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a b s t r a c t
This paper exploits knowledge made available by an external source in the form of a
predictive distribution in order to elicit a parameter prior. It uses the terminology of
Bayesian transfer learning, one of many domains dealing with reasoning as coherent
knowledge processing. An empirical solution of the addressed problem was provided in
[19], based on an interpretation of the external predictor as an empirical distribution
constructed from ﬁctitious data. In this paper, two main contributions are provided. First,
the problem is solved using formal hierarchical Bayesian modeling [25], and the knowledge
transfer is achieved optimally, i.e. in the minimum-KLD sense. Second, this hierarchical
setting yields a distribution on the set of possible priors, with the choice [19] acting as the
base distribution. This allows randomized choices of the prior to be generated, avoiding
costly and/or intractable estimation of this prior. It also provides measures of uncertainty
in the prior choice, allowing subsequent learning tasks to be assessed for robustness to
this prior choice. The instantiation of the method in already published applications in
knowledge elicitation, recursive learning and ﬂat cooperation of adaptive controllers is
recalled, and prospective application domains are also mentioned.
© 2017 Elsevier Inc. All rights reserved.

1. Bayesian transfer learning via prior elicitation
A fundamental concern in Bayesian transfer learning [32,34] is to exploit the probabilistic knowledge of an external
agent (known as the source task), and use it to improve the Bayesian learning of a primary agent (known as the target
task). A principal mechanism by which this knowledge transfer can take place is for the primary agent (target) to be parametric. Then, transfer learning involves elicitation of the parameter prior conditioned on the external (source) knowledge.
Prior elicitation is a fundamental concern in Bayesian learning [15,22], with many principles adopted for the purpose. In particular, the minimum Kullback–Leibler divergence (KLD) principle [17] provides an axiomatically justiﬁed way of transferring
source knowledge when eliciting a distribution. Maximum entropy [11] and minimum cross-entropy [29] prior elicitation
are special cases. More recently, fully probabilistic design (FPD) [25] has provided an unrestricted minimum-KLD mechanism for eliciting Bayesian models. The current paper applies this general theory to a speciﬁc problem of Bayesian transfer
learning. We elicit an optimal parameter prior conditioned by probabilistic source knowledge in the form of a predictor.
This generalizes a result [19] available in the special case where the source knowledge is in the form of a random sample.
It also equips the elicited prior with uncertainty quantiﬁers, something that is important in robustness studies [27].
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The formulation of the transfer learning problem in this paper—and its solution via FPD—lies at an intersection between
statistics, adaptive prediction and control, and decision making under uncertainty. The notation and vocabulary therefore
differ in some respects from those usually adopted in machine learning, but the correspondences are explained where
appropriate throughout the paper. In particular, the application contexts in machine learning [9,10,32,34,35] are reviewed.
2. Task deﬁnition and solution methodology
We address the fundamental task of optimally choosing (which we call designing in this paper) the prior distribution of
a parameter, , by transferring knowledge from an external source [34]. Speciﬁcally, this knowledge is transferred in the
form of a predictive distribution, FE (x). It quantiﬁes the beliefs of the external source in respect of an uncertain quantity
of interest, x, and having processed a data set, survey or other statistical resources not directly available to the primary
-parameterized modeler of x (i.e. the target task). In the case where this predictor is degenerate at a point, xE (i.e. the
source knowledge is crisp), then Bayes’ rule is the unique consistent mechanism for transferring xE into a (conditional)
distribution for , once the primary modeler speciﬁes a stochastic generative model, FI (x|). We interpret FE (x) as a
constraint on the primary modeler’s knowledge. Furthermore, we adopt a fully Bayesian hierarchical framework, furnishing
the unknown parameter prior with its own hyper-prior.
In this paper, the optimal design of the hierarchy in the presence of the external predictive constraint, FE (x), is treated
as a problem of randomized decision-making. We adopt fully probabilistic design (FPD), which is an axiomatic framework
for optimal design of decision strategies. Its formal justiﬁcation was provided in [17], and extended in [25] to the design
of distributional hierarchies. FPD is closely related to KL control proposed by [12,33], and developed and applied in a
range of papers, e.g. [8,13]. FPD is also consistent with Bernardo’s theory on the utility-based ranking of distributional
approximations [3]. The relations between FPD designs, and those emerging from classical maximum entropy [11] and
minimum cross-entropy [29] principles, were explored in [25].
2.1. Layout
In Section 3, we formalize the Bayesian transfer learning problem in terms of FPD-based optimal parameter prior design,
and we prove our main result by way of a theorem. This specializes the theory in [25] to the case where the source
knowledge is a predictive distribution. In Section 4, we examine special cases of the prior design, based on the modeler’s
speciﬁc ideals. This provides formal justiﬁcation for designs which have been proposed informally in [19] and applied in
[15]. In Section 4, we relate the proposed methodology to published contexts in machine learning and related domains.
In Section 5, we apply the theory speciﬁcally in a recursive signal processing context, in knowledge elicitation and in
distributed adaptive control. We conclude the paper in Section 6, mainly by aligning our results with the general area of
Bayesian knowledge transfer, and transfer learning, while pointing to promising future application domains.
2.2. Notational conventions

• M, A, S, F denote probability distributions. They are described by densities with respect to a dominating measure, either
counting or Lebesgue [26].

• M and A denote unspeciﬁed (variational) distributions; F denotes a distribution whose functional form is known a priori.
• Subscripts, I and E , denote ideal (speciﬁed by the modeler) and external quantities, respectively, as deﬁned in Section 3.
• FPD-optimal objects (distributions, parameters, estimates, etc.) are distinguished by the superscript o , with deﬁnitions
given in Section 3.

• EM [·] is the expectation of the argument with respect to the distribution M.
• Bold symbols, M, x, etc., denote the set of possible values of an unknown quantity, M, x, etc.
3. FPD of the predictor-constrained parameter prior
Consider a Bayesian parametric modeler, I , of an unknown quantity, x. Typically, x is a future observation, and I adopts
the parametric distribution, FI (x|), which is known up to the value of the ﬁnite-dimensional parameter,  ∈ . In considered Bayesian modeling, I also speciﬁes a prior distribution, FI (), for , which quantiﬁes their beliefs about  before x
is observed. I ’s ideal1 model of the augmented set, (x, ) ∈ (x × ), is therefore factorized by the chain rule of probability
functions:

MI (x, |FI ) ≡ FI (x, ) = FI (x|)FI ().

(1)

The role of the ideal distribution in our work will be explored after (7).

1
The term ‘ideal’ is used in papers dealing with fully probabilistic design [17,25]. In the related KL control literature [8,12], terms such as ‘reference/desired/modeler-speciﬁed distribution’ are used, but with a much narrower interpretation of its role.
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We extend this usual setting of Bayesian inference to a broader transfer learning context, as follows:

• Additional knowledge about x is transferred to I via a known, externally sourced, predictive distribution, FE (x). This
is the external source’s probabilistic knowledge of the same quantity, x, that is being modeled parametrically by I , via
FI (x|).
• I ’s prior distribution of , following the transfer of FE (x), is denoted by A(|FE ). This prior is assumed to be unknown
to I . Therefore, following the Bayesian framework of this paper, it is modeled by I hierarchically, via the hyper-prior,
S(A|FE ).
To avoid technicalities connected with the fact that A ∼ S is—in the most general case—a nonparametric process, we assume that the set  has a ﬁnite cardinality. This allows us to treat S as a parametric density, as assumed in Section 2.2.
The form of the resulting solution will not depend on this assumption, as further discussed in Section 4.3.

I ’s augmented collection of unknowns is therefore:

(x, , A) ∈ x ×  × A.

(2)

I ’s joint model, M, is now conditioned on the unspeciﬁed (i.e. variational) hyper-prior, S(A|FE ), and on the speciﬁed transferred knowledge, FE (x). It factorizes via the chain rule:
M(x, , A|S, FE ) ≡ M(x|, A, S, FE )M(|A, S, FE )M(A|S, FE ),
where the hyper-prior distribution, S, is deﬁned in the second bullet point above. We adopt the following assumptions:

• I replaces their parametric knowledge of x with the externally sourced predictor, FE (x). Technically, given FE (x), I models x as conditionally independent of :
M(x|, A, S, FE ) ≡ FE (x).
This key assumption allows a systematic exploitation of the knowledge accumulated by the external source irrespective
of how that knowledge was accumulated. It can, for instance, arise as: (i) the probabilistic description of the whole
population to which the modeled object, x, belongs; (ii) the predictor obtained via a completely different type of
model from the one considered; (iii) the probabilistic expert’s belief about x gained by informal reasoning; and (iv) the
empirical distribution observed on a similar object (e.g. by simulating x).
• We invoke the usual conditional independence property of a distributional hierarchy:

M(|A, S, FE ) ≡ A(|FE ).

(3)

This reﬂects the fact that knowledge of the externally supplied distribution, FE , is suﬃcient for inﬂuencing the description of the unknown , via A. Thus, the hyper-prior S generating it brings no additional information about . This also
reﬂects the usual Markov dependency structure between , A and S in the hierarchy.
• By the deﬁnition of S:

M(A|S, FE ) ≡ S(A|FE ).

I ’s joint model for (2), conditioned on S and FE , therefore becomes:
M(x, , A|S, FE ) ≡ FE (x)A(|FE )S(A|FE ).

(4)

We seek an optimal and principled choice for the unknown

M ∈ M ≡ {models of the form (4), FE ﬁxed, A generated by variational S}.

(5)

In general, if: (i) I ’s knowledge conﬁnes M to a speciﬁc set, M; and (ii) I speciﬁes an ideal choice for M, denoted by
the known distribution, MI ; then the FPD optimal model—denoted by Mo —is deﬁned as the following unique, axiomatically
optimal choice, consistent with this knowledge and the ideal speciﬁcation:

Mo (x, , A|So , FE ) ≡ arg min D(M||MI ), where
M∈M

D(M||MI ) is the Kullback–Leibler divergence (KLD, [20]) from M to MI :
  
M
.
D(M||MI ) ≡ EM ln
MI

(6)

(7)

We refer to Mo as the FPD-optimal choice of (augmented) model, and we refer to the Bayesian modeler, I , who chooses
Mo , as the FPD-optimal model. Conceptually, FPD chooses Mo as the one closest to MI (in the KLD sense), subject to the
knowledge constraint, M ∈ M.

A. Quinn et al. / International Journal of Approximate Reasoning 84 (2017) 150–158

153

Note, from the deﬁnition of FPD (6), that Mo = MI if MI ∈ M. Therefore, the ideal can be interpreted as the I -speciﬁed
optimal choice in the absence of any active knowledge constraint. It acts as the datum to which knowledge-constrained choices,
M ∈ M, are referenced, allowing these to be ranked in a KLD sense (6).
It remains to specify I ’s ideal distribution, MI , in (6) and (7), on the augmented set (2). As already noted in (1), I ’s
model for x—prior to the transfer of the externally sourced knowledge, FE (x)—is parametric, being FI (x|). The parameter
pre-prior is FI (), which, again, must be understood as I ’s knowledge of unknown , not only prior to x being realized, but
also prior to the transfer of the probabilistic knowledge of x, i.e. FE (x), from the external source. The optimal design of M (4)
should therefore be close to this ideal, while also processing the supplied knowledge, FE (x). The appropriate speciﬁcation
of I ’s ideal augmented distribution for the purposes of FPD (6) is therefore:

MI (x, , A|FI , SI , FE ) ≡ MI (x, |FI )MI (A|SI , FE )

≡ FI (x|)FI ()SI (A|FE );

(8)

i.e. I speciﬁes their ideal for (x, ) ∈ x ×  and for A conditionally independently, given FI and SI , respectively. We will
examine appropriate speciﬁcations of SI (A|FE ) in Section 4. For now, we derive an expression for the FPD-optimal choice of
augmented prior model (6), in the transfer learning context speciﬁed above.
Theorem 1 (FPD of predictor-constrained prior). Let the Bayesian modeler, I : (i) adopt the ideal deﬁned via the hierarchical model
(8); (ii) constrain their knowledge via transfer of an externally sourced predictor, FE (x), in the way described in (4); and (iii) place no
special constraints on the sets, A = ∅ and S = ∅, of A and S respectively. Then, the FPD-optimal hierarchical model, being the solution
of (6), is:

Mo (x, , A|So , FE ) = FE (x)A(|FE )So (A|FE ), where


S (A|FE ) ∝ SI (A|FE ) exp −D(A||Â)
⎛

(9)



o

Â(|FE ) ∝ FI () exp ⎝

(10)

⎞

ln(FI (x|))FE (x) dx⎠ ,

(11)

x

while it is assumed that (11) is a proper distribution. The consistent FPD-optimal design of A is

Mo (|So , FE ) ≡ Ao (|FE ) = ESo [A].

(12)

Proof. Inserting (4) and (8) into (7):


D(M||MI ) =

ln

x××A

FE (x)A(|FE )S(A|FE )



FI (x|)FI ()SI (A|FE )

× FE (x)A(|FE )S(A|FE ) dx d dA
⎤
⎡




⎣ FE (x) ln FE (x) dx + ln A(|FE )S(A|FE ) ⎦
=
FI (x|)
FI ()SI (A|FE )
×A

=

x

× A(|FE )S(A|FE ) d dA


A(|FE )S(A|FE )
ln

×A

Â(|FE )SI (A|FE )

A(|FE )S(A|FE ) d dA − HFE − ln(c Ao ),

where Â(|FE ) is deﬁned in (11), with normalizing constant,

⎛

FI () exp ⎝

c Ao ≡
and c

FE (x) ln(FI (x|)) dx⎠ d,
x


Ao

⎞

< ∞ by assumption. Also,

HF E ≡ −

FE (x) ln(FE (x)) dx
x

is the differential entropy of the external predictor, FE . Hence:
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D(M||MI ) =


D(A||Â) + ln

A

S(A|FE )



SI (A|FE )

S(A|FE ) dA − HFE − ln(c Ao )

= D(S||So ) − HFE − ln(c Ao c So ),

(13)

where S (A|FE ) is deﬁned in (10), with normalizing constant,
o



c So ≡



SI (A|FE ) exp −D(A||Â) dA,
A

and c < ∞ (i.e. So is proper). By the properties of the KLD, the ﬁrst term on the right-hand side of (13) achieves its
minimal value of 0 if S = So . Furthermore, the second and third terms are invariant with S. Inserting (13) into (6), and
noting that S(A|FE ) is the only free (variational) factor in M (4), the FPD-optimal design of M is (9). Noting, from (9), that the
FPD-optimal predictor of x is Mo (x|So , FE ) = FE (x) (the externally supplied predictor), by design, and that x is independent
of (, A) under Mo , it follows that the FPD-optimal distribution of A is Mo (A|So , FE ) = So (A|FE ) (10). Furthermore, the
FPD-optimal distribution of  ∈  is, by marginalization,
So

Mo (|So , FE ) =

Mo (, A|So , FE ) dA
A

(9)


=

A So (A|FE ) dA ≡ ESo [A].

2

A

4. Discussion
Fully probabilistic design of hierarchical models—in quite general settings—has been published recently [25]. Hierarchical
FPD allows many speciﬁcations of probabilistic knowledge—including hierarchical moment constraints, generalizing conventional entropy optimization settings [11,29]—to be transferred from an external source to the primary modeler, I , i.e. to
the target [34]. The crisp (estimated) prior elicitations, Â(·), of conventional approaches are here replaced by an optimal
stochastic model, A ∼ So , allowing randomized and/or robust designs of A to be chosen. Theorem 1 above can be understood as a specialization of the general framework [25] to the problem of the FPD-optimal parameter prior design for a
parametric hierarchy, Mo (9), under the constraint of an external predictive distribution, FE (x). It accomplishes an important
Bayesian transfer learning task with wide applicability, as addressed in Sections 5 and 6.
The discussion below relates our solution to speciﬁc settings in the literature, providing additional insight into it.
4.1. On special cases of the FPD-optimal prior, Ao (|FE )
The FPD-optimal design of A(|FE ), having transferred the predictive distribution, FE (x), from the external source is
given by Ao (|FE ) (12), and its FPD-optimal stochastic model (hyper-prior) is given by (10). Note that Â(|FE ) (11) enters
So (A|FE ) as its base distribution [7], around which randomized choices of A(|FE ) are distributed. Of course, Â = Ao in
general, see (11), (12). From (10), Â is the maximum a posteriori (MAP) distributional estimate of A in the case where SI is
a high-entropy (i.e. diffuse) distribution.
Consider the special case where the transferred knowledge of x is certain, with xE being a ‘crisp’ realization of x:

FE (x) ≡ δ(x − xE ).

(14)

Here, δ(·) is the distribution that is degenerate at xE . Inserting this into (11), and using the standard integral property of
δ(·):

Â(|FE ) ≡ Â(|xE ) ∝ FI ()FI (xE |).
Therefore, in this case, the FPD-optimal transfer of external knowledge to I ’s base distribution (10) is consistent with
Bayes’ rule using the ideal model, MI (1). However, this is not true in general. Consider the transfer of an external random
sample, xE ≡ {xE,1 , . . . , xE,νE }, νE ≥ 1. The induced predictive distribution under a Dirichlet nonparametric process prior is
the empirical distribution [7]:

FE (x) = νE−1



δ(x − xE,i ).

(15)

i

For consistency with Bayes’ rule in this

νE = 1 case, the following heuristic adaptation of (11) is necessary:
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⎞

Â(|FE , νE ) ∝ FI () exp ⎝νE

ln FI (x|)FE (x) dx⎠ .

(16)

x

Now, inserting (15) into (16) leads again to Bayes’ rule:

Â(|FE , νE ) ≡ Â(|xE ) ∝ FI ()



FI (xE,i |).

(17)

i

The deterministic prior (16) for transferring an externally sourced predictive distribution, FE , was informally proposed in
[19], based on the progression (15)–(17). In Section 4.2, we will discuss how the adaptation (16) might be justiﬁed in the
formal (FPD) context of the current paper.
Theorem 1 reveals that (11) is the MAP distributional estimate of A(|FE ), if a high-entropy SI (A|FE ) is chosen by the
designer of S. As already mentioned, the hierarchical setting of this paper quantiﬁes the uncertainty in choices of unknown
A, via the FPD-optimal hyper-prior, So (10). Among the advantages of this relaxation are: (i) that randomized choices,
A ∼ So , may be drawn, eliminating the need for (often expensive) computation of distributional estimates such as Â (11) or
Ao (12); and (ii) that robustness to choices of A can be studied formally through the provision of So .
4.2. On degrees-of-freedom parameters
Fully probabilistic design allows free speciﬁcation of the ideal factors in (8) by the designer.2 The FPD design, (10)
and (11), reveals the conjugate (invariant) choice [5] for SI (A|FE ) and FI (), respectively. Adopting these (with degreesof-freedom parameters, νSI > 0 and νFI > 0, respectively), then—by construction—the following functionally invariant forms
result:





So (A|FE , νSo ) ∝ exp −νSo D(A||Â) , where

⎛

Â(|FE , νÂ ) ∝ exp ⎝νÂ

⎞

ln FI (x|)FE (x) dx⎠ .

(18)

x

Here, νSo = νSI + 1, and νÂ = νFI + 1. This same adapted form of Â is recovered in the case where an annealed observation
model [31] is adopted in (8):

MI (x|, FI , νÂ ) ∝ [FI (x|)]νÂ .
T Â ≡ ν −1 is the chosen annealing temperature [31], which may be set by the designer in order to control the inﬂuence of
Â

the knowledge transfer through Â (18), ranging from the uniform case when T Â → ∞ (little knowledge transfer), to cases
that are highly informed by FE (x), when T Â → 0. Comparing (18) with (16), and assuming a high-entropy pre-prior, FI (),
a related interpretation of νÂ (18) is therefore as a prior degrees-of-freedom parameter, counting the number of samples
available for transfer from the external source via the empirical predictor, FE (x).
These proposals for engendering (non-unitary) νSo and νÂ in (18) are unsatisfactory in one key respect: they depend
on informative and highly structured prior distributions, without clearly specifying the knowledge thereby processed by the
modeler, I (Section 3). A focus of our current research is on the formal speciﬁcation of such knowledge in hierarchical FPD.
This will allow Theorem 1 (i.e. (10) and (11)) to be adapted axiomatically, yielding the degrees-of-freedom terms in (18).
A preliminary proposal along these lines has recently been published [14].
It was shown in [25] that the FPD-optimal choice of the hyper-prior S(A|FE ) (4) concentrates at Â (11), i.e.

So (A|FE ) = δ(A − Â),
if SI ≡ S. This is the case where no ideal is speciﬁed for S. It is therefore the formal condition which justiﬁes the deterministic prior design in [19]. As discussed in Section 4.1, there are signiﬁcant advantages in the stochastic relaxation achieved in
Theorem 1, by way of A ∼ So (10).

4.3. On the nonparametric case
Recall that the adoption of a probability distribution (density), S(A|FE ), on A(|FE ) ∈ A (4) formally makes A parametric.
If this assumption is relaxed, then the fully probabilistic design of a nonparametric hierarchy [7] (4) is required. In order
to avoid technicalities of measure theory,  ∈  can be quantized into m < ∞ measurable states, ensuring that A is a
2
Nevertheless, the parametric model for x, being FI (x|) (1), is often informed or imposed by the modeler’s knowledge of the mechanism, often physical,
for generation of x.
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probability mass function in the (m − 1)-dimensional open probability simplex [24]. Since no constraint is placed on the
value and number, m, of the vertices of this quantizer, it follows that (10) is the FPD-optimal choice of S for any ﬁnite
measurable partition of . We conjecture that this result can be fully extended to a nonparametric process, A [7], and that
(10) is, indeed, the FPD-optimal prior for arbitrary algebras on .
5. Current applications of the proposed transfer learning mechanism
Bayesian transfer learning via prior elicitation, in the presence of probabilistic knowledge transferred from an external
source, has many important precedents in the machine learning literature. As a way of encouraging the adoption of the
axiomatic framework in this paper, we summarize: (i) a classic application in signal processing, Subsection 5.1; (ii) its use
in prior elicitation, Subsection 5.2; (iii) an application in distributed adaptive control, Subsection 5.3. These illustrate the
potential ease with which the FPD-optimal knowledge transfer can be accomplished in quite diverse domains.
5.1. Recursive learning of the normal mean and variance via transfer of a normal source
Consider: (i) Bayesian point estimation of the mean, θ , and variance, r—i.e.  ≡ (θ, r ) in (1)—of the normal model,
N (θ, r ), for scalar x; (ii) an externally sourced normal predictor, x ∼ FE (x) ≡ N (xE , rE ); (iii) the conjugate, normal-inversegamma pre-prior distribution [2], FI (), with expected values, EFI [θ] = θ̂I and EFI [r ] = r̂I , and having νFI degrees-of-freedom;
and (iv) the FPD-optimal MAP distributional estimate, Â(|FE , νÂ ) (18), of the unknown prior, A(|FE ), after transfer learning with FE . Here, we are adopting the high-entropy speciﬁcation of SI (A|FE ) in (10), and the variant (18) of (11), with
νÂ degrees-of-freedom, which was discussed in Subsection 4.2. Under these assumptions, Â(|FE , νÂ ) (18) preserves the
conjugate normal-inverse-gamma form, with moments

νFI
e E , e E = xE − θ̂I , where ν o = νFI + νÂ ,
νo
νF
r̂ o = r̂I + oI (e 2E − r̂I + rE ).
ν

θ̂ o = θ̂I +

(19)

The evolution (19), whose general setting is provided by Proposition 6 in [16], resembles a step of recursive least squares
[23] and reduces to it for ‘crisp’ external prediction (14) with zero variance of FE , i.e. rE = 0. The weight, νÂ > 0, set
by the designer, I , allows the inﬂuence of the processed external information to be controlled,
even in this special case.

In sequential processing of actual realizations of x, the performance of the predictor,  FI (x|)Â(|FE , νÂ ) d, can be
optimized with respect to the weight νÂ [15].
This simple illustration points to the potential for optimal Bayesian transfer learning using FPD. Recursive computational
ﬂows of this kind are vital in computation-critical machine learning applications, such as those in real-time and/or highdimensional contexts [28]. It illustrates how the uncertainty in the source knowledge (via rE > 0) is transferred to the target
task in a principled way, and without disrupting the recursive ﬂow. What this simple example does not illustrate is the
practical impact of the theory in providing an optimal hyper-prior So for unknown A, via (10). A recursive structure will be
preserved, if unknown A is assumed to have the parametric normal-inverse-gamma form.
The self-reproducing property of the distributions in this setting is not rare. It extends to the whole exponential family
[1], being the prominent class of distributions that have self-reproducing [18] priors in the way shown above. This family includes multivariate Gaussian autoregressive–regressive normal models linear in the regression coeﬃcients, the most
generally parameterized Markov chain models, and many static models including the Poisson distribution, exponential distribution, etc.
5.2. Prior elicitation
In the classical Bayesian sequential learning context, the Bayesian modeler, I , observes a sequence of data, x1 , . . . , xt ,
t = 1, 2, . . ., and adopts the identical generative model, FI (x|) (1) independently for each xt ∈ x. I learns about their
unknown, ﬁnite-dimensional parameter,  ∈ , by evolving their posterior distribution, Ft (), (uniquely) using Bayes’ rule:
Ft () ∝ FI (xt |)Ft −1 (). The choice of the prior, F() ≡ F0 () (1), is critical, particularly when short-horizon (small t)
decisions must be constructed on the basis of this learning. The sensitivity to prior choice is especially critical in model
selection, an issue of central concern in machine learning [9]. F() ≡ F(| K ) acts as the transfer/encoding/projection of
I ’s (expert) knowledge, K , into a stochastic model for  ∈ , prior to observing the xt ’s. K is typically in the form of
opinions, obsolete data, data from related but distinct (e.g. simulated) systems, data expressed on inconsistent scales and
in inconsistent units. The transfer of these into F()—i.e. the prior elicitation task—is therefore a demanding technical
challenge [22]. Even when a transfer mechanism is agreed among several experts, based on agreed expert knowledge, K ,
there remains sensitivity to the pre-prior (reference prior) [4] used by the designer to initiate the prior elicitation.
The contributions of the FPD prior elicitation framework in this paper are, among others, that: (i) It is formulated
under the assumption that the heterogeneous knowledge, K , has been transformed into the unit-less and universal
FE (x) ≡ FE (x| K ), being the predictive distribution of the sequence, xt , above. This motivated the work in [15], which proposed a machine transformation of heterogeneous K into FE (x). (ii) This universal representation of external knowledge
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is then transferred to I ’s prior by merging with their pre-prior, FI (), yielding the axiomatically supported and optimal
choice, F() ≡ Ao (|FE ) (12). As already discussed, [15] achieved the transfer of FE (x) via the heuristically motivated base
distribution (18) only. They elaborated the solution for the ﬂexible Gaussian linear regressive and autoregressive generative
model. (iii) Theorem 1 furnishes Ao (|FE ) with the optimized pre-prior, So (A|FE ). This will be an important component in
studying robustness to particular prior elicitation choices.
5.3. Distributed adaptive control and learning
Distributed adaptive control [16] addresses a potentially unlimited network of relatively simple control nodes. Any particular node controls a small number of variables, y 1 , . . . , yt , at time moments, t = 1, 2, . . ., and considers other accessible
variables, x1 , . . . , xt , as external. These external variables provide knowledge about the state of the network interacting with
the node in question at time t, but their control is handled by other nodes. This is a classical approach to the control of
complex industrial, transportation and social systems, and is an area of active research [30]. The Bayesian transfer learning
paradigm has a profound impact in this distributed adaptive control context. If we consider any one node in the network, it
recursively learns a model of all its variables (xt , yt , along with , speciﬁed below), and uses this model in order to design
an optimal controller. The forecasted time evolution of the node’s external variables, xt , is modeled by the node using a
simple parametric dynamic model, FI (xt |xt −1 , ). The node learns this parametrically, by evolving the posterior distribution,
FI (|xt −1 , . . . , x1 ) [23]. As usual, it designs a controller for its controlled variables, yt , by optimizing an appropriate criterion. In the Bayesian context, this optimization seeks to exploit the predictive distribution of the node’s controlled variables,
i.e. FE ( yt |xt −1 , . . . , x1 ), which is readily available at each step. The node’s controlled variables, yt , are treated as external
variables (xt ≡ yt ) by other nodes. Therefore, these other nodes can transfer FE from nodes they interact with, in order to
improve their FI (|xt −1 , . . . , x1 ) to FI (|xt −1 , . . . , x1 , FE ). It is precisely this external predictive knowledge transfer that is
accomplished in an FPD-optimal way in this paper (Theorem 1).
This approach was adopted in [16] using the heuristic distributional estimate in (18), but without the uncertainty elicitation in this estimate provided by Theorem 1 (10). Also, this framework is readily applicable to contexts such as distributed
ﬁltering [6], exploitation of crowd wisdom [21], and many other distributed learning tasks.
6. Conclusions
Methodologically, this brief paper casts the heuristically motivated transfer of external probabilistic knowledge [19] into a
wider axiomatically-supported framework of fully probabilistic design [17,25]. It achieves this through prior elicitation, and,
in so doing, adopts a hierarchical setting, which furnishes the elicited prior with uncertainty. It is therefore a rather general
tool for use in a wide range of Bayesian transfer learning tasks [34]. In addition to those applications already considered
in Section 5, we can point to others which should beneﬁt from a systematic application of the general tool presented here.
These include the reinforcement learning problem addressed in [32], the combination of population and instance-speciﬁc
predictors examined in [35], and a transfer learning paradigm for enhancing brain–computer interfaces adopted in [10]. This
tiny reference sample illustrates the commonality of the problem that our paper addresses:
(i)
(ii)
(iii)
(iv)

a source of knowledge—external to the modeler, I —is projected into a probabilistic predictor, FE (x), of some quantity, x;
a stochastic relation, FI (x|), of potentially observable x to unknown quantities, , is modeled by I ;
I ’s knowledge about , before transfer learning is accomplished, is quantiﬁed by a pre-prior, FI (); and
the external probabilistic knowledge, FE (x), is to be transferred to I , improving FI () to A(|FE ).

As such, this paper is an invitation to the machine-learning, statistics, signal processing, adaptive systems and decisionmaking communities to deploy this fully probabilistic design framework in the many Bayesian transfer learning contexts
which are amenable to it. Its promise is not only in its axiomatic justiﬁcation and optimality. It is also in the construction
of an optimal stochastic model for choosing A(|FE ), establishing a Bayesian nonparametric (BNP) setting for the approach.
This, in turn, brings the advantage of computing a randomized choice in place of (often expensive) computation of a distributional estimate. It also provides the basis for studying the robustness of down-stream learning to this prior choice. In
particular, it can quantify the cost in replacing a complex choice of A(|FE ) with a simpler one, and for balancing subsequent exploitation and exploration efforts. The hierarchical nature of this transfer learning solution is distinctive. Its full
exploitation along these lines—as well as its formalization in a BNP setting—will be a worthwhile focus for our future research. A priority will also be to engender the degrees-of-freedom parameters in (18) via formal knowledge speciﬁcation
and FPD-based transfer.
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