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1. Introduction

One distinguished class of utility functions exploited in multiple-criteria decision making is formed by universal integrals
on [0, 1] introduced by Klement et al. [6]. They calculate a global evaluation of alternatives characterized by score vectors
from [0, 1]", where n is the number of considered criteria. The most applied integrals are the Choquet integral [1] and
the Sugeno integral [9]. Among the other universal integrals on [0, 1], recall the Shilkret integral [8], Weber integral [11]
and copula-based integrals [7]. All these discrete integrals are based on a normed monotone measure on the space [n] =
{1,...,n} named capacity.

Recently, Dubois and Rico [2]| have studied the equality of Choquet (Sugeno) integrals of particular couples of score
vectors, considering possibility and necessity measures as underlying capacities. Inspired by their results, we extend their
problem to all universal integrals on [0, 1], aiming to characterize, for a fixed possibility (necessity) measure and a fixed
score vector X, the class of all score vectors with integral values identical to those related to X, independently of the
considered universal integral on [0, 1].

The paper is organized as follows. In the next section, we introduce some necessary preliminaries concerning capacities
and universal integrals. In Section 3, we study and discuss the above sketched problem considering possibility measures. In
Section 4, necessity measures are considered. Finally, some concluding remarks are added.

* Corresponding author.
E-mail addresses: chentao@cuc.edu.cn (T. Chen), radko.mesiar@stuba.sk (R. Mesiar), lijun@cuc.edu.cn (J. Li), andrea.stupnanova@stuba.sk (A. Stupifianova).

http://dx.doi.org/10.1016/j.ijar.2017.04.008
0888-613X/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.ijar.2017.04.008
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ijar
mailto:chentao@cuc.edu.cn
mailto:radko.mesiar@stuba.sk
mailto:lijun@cuc.edu.cn
mailto:andrea.stupnanova@stuba.sk
http://dx.doi.org/10.1016/j.ijar.2017.04.008
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijar.2017.04.008&domain=pdf

T. Chen et al. / International Journal of Approximate Reasoning 86 (2017) 62-72 63

2. Preliminaries

For a fixed n > 2, we denote [n] = {1,...,n}. For any X = (x1,...,X,) € [0,1]", we denote by (-) a permutation (-) :
[n] — [n] such that x(1) <--- < X@), and X(0) = 0 by convention. More, we will use notation A = {(i), ..., (n)}. Though the
permutation (-) need not be unique (this happens if there are some ties in the sample (xq,...,x;)), this has no influence

on the results presented later. Further, we will use the standard lattice notation Vv for the join (maximum on [0, 1]) and A
for the meet (minimum on [0, 1]).

Definition 2.1 (/10]). A monotone set function s : 2[" — [0, 1] is called a capacity whenever it satisfies two boundary con-
ditions ©(¥) =0 and w([n]) = 1. A capacity w is called a possibility (necessity) measure whenever it is maxitive (minitive),
ie, if

H(AUB) = u(A) v u(B) (L(ANB) = u(A) A L(B))
for any A, B C [n]. The set of all capacities on [n] will be denoted as M.

For any possibility measure IT, the function 7 : [n] — [0, 1], 7 (i) = [1({i}) is called a possibility distribution (of IT) [12],
and for any A C [n] it holds

(A =\/ (),
icA
with convention that supremum of the empty set is 0. For any capacity u : 2" — [0, 1], its dual (conjugate) capacity
w2 5 10, 1] is given by

pA(A)=1—pu(n]\ A).

Necessity measures are dual to possibility measures, i.e., N: 2" — [0, 1] is a necessity measure if and only if its conjugate
N9 =TI is a possibility measure. Considering the possibility distribution 7 of II, it holds

N(A) =1— \/n(i).
i¢A

The greatest capacity p* : 2" — [0, 1] is given by

0 ifA=90

1 (A) =
1 else

and it is a possibility measure with possibility distribution 7* = 1.
Its dual .,

1 ifA=[n]

Mox (A) =
0 else

is a necessity measure, and it is the smallest capacity on [n].
Before introducing the concept of universal integrals on [0, 1] we recall the notion of a semicopula.

Definition 2.2 (/3]). An operation ® : [0, 112 = [0, 1] is called a semicopula whenever it is increasing in both coordinates
and 1 is its neutral element, i.e.,, x® 1=1Q x=x for all x € [0, 1].

The greatest semicopula A : [0, 1]> — [0, 1] is the standard min operator, x A y = min{x, y}. The smallest semicopula is
the drastic product Tp,

xAy ifxvy=1
xT =
by 0 else

Another distinguished semicopulas are the product Tp, xTp y =x-y, and the Lukasiewicz t-norm Ty, xT; y = max{x+ y —
1,0}.
The concept of universal integrals was proposed by Klement et al. [6], and it covers all integrals mentioned in Section 1.

Definition 2.3. Let ® : [0, 11> — [0, 1] be a fixed semicopula. The mapping I : U My x[0,1]" — [0, 1] is called a (®-based)
neN
universal integral on [0, 1] whenever the next axioms are satisfied:
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(U1) I is increasing in both coordinates, i.e., I(u1,X") < I(uz,x®) for all w1, 2 € Mp, 1 < 2 and xD x@ ¢
[0, 177, x( < X<2);

(U2) I(u,c-14) =c® u(A) for any i € Mp,c€[0,1] and A C [n];

(U3) I, Xy =I(uy, x@) for any integral equivalent couples
(1, xD) € [0, 1™, (12, x?) € [0, 1]™,
(i e X" = th) = pa((j € )| X > 1)) for all £ €0, 1],

Note that due to [5, Theorem 3] the axioms (U1) and (U3) can be merged into a unique axiom (U4) equivalent to the
simultaneous validity of (U1) and (U3), requiring

(U4) I(eq, XDy <I(ua, x@) whenever for all t € [0, 1] it holds
i e mlx” = t}) < pa(( € )| xP > ).

Recall that the Choquet and the Shilkret integral are based on the product semicopula and that for u € M, and x € [0, 1]"
they are defined by

n

Ch(, X) = > " (xq) — Xi—1) (A and
i=1

n
Sh(1. %) = \/ xi) (A,
i=1
(k)
Iy

respectively. Among some other universal integrals based on the product we recall integrals o k € N, which are the only

integrals being simultaneously universal and decomposition integrals [4],

k k
19 %) =sup " an(An] (Al is achain, @), € 10,15, Y aila, =x}.

P
i=1 i=1

Note that Sh = l(T]) < I(Tz) <...< I(Tk) <... and that Ch=\/ I(Tk). In fact, on M, x [0, 11", the integrals Ch and l<T") coincide.
P P P ken 7 P
Sugeno integral Su is related to the greatest semicopula A and it is given by

Su(i, ) = \/ (i) A 1(Ag)).
i=1

Coming back to the axiom (U3), denote by h;, x : [0, 1] — [0, 1] a function given by
hux(®) = wui € [n]|x; > t}).

Due to the increasingness of u, the function h;, x is decreasing and h;, x(0) = 1. In probability theory, h, x can be seen as a
survival function of random vector x (considering the probability space ([n], 2["], 1)), and with a slight abuse of terminology,
we will call h, x a survival function for any couple (1, X) € M, x [0, 11", n € N. Recall that, in probability theory, the survival
function S : R — [0, 1] of a random variable X (on a probability space (L2, A, P)) is given by S(x) = P(X > x). In our context,
for the extremal capacities u* and u. it holds

1 ift< X(n) 1 ift< X(1)
hx x(t) = , and h t) = .
wex(®) {O otherwise e (6) 0 otherwise

Due to the axiom (U3), the coincidence of survival functions hm_,xu) = hm,x<2> ensures the coincidence I(u1,x™) =

I(;t2,Xx?) for any universal integral I acting on [0, 1]. So, for example, if the considered capacity u € M, is symmetric,
i.e, i(A) depends on cardinality |A| of the set A C [n] only, then for any permutation o : [n] — [n], any x € [0, 1]" and any
universal integral I it holds I(u, X) =I(u, X5 ), where Xs = (Xo (1) - - -, Xo))-

Inspired by results of Dubois and Rico [2], we focus on possibility and necessity measures, and in particular on the
equality of the related survival functions. This equality ensures the equality of related universal integrals, including the
equality of Choquet and Sugeno integrals studied in [2].

3. Possibility measures and equality of survival functions

For a fixed n > 2, let IT € Mj, be a possibility measure, and let 7 : [n] — [0, 1] be the related possibility distribution. For
a fixed score vector x € [0, 1]", we describe the corresponding survival function.
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e denotes the value of x;

A denotes the value of x (1) hﬂ,x
1t AUy ur=1 °
Xa=ty | .
Xp=ty .
0.5} A
0.4} ° AUz 1,=0.4 o=
0 1 2 3 0 X2 X3

Fig. 1. lllustration of Example 3.1, construction of hp x.

Proposition 3.1. The survival function hr x : [0, 1] — [0, 1] is given by

hnx(t) = \/ 7 (i) = M(A(iy,)), Whereix = min{j € [n]|xj) >t}.

Xi>t

65

(1)

The proof of Proposition 3.1 follows from the previous definitions. For a better clarification of survival function hp x,

observe first that

hnx(t)=1=u; forany te[0,t1], t1 =\/x,~.

Recall that uq = IT([n]).

For up =TI([n]\ {i € [n]|x; <t1}) = [1({i| x; > t1}) =\/7 (i), we have

Xj>1t1

e either u; =0 and then hy x(t) =0 for any t €]t1, 1],

e or uy > 0 then hpy x(t) = uy for any t € ]tq, tp], where t; =\/x;.

By induction, we have

o hx(t)=ur >0 forany t €Jty_q,tx] fork=1,...,r, and

e hnx(t) =0 for any t €]tr, 1],

where tg =0, uy=\/7 (i), and < either uy =0 and then r =k — 1,

7 (i)=uy

Xi>le-1 <& or ug > 0 and then t; :\/xi.
T (i)=uy
Observe that if, by chance, an interval ]t,t] is considered, then the corresponding claim is always valid due to the fact

that 1t, t] = 4.

Example 3.1. Consider a possibility distribution 7 : [3] — [0, 1] given by

7(1)=05,7(2)=1and 7(3) =0.4.

Then for any x € [0, 1]% such that x; < x, < x3 we have t; = xy, i.e. hn x(t) =1 for any ¢t € [0, x2]. Next, up =TII({3}) =

7(3)=0.4 and t; =x3, i.e, hy x(t) = 0.4 for any t € ]xy, x3]. As u3 =0, we can summarize

1 ift €10, x2]
hnx(t) =104 iftelxy,x3]
0 ift e]x3, 1].

For illustration, see Fig. 1.
Similarly, if x; > x > x3, it holds

1 ift €10, x2]
hn’x(t) =105 ifte]xy, x1]
0 ift €]xq1, 1]. O
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As already mentioned, for the greatest capacity u* € M, it holds

n
1 ifte [0, \/xi]

hy.*,x(t) = i=1

0 else.

n n

Obviously, hy«x = hy+y if and only if \/ x; = \/ y;. Then the greatest score vector x* € [0, 1]" such that hy« x = hy = x= is
i=1 i=1

the constant vector

n n
= \/xi,...,\/x,).
i=1 i=1

On the other hand, there is no smallest vector X, such that h,« x = hj,+ x, whenever x # (0, ..., 0). However then, there are
n minimal vectors X1, ..., X, such that hy« x =hy« x, =+ =hyx x,, where

" n
X]:(\/X,’,O,...,O),...,Xn:(oguwov\/xl')'
i=1 i=1

Definition 3.1. Let 1 € M, and x € [0, 1]" be fixed. Any score vector y € [0, 1]" such that hy, x = h;,y is called p-integral
equivalent to x.

The set of all score vectors p-integral equivalent to X is denoted as H(u, X).

The main aim of this section is the description of the set #(IT,X), where IT is a possibility measure on [n], and
X is a score vector from [0, 1]". Note that for any possibility measure IT € M,, such that T1(A) > 0 whenever A # @,
H(IT, (0,...,0)) ={(0,...,0)]}.

Considering again the greatest capacity u* € M,, we see that

H(p*, %) = [ye [o, 1]”' \vi= \/Xi} :
i=1 i=1

Then, if y,z € H(u*,x) also y v z € H(u*, X), i.e., H(u*,X) is an upper semi-lattice with top element x*. Moreover, if
x # (0,...,0), then H(u*, X) is not a convex subset of [0, 1]", though it can be represented as a union of 2" — 2 convex
n

subsets of [0, 1]". Denoting \/ x; = ¢ > 0, the mentioned convex classes are related to proper subsets A C [n],
i=1

Ha(uw*,x) ={ye[0,c]"|y;=cforanyie A}.

For any capacity p € M, we have an equivalence relation ~, on [0, 1]" defined by x ~, y if and only if h; x =h, y. Then
it is obvious that H(u, X) is an equivalence class of ~, containing the vector x.

Theorem 3.1. Under the previous notation, y € H(I1, x) if and only if

\/ yi=tjand y; <tjwhenever w (i) > ujyq forall j=1,...,1.
7 (i)=u;

The set H.(T1, X) is an upper semi-lattice with the top element x' given by

W tj wheneveru;>m(i) > ujy, j=1,...,r
! 1  whenever (i) =0

)
fori=1,...,n.

Proof. The proof follows from Proposition 3.1. Indeed, based on (1) we see that y € H(IT, x) if and only if, for any ¢t € [0, 1],
it holds \/ m(j)= \/ m(i). In particular, we see that \/y; =t (recall that uy =1), and thus hp y(t) =1 for any t €

yj=t x>t m(i)=1
[0, t1]. Moreover, \/m (i) =up, and \/ y; =ty, hence h y(t) = uy for any t €]t1, tz]. The proof of equality hpy = hp x
yi>t 7 (i)=uy

follows by induction.
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For any y, z € [0, 1]",
hnyvz () =T({i € [n]ly; vV zi =2 t}) =TI({i € [n]|y; = t} U {i € [n]|z; > t}) =

=i enllyi=t) vI{i€[nllzi = t}) =hmy(t) Vv hr z(0).

Then, for any y,z € Hn x, hr,yvz =hnyV hnz which implies yvz € Hp x, i.e., H x is an upper semi-lattice. The descrip-
tion of its top element x follows from the first part of this theorem. O

Theorem 3.1 was already exemplified considering the greatest possibility measure ©*. As another extremal case, consider
1 ifkeA

the Dirac measure 8y, k € [n], §x(A) = .. The measure §y is one of n minimal possibility measures on [n], and
0 otherwise

1 iftel0,x]

its possibility distribution is just the characteristic function 14, x(t) = .
0 otherwise

»and H (8. x) = {y € [0, 11"] yix = xi}

with top element x%* = (1,...,1,x,1,...,1).

Example 3.2. Continuing in Example 3.1, for any x € [0, 113 such that x; < xo < x5 it holds

H(I,x) ={y € [0, 11| y1 <x2,y2 = X2, ¥y3 = x3}.

Note that the permutation o related to IT is given by o = (2, 1,3) and X7+ = (x2, X2, x3) is the top element of H(I1,Xx). O

Dubois and Rico [2] have introduced two special members of the class H(IT,x). If IT is a possibility measure related
to a possibility distribution 7 : [n] — [0, 1] which is decreasing, i.e., 1=m (1) > 7w (2) > --- > m(n), then their score vector
xT €0, 1]" given by

xh= \/ Xj, ieln], (2)
7 ()= (i)
satisfies the constraints given in Theorem 3.1 and thus x* € H(I1, X), and, moreover X is the top element of H(I1, X), Xx™ =
xT whenever 7 (n) > 0.
Observe that if 77 (n) = 0 then the value x, has no influence on the survival function hp x, and then, if X # 1, clearly x™
cannot be a top element of H(IT, X).
Note that if 1=7(1) > 7 (2) > --- > w(n) then

i
+ _ .
Xt =\/x.
j=1

If there are some ties, w(j) =7 (j+ 1), then
ki
xﬁ:\/xj for alli € [n],

j=1

where k; = max{j € [n]| 7 (j) =m (i)}.
To see the fact that, if 77 (n) > 0, X is the top element of H(IT,x) (i.e., X+ € H(IT, x), and for any y € H(I1, x) it holds
y < xT), suppose that there is y € #(IT, X) not satisfying y < x*. This means that y; > xf for some i € [n].

o Suppose first y1 > x?’. Then hpy(y1) =1 but hpx(t) < 1if t > xT. This means that hpp x(¥1) <1 and thus y ¢ H(I1, x).

o For the rest of the proof, suppose y; < XT, s Yr<xt and yrp1 > x:ﬁrl for some r e {1,...,n—1}. Then hp y(yr41) =
m(r+1) but

hnx(Yre1) =max{m ()| j>r+1,%; > yri1}
<max{m(j)|j>r+1.x>x" ) <m(r+1)

(with convention max ¥ = 0), and thus also now y ¢ H(I1, X).

For a general possibility measure IT, based on a permutation o : [n] — [n] such that 1=nw(c (1)) > w7 (0c(2)) > ---
7 (o (n)), they have introduced a score vector X% € H(I1, X), where

%

i
X = \/Xa(j) ienl. (3)
j=1
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Observe that ¢ is not unique whenever the range of 7 consists from less than n elements, i.e., if (i) = 7 (j) for some
i # j. Then also the score vector x°>* need not be uniquely determined by IT, and hence it need not be the top element of
H(IT, x). As an example, consider again the greatest possibility measure p*. Then any permutation o satisfies 7 (o (1)) >

70 (2)> ---> (o (n)). For n=3 and x=(1 2 1),it holds:

33
12
X120+ (2 2 1) =x,
33
1
x(]32),+=<_71’]),
3
2 2
X210+ (2 29),
3'3

2
x(231),+ — <_7 1, 1) ,
3

xC1D+ = (1,1,1) =x"",
xG2DF = (1,1,1) =x*".

Coming back to x given by (2), note that this formula can be applied for any possibility measure IT with a possibility
distribution 7. We have the next corollary of Theorem 3.1 and whose particular case when 1 = (1) > --- > 7 (n) was
already discussed above.

Corollary 3.1. For x € [0, 11", define x* by (2), i.e., xi+ =\ x;. Then xt e H(I1, x). Moreover, x* = xI is the top element of H.(I1, X)
T (H=m (@)
whenever m (i) > 0 for any i € [n].

Example 3.3. For k =1, consider the Dirac measure §; and the score vector x=(a,0,...,0), a [0, 1]. Then
xT=x=(a,0,...,0)0butx’ =(a,1,...,1).

Observe that 77 (1) = 0 in this case and that xT is not a top element of (81, X). On the other hand, considering the greatest
possibility measure u* we have

xt=x*" =(,...,q).
Recall that for p* it holds 7*(1) =---=7m*(n) =1 > 0, while for §; we have 7 (1)=1but 7 (2)=---=7(n)=0. O
The next characterization of possibility measures is a modification of Theorem 1 (related to the Choquet integral) and

Theorem 6 (related to the Sugeno integral) from Dubois and Rico paper [2], where no integral is applied, and thus a
strengthening of the results of [2].

Theorem 3.2. Let . € M, be a capacity. Then the following are equivalent:

(i) w is a possibility measure;
(ii) there is a permutation o : [n] — [n] such that for any A C [n], (14)°°" € H (i1, 14), where 14 is the characteristic function of A,

140) = {(1) ij Z 2 and (14)°°T is given by (3), i.e.,

A7+ =\/1aa (j).

j=1

Proof. The implication (i) = (ii) follows from Corollary 3.1.

Suppose that (ii) is valid and denote 7 (i) = p({i}). Observe that, for any A C[n], hy1,(t) = {] ) Lflstez O- Fix k € [n]
m

and put Ag = {k}. Then
(127" =1p,, where By = {i € [n]|o ' (k) < i},
and hence

7 (k) = u(Ay) = w(By) = u({i e nllo~ (k) < i}).
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For an arbitrary A C [n], |A| > 1, it holds

(14)” " =1p, where B = {i € [n]‘ \/(T_](k) < i} .

keA

Let ko € A be such that o~ 1(kg) = \/ o~ (k). Then 7 (ko) = \/ (k) and B = By,. It follows that
keA keA

J1(A) = (W(B) = ((Byy) =7 (ko) = \/ 7 (),
keA

i.e,, w is a possibility measure and 7 is the corresponding possibility distribution. O

Example 3.4.
(i) Consider the possibility measure IT on [3] from Example 3.1. For the permutation o =o~! = (2 1 3) we have:

14 (0,0,0), (1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1), (1,1, 1)
14,% (0,0,0), (0,1,1), (1,1,1), (0,0,1), (1,1,1), (0,1,1), (1,1,1), (1,1, 1)"

In all 8 cases it holds hr 1, :hn,(lA)a,+. Note that if 14 = (eq, e2, e3) € {0, 1} then

IZ’+ = (ep,e1Vey,e1VveyVves).
.. . 1 if cardA>1 1 ift=0
(ii) For n =3, define a capacity u € M3, wu(A)= th carda > .For A={1}, hy,1,(t) = !

0 otherwise 0 otherwise’

On the other hand, for any ternary permutation ¢ such that o (3) =3,
hu,(IA)a.Jr(t) =1 forall te[0,1].

Similarly, if o (3) # 3, the property (ii) in Theorem 3.2 is violated. Obviously, the considered capacity w is not a possi-
bility measure. 0O

4. Necessity measures and equality of survival functions
For any capacity p € My, for its dual capacity u? € M, it holds, for any x € [0, 1],
hya (O = pl({i € ]| x> 1) =1 - p({j € ]| x; <t)).
Thus hya=hya, for some y € [0, 1]" if and only if
u({jenllxj <t} =pieln]y; <t} forany t € [0, 1],
or, equivalently,
n{jen]|1—xj>up)=p{ien]|1—y;>u}) foranyu € [0, 1].
On the other hand, we have, for any t €]0, 1],
hy1-x@® =pdill —x > t}) =influ({i|l —x >up|uel0,t[}.
These facts prove the next result.
Proposition 4.1. For any capacity (. € My, and score vector X € [0, 11", it holds the next equality
1—H(, %) =Hu', 1-x), 4)

where 1 — H(u,x) ={1 —yly € H(u,X)}.

The equality (4) allows to rewrite all results introduced in Section 3 for possibility measures for the case when necessity
measures are considered.
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e denotes the value of x;
A denotes the value of (1)

hn x
1 Al=-w, ° 1
Xa=Vy [ ]
0.5 Al=-w, W,=0.5} . "
04 A
X1=Vp .
‘ . ‘ Wi =0 .
0 1 2 3 o x X 1

Fig. 2. lllustration of constructing hy x.

Let N € M, be a necessity measure related to a possibility distribution 7z, and let x € [0, 1]". Then the next results hold
Theorem 4.1. The survival function hy x : [0, 1] — [0, 1] is given by

hvx(®) =1-\/7() (5)
Xj<t
and then hy x(t) =0 = wq foranyt € vy, vol, wherevo=1,v1 =\ x;= /\ x;.Notethatifv, =1thenhy x> 0forallt € [0, 1].
w(i)=1-wy m(i)=1
Next,put wy=1— \/ (i) and vy =/\ x;. Then

Xi<t1 w(i)=1-wy

e either wy =1 and then hy x(t) =1 forany t € [0, v1],
e or wy < 1then hy x(t) = wy forany t € vy, v1l.

By induction, we have

o hyx(t) = wy forany t €lvg, vk_1] fork=1,...,r, and
e hyx(t)=1foranyt e [0, v/],

where wy =1 —\/m (i), and < either wy =1, and thenr =k — 1,
X<V O or wi < 1, and then vy =/\ X;.

m(i)=1—wy
The construction of hy x (based on 7, x from Example 3.1) is illustrated in Fig. 2.

Theorem 4.2. Under the notation of Theorem 4.1,y € H(N,X) ifand only if /A  yi=vjandy; > vjwheneverm (i) > 1 —
T(H=1-w;j

Wi forall j=1,...,1. The set H(N,X) is a lower semi-lattice with the bottom element Xy given by
()i = w;j whenever 1 —w;>m (@) >1—-wjyq, j=1,...,r
0 whenever m (i) =0,
fori=1,...,n.
Example 4.1.

(i) Dirac measures are simultaneously possibility and necessity measures. Thus, for any k € [n] and x € [0, 11", H(8, X) is
a lattice with the top element x* = (1,...,x,1,...,1) and the bottom element Xs, = (0,...,%.,0,...,0). Note that

H(Sk, X) ={y € [0, 11" yx = x¢},

and it is a convex set.
(ii) The smallest capacity ., € My is a necessity measure and

H (b, X) = [ye [0, 1]”‘ N\vi= /\Xi} :
i=1 i=1
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n n

Obviously, its bottom element is X, = (/\ Xiy.ooos N\ xi), but it has no top element whenever x # (1,...,1). On the
i=1 i=1

other hand, the lower semi-lattice H(/4+, X) has n maximal elements whenever x# (1,...,1). O

Due to Theorem 4.2, we see that for any score vector x € [0, 1]" and any necessity measure N related to a possibility
distribution 7, the vector X~ introduced by Dubois and Rico [2] by

xi= /\ x. ielnl (6)

7 (j)=7 (i)

belongs to the class H(N, Xx).
Similarly, if o : [n] — [n] is a permutation such that 7 (o (1)) > 7 (0 (2)) > --- > (o (n)), then the vector X’ ~ given by

i
X' = Nxogy.  ielnl, (7)
j=1

belongs to H(N, X).
Based on Corollary 3.1, we have also the next result.

Theorem 4.3. Let N be a necessity measure related to a possibility distribution 7 such that 7 (i) > 0 for all i € [n]. Then, for any score
vector X € [0, 11", the vector X~ given by (6) is the bottom element of H(N, X), i.e., X~ = Xn.

Finally, based on Theorem 3.2, we introduce a new characterization of necessity measures.

Theorem 4.4. Let 1 € M, be a capacity. Then the following are equivalent:

(i) w is a necessity measure;
(ii) thereis a permutation o : [n] — [n] such that forany A C [n], (14)°~€ H(it, 14), where (14)° ~ is given by (7), i.e., fori € [n]

A7~ =\ 1a0 (j).

j=1
5. Concluding remarks

We have discussed the equality of survival functions hj, x = h, y for particular capacities 1, namely for possibility and
necessity measures related to a possibility distribution 7r. Our results generalize some results of Dubois and Rico [2] focused
on the study of the equality of Choquet integrals Ch(u,x) = Ch(u,y) and of Sugeno integrals Su(u,x) = Su(u,y). Our
approach, based on the equality of survival functions, ensures the equality I(x, x) = I(u,y) for an arbitrary universal integral
I acting on [0, 1], compare [6]. As a by-product, we have obtained an alternative characterization of possibility and necessity
measures. We expect the generalization of our results to domains where the interval [0, 1] is replaced by some other ordered
structure, for example a bounded distributive lattice L. In particular, when L is a finite bounded chain, then possibility and
necessity measure can be easily introduced and studied by means of approaches exploited in this paper, and several results
introduced here can be just copied. Moreover, we aim to study some other particular classes of capacities from M, in a
way similar to the presented study of possibility and necessity measures.
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