Information Sciences 393 (2017) 82-90

Contents lists available at ScienceDirect

Information Sciences

journal homepage: www.elsevier.com/locate/ins —

On the equality of integrals @CmssMark

Radko Mesiar®®, Jun Li“* Yao Ouyang¢

aSlovak University of Technology, Faculty of Civil Engineering, Radlinského 11, 810 05 Bratislava, Slovakia
bUTIA CAS, Pod Voddrenskou véZi 4, 182 08 Prague, Czech Republic

¢School of Sciences, Communication University of China, Beijing 100024, China

d Faculty of Science, Huzhou University, Huzhou, Zhejiang 313000, China

ARTICLE INFO ABSTRACT
Arfile—’ history: Considering a finite space X, several necessary conditions and one rather general sufficient
Received 16 January 2016 condition describing when the Choquet integral coincides with the pan-integral with re-

Revised 17 September 2016
Accepted 2 February 2017
Available online 7 February 2017

spect to the standard arithmetic operations are shown. These conditions are characterized
by using the minimal atoms of monotone measure. Under the introduced constraints, the
calculation of these coinciding two integrals is also given.

Keywords: © 2017 Elsevier Inc. All rights reserved.
Monotone measure

Choquet integral

Pan-integral

Concave integral

Minimal atom

1. Introduction

The Choquet integral [4], the pan-integral [32]| and the concave integral [14] are three kinds of prominent nonlinear
integrals with respect to monotone measure (or capacity), see, for example [3]. All these integrals have numerous application
in economy, social sciences, data fusion, multicriteria decision support, etc., see, for example, [8,10,18]. It is well known that
for the o-additive measures all the three types of integrals coincide with the Lebesgue integral (i.e., these three integrals
can be seen as particular generalizations of the Lebesgue integral). All these integrals can be seen as particular instances
of decomposition integrals [6] (see also [23-25]). However, in general case they are significantly different from each other
[22,24,25]. Recall that the concave integral is the greatest decomposition integral, while the pan-integral and the Choquet
integral are incomparable, in general [13].

In [14] the relationship between the concave integral and the Choquet integral was discussed, and the concave integral
was shown to coincide with the Choquet integral if and only if the underlying monotone measure m is convex (also known
as supermodular) (see also [1,16]).

Recently we discussed the relationship between the concave integral and the pan-integral on finite spaces [26]. We
introduced the concept of minimal atom of a monotone measure. By using the characteristic of minimal atoms we presented
a necessary and sufficient condition that the concave integral coincides with the pan-integral with respect to the usual
arithmetic operations + and- on finite spaces.

This paper will focus on the relationship between the Choquet integrals and pan-integrals on finite spaces. By means of
minimal atoms of a monotone measure we show several necessary conditions and a sufficient condition that the Choquet
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integral coincides with the pan-integral w.r.t. the usual addition + and usual multiplication -. This characterizes monotone
measures for which the related Choquet integrals and pan-integrals coincide. Under the introduced constraints, the calcula-
tion of these two coinciding integrals is also given.

Observe that the equality of general pan-integrals and Choquet-like integrals [19] is shortly discussed in Conclusions.

2. Preliminaries

Let X be a nonempty set and A a o-algebra of subsets of X, and (X,.4) denote a measurable space. A set function
m: A— [0, +oo[ is called a monotone measure [2,13,30], if it satisfies the conditions: (1) m(#) = 0 and m(X) > 0; (2) m(A)
< m(B) whenever AcB and A,B € A.

A monotone measure m is said to be superadditive if m(AUB) > m(A) + m(B) for any A,Be A and ANB=¢ [5]; super-
modular if m(AUB) + m(AnB) > m(A) + m(B) for any A,B € A [5].

The concept of a pan-integral was introduced in [32] and it involves two binary operations, the pan-addition & and pan-
multiplication ® of real numbers (see also [20,27,28,30,33]). In this paper we only consider the pan-integrals based on the
usual addition + and multiplication -. We present the following definition.

F4 denotes the class of all finite nonnegative real-valued measurable functions on (X, .4). Let m be a monotone measure
and f e F,.

The pan-integral of f on X with respect to m (based on the usual addition + and usual multiplication -) is given by

pan n n
fdm = sup {Z)»im(Ai) DY ixa < F.
i=1 i=1
{Ai}l, Cc A is a partition of X,A; > 0,n € N}.
The concave integral [14] (see also [15]) of f on X is defined by
cav n n
[ fam = sup {3 hma) s 3o hiw < .
i=1 i=1
{Ai}?:l C A, )"i >0,ne N}
The Choquet integral [4] of f on X with respect to m, is defined by
© [ ram= ["mx: £ > eh
0

where the right side integral is the Riemann integral.
Note that the pan-integral is related to finite partitions of X, the concave integral to any finite set systems of measurable
subsets of X. The Choquet integral is based on chains of sets, it can be expressed in the following

© [ fam = sup {3 dm(a) : 3" hixa = .
i=1 i=1

{Ai}l; c Ais achain,A;>0,ne N].

In [26] we have introduced the concept of minimal atom of a monotone measure and by using this concept we have
characterized the monotone measures for which the concave integrals coincide with the pan-integrals on finite spaces. We
shall see that minimal atoms play an important role also in our discussion. We recall the following definitions. Concerning
more details for minimal atoms we refer to [26].

Definition 2.1. [26] Let m be a monotone measure on (X,.4). A set A e A is called a minimal atom of m (or shortly, m-
minimal atom), if m(A) > 0 and for every B c A, B € A, it holds either

(i) m(B) =0, or
(ii) A=B.

Obviously, a minimal atom A of m is a special atom of m (it is also pseudo-atom of m, see [11,17,29,31]). If A is a minimal
atom of m, then there is no proper measurable subset B of A such that m(B) > 0.

Definition 2.2. [26] A monotone measure m on (X, .A) is said to have the minimal atoms disjointness property, if every two
distinct m-minimal atoms are disjoint, i.e., for every pair of m-minimal atoms A and B, A # B implies ANB = ¢.

Definition 2.3. [26] Let X be a finite set. A monotone measure m on (X, .A) is said to be subadditive w.r.t. m-minimal atoms,
if for every set A € A with m(A) > 0, we have

m(A) < 3" m(4y),
i=1

where {A;}!" ; is the set of all m-minimal atoms contained in A.
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Proposition 2.4. [26] Let X be a finite set, A = 2X and m be a monotone measure defined on (X, A). Then every set E € A with
m(E) > 0 contains at least one minimal atom of m.

When X is a finite set and m is a monotone measure on (X, 2%X), it easily follows from the above proposition that each
set Ec X with m(E) > 0 can be expressed as

E=A UAyU---UA, UAo, (2.1)

where {A;, Ay, ---, Ay} is a disjoint system of some m-minimal atoms contained in E, and m(/?o) :O,Ko NA; =0,i=
1,2,--- k.
We call the expression (2.1) as the minimal atoms representation of E, denoted by E ~ (Ai)f.‘zl.

3. Coincidences of the Choquet and pan-integrals on finite spaces

In the rest of the paper, consider with no loss of generality, X = {1,2,---,n} as a fixed finite space for some integer
n eN, and let M, be the class of all monotone measures on X, m: 2X — [0, oo[.

For the convenience of our discussion, we denote Pang (f) = [P f dm, Chy(f) = (C) [ f dm and Cavy (f) = [V f dm.

Our goal is to investigate monotone measures m € Mj, such that the related pan and Choquet integrals coincide, i.e.,
Pan, (f) = Ch;, (f) for each fi X — [0, oo[. Obviously, this happens whenever m is additive, i.e., if there are non-negative
constants aq, dy, ---, ay such that

m(E) =) @, VEe2X,
icE

then
Pany; (f) = Chy,(f) =) a;- f(0).
i=1

Similarly, if m is given, for some set BC X, B # ¢ and c > 0, by

c if BCE
0 else,

m(E) = {
we have
Pany,(f) = Chn(f) = c-min{f(i) | i e B}.
Lemma 3.1. Let m € M,. Then Pan,; < Chy, (ie., for each f: X — [0, oo[, Pany(f) < Chy(f)) if and only if m is superadditive.

Proof. The “if” part follows directly from Theorem 10.7 in [30]. The “only if” part: Observe that Chy,(xg) = m(E) for any
EcX and, thus for any A,Bc X, AnB =@, we have

m(AUB) = Chm(xaup) = Panm (Xaus)
k
= sup { Z)‘i -m(D;) | (Di)f-;] is a disjoint system,
i=1

k

M,Ag, o A= 0and Y Aixp, < XAUB}
i=1
> m(A) + m(B),
i.e.,, m is superadditive. O
From the above result, obviously, if Pany,, = Chp, then m is superadditive.

In the following we introduce the concept of (M)-property of a monotone measure. We will show that it is a stronger
necessary condition for m € M to satisfy Pan,; = Ch,,. O

Definition 3.2. Let m € M,,. If for any A, Bc X, AcCB, there exists CCA such that
m(C) =m(A) and m(B) = m(C) + m(B\ C), (3.1)
then m is called to have (M)-property.

The (M)-property implies superadditivity. In fact, if m has (M)-property, then for any A,Bc X, AnB =g, there is CCA,
such that m(C) = m(A) and m(AUB) = m(C) + m((AUB) \ C). Thus, we have m(AUB) = m(A) + m((A\ C) UB) > m(A) +
m(B), that is, m is superadditive.

The next result shows that (M)-property is a necessary condition for m € M, to satisfy Pan,, = Chy,.
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Lemma 3.3. Let m € M. If Pan;;,; = Chy,, then m has (M)-property.

Proof. Consider Ac Bc X. Obviously, (3.1) is valid if A=¢ or A= B. Suppose A # ¢ and A # B and put, for r €]0, oo[, fr =
r-Xxa+ xp- Then

Chy, (fy) =7-m(A) + m(B)

and

k
Pany (f) = Y A" -m(D{")

i=1
for some disjoint system (Dl.(r))f=1 (supremum is attained due to the finiteness of X). We can split the considered disjoint
system DM = (D")¥ _ into two systems D" = {D{" | ie{1,2,--- k},D{"” c A} and D{” = D™ \ D{". Due to Lemma 3.1,
m is superadditive, and thus for C* = U ) _, ¢ D" we have m(C") > M ep® m(D"), and evidently,
i 1 i 1

(T+ 1) - Xcw = Z )\.l(r) . XD:”'

D:”EDY)

Similarly, noting that B\ C(" = | J Di(r), we have

D;r)eDér)

mB\C") = > mD?")

D"epy)

and

XB\co = Z )\l-(r) - Xpo-

DO epy) ‘

Consequently,

Pan,,(f;) = (r+1) -m(C") + m(B\ CP).
There are only finitely many subsets of A, and each (1), r € |0, oo], is a subset of A. Thus there is an ry € |0, oo[ such that
G ={rel0,o00[ | C" =)} is not a singleton. Denote C = C("0), For each r € G it holds

Pan,(f;) = (r+1)-m(C") +m(B\C")

= Chy (fy) =1-m(A) + m(B),

r-(m(A) —m(C)) =m(C) + m(B\ C) — m(B).

Now, it is evident that this equality can hold for each r € G only if m(A) = m(C) and m(B) = m(C) + m(B\ C). O
In the following we use the characteristics of m-minimal atoms to present necessary conditions for m € M, to satisfy
Pan,; = Ch,,. O

Theorem 3.4. Let m € M. Then Pan,, = Chy, only if for any two m-minimal atoms E; and E,, it holds:

(i) if Ey NEy = @, then m(Eq UEy) = m(Eq) + m(Ey);
(ii) if EyNEy # @, then m(E; UEy) = m(E;) = m(E,). Moreover,
(iii) If Ec X and m(E) > 0, then for any minimal atoms representation of E, E ~ (A,-)f.‘zl, it holds

k
m(E) = " m(A;).
i1

Proof. Based on Lemma 3.3, and the fact that the only subset C of E; such that m(C) = m(E;) is C = E; (similarly for E,), it
holds m(E; UEy) = m(Eq) + m(E; \ E;) = m(Ey) + m(E; \ Ez). Thus

(i) if E; NEy = ¢, clearly m(E; UEy) = m(Ey) + m(Ey);
(ii) if E; NEy # @, then E;\E; # E, and hence m(E; UE,) = m(Ey). Similarly, it holds m(E; U Ey) = m(E;).
(iii) For Ec X with m(E) > O, let E ~ (A,»):.;] be minimal atoms representation of E, i.e.,
E=AjUAyU---UA, UA,

where {Aq, Ay, --+, A¢} is a disjoint system of some m-minimal atoms contained in E and u(ﬁo) =0,4g NA =0,i=
1,2,---, k. It follows from (M)-property that for any B X, if A is m-minimal atom contained in B, then m(B) = m(A) +
m(B — A). Therefore,

m(E) = m(A; UA, U UAUA)
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=m(A;) + m(Ay U--- UA, UAo)
=m(A1) + m(Ay) +m(A3 U---UAg UZo)

= m(Ar) +m(A2) + -+ m(Ay) +m(Ao)
=m(Ay) +mAz) +---+m(A) O
Note 3.5. It is easy to see that the condition (iii) in the above Theorem 3.4 is equivalent to the following condition:
(iii) For any E c X with m(E) > 0,

N
m(E) = max {Zm(q) | (G)i_, is a disjoint system of some m-minimal atoms contained in E}.
i=1

Observe that in Theorem 3.4 we only concerned the characteristics of two m-minimal atoms. For 3 different m-minimal
atoms such that E{NE, # ¢ and E; NE3 # @, necessarily m(E;) = m(E;) = m(E3). However, neither E; NE3 # ¢ nor m(E; U
E; UE3) = m(E;y) should hold.

Example 3.6. Let X = {1, 2, 3, 4}. The monotone measure m: 2X — [0, oo[ is defined by

2 if E=X
m(E) =11 if |[E|]=2o0r3
0 else,

where |E| stands for the cardinality of E.
Suppose that f is an arbitrary non-negative function on X,

a; x=1
a, Xx=2

X) =
f®) X—3
ay x=4.

We can assume that a; > a, > a3 > a4 without loss of generality. Thus we have Chy, (f) = a; + a4 = Pang (f).

On the other hand, {1, 2}, {2, 3} and {3, 4} are 3 different m-minimal atoms. {1, 2}N{2, 3} # 4, {2, 3}n{3, 4} # ¢, But
{1,2}n{3,4} = 0. Also, m({1,2} U {2,3} U {3,4}) = m(X) =2 #m({1,2}) (or m({2, 3}), or m({3, 4})).

To further investigate the condition for m € Mj to satisfy Pan,, = Chy,, we need to consider the case of more than two

atoms. To this end, we introduce a concept related to m-minimal atoms. We are ready to state a sufficient condition for
Pan;, = Chm.

Definition 3.7. Let m € M,. We say that m has minimal atoms partitionable property, if the following conditions are satisfied:
the set £ = {Eq, Ey, --- , E} of all m-minimal atoms can be partitioned into
{&1.&, . &),

where & = {E;,, E JEj 1 i=1,2,.., p, are such that

e
(i) foreachi (i=1,2,---,p), if E,-J,,E,-r € &;, then E,-j NE; #¢ and m(E;)) =m(E;,) =--- = m(E,-kl_), denoted by a;;
(ii) if Eij € & and Ey, € & for i # t, then E,-j NE, =, and

(iii) for any E c X with wu(E) > 0,

N
m(E) = max { Zm(A,) | (A)j_, is a disjoint system of some m-minimal atoms contained in E}.
I=1
Now, we evaluate the pan-integral and Choquet integral when considering m € M, characterized in Definition 3.7. Ob-
serve first that both Choquet integral and pan-integral are positively homogeneous (i.e., for every function f and every non-
negative constant a > 0, the equalities Chy,(a- f) = a-Chy(f) and Pany(a- f) = a- Pang, (f) hold). Moreover, the Choquet
integral is additive in measure (i.e., for any my, m, € M, and for every function f, Chp, 1m, (f) = Chp, (f) + Chyy, (f)). Con-
sidering the pan-integral, if for any E c X,

b
m(E) =Y m(ENG;)

i=1
for some disjoint system {G;, Gy, ---, Gp}, then

p
Pan, (f) =) Panu(f - xc,)- (32)

i=1
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Proposition 3.8. Let m € M, satisfy the minimal atoms partitionable property (i.e., the conditions (i),(ii) and (iii) introduced in
Definition 3.7). Then, for each function f: X — [0, oo,

P
Pan,(f) = Y_ai- max | min{f(j) | je B} | B e &) (33)
i=1
Proof. Denote G; = UEtegi E;, i=1,2,---,p. Due to Definition 3.7, {Gy, G, ---, Gp} is a disjoint system of subsets of X.
Moreover,

Pan,(f - xg) = max{min{f(j) |jeE) mE) | E ccf}
=a,--max{min{f(j>|je5t} | Etes,-}
Now, the result (3.3) follows from (3.2). O

Proposition 3.9. Let m € M, satisfy the minimal atoms partitionable property. Then, for each function f: X — [0, oo,
p
Ch(f) = Yoa - max { min{f(j) | je B | B &) (34)
i=1
Proof. Fori=1,2,..., p, define m; € M, by

a; if Ex cE for some E; €&,

m;i(E) =m(ENG) = {0 otherwise

where G; was introduced in the proof of Proposition 3.8. Obviously, m = Zf:] m;. Moreover, % is a {0, 1}-valued monotone
measure and thus this Choquet integral is a lattice polynomial (see [9]).

Ch%q):max{min{f(j)uels} | mi<E>:ai}
:max{min{fumea} | Etee,-}.

Now, the result follows

p
Chy(f) = 3" Chin,(f)

i=1

p
= Zai'Ch'aﬂTi(f)

i=1
P
= Zai-max{min{f(j) |jekE) | Ee 5,'}. O
i=1
Summarizing Propositions 3.8 and 3.9, we obtain a sufficient condition for Pan,, = Chy,.

Theorem 3.10. Let m € M. If m has minimal atoms partitionable property, then Pan,, = Chy,, and moreover, for each function
f: X = [0, oo,

Ch, (f) = Pany, (f)
P
= > o max[min{f() | j e} | Ees).
i=1
The following example illustrates Theorem 3.10.
Example 3.11. Let X = {1, 2,3, 4,5} and let m € M5 be defined as

1 if E5{1,2} and E 2 {4,5},
1 if E>{2,3}and E 2 {4, 5},

m(E) =142 if Eo{4,5}andE 2 {1,2},E 2 {2,3},
3 if E={1,2.4,5}or {2,3,4,5} or X,
0 otherwise.
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Then {1, 2}, {2, 3} and {4, 5} are all m-minimal atoms of m, and m has minimal atoms partitionable property with
a={121{23&={{45). p=2a1 =102 =2
Thus, by Theorem 3.10, for each function f: X — [0, oo[, we have that
Chy,, (f) = Pany, (f)
2
= Y a-max{min{f(j) | jeE) | Bl
i=1
= 1-max{min{f(1), f(2)}, min{f(2), f(3)}} +2-min{f(4), f(5)}.

Remark 3.12. The converse of the above theorem may not be true, that is, the minimal atoms partitionable property of m is
a sufficient condition for Pan, = Chy,, but it is not necessary. As shown in Example 3.6, introducing a monotone measure
m which has not the minimal atoms partitionable property, but still Pan,, = Chp,.

4. The equality of the Choquet, pan and concave integrals
Recall that Lehrer in [14] has characterized all monotone measures m € M, for which the Choquet and concave integral
coincide.
Proposition 4.1. [14] Let m € My. Then Cavy, = Chy, if and only if m is supermodular, i.e., for any A, Bc X it holds
m(AUB) + m(AnB) > m(A) + m(B).
Recently, we have characterized in [26] the conditions on m € M, when the concave and pan-integrals coincide.
Proposition 4.2. Let m € My. Then Cavy, = Pany, if and only if the following two conditions holds:

(i) m possesses the m-minimal atoms disjointness property, i.e.,, any pair of different m-minimal atoms (E;, E;) is disjoint;
(ii) m is subadditive w.r.t. m-minimal atoms, i.e., for every set A € A with m(A) > 0, we have

m(A) < 3" m(4y).

i=1
where {A;};_ is the set of all m-minimal atoms contained in A.
Based on Theorem 3.10, Propositions 4.1 and 4.2, the next result is immediate.
Corollary 4.3. Let m € My. Then, for any f: X — [0, oo,
Chy, (f) = Panp (f) = Cavp (f)
if and only if the system & = {Eq,E,, --- , E;} of all m-minimal atoms is disjoint, and for any E c X with u(E) > 0,
m(E) = Y m(Ey), (4.1)
EcE
and then

Chy (f) = Panp (f) = Cavm(f)
k
=Y a-min{f(j) | j e E},
i=1
where a; = m(E;),i=1,2,--- k.
The following examples illustrate the validity of Corollary 4.3.

Example 4.4. Let X = {1, 2, 3,4} and let m € My be given by

1 if E=1{1,2},{1,2,3},{1,2,4},
m(E) = 2 if E=1{3,4},{1,3,4}.{2.3.4]},

1 if E=X,

0 otherwise.

Then m has two minimal atoms, namely, {1, 2} and {3, 4}, and it satisfies the constraints of Corollary 4.3, Therefore, noting
that m({1,2}) = § and m({3,4}) = %, we have

Ch,, (f) = Pan,, (f) = Caviu (f)

= 5 -min{f(1), @)} + 2 - min{f3). F4).
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Example 4.5. Let n = 3, and identify f: X — [0, oo[ by a ternary vector (x, y, z) < [0, oo[3.
(1) Define
m(E):{] if |E|>_1,
0 otherwise.
Then m has minimal atoms partitionable property with
& ={{1,2},{1,3}.{2,3}}, p=1and q; = 1.
Note that due to Theorem 3.10, it holds
Ch,, (x,y,z) = Pany (x,y, 2)
= 1. max{min{x, y}, min{x, z}, min{y, z}}
=med(x,y,z),

i.e,, the standard median is recovered. However, m-minimal atoms are not disjoint, thus neither Proposition 4.2 nor
Corollary 4.3 can be applied. Indeed, Cavy;(1,1,1) = % >med(1,1,1) =1.
(2) Define

0 if A=9,

mA) =14 otherwise.

and f(j) =1, Vj. Then Cavy,(f) = Pan, (f) = 3. But Ch,,(f) = 1.
(3) Let Cavy, = Chy,. Then m is supermodular. Define

1Al if |A] <3,

mA =14 ifa=x

Let f(1) = f(2) =2, f(3) = 3. Then
Cav(f) =Chp(f) =2 x4+ 1x2 =10,

but Pany;(f) =2 x4 =8.
Observe that m-minimal atoms are the singletons of X and hence they are disjoint. However, neither
Proposition 4.2 nor Corollary 4.3 can be applied.

Remark 4.6. Each m € M, characterized by (4.1) can be seen as a multiple of a lower probability in the sense of de Finetti
[7], compare also [21]). Then there is another evaluation of the discussed integrals, namely,

Chy, (f) = Panp(f) = Cavm(f)
= inf{/ fdu | w is an additive measure on X, such that
X

k
w(E) =m(E).i=1,2,--- kand u(X\ | JE) = 0},
i=1

where [y fdu is the standard Lebesgue integral. Observe that this approach is exemplified in Example 4.4, where the mono-
tone measure m is a lower probability in the sense of de Finetti [7] related to a probability measure p defined on an algebra
of subsets of X generated by atoms {1, 2} and {3, 4}, where p({1,2}) = % and p({3.4}) = %

5. Conclusions

We have shown several necessary conditions and a sufficient condition for which the Choquet integral coincides with the
pan-integral on finite spaces. Such conditions were characterized by minimal atoms of monotone measure (Theorems 3.4 and
3.10). Observe that in multicriteria decision support, as well as in the game theory, the disjointness of considered groups
of criteria (of players) is rather often considered, which when evaluating optimal expected value based on a monotone
measure yields the pan integral. Our results contribute to the effective computation of pan-integral in particular cases,
when it coincides with the related Choquet integral. This is due to the fact that we have several evaluations formulas for
the discrete Choquet integral, see, e.g., [8], what is not the case of discrete pan-integrals.

As we have seen, the minimal atoms partitionable property is a sufficient condition for Cav,, = Pan;;, but it is not neces-
sary (Theorem 3.10, Remark 3.12 and Example 3.6). We have also obtained three necessary conditions for Ch;, = Pany
by using the characteristic of minimal atoms of monotone measure in Theorem 3.4 (the conditions (i), (ii) and (iii) in
Theorem 3.4). However, we do not know whether this set of conditions is sufficient for Ch;;, = Panp,.

On the other hand, in [26] we proved a necessary and sufficient condition ensuring that the concave integral coincides
with the pan-integral on finite spaces (Proposition 4.2; see also Theorem 4.1 in [26]). Lehrer in [14] has characterized all
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monotone measures m € M, for which the Choquet and concave integral coincide (Proposition 4.1). These results were
summarized in Corollary 4.3 stating a necessary and sufficient condition for the equality Ch; = Pan,; = Cavy, of the three
discussed integrals.

In our further research, we will try to find necessary and sufficient condition characterized by minimal atoms of mono-
tone measure on finite spaces such that the Choquet integral coincides with the Pan-integral.

Observe that for a general pan-integral based on results of Mesiar and Rybarik [20], each pan-integral is either an iso-
morphic transform of the (+, -)-based pan-integral, or it is based on (v, ®) semiring and then it coincides with the smallest
universal integral [12] based on the pseudo-multiplication ®. Then, in both cases, we have variants of Theorems 3.4 and
3.10, Propositions 4.1 and 4.2, and Corollary 4.3 relating the pan-integrals, Choquet-like integral [19] and pseudo-concave
integral [22,23], replacing the standard addition + by a pseudo-addition & whenever + appears in the characterization of
the appropriate monotone measures.
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