a linear function of (A1 , B2 , C3 ) provided that the other part
of the factor matrices are fixed, because
T = [[A1 , B1 , C1 ]] + [[A2 , B2 , C2 ]] + [[A3 , B3 , C3 ]] . (4)
The algorithm may proceed by cyclic update with respect to
(A1 , B2 , C3 ), (A2 , B3 , C1 ), and (A3 , B1 , C2 ). As a default,
we propose to take the partitioning (i1 , i2 , i3 ) at random after
each cycle above. The resultant algorithm is summarized in
Table I.
III. IMPLEMENTATION DETAILS
A. Partitioned ALS
Computation of the update of (A1 , B2 , C3 ) in the PALS can
be performed as follows. The relation between the vectorized
tensor and the parameter
θ = [vec(A1 )T , vec(B2 )T , vec(C3 )T ]T

(5)

can be written as
vec(T ) = J θ

(6)

∂vec(T )
.
∂θ

(7)

where
J=

 and ⊗ stand for the Khatri–Rao and the Kronecker product,
respectively, II is for the identity matrix of the size I × I, JB
is composed of |i2 | blocks of the form
JB = {C:,i ⊗ (IJ ⊗ A:,i )}i∈i 2

(11)

and JC is composed of |i3 | blocks of the form
JC = {IK ⊗ (B:,i ⊗ A:,i )}i∈i 3

(12)

and |i2 | and |i3 | denote numbers of elements in i2 and i3 , respectively. Note that computation of the error gradient g =
JH vec(Y) has the same complexity as computation of G in
the ordinary ALS, i.e., O(R4 ) if I = J = K = R. The matrix
H = JH J can be written as
⎡
⎤
HA A HA B HA C
H = ⎣ HB A HB B HB C ⎦
(13)
HC A HC B HC C
where
H
H
HA A = JH
A JA = [(B1 B1 )  (C1 C1 )] ⊗ II
H
H
HB B = JH
B JB = [(A2 A2 )  (C2 C2 )] ⊗ IJ
H
H
HC C = JH
C JC = [(A3 A3 )  (B3 B3 )] ⊗ IK
H
H
HA B = JH
A JB = {(C:,i C:,j )(A:,j B:,i )}i∈i 1 ,j ∈i 2
H
H
HA C = JH
A JC = {(B:,i B:,j )(A:,j C:,i )}i∈i 1 ,j ∈i 3
H
H
HB C = JH
B JC = {(A:,i A:,j )(B:,j C:,i )}i∈i 2 ,j ∈i 3

HB A = HH
AB ,

HC A = HH
AC ,

HC B = HH
BC .

Here,  denotes the Hadamard (elementwise) product. The matrix H has the size R2 × R2 so its inversion takes O(R6 ) operations in general. However, it can be easily seen that if the
sizes of i1 , i2 , i3 are not balanced, e.g., they obey |i1 | = O(R),
|i2 | = O(1) and |i3 | = O(1), then the inversion of H can be
found in O(R3 ) operations. This is the number of iterations
needed to invert the dominant diagonal block HA A because a
lemma on inversion of partitioned matrices can be used to compute the rest. Thus, a computationally cheaper variant of the
algorithm would use unbalanced partitions (i1 , i2 , i3 ).
Note that the ordinary ALS iteration is the special case of unbalanced PALS iteration with i1 = {1, . . . , R} and i2 = i3 =
{}. It has the complexity of O(R4 ) mainly due to the computation of the error gradient g.
If any of the tensor dimensions I, J, K is greater than the
tensor rank, the size of H can be larger, indeed. In the Appendix,
we show how the matrix can be inverted through the inversion
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of a matrix of the size L × L, where L = R2 − |i1 |2 − |i2 |2 −
|i3 |2 . The complexity is O(R6 ) for balanced partitionings |i1 | ≈
|i2 | ≈ |i3 | ≈ R/3 and O(R4 ) for unbalanced partitionings, e.g.,
|i1 | = R − 2, |i2 | = |i3 | = 1.
B. ALS/PALS for Incomplete Data
Finally, consider CPD of incomplete tensors. It means that
some elements of the tensor Y are not available. This task is
a special case of weighted CPD, where each tensor element
has its own weight in the quadratic criterion. In the case of
missing entries, the corresponding weights are set to zero and
all other tensor elements can have the weight one. In general,
the weights can be arbitrary nonnegative real numbers. Assume
that the nonnegative weights are stored in the tensor W of the
same shape as Y, and the target criterion is
√
vec( W)  [vec(Y) − vec(A (C  B)T )]2 .
The ALS (traditional or partitioned) can proceed as θ = H−1 g,
cf., (8), with the difference that
H = JH diag(vec(W))J

(14)

and
g = JH diag(vec(W))vec(Y) = JH vec(W  Y) .

Fig. 1. Convergence in the triple bottleneck case. Median (upper diagram)
and minimum (lower diagram) relative mse (fitting error) of 100 independent
runs of the algorithms, initialized by random initial factor matrices.

(15)

We note that there is no significant difference between complexity of one iteration of ALS and one iteration of PALS in this
case, because there is not fast inversion algorithm for the matrix
H in (14) with general W.
C. Enhanced Line Search
In this section, we briefly describe the ELS technique [7].
Assume one ALS/PALS iteration to be represented by the update
A ← A, B ← B, and C ← C. The ELS technique replaces
this step by outcome of the minimization of the cost function (3)
on the parametric set At = A + t(A − A), Bt = B + t(B −
B), and Ct = C + t(C − C). The cost function takes the form
of a polynomial in variable t of degree six, and its minimum
can be obtained as a root of the first-order derivative of the
polynomial. Finding the optimum step size t was shown to
improve the convergence, if one or two factor matrices contain
nearly collinear columns. The method was less successful if all
three factor matrices contained nearly collinear columns.
IV. SIMULATIONS
We have tested five CPD algorithms: ALS, ALS+ELS, PALS,
PALS+ELS, and LM algorithms on the case of a cubic tensor
of the size 20 × 20 × 20 of rank 20 with collinearity in two and
three modes, respectively. We have generated three orthogonal
matrices of the size 20 × 20, denoted A0 , B0 , and C0 at the
beginning. We divide each of them to four blocks of size 20 ×
5, i.e., A0 = [A01 , A02 , A03 , A04 ]. Then, the factor matrix A
was generated
√ as A = [A1 , A2 , A3 , A4 ], where Ak = c A0k (:
, 1)11×5 + 1 − c2 A0k for k = 1, 2, 3, 4, c is a free parameter,
and 11×5 is a row vector of 1’s of the size 1 × 5. We have
set c = 0.95. Thanks to this definition, each of the blocks Ak
contains five nearly collinear columns.
Similarly, B and C were composed of four blocks of nearly
collinear columns obtained using corresponding blocks of B0
and C0 . The decomposition was performed 100 times, with the

same random initial factor matrices for all methods, but new
in each trial. In Fig. 1, we show the median of the mse versus
the iteration number over all 100 trials, and the minimum mse
obtained by the algorithms under the test. We observed that although there was no noise added in the tensor T = [[A, B, C]],
we can see that none of the algorithms was able to recover the
exact-fit decomposition in the 100 random runs. It is because the
algorithms were stuck in false local minima. We observe, however, that the achieved mse of PALS, PALS+ELS were lower
than the mse of the other methods.
In the second example, referred to as a double bottleneck, see
Fig. 2, we keep the same A and B as in the first example, and
C = C0 . The median mse is the best for PALS and PALS+ELS,
but it is not close to zero again. However, the minimum mse
converges to machine zero ≈ 10−30 for ALS, ALS+ELS, PALS,
PALS+ELS. We have counted that this case happened in 1 out
of 100 trials for ALS and ALS-ELS, but in 10 out of 100 trials
of PALS and PALS-ELS. We conclude that probability of the
global convergence of PALS and PALS+ELS is higher than
probability of the convergence of the other techniques including
the LM algorithm, which is usually considered to be the best.
In the case that the tensor rank does not exceed the tensor dimension, it is possible to improve the global convergence of the
algorithms by considering a sophisticated initialization, namely
the direct trilinear decomposition (DTLD) [15]. Therefore, we
tested the algorithms on decomposing reduced-size tensors. The
tensors were built as in the former two examples, but then they
are truncated to the size 18 × 18 × 18. The rank of the tensor
remains to be the same, but DTLD is no longer applicable. In
order not to make the decomposition that hard, we set the parameter c to a lower value, c = 0.8. The results are shown in
Fig. 3. Now, we can see that PALS and PALS-ELS are good
again, and LM started to work.
For completeness, we report computational time of the five
algorithms needed to perform the 500 iterations of the algorithms, obtained on a standard PC with four kernels containing
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of the proposed methods is smoother. In general, the proposed
methods achieve lower cost function value than the other two
algorithms. The complexity of PALS and PALS+ELS algorithms is, however, higher and is between the complexity of
ALS and ALS+ELS and that of the LM algorithm, unless the
tensor has missing entries. In the latter case, the complexity of
ALS, ALS+ELS, PALS, and PALS+ELS is about the same.
The idea of PALS can also be used in other tensor decomposition models: fully or partially nonnegative tensor factorization,
or robust tensor factorizations [14].
MATLAB code of our implementation of the algorithms has
been posted on the web page of the first author.
APPENDIX
FAST INVERSION OF MATRIX H
In this section, we consider only real-valued tensors, for simplicity. Following the expression of the full Hessian stated in
[10, Th. 4.2], the Hessian matrix H in (13) can be expressed in
the low-rank adjustment as
Fig. 2. Convergence in the double bottleneck case. Median (upper diagram)
and minimum (lower diagram) relative mse (fitting error) of 100 independent
runs of the algorithms, initialized by random initial factor matrices.

H = G + Z PR P diag(v)PT ZT

(16)

where
G = bdiag(Γ1 ⊗ II , Γ2 ⊗ IJ , Γ3 ⊗ IK )

(17)

Z = bdiag(Id 1 ⊗ A, Id 2 ⊗ B, Id 3 ⊗ C)

(18)

v=

(3)
[vec(Q1,2 )T
(2)

(3)

(1)

(2)

(2)
, vec(Q1,3 )T

(1)
, vec(Q2,3 )T ]T

(1)

(19)

(3)

Γ1 = Q1,1  Q1,1 , Γ2 = Q2,2  Q2,2
Γ3 = Q3,3  Q3,3

(20)

dn = |in |, Q(1) = AT A, Q(2) = BT B, Q(3) = CT C, and
(n )
Qk ,l = Q(n ) (ik , il ) is a matrix of size dk × dl taken from Q(n ) ,
PR is permutation matrix of size R2 × R2 which maps vec(X)
to vec(XT ) = PR vec(X) for an R × R matrix X, and P is
an expansion matrix of 0 and 1 which maps the vector v of
length L = R2 − d21 − d22 − d23 to vectorization vec(Ξ) = Pv
of matrix Ξ of size R × R
⎡
⎤
(3)
(2)
0
Q1,2 Q1,3
⎢
(1) ⎥
Ξ = ⎣ Q(3)T
(21)
0 Q2,3 ⎦ .
1,2
(2)T

(1)T

Q1,3 Q2,3
Fig. 3. Convergence in the double bottleneck and triple bottleneck case with
c = 0.8 and reduced size of the tensor: median of 100 independent runs of the
algorithms, initialized by random initial factor matrices.

3.1 GHz processors. The times were 0.51, 1.82, 9.32, 11.68, and
125.02 s, respectively.
V. CONCLUSION
The PALS and PALS+ELS algorithms have proved higher
probability of convergence than ALS and ALS+ELS, respectively. While learning curves of the traditional methods may
contain long periods of apparently none or very little decrease
of the cost function followed by sudden jumps, convergence

0

Elements of v are assumed to be nonzero, otherwise we can
delete zero entries, shorten this vector, and modify the expansion matrix P accordingly. Following the matrix inversion
lemma (Woodbury identity), the inversion of H in (16) can be
performed as
H−1 = G−1 − G−1 ZPR P Φ−1 PT ZT G−1

(22)

where Φ is a matrix of size L × L
Φ = PT ZT G−1 ZPR P + diag(1

v)

(23)

and denotes the elementwise division. Thus, the inversion of
H can be implemented through inversions of Γ1 , Γ2 , Γ3 , and
Φ. The largest one is Φ having the size L × L.
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