Optimal Value of Loans via Stochastic Programming
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Abstract. A question of mortgage leads to serious and complicated problems of
financial mathematics. On one side is a bank with an aim to have a “good” profit, on
the other side is the client trying to invest money safely, with possible “small” risk.
Let us suppose that a young married couple is in a position of client. Young people
know that an expected and also unexpected unpleasant financial situation can happen.
Many unpleasant financial situation can be caused by a random factor. Consequently
stochastic methods are suitable to secure against them.

The aim of the suggested model is not only to state a maximal reasonable value of
loans, but also to endure unpleasant financial period. To this end we employ stochas-
tic optimization theory. A few suitable models will be introduced. The choice of
the model depends on environment of the young people. Models will be with “de-
terministic” constraints, probability constraints, but also with stochastic dominance
constraints. The suggested models will be analyzed both from the numerical point of
view and from possible method solution based on data. Except static one—objective
problem we suggest also multi—objective models.
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nance constraints, probability constraints.

JEL classification: C44
AMS classification: 90C15

1 Introduction

Let us construct and analyze a very simple financial model. To this end we consider a situation about a mortgage
and instalments supposing a situation of young married couple. Young people wants to get own residence (a flat
or a little house). Since they do not posses necessary financial resources, the bank sector offers them a mortgage.
Of course bank can employ excellent experts to minimize their risk and maximize profit in dependence of debtor’s
position. The aim of our approach is to analyze the situation from the second side. In particular our aim is to
investigate the possibilities of the debtors not only in dependence of their present—day situation, but also on their
future private and subjective decision and on the possible “unpleasant” financial situation. In details, the aim is to
suggest a method for a security of a “safe” loan and simultaneously to offer tactics to state a plausible environment
for future time. Of course we suppose that our analysis is one of the first contribution to this situation. To this end
we start with very standard situation of young people considered already in [6]. The young married couple decides
to take loan of the value M. A question is how to choice value of M to be safe for them and simultaneously to
secure them their wish of a comfortable flat.

To start with a responsible analyze of their situation we assume that a monthly income of young married people
in a start point t = 0 is

Zo=Uy+Vy, where Uy isanincome of husband and Vj is an income of the wife.

Evidently, this income can be divided into three parts Z}, Z3, Z3, where Z; denotes means for a basic consump-
tion, ZZ denotes means that can be employed for a repayment of installments and Z3 can be considered as an
allocation to saving. Consequently

Zo=25+ 25+ 23, Zy, Z3 >0, Z5 > 0. (1)

Supposing the annuity repayments, which is the most standard way of repaying the loan, we denote (as mentioned
already above) by a symbol M the value of the loan, by m number of identical installments and by ( the loan
interest rate, then the identical installments b(M) := b(M, ) at time points ¢t = 1, 2, ..., m (see, e.g., [7] or
[12]) are given by

b(M) = b)) = 5=, C(#0, v=0v()=1+7,
L ¢=0.

m’
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It follows from the relations (1), (2) that (in the case when ¢ # 0) it is desirable (in “static” approach) the following
inequality
ME(1+¢™

= 72 3
to be fulfilled. Of course, this condition (in the extreme case) can be replaced by the inequality
M¢(1+¢m 2 3
e e /- B/ 4

If it is possible to assume that the relations (1), (2) will be fulfilled also in future, then the young people can take the
loan equal to the maximal value M for which the inequality (3) (respective (4)) is fulfilled. However mostly it is
necessary to assume that the financial situation of young married couple can change. For example: it is reasonable
to assume that in some time period, say (mi, ms), 0 < m; < mg < m the married couple plan to have a baby.
According to this fact and to the social politics of the state the young people can assume the less income in this
time. We construct a few mathematical models according to the client possibilities; furthermore we analyze them.
To this end the theory of stochastic programming will be employed.

2 Simple Mathematical Models
2.1 Analysis of Situation

To construct mathematical models we suppose that the aim of the young people is to determine maximal “reason-
able” safety loan M. To this end let

o Xy CR"...... nonempty compact sets ¢t € {0, ..., m},
o M......... value of loan,
© M......... number of identical installments,
o (......... interest rate corresponding to the loan,
o i, income of young married couple at time point ¢ € {0, 1, ..., m},
o Up.oooo.... income of husband at time point ¢ € {0, 1, ..., m},
o Vi....... income of wife at time point ¢t € {0, 1, ..., m},
o Z}l..... ... means determined for basic consumption at time point ¢ € {0, 1, ..., m},
o ZZ......... means determined for repayment of installment at time point ¢ € {0, 1, ..., m},
o Z}......... allocation (maybe random) for saving in time point ¢ € {0, 1, ..., m},
o (my, ma)...... time interval in which income of wife is supposed to be smaller,
o &gy random returns at time ¢ and assets j, ¢ € {0, 1,..., m}, j € {1, 2},
e J ={1, 2} system of assets,
© Tyj...... decision variables, ¢ € {0, 1,..., m}, j € {1, 2},
L4 :I"t:[xt,17zt,2]7 t:()a 13"'7m7
i gt:[gt,lagt,QL t=0,1,..., m,
o gy =& 101+ & 272, £=0,...,m,
Vg z3
L }/tZTtgt,l—"Ttgt,Qa t:0,...,m,
o F .. ... distribution function covering all random values that occur in the corresponding model,

Z ... support corresponding to F.

Remark. We suppose (without loss of generality) that young people can the amount Z} (at every time point
t € (0, m)) invest only in two assets J = {1, 2}. Of course, in a real-life situation mostly more possibilities exist.

To analyze the situation we suppose that M fulfils the relation

M¢(1+ 9™ 2
2 < 7 fi t=0,... -1 1, ... .
A+om-1 -7 o L
Consequently if
M(¢(1 m
(15_(<)—:LC_)1 < Z? alsoforevery t € (my, ma), %)

then everything is OK. (This can happen, if for example one of the following situation happen: M is small in
comparison with income of young people; the husband have two positions in the time interval (m1, ma); the wife
can work home; parents helps). But usually the situation is not such pleasant and the following inequality

M1 +o™

m > Z% can happen for some t € (my, my). 6)



Evidently, the trouble starts in the case (6). Young people can protect against them. Especially they can save at the

time points t = 0, 1, ..., m; — 1 means Z} to be fulfilled the inequality
1—1
(m2 —mq + M[C(1+ ()™ 2 2 S 3
§m2—m1+IZ—Zm + Z, (7)
(under the assumption Z? = Z2,t =0, ..., my — 1; Z? = Zﬁll, t = my, ..., mo. If the last inequality (7) is

fulfilled, then they endure the time period (mq, msy) without financial troubles.

2.2 Model Construction

Till now we have assumed that Z} is deterministic value. It is known that a random component very often exists
in salary. Just this component is suitable for saving. We consider in our analysis both cases: deterministic and
random. However for simplicity (without loss of generality) we consider only special case m; = 2,mo = 4; m
given by the relation (2). First we consider a completely deterministic model:

I. The young people can invest the deterministic amounts Z3, Z3 into two deterministic assets to obtain

in the first year the value €0,1%0,1 + €0,270,2

under the assumptions Zo,1 + Xo,2 < Zg, 0,1, 70,2 >0, xzye X,
in the second year the value €1,171,1 + €1,2%1,2
under the assumptions T11t+ 212 <Z}, x11,112>0, z1€ Xy,

where ¢; j, ¢ =0, 1, j = 1, 2 are deterministic constants.

We assume in this model that the profit obtained at time ¢ = 0 can not influence the invested amount at time
t=1.

Evidently, it is desirable (for young people) fulfilling of the relation

1
< (mo—my+1)[Z25 — Z2, ]+ Z[Ci,lxi,l + Ci 2% 2] 3
=0

(m2 —my + 1)MI[((1 +()™]
(1+¢Qm -1

Consequently, supposing m; = 2, my = 4; Z2 = 7Z%; anl = Z2,t € (my, ma); ¢i, 4, % J = 1, 2 determin-
istic, we obtain a deterministic optimization model:

Find max M )]

under the constraints

3
o1 +To2 < Zy, xo1,To2 >0, zo€ Xo.

3
r11+x12 < Z7, x11,7122>0, w1 € Xy,

M¢(1+O)™ < 72

Troym=T for t=0,...m—1,mo+1,...,m,

1
3M[C(14¢)™
% <3[283 - Z3) + g:o[ci,lmm + ¢i0%i 9]

The problem (9) is a problem of linear programming. Consequently, it can be analyzed and solved employing
the theory of linear programming.

II. We consider again Z7, t = 0, 1, ..., m deterministic. However, in the difference to the case I, young people
can invest the value Z; into two assets with random returns &; 1, & 2, t = 0, 1. Consequently it is necessary
to determine x¢ 1, Zo,2, 1,1, 1,2 fulfilling the relations

3

%01+ To2 < Zy, @o,1, To,2 = 0,
3

11+ 712 <27, 11, %1220

to obtain random values go ‘= go(fﬂo, 50) = 60711‘071 + EO7QI072,

g1 = gi(z1, &) = §12,1 + &1,271 2.



Evidently, it is possible also to define random values Y, Y; by

3 3
Yo:Yo(&) = %50,1 + %50,27

3 3 10
Y1:=Y%1(&) = %51,1 + %51,2- (10)

Employing the theory of the stochastic dominance [11] it is “reasonable” to determine xg 1, T¢,2, 1,1, 1,2
such that
Fy =1 Iy, Fy =1 Fy,,

(11)
or Fyy =2 Fy, Fg, =2 Fy,.

The first relation in (11) is known as a stochastic dominance of the first order; the second relation is known as
stochastic dominance of the second order. To define stochastic dominance of the second order it is necessary to
assume that the first moments of the random values go (o, &), g1(z1, &1), Yo, Y1, exist for zg € Xo, 1 €
X, . (More about the definition of the stochastic dominance can be find, e.g., in [11].)

Of course, it is also desirable (for young people) in this case the fulfilling of the relation

1

<3[Z5 - Z3] + Z[fi,lfﬂi,l + &i2wi 2] (12)
i=0

3MIC(1+¢)™]
1+¢m—-1

However, the inequality (12) depends on the random elements &; ;, 7 = 0, 1, j = 1, 2. Consequently, the
“sense” of this inequality has to be defined. We consider it in probability.
Consequently, we can obtain the following optimization model depending on a probability measure:

Find max M (13)

under the constraints
3
Toq1 +To2 <2y, o, Toz >0,

3
i1+ T12 <27, x11,712 >0,

(14)
MC(1+O™ _
Togmer  <Z¢ for t=0,1,5...,m,
BMICA+ O™ _ g 2 1, N
PF{W <3Z5 — Zp,] + ;[&,1%,1 +&oxio]} >1—¢, €€(0,1), (15)
Ep(u—go(zo, &)t < (u—Yo(é))*, we R, zo€ Xo,
(16)

Er(u—gi(z1, )T < (u—-Yi(&)T, weR', z€ Xy

The equivalence of the relation (11) and (16) has been proven by Ruszczynski, see e.g., [11].

The constraints (14) are linear, constraints (16) under general conditions are convex. However (from the
numerical point of view) the constraint (15) can be a problem.
I1I. Deterministic Z3, t = 0, 1, ..., m can be replaced by random values with probability one to be non negative.

We assume that young people can random amounts Z3, Z3 invest into two assets to obtain:
[ ]

in the original year the value £0,120,1 + £0,2%0,2

under the assumptions 20,1 + 202 < Zg, Zo,1,%02 >0, 9 € Xo,
[ )

in the second year the value &1171,1 + €127 2

under the assumptions 21,1+ 212 < Zi‘, 11,212 >0, x1 € Xjy.

We assume in this case that the profit obtained in the time ¢ = 0 can not influence the invested amount at the
time t = 1.



Evidently, it is desirable in this case the fulfilling of the relation

1

< 3[Z5 — Z3]) + Z[ft,lil?t,l + &2 2] (17
t=0

3MIC(1+ Q)™
(1+¢m—1

and, simultaneously, the constraints with random factors
3 3
o1+ To2 < Zy, w11+ x12 < Z7.

We consider all these constraints with the random factors in probability. Consequently we obtain stochastic
optimization problem:

Find max M (18)

under the system of constraints

M1 +™ 2

— 2 < 7 t=20,1 1

(1 +C)m' . 1 = 0> 07 ) 5a m7 ( 9)
Pp{aig + a0 < ZP} > 1—g, e €(0,1), 31, 200 >0, t=0,1,5,..m, (20)

PF{id?fJ[fé)lIE):} < B[Z5 — Zo+ Y [&amen + & o]} > 1 — &0,
=0
2D

1
i=

€0 € (0, 1).

In this case the constraints (19) is linear, the constraint (20) can be rewritten into linear conditions [4]. Difficulty
arises only with the constraint (20); the same as in the problem II.

Remark. In all introduced cases we consider only the problem of choice the value M. However, surely it is very
reasonable and suitable to maximize profit obtained by an investment at all time point in the interval (0, m) or in
the time interval {(msy + 1, m). Because the profit is a random value, it is reasonable to look for optimal solution
with respect of the mathematical expectation. Evidently in this case we obtain two—objective optimization problem.

3 Conclusion

In the last decades many people try to gain their own residence. Since they do not posses sufficient means, the
bank sector offer them the loan. The aim of this contribution is to give a preliminary analysis of their situations and
possible responsible behaviour. In the paper a very simple stochastic optimization problems have been introduced.
However the model has been constructed to guarantee only very small “risk” for young people. However on the
other side only completely deterministic model can be solved by classical numerical methods. The other models
obtained do not contain convex constraints.

But replacing theoretical distribution by empirical one we obtain “good” estimates of the original problem. To
more details see the literature about empirical estimates e.g.,[1],[2], [4], [5], [8], [9], [10].
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