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functions form a convex cone and the restriction of the pan-integral to the convex cone
is a positive homogeneous linear functional. We extend the pan-integral to the general
real-valued measurable functions. The generalized pan-integrals are shown to be symmet-
ric and fully homogeneous, and to remain additive for all pan-integrable functions. Thus for

ﬁgﬁ:ﬁ; measure a subadditive monotone measure the generalized pan-integral is linear functional defined
Subadditivity on the linear space which consists of all pan-integrable functions. We define a p-norm
Pan-integral on the linear space consisting of all p-th order pan-integrable functions, and when the
Linearity monotone measure /4 is continuous we obtain a complete normed linear space Lﬁan(X L L)
Pan-integrable space equipped with the p-norm, i.e., an analogue of classical Lebesgue space LP.

LP space © 2017 Published by Elsevier Inc.

1. Introduction

In nonlinear integral theory there are three types of important integrals, the Choquet integral [2], the pan-integral (based
on the usual addition + and multiplication - on reals) [37] and the concave integral [12,13]. These integrals coincide with
the Lebesgue integral in all cases for o-additive measures, i.e., these three nonlinear integrals (with respect to monotone
measures) are particular generalizations of the Lebesgue integral. In general, they are significantly different from each other,
the Choquet integral deals with finite chains of sets, the pan-integral is based on finite partitions (disjoint set systems,
similar to the Lebesgue integral) while the concave integral is related to arbitrary finite set systems, see [21]. These integrals
have been widely studied and many important results have been obtained, for more details see [3,4,8,15,27,28,33,35], etc.,
and the structure theory of integral has been enriched and developed in depth, see [7,10,11,17,18,21].

It is well-known that LP space theory is a crucial aspect of classical measure theory [1,5,6]. Since the above mentioned
three integrals are based on monotone measures and lack additivity, in general case the LP space theory is not true for
these integrals. Denneberg [3] showed a subadditivity theorem for the Choquet integral under the assumption that the
monotone measure is submodular. The corresponding LP space theory for the Choquet integral was developed. The similar
results were presented by Shirali [30], and the related researches were presented in recent paper by Pap [29]. Note that the
Choquet integral is a level set-based integral, which ensures its comonotonic additivity - a property weaker than additivity.
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In [19] the linearity and generalized linearity of fuzzy integral (including the Choquet integral and the Sugeno integral)
were discussed (see also [9]). Unlike the Choquet integral, the pan-integral is a partition-based integral. The relationships
between these two types of integrals were discussed in [16,25,26] (see also [35]). As a result, the pan-integral even lacks
comonotonic additivity. From this point of view, it requires to examine whether or not the LP space theory holds for the
pan-integral. In this paper we will investigate this problem.

The concept of pan-integral introduced by Yang ([35,37]) involves two binary operations, the pan-addition & and pan-
multiplication ® of real numbers, i.e., it considers the commutative isotonic semiring (R, ®, ®) (see [14,27,32,35,36]).
A related concept of generalized Lebesgue integral based on a generalized ring was proposed and discussed (see [39]). In
this paper we only consider the pan-integrals based on the standard addition + and multiplication -.

This paper is structured as follows. After this introduction, in the next section we recall some basic facts about the mono-
tone measures and the pan-integrals. In Sections 3 and 4 we consider the pan-integral for nonnegative measurable functions.
We show that on a subadditive monotone measure space (X, .4, i) the pan-integral with respect to w is additive. Noting
that the pan-integral based on the standard addition + and multiplication - is positively homogeneous, then all nonnegative
pan-integrable functions form a convex cone in the usual sense and thus the restriction of the pan-integral to the convex
cone is a positive homogeneous linear functional. In Section 5, in the same way as the symmetric Choquet integral ([3,27])
we extend the pan-integral for nonnegative measurable functions to the class of general real-valued measurable functions
(not necessarily nonnegative). We get a type of symmetric and fully homogeneous nonlinear integral. For a subadditive
monotone measure i the generalized pan-integral (with respect to 1) remains additive for all pan-integrable functions, and
hence it is a linear functional defined on the linear space consisting of all pan-integrable functions. In Section 6, we show
that all p-th order pan-integrable functions form a linear space under the conditions that the monotone measure is subad-
ditive and continuous from below. On such the linear space, by using the Minkowski type inequality for pan-integral [38],
we can define a p-norm in the usual manner as Lebesgue space LP and then we obtain a complete normed linear space
Lﬁa,,(x , ) equipped with the p-norm, i.e., it is analogous to Lebesgue space LP. Thus, in the framework of the generalized
pan-integral the classical LP space is generalized.

2. Preliminaries

Let X be a nonempty set and A a o-algebra of subsets of X. A set function u : A — [0, +00] is called a monotone
measure [35] on (X, A), if it satisfies the following conditions:

(1) u@ =0and pu(X)>0;

(2) m(A) < u(B) whenever AC B and A, B € A.

When g is a monotone measure, the triple (X, A, i) is called a monotone measure space ([27,35]).

Note: In the literature, the monotone measure is also known as a monotone set function, a capacity, a fuzzy measure, or
a nonadditive probability (constrained by w(X) =1, sometimes also assuming the continuity of w), etc. (see [2,3,15,22,27,
31,34,36]).

In this paper we always assume that p is a monotone measure on (X, .A). Recall that p is said to be

(i) subadditive, if t(AU B) < (A) + w(B) for any A, B € A;

(ii) submodular, if w(AUB) + w(ANB) < w(A) + n(B) for any A, B € A;

(iii) supermodular, if t(AUB) + (AN B) > u(A) + n(B) for any A, B € A;

(iv) null-additive [35], if for any A, B € A, n(B) =0 implies (AU B) = uu(A);

(v) continuous from below, if for any {A};2; C A, A1 C A2 C... implies w(U32; Ap) = limy o0 L (Ap);

(vi) continuous from above, if for any {A;};2; C A, A1 D A2 D... and (A1) < oo imply w(N52;An) = limp— 0 1(An);

(vii) continuous if it is continuous both from below and from above.

Obviously, the submodularity of w implies the subadditivity and both imply the null-additivity, but not vice versa.

In [37] (see also [23,35,39]) the concept of pan-integral was introduced, which involves two binary operations, the pan-
addition & and pan-multiplication ® of real numbers (see [20,27,32,35]). In this paper we only consider the pan-integrals
based on the standard addition + and multiplication -.

A real-valued function f : X — (=00, +00) is said to be .A4-measurable on (X, .A) (or simply “measurable” when there is
no confusion) if f~(B) € A for every Borel set B of real numbers. Let F* be the collection of all nonnegative real-valued
measurable functions on (X, .4). We recall the following definition.

Definition 2.1. Let (X, A, 1) be a monotone measure space, A € A and f € F+. The pan-integral of f on A with respect
to W, is defined by

pan
f fdp = sup {Z [( Jnf fCO)- (AN E)]} : (21)

where P is the set of all finite measurable partitions of X. When A = X, f)fa" fdu is written as fpu" fdp. If f/fa" fdu < oo,
then we say that f is pan-integrable on A. When f is pan-integrable on X, we simply say that f is pan-integrable.
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Note: By a finite measurable partition of X we mean that it is a finite disjoint system of sets {A;}{_; C A such that
AiNAj=¢fori#jand Ul A;=X.
The above pan-integral of f can be expressed in the following form:

pan

n n
/ fdu:sup{ZAiu(Ai) : Z)‘iXAi <f, {A,~}?:l C Ais a partition of X, A; >0,n EN],
i=1 i=1

where x4, is the characteristic function of A;.

Let f, g be real-valued measurable function on (X, A, n). We say that f and g are equal almost everywhere with respect
to w on A, and denoted by f =g p-a.e.on A (simply, f =g a.e.on A), if u({xe A: f(x) #gx)}) =0.

We present some basic properties of pan-integrals, some of them can be found in [35] (see also [39]).

Proposition 2.2. Let (X, A, 14) be a monotone measure space and f, g € F+. Then we have the following
(i) if jL(A) =0 then [P fd =0;
(ii)if f =0 a.e. on A, then [P fdu = 0. Further, if ju is continuous from below, then [P fdju =0 ifand only if f = 0 a.e. on A;
(iii)if f < g on A, then (¥ fdu < [¥" gdu;
(iv)for Ae A, (3" fdu = [P" - xadu;
v) [P fdu =f{l}a:0} fdu, where {f >0} ={xe X: f(x) >0};
(vi) if w is null-additive and f = g a.e. on A, then

pan pan

/fduzfgdu‘
A A

Proof. We only prove (vi). Let A ={x € A, f(x) # g(x)}, then (A1) =0 and for any subset B of A we have w(B) =
(B \ A1). Thus, for any Y1 ; Aixs, < f(X) - XA, Dieq1 AiXB\A; < &(X) - Xa. Moreover,

pan n n
/ gl = > hip(Bi\ A =Y hiu(By),
A i=1 i=1

pan

which implies that [{™ gdu > [P fdu. In a similar way [P fdu > [P gdu, and thus (vi) holds. O

Note 2.3. (1) When u is continuous from below, from the above proposition (ii), we know that for any measurable functions
f,ge F* and any real number p > 0, f/f“" |f — g|Pdu =0 if and only if f =g a.e. on A.

(2) Due to the above proposition (v), we will not distinguish the partition of X and the partition of {f > 0} when we
discuss the pan-integral of the function f. Sometimes we may just say that {A;}}'_, is a partition.

(3) By (vi), if u is null-additive then, from the pan-integral point of view, we do not distinguish f and g whenever f =g

a.e. on X.

3. The additivity of the pan-integral for nonnegative measurable functions

The main task of this section is to prove the following result.

Theorem 3.1. Let (X, A, ) be a monotone measure space. If w is subadditive, then the pan-integral is additive w.r.t. the integrands,
ie,forany f,ge FT,

pan pan pan

/(f+g)du=ffdu+/gdu (3.1)

Proof. Here we only consider the case that f + g is pan-integrable, that is, [ Pat(f 4 g)ydw is finite. The case of
P (f + g)du = oo will be considered in the next section.
For an arbitrary but fixed & > 0, there exist a partition {A;}{_; and a sequence of nonnegative numbers {A;}{_, such that

both Y7 i Aixa, < f+g and
pan

/ (f+@di <Y aap(Ap + 5
i=1
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hold. Without loss of generality, we can assume that A; > 0 for all i (otherwise, the summand X;u(A;) can be omitted).
Since ©(Aq1) < oo and Aq > 0, there exists a positive number l; < A1 such that (A1 — l))u(Ay) < 2% Obviously, I x4, <
rMxa; <(f +8) - xa,- Let 8 =A1 — 11 and divide the interval [0, 1] as

0 (0) (1 gnﬁ) —1

=r <r;’<..<r 1

such that maxj<j<m, (r?) — rg"*])) < . Denote

AP =fxem < poo <Pl k=1, my,

and
1
A = (xe Arlf () = ).
Then Agi) n Agj) =@ (i#j) and U;":lrlAgn = A1. Moreover, we conclude that for each x € Agk), k=1,2,...,mq, g(x) >
- r§k71). In fact, if g(x) <1 — rﬁkq), then

FE 420 <r® 4 =%y =14 0 — D) 5=,

which contradicts with the fact that A1 x4, < (f + &) - xa,- For x e Aﬁmﬁl), gx)>0=1; — r%"”) also holds. Denote

O =ty D k=1, 4.

Then
mi+1
k—1
o )XAglo =f-xa
k=1
and
mi+1
k
D0 X <8 X1
k=1

Observe that the subadditivity of @ implies

my+1 mi+1
k K
pean=p| J AP =3 n(al).
k=1 k=1
Thus
mi+1 mq+1
Z r§k—1)ﬂ (Aglo) i Z tgk),u (Agk))
k=1 k=1
mi+1
=y (rgk—w _i_tgk))M(Agk))
k=1
my+1
= Z lip (AY{)) >l ju(Ar)
k=1

&
> (A1) — 2

For each i <n, let [; € (0, ;) be such that (A; — l[;)) u(A;) <
m]'+1
k=1

By using the technique used above, we can prove that

k—1),mj+1
of A; and a sequence {r; )}k:jl

_£_
2i+1

for each j <n there exist a partition {A;")} of nonnegative numbers satisfying

m}‘+l
(k—1)
Z T XA}lo =f-xa
k=1
and
mj+l
(k)
> X =8 Xaj:
k=1
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where tj.k) =l - rj-k_u. such that

mj+1 mj+1

(k—1) (k) (k) (k) . N_ &
>V (AF) + 2 e (A7) = kA - 5
k=1 k=1

Thus, we have proven that

n mj+1
k
> Z riey X <Zf xa; < f,
j=1 k=
n mj+1
> Z () Xt = Zg XA =8,
j=1 k=
and
pan pan
[ san+ [ edu
n mj+1 n mj+l
k—1) (k) k) (k)
=3 2 (al) + ZZf n(a?)
j=1 k=1 j=1 k=
. e
=3 (kA - 5557)
j=1

n
>iju(Aj)— 5
j=1
pan

> /(f—i—g)du—a.

Letting & — 0, we get [P fdu + [P" gdpu > [P (f + g)du as desired.
On the other hand, for any "1 ; & x4, < f and ZT:1 Bjxs; < g where «;, j >0, {A;} and {B;} are two partitions of X,
put Cjj = A; N Bj (C;j =% may hold for some i, j) and y;j =a; + Bj, 1 <i<n,1<j<m. Then

nom nom m n
ZZVUXCU=ZZ“iXCij+ZZﬂjXCij

n m
=Y aixa+y Bixs;<f+g

i=1 j=1
and
pan
/(f +8&)dp > ZZ%JM(CU)
i=1 j=1
= Z Za,-mcij) + DD Bin(Cip
i=1 j=1 j=1i=1

n

Fout () E( )

= Z%’M(Ai) + ZﬁjM(Bj)’
i=1 Jj=1

from which we can get that
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pan pan pan

/(f +g)du > f fdp + / gdu.
Hence it holds that [P"(f + g)du = [P fdpu + [P" gdpu. O
Note 3.2. Theorem 3.1 tells us that if @ is subadditive then all nonnegative pan-integrable functions form a convex cone.

Corollary 3.3. Let (X, A, 1) be a monotone measure space. If i is subadditive, then forany f € F* andany A, B € Awith ANB =0,
we have

pan pan pan
/fdu=/fdu+[fdu-
AUB A B

Proof. Denote g = f - x4 and h = f - xp. Then, by (iv) of Proposition 2.2 and Theorem 3.1, we have

pan pan

[ du= [ 5 xacndu

AUB
pan

= /(g+h)du

pan pan

=/gd,u+/hd//,

When X is finite, Theorem 3.1 has obvious meaning. Let (X, .4, u) be a monotone measure space with |X| < co and
A1, ..., Ax be all minimal atoms. Recall that a minimal atom is a measurable set A such that w(A) > 0 and for each
measurable proper subset B of A we have p(B) =0. When X is a finite set, each set of positive measure contains at least
one minimal atom [24]. If we further assume that w is subadditive then for each minimal atom A, there are no nonempty
proper subsets B of A such that B € A. In fact, if there is some nonempty proper subset B € A, then by the definition of
minimal atom, #(B) =0, (A \ B) =0 and the subadditivity of p implies ((A) =0, a contradiction. Observing this fact, to
ensure its measurability, a function f must take constant value on each minimal atom. Thus, for any measurable function
f: X — [0, 00) it holds

pan k
/ fdu=">"cipn(Ap,
i=1
where ¢; is the constant value f takes on the minimal atom A;. From this fact it is immediate that the pan-integral is
additive.

4. Further discussion of Theorem 3.1

In this section we will complete the remaining proof of Theorem 3.1. That is, we show that the equality (3.1) in Theo-
rem 3.1 remains valid in the case that f 4 g is not pan-integrable. The following proposition will demonstrate our assertion.

Proposition 4.1. Under the assumptions of Theorem 3.1, f + g is pan-integrable if and only if both f and g are pan-integrable.

From the above Proposition 4.1, we know that if f 4+ g is not pan-integrable, then either f or g is not pan-integrable.
Therefore, both sides of (3.1) in Theorem 3.1 are equal to infinity, and hence the equality (3.1) holds. The proof of Theo-
rem 3.1 is thereby completed.

Now we prove Proposition 4.1. First, we need two lemmas. In the following the set {x € X : f(x) > 0} will be denoted by
{f > 0} for short.
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Lemma 4.2. Let (X, A, 1) be a monotone measure space, and f, g e F. If{f >0} N{g > 0} =, then

pan pan pan

/ (f +gdu > / fdp + f gdu. (a1)

Proof. If one of the two integrals on the right-hand side of Ineq. (4.1) is infinite then, by the monotonicity of the pan-
integral, [P™(f + g)du is also equal to infinity, which implies the validity of (4.1).

So, without loss of generality, we can suppose that both fpan fdu and fpa" gdu are finite. For any arbitrary but fixed
& > 0, there are a partition {A,-}i":1 of {f > 0}, a partition {Bj};”‘:1 of {g > 0}, and two sequences of positive numbers {)L,-}i.‘:1

and {1}, such that K hixa < f, > i—1ljxs; < g and both the following two inequalities hold

pan K

/ fdp <) hip(Ap) + ;
i=1

and

pan m
€
d lip(B; —.
/g l/«<Z]Nv( 1)+2
j=1
Since {f > 0} N {g > 0} =@, then {A,-}i.‘=l u {BJ-}']T‘:1 is a partition of {f + g > 0}. Moreover, we have that Zi-‘:] rixa; +
>imilixe; < f+g and
pan k m

/ (f +@)dp =Y " 2ipa(A) + Y _1j1a(Bj)
i=1 j=1

pan pan

z/fdu—k/gdu—s.

Letting € — 0, we get the result as desired. O

Notice that we further require that p is subadditive in Lemma 4.2, then Ineq. (4.1) becomes an equality. That is, the
following result holds.

Lemmad4.3.Let f,ge Fand {f >0} N {g > 0} = 0. If ju is subadditive, then

pan pan pan

[+odu= [ san+ [ edu. (42)

Proof. By Lemma 4.2, it suffices to prove that

pan pan pan

[ otz [ ran+ [ edn.

For any given partition {A,-}f:1 of {f + g > 0} and a sequence of positive numbers {ki}{?ﬂ such that ZL1 rixa < f+8
Since {f > 0} N {g > 0} =@, we have that {A; N {f > O}}Ll (resp. {AiN{g > O}}Ll) is a partition of {f > 0} (resp. {g > 0}),
and that

k k

Z)\iXA,ﬂ{f>0} <f and Z)\iXA,ﬂ{g>0} <g.
i=1 i=1

Moreover, the subadditivity of w implies that
Ay = (AU >0 U g > 0D)
= u(AiN{f >0} +u(Ain{g>0}.

Therefore

Please cite this article in press as: Y. Ouyang et al., On linearity of pan-integral and pan-integrable functions space, Int. ]. Approx. Reason. (2017),
http://dx.doi.org/10.1016/].ijar.2017.08.001

© 00 N O O b~ WD =

10

-
iy



© 0O N O oA W N =

O OO g o0 g U o oo A B B B BB DD DD O OOWWWWoWWWWNDMNDMNDNDDNDNDNDDNNDND S S S ddd
- O © 0O N O 0O & WN = O © 0N OO & WN =+ O © 00 NO OGO & WONM -+ O O© 0N GG A WON = O © ©N O G H OWN = O

JID:IJA  AID:8098 /FLA [m3G; v1.221; Prn:14/08/2017; 9:29] P.8 (1-12)

8 Y. Ouyang et al. / International Journal of Approximate Reasoning eee (eeee) ese—cee

k k k
D him(A) < DO Ap(AiN{f > 0D + Y hip(AiN{g > 0})

i=1 i=1 i=1
pan pan

f/fdu+/gdu-

Thus,
pan n n
/ (f+&du= SUP{Z Aift(Aj) : Z?»iXAi < f+ g {Ai}}_; C Fisapartition of X, A; > 0,n € N}
i=1 i=1

pan pan

S/fdu—i-/gdu. O

Proof of Proposition 4.1. Denote A = {x|f(x) < g(x)} and B={x|f(x) > g(x)}. Then ANB=@and f=f-xa+f xB. 8=
8- XA+ g xp. Moreover, f- xa <g-xa and g- xg < f - xp. Thus,

f+g=<2g -xa+2f xs
Combining the monotonicity and positive homogeneity of the pan-integral, and Lemma 4.3, we conclude that

pan pan

[+ons [ @ xatar awdn

pan pan
:/Zg-xAdqu/Zf-Xsdu
pan pan

=2 /g'XAdM+/f'XBdM

pan pan

<2 /gdu+/fdu

Thus if f + g is not pan-integrable then either f or g is not pan-integrable. On the other hand, if one of f, g is not pan-
integrable, then f + g is not pan-integrable. Hence f + g is pan-integrable if and only if both f and g are pan-integrable. O

Note 4.4. The following example shows that Ineq. (4.1) can be violated if {f >0} N{g > 0} #0.

Example 4.5. Let X ={1,2,3,...}, A= 2X and the monotone measure u: A— [0, 00] be defined as (A) = m, where
|A| stands for the cardinality of A. Suppose that f, g: X — [0, oc] are defined as f(xX) =x—1 and g(x) =1 for all x € X.
Then, we can show that

pan pan pan

f(f +8)du < f fdp+ / gdu.
Observe first that for any subset A, w(A) > 0 if and only if X \ A is a finite set. So, for any partition {Ai}ile of X, there is at
most one set A; with positive measure. For simplicity, we suppose that (t(A1) > 0 and t = min{x|x € A1}. Then w(A;) < %
To ensure Zf-‘zl Aixa; < f, there must be A; <t — 1. Thus, it holds that

k

t—1
D MI(A) = hp(A) < —— <1,
i=1

For the arbitrariness of the partition {A;}, we conclude that [P™ fdu < 1. In a similar way, we can prove that /7" gdp <1
and fpan(f + g)die < 1. On the other hand, (t — D) xje.e41,042,..) < f and (¢t —Du({t, t+1,t4+2,...}) = % for each t € X.
Thus we have that [P™ fdu > sup{*Z!|t € X} =1, and hence [P fdj = 1. Similarly, we have that [P" gdu =1 and

JSPNS +odp=1.
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5. The pan-integral for real-valued functions

The definition of the pan-integral given in [37] (see also [35,39]) is restricted to nonnegative measurable functions. In the
previous two sections, we have seen that if p is subadditive then all nonnegative pan-integrable functions form a convex
cone. Now we extend the definition of the pan-integral (Definition 2.1) to general real-valued measurable functions. Similar
to the definition of Lebesgue integral for real-valued measurable functions ([1,5,6]), we decompose a real-valued measurable
function to be the difference of two nonnegative measurable functions, and then consider the difference of integrals of these
two nonnegative measurable functions.

Let F denote the class of all real-valued measurable functions on (X, A). Let f € F, then f = f* — f~ where f* and
f~ are the positive and negative parts of f, that is f* =max(f,0) and f~ = max(— f, 0). Both f* and f~ are nonnegative
measurable functions, i.e., fT, f~ € FT. Now we give the following the definition of pan-integral for general real-valued
measurable functions.

Definition 5.1. Let (X, .4, ) be a monotone measure space, and f € F. If at least one of [P™ f+du and [P f~du takes
finite value, then we define the pan-integral of f (with respect to u) via

pan pan pan

[ sau= [ rrau- [ ran (5.1)

If both f* and f~ are pan-integrable in the sense of Definition 2.1, i.e, [P ffdu < oo and [P™ f=du < oo, then we say
that f is pan-integrable (or simply, f is integrable).
When A C X, define [ fdu = [P" f - xadp.

Obviously, if f is integrable, then [P™ fdpu is finite.

Example 5.2. Let X = {x1, X2, X3, X4}, A =P (X) and the monotone measure j be defined as follows:
pn({x1}) = p({x2}) =1, u(fx3}h) = 2, u({xa}) = n({x1, x2}) = 1.5,
p({x1,x3}) = n({x2, Xa}) = n({x3, xa}) = 4, ju({x1, x4}) = 2.5,
m({x2, x3}) = 3.5, w(fx1, X2, X3}) = L ({x1, X2, Xa}) = 5,
w({x1, X3, %4}) = 4.5, ({x2, X3, X4}) = 6, u(X) =6.5.
Let f: X — R be defined as

2 if x=x1,

) =2 ifx=xXxp,
fo= 1 if x = x3,
-1  ifx=xg4.

Then [P™ frdu = pu({x1,x3}) =4 and [P" f=du = n({x2, xa}) =4. Thus [P" fdpu = [P frdu — [P" f~du =0.
In the rest of this section, we investigate some basic properties of the generalized pan-integral.

Proposition 5.3. Let (X, A, ) be a monotone measure space, f, g € F and c € R be a constant. Then we have the following:
Q) [P cfdu =c [P fdu; (homogeneity)
(i) f < g implies [P™ fdu < [P fdu; (monotonicity)
(iii) If | f | is integrable then f is also integrable. Moreover, if (4 is subadditive then f is integrable if and only if | f| is integrable.

Proof. The proofs of (i) and (ii) are standard and thus omitted. For (iii), notice first that 0 < max(f™*, f7) < |f|. If
[P | fldu < oo, by the monotonicity of pan-integral, we then have that both [P*" f+du < oo and [P* f=du < oo, which
imply the integrability of f.

By definition, the integrability of f implies that both f* and f~ are integrable. Suppose now u is subadditive, Theo-
rem 3.1 holds. Thus

7mlf|du = 7“(1“+ +f7)du
pan pan

= [rraus [rrau<oe o

The following result shows that the generalized pan-integral is linear whenever the monotone measure w is subadditive.
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Theorem 5.4. Let (X, A, ) be a monotone measure space. If u is subadditive, then for any pan-integrable functions f, g € F,

pan pan pan

/(f+g)du=ffdu+/gdu-

Proof. Similar to the proof of classical Lebesgue integral.

Remark 5.5. For general measurable functions (not necessarily nonnegative) the result of Lemma 4.2 fails. Let us reconsider
Example 5.2. Let g = f - X(x.xa) a0d h = f - X{x,.x;)- Then {g # 0} N {h # 0} = . It is easy to see that [P" gdu =2 ({x1}) —
1 ({xa)) = 0.5, [P hdp = p({x3)) — 2/4({x2}) = 0. That s,

pan pan pan pan

/(g—i—h)d,u:/fdu:0<0.5:/gdu+/hdu.

Remark 5.6. In Definition 5.1 we got a symmetric and fully homogeneous integral, the generalized pan-integral. Recall the
case of the Choquet integral, there are two kinds of extensions, the asymmetric Choquet integral and the symmetric Choquet
integral. It is well-known that the asymmetric Choquet integral is comonotonic additive and positively homogeneous, while
the symmetric Choquet integral is homogeneous but lacks comonotonic additivity [3]. The asymmetric pan-integral, another
extension of the pan-integral, is for us a topic for the further study.

6. Pan-integrable functions space

In this section we will establish an analogue of classical LP space. Let (X, .A, 1) be a monotone measure space and
1<p<oo. Let Lgan(x, ) be the set of all measurable functions f € F such that

pan
/ F1Pdp < .
X

Then Lgan(x, /) is a linear space in natural linear structure.
Let f € Lan(X, ). We define the symbol | f1l,..p by

pan
1fllep = / \f1Pdp
X

For a subadditive and continuous from below monotone measure, the Hélder and Minkowski inequalities for classical
integrals remain valid for pan-integrals. The following result is due to [38].

Proposition 6.1. Let (X, A, ) be a monotone measure space and (. be subadditive and continuous from below. Then,
(i) (Hélder) If p, q > 1 satisfy % + % =1land f e L5 (X, 1) and g € LI (X, ), then

Ifglu1 < flluplgllug-
(ii) (Minkowski) For p > 1and f, g € Lgan(X, W), then

If+&lup <M1 flup + 181p-

Let us observe that, in general, || - ||,,p is not a norm on the linear space Egan (X, w).

As discussed in the classical LP space theory, we write f ~ g for f,g e Egan(X,u) if f=g p-ae. Note that if u
is subadditive, then the relation ~ is an equivalence relation. We define the space Lﬁan (X, 1) to be the collection of all
equivalence classes in £gan(X, ). Similar to the discussion of classical LP space and by using Theorem 3.1, we can get the
following result.

Theorem 6.2. Let (X, A, i) be a monotone measure space. If u is subadditive, then Lgan(X, W) is a linear space in the usual manner.

When p is continuous from below, it follows from Proposition 2.2 (ii) that for any f € ££an(X,u), I fllx,p =0 if and
only if f =0 a.e. on X, ie., f is the zero element in Lgan(X, (). Combining Proposition 5.3 and 6.1, then || - ||,,p is @ norm
on LB, (X, ) and hence Lpg, (X, p) is a normed linear space.
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Note: It is common to say or to write that some function f is an element of Lgan (X, ), although the element of that
space are actually equivalence classes of functions.

Using Levi’s theorem (the monotone convergence theorem) and Fatou's lemma for the pan-integrals ([35,37], see also
[39]) and the usual arguments as in [1,6] we can prove the following result (the details are omitted).

Theorem 6.3. Let (X, A, i) be a monotone measure space. If (4 is finite, subadditive and continuous, then Lﬁan(X , ) is a Banach
space.

7. Conclusions

In this paper, we have studied the linearity of (+, -)-based pan-integrals. For a subadditive monotone measure the pan-
integral is a positively homogeneous linear functional on the convex cone which consists of all nonnegative pan-integrable
functions (Theorem 3.1, Note 3.2 and Proposition 4.1). We have also extended the pan-integral to arbitrary real-valued mea-
surable functions (Definition 5.1). The generalized pan-integral has been shown to be symmetric and fully homogeneous
(Proposition 5.3), and to be linear for subadditive monotone measures (Theorem 5.4). Further assuming that the monotone
measure is finite and continuous, then we have obtained an analogue of classical LP space, i.e., a complete normed linear
space Lgan (X, ) consisting of all p-th order pan-integrable functions (Theorem 6.3).

In the follow-up study we will investigate other properties of the space Lgan(X, ), almost along the same lines as in

the familiar case of classical Lebesgue space LP, such as the separability and the dual space of Lgan (X, w), etc.

We point out that the concave integral coincides with the pan-integral when w is subadditive (see [24,25]), thus the
results obtained in this paper also hold for concave integrals.

Note that an outer measure is subadditive. Thus we can define a Lebesgue-like integral (possesses linearity) from an
outer measure, and the LP theory holds for this integral. Moreover, the domain of an outer measure is the power set,
measurability restrictions of functions are thus unnecessary for this integral.

In future work, we will investigate similar results for general (6, ®)-based pan-integral. We stress that this is not a
trivial generalization, since we even do not know whether or not the positive homogeneity holds for general pan-integrals.
On the other hand, the subadditivity is a rather strong restriction for monotone measure. It is of interest to examine the
results of this paper under some weaker conditions, such as the autocontinuity from below of monotone measures ([35]).
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