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Abstract

We construct a general dynamic model of losses of a large loan portfolio, secured by collat-
erals. In the model, the wealth of a debtor and the price of the corresponding collateral depend
each on two factors: a common one, having a general distribution, and an individual one, fol-
lowing an AR(1) process. The default of a loan happens if the wealth stops to be sufficient for
repaying the loan.

We show that the mapping transforming the common factors into the probability of default
(PD) and the loss given default (LGD) is one-to-one twice continuously differentiable.

As the transformation is not analytically tractable, we propose a numerical technique for
its computation and demonstrate its accuracy by a numerical study.

We show that the results given by our multi-period model may differ significantly from
those resulting from single-period models, and demonstrate that our model naturally replicates
the empirically observed decrease of PDs within a portfolio in time.

In addition, we give a formula for the overall loss of the portfolio and, as an example of its
application, we formulate a simple optimal scoring decision problem and discuss its solution.

Keywords: Credit Risk, Structural Factor Models, Loan Portfolio Management

1 Introduction

At present, factor models form one of the main branches in credit risk modeling. Pioneering work
on this topic was done by [24], [5] or [22], recent development may be found e.g. in [14], [23],
[B] or [I6]. For a survey of present state of the art, see e.g., [2]. It is also worth noting that
many migration-rating models, which form another strong branch of credit risk modeling, may be
reformulated as factor ones (see [9]).

In a typical factor model, the (conditional) probability of default (PD) is dependent on one or
more real-valued factors. Particular functions used to express this dependence include logit [14],
probit [23], and e~ [3].

In the case of structural models - a special subgroup of the factor models - the shape of the
transforming function emerges implicitly from the distribution of the debtors’ wealth. In particular,
given the usual assumption that the (log) wealth is equal the sum of a common and an individual

factor,
PD = q(-Y")

where Y* is the difference between the common factor and the minimal wealth needed to repay
the loan, and ¢ is the cumulative distribution function of the individual factor; thus, structural
models with normal individual factors thus coincide with general factor models having the probit
transformation function.

If a collateral is incorporated in the model and its price is equal to the sum of another common
and another individual factor, then the expected LGD may be computed by an integration over
a censored distribution of the individual factor. When, specially, the individual factor is normal
independent of the individual factor underlying the defaults, a closed form formula for LGD exists
(for details, see e.g. [22] or Eq. (17) of [A]).

With a time series of factors and a structural model at hand, it seems natural to model the
dynamics of the PD and LGD by repeated transformations of the common factors according to the
model, as e.g. [21], [8] or [7] do. There is, however, a drawback to this approach because, by the
repeated usage of the single-period model, it is implicitly assumed that the debtors’ wealth “starts
from scratch” at each period, which would be justifiable only if the loans took exactly one period;
in practice, however, the duration of the loans counts in years, so the past of the wealth should be
taken into account.

To be specific, there are at least three sources of the time dependence of the wealth within a
loan portfolio:



(i) the time dependence of the common factors,
(ii) the time dependence of the individual factors,

(iii) the periodic “cutting-off the poorest” from the portfolio by the defaults.

By its nature, the “single-period” approach is able to accomodate only (i). However, as it is
demonstrated in our paper, (ii) and (iii) may influence the losses of a portfolio significantly (see
Table ; thus, they have to be taken into account, too.

The model proposed in the present paper, despite it is nothing more than a natural dynamic
generalization of single-period structural models, is able to handle all the three effects. Simultane-
ously, it is general enough: we do not put any specific restrictions on the distribution of the process
of the common factors. The individual factors, in line with empirical evidence (see, e.g., [20] or
[10]), are assumed to be AR(1) withe arbitrary “reasonable” distributions of their residua, which
may also be stochastically dependent.

We prove that, similarly to existing structural model, a one-to-one mapping transforming the
common factors into PDs and LGDs exists and, moreover, is twice continuously differentiable all
in the common factors and in the parameters of the model, which are the volatilities of individual
factors, their AR coefficients and the loan interest rate. Consequently, we show that the overall
percentage loss of the portfolio, seen as a function of the common factors and the parameters, is
twice continuously differentiable,; too.

As both the transformation and the overall loss are analytically intractable, we further pro-
pose a numerical technique for the their computation. We also present a simple numerical study
demonstrating efficiency of the technique.

Is it was mentioned above, we also demonstrate that the PDs resulting from our model may
significantly differ from those resulting from the repeated usage of a one-period model. We also
show that, given a positive AR parameter, our model replicates the empirically observed decrease
of the PDs in time within the portfolio (see [1]).

Our model is widely applicable. Not only can it may be combined with any appropriate (macroe-
conomic) model of the factors’ evolution to describe the dynamics of PDs and LGDs, but it may
also serve in concrete portfolio management, namely for stress testing (via factors perturbations)
or for portfolio optimization. In all these cases, the theoretical properties proved in our paper, es-
pecially the differentiability, can help a great deal, either in numerical optimization or in statistical
estimation (for the role of the differentiability in the statistical estimation, see [12] and/or [19],
Chp. 2.3.).

As an example of the application of our model, we formulate a single optimal scoring model
with the debtors’ minimal wealth as the decision variable.

The paper is organized as follows: after this Introduction, the model is formulated (Section
2). Then, formulas for the PD and the mean charge-off, from which the LGD is subsequently
computed, are given (Section . Next, the bijectiveness of the transformation, its differentiability
and the differentiability of the overall loss are proved (Section . Consequently, the numerical
technique for the computation of the mapping and its inverse is described (Section . Further
(Section , the accuracy or our technique, the difference to the single-period models, and the
decrease of the PDs in time are demonstrated. Finally, the optimal scoring problem is presented
(Section 7)) and the paper is concluded (Section . Some auxiliary mathematical material and
proofs are contained in the Appendix.

2 Setting

We consider a portfolio of N loans such that



e the amounts of loans are identical for all the debtors, equal to one without loss of generality,
e all the loans have the same duration m and the same interest rate e,
e each loan is arranged at time 0 and is amortized annuity way, i.e., by identical installments
T € 7£ 0 -1
b = b(e)—{ll” o’ v=uv(e)=(14¢"",

payed at each of the times 1,2,...,m (see [IT], p. 39. for the formula determining the
repayment given annuity amortization).

Assume further that nominal free wealth A¢ of the i-th debtor at time ¢ fulfills
Ai:exp{Y}—l—ZZ}, t>1,
where

e Y is a stochastic processes (common factor),

e 7' (individual factor) is a stochastic process such that

— Zi = 01U}, 01 > 0, where U} is a centered standardizecﬂ random variable,

— Zi = ¢Zi_| +oU}, t > 1, for some constants ¢ € R, o > 0, where U Ui,... are
identically distributed centered standardized.

Further, assume that the i-th loan is secured by a collateral with price P’ fulfilling
Pi=1
(i.e., is equal to the size of the loan) and
Pf:exp{[t—i—Ez}, t>0,
where

e [ is a stochastic processes (another common factor),

e E' (individual factor) is a stochastic process fulfilling E} = ¢ E;_, + pV}', t > 0, for some
constants ¢ € R and p > 0 where E} =0 and V{, V&, ... are identically distributed centered
standardized.

Finally, for any ¢ and 4, denote =i = (U}, V}}) and assume that

=1
[} =7

=2,...,=2N 28 =2 ... are mutually independent, independent of Y, I.

o =1 22 ... EN are identically distributed with a (joint) c.d.f. Wy, strictly increasing in both
its arguments, having continuous uniformly bounded first- and second-order derivatives and,
moreover,

|u|wi (u) and |v|w?(v) are bounded (1)

where w}(u) = B%Wl (u,00) and wi(v) = %Wl(oo,v) are densities of Uj, V1, respectively.

?i.e., having zero mean and unit second moment



o =1 =2 ... =NV EL ... are identically distributed with a (joint) c.d.f. W, strictly increasing in

both its arguments, having continuous uniformly bounded first- and second-order derivatives
and, moreover,
|u|w! (u) and |v|w?(v) are bounded (2)

where w!(u) = %W(m o) and w?(v) = %W(oo,v) are densities of Uy, Va, respectively.

Remark 1. Our assumptions are met if distributions of =} and =2 are non-degenerated joint
normal.

Proof. The bounded differentiability may be easily verified using well known formulas for the den-
sities. The monotonicity of the c.d.f.’s follows from the positiveness of their densities. The bound-
edness of |u|w](u) follows from its positivity and the monotonicity of its tails. O

Remark 2. Let m = 1.

(i) If Y1 ~ N(0,62), Z1 ~ N(0,0%),62 + 0% = 1 then our setting replicates the Vasicek Model [2]).
(ii) If Y1, Z1, are as in (i), [y = a + Yy for some o,y > 0, By ~ N(0,0%), 0 < o< 1, E1 17,
then we are getting the model by [5] up to taking logarithms of the collateral price.

(iwi) If Y1,11, Z1, By are as in (i) with (Ey, Z1) joint normal correlated then we have the model by
23],

() If Y1, 11, Z1, By are general with E1 117, then we get [6].

Proceeding with definitions, denote

Bl =1[AL <7b]| =1[Z.<-Y}], Y}=Y,;—logT—logb, (3)

T

the variable indicating insufficiency of the i-th debtor’s wealth to cover the (accumulated) install-
ments at 709 and denote , 4 ' ,
S =1[B} =0,B5=0,...,B. =0]

an indicator of “survival” of the i-th debt up to time 7 (Sp = 1 by definition).
We say that the i-th debtor defaults at ¢ if

Q=1
where ‘ ‘ ‘
Q=1[B;=1,5_,=1].
The loss given default (LGD) of the i-th loan at time ¢ is given

max(0, hy — P})

Gy = L

where

m—t+1
m

m m—7+4+1 __ 1—v
he = hy(e) = {bZT_t v = b= € #0

is the principal outstanding at ¢ (see [I7] for a corresponding formula).

3 Alternatively, additional obligations v, > 0, 1 < 7 < m, of the debtor may be considered changing our definitions

to
AL <Tb+277} , Y =Y, —log <7’b+277>

v=1 v=1

Bi=1

without affecting our further results. Moreover, both the factors transformation and the overall loss would be
differentiable in all 71, ..., vm thanks to their differentiability in factor Y, proved later.



The charge-off (percentage loss) of the i-th loan is then given as
Li = QiG! (4)
Further, denote

N
Nt - ZSZ_l t > O,
i=1

the number of the debts having survived until ¢ and define

Di<ien @
= === t> 07
Qe = =152
the default rate, ‘
I — ZlgiSN Li
Nt= TN

the charge-off rate and

a ZlgigN,Q;‘ﬂ Gy Ly,
N,t = ; = ’
2i<i<n @i QN

t>0,

the average loss given default.

Finally, denote

L Q= aie i
LN:NZB Z Li,  Be(0,1],
t=1 1<i<N

the overall relative discounted loss of the portfolio.

Finally, denote

Qy = lim Qny, Gy = lim Gy, t>1,
N—o00 N—o0

= lim LN
N—o00

the asymptotic versions of the default rate, loss given default and the overall loss (i.e., those given
a hypothetical infinite size of the portfolio).

We hold on the established practice and call @, probability of default (PD), even though this
name is inaccurate because @, is a random variable (equal, by the way, to the conditional probability
of default given the vector of factors up to ¢, see Proposition [1| (i)). Variables G; and L, we call
simply LGD, owverall loss, respectively.

The main goal of the present paper is to examine properties and computability of the mapping
®; transforming the factors up to time ¢ into the PDs and LGDs up to time ¢, i.e.

(bt(Y17[17"'}/t7It;0):(QlyGla"'aQtht)7 (5)
its inversion, and the mapping A transforming the common factors into the overall loss, i.e. fulfilling

L:A<Y17]17"'aYmaIm;9) (6)

in dependence on parameter vector

0= (e,U1,U,p,¢a¢)

taking values in space
O = (—1,00) x (0,00)3 x R%



3 Probability of Default and Mean Charge-off

In the present Section, mappings transforming the common factors into the probability of default,
the mean charge-off rate, respectively, are studied under temporary assumption that

Y =y, I = for some deterministic y € RY,, € RN (7)

(meanwhile, variables = are kept stochastic). Readers, interested only in our main results, may skip
this Section without loss of understanding; further text, however, references several formulas from
the present Section. For notational simplicity, we write =, instead of Z1, U, instead of U}, etc.,
throughout the Section.

We start with some properties of the conditional distribution of (Z;, E}) given survival of the
debt until ¢t — 1:

Lemma 1. For any t > 1, denote
Et = (yta e ay179)'
and put

Fi(z,e;6-1) = {WI (Uil’%) t=h (8)

Ay
fon t>1,
Ap = Ai(z,6;6-1) (9)
zZ—Qr e —uws
= w ( ¢ ) QZ) > dthl(T78;£t72)v
{TZ—yf,l,ﬁER} a P

Ci=Ci(§-1) =1 = Fi_1(=y;_1,00;&-2),

yi =yt (Yr, €) = yr — logt —log be).
Let t > 1 and let &_1 be feasible, i.e. &_1 € R'™1 x ©. Then
(i) for each z,e € R,

P[Zt S Z7Et S e|St71 = 1] = Ft(z7e;§t71)7
(ii) F; is strictly increasing in both z and e,
(iii) F} is continuously differentiable in (z,e,£—1),
(iv) for each symbols € {z,e,yi—1,...,Y1,€,01,0, 0, p, ¥} there exists continuous ags) (¢) € Rt such
that 5

‘Ft(%@;ft—ﬁ < aﬁ“"_)l(&—l)-

0s

If, in addition,

o )

u? M (u)|, v* %w%(v) and |uv| wy(u,v) are bounded, the first two being integrable  (10)
2| 0 1 2|0 o o
u” |5 W (u)], v oY (v)| and |uv|w(u,v) are bounded, the first two being integrable, — (11)
u v
w (o) <wi” W) <@l® WM <Pl wveR, (12)
where wy; = ﬁwl and w = #%UW are densities of (U1, V1), (Ua, Va), respectively, w' and w?

2|1

. . ) 1)2
denote the i-th coordinates of w1, w, respectively, w; ~, w2 and w
2|1

are finite constants, and where

wilQ, w''? and w2 are the conditional densities of Uy |V1,Us|Va, Va|Us, respectively, then



(v) F is twice continuously differentiable in (z,e,&—1),

(vi) for any symbols r,s € {z,e,y_1,...,y1,€,01,0,¢,p, b} there exists a continuous o™ (&) €

R* such that
0

%Ft(zve;é‘m) < a(r’s)(ftfl)a z,e €R.

Proof. See Appendix [B] O

Remark 3. Conditions (@, and (@ are met if distributions of =} and =% are non-degenerated
joint normal.

Proof. Denote f the standard normal density. Using the fact that f is decreasing on RT and
the By Parts Formula gradually, we get [, u?|:Zwi(u)|du = — [5, v® 2 f(u)du = 2 [uf(u)du =
E|U1], and, symmetrically, [, u?|w](u)|du = E|U;|, which imply the first formula in (the
boundedness of function u?|-Zw} (u)| may be proved by showing that its tails are monotone beyond
certain threshold).

Further, as U1 |[V; ~ N (oV1, 1 — 0?) where g is the correlation coefficient between Uy and V; (see
[], Proposition 3.13), we have that

wi*(ufo) = ef (c(ut gv) < cf(0),  e=
proving the first formula of . As, further,
max |uv|wi (u, v) = max |uv|cf (c(u + ov)) f(v)
u,v u,v
z=c(u+pv)

= max
v,T

T

© — 0| [olef (@) (0)
< max|av] (@) (v) + comaxv* f(z)  (v)

= max || f () max [v|f(v) + co max f(x) max v? f(v) < oo

(the finiteness follows from the fact that the tails of the maximized functions are vanishing at co),
i.e. the last formula of is proved. The proofs of the rest of , and are analogous. [J

The following two Propositions describe properties of the probability of default, the expected
charge-off rate, respectively, of a single debt in dependence on &;.

Proposition 1. Lett > 1 and let §&_1 be feasible. Put
q = qi(&) = Fir(—y7,00;&-1).
Then
(i) PlQt =1[Si—1 = 1] = ¢,
(ii) ¢ is strictly decreasing in ys,
(iii) q; s continuously differentiable in &,
(iv) qi(e,&—1) is a bijection between R and (0,1),

(v) ¢ *(2,&_1), where the inversion is meant with respect to the first argument of q, is continuously
differentiable in (z,&_1),



(vi) if (@), and (@ hold then q; and qfl are twice continuously differentiable in &, (z,&1—1),
respectively.

Proof. (i) follows from and from the fact that Q; = B, on [S;—1 = 1], implying that P[Q; =
1/S;-1 = 1] = P[B; = 1|S;—1 = 1]. (ii) and (iii) are implied by Lemma [] (ii), (iii), respectively,
and by the fact that b(e) is continuously differentiableﬂ(iv) follows from the continuity of Fy(e, c0),
its strict monotonicity and the fact that it is a c.d.f., i.e., its limits in —oo and 400 are zero, one,
respectively. It remains to prove (v) and (vi): To this end, let 2 € (0,1) be a constant and let

Define function ¢ by
¢(y7 2, f) = qt(ya 5) -z

As
$(9,2,§) =0
and as a%qﬁ(g, Z,&-1) < 0 by (ii) and (iii), it follows from the Implicit Function Theorem that there
exists a neighborhood N of (£,£;—1) and a continuously differentiable function v, uniquely defined
on IV, such that
P(v(2,6),2,€) =0,  (2,§) € N. (13)

However, as also uniquely defines ¢; ', necessarily v(z,€) = ¢; (2, &) for any (2,€) € N, i.e..(v)
is proved.

Finally, if the assumptions of (vi) hold true, then, by Lemma [1| (v) and thanks to continuous
second order differentiability of b (which can be proved analogously as in Footnote , qi (&) is twice

continuously differentiable. Moreover, by the Implicit Function Theorem, v is twice continuously
differentiable, i.e. (vi) is proved. O

Proposition 2. Lett > 1 and let & be feasible. Put

At = )\t(btagt) = )\:(Lt — log htvgt)

where
N(s,6) = Hi(—s:€) —exp(s) /  explx)dH, (x:£) (14)
= exp(s) [ Hilw:6) expla)da, (15)
Hy(e;&) = Fi(—yy,e;6—1).
Then

(i) E[L¢|Si—1 = 1] = A f]

(ii) A; is strictly decreasing in vy and yz,

(iii) A; is continuously differentiable in (i4,&:),
(iv) Ai(e, &) is a bijection between R and (0, q:),

(v) N\ N, &), where the inversion is with respect to the first argument of Xy, is continuously
differentiable in (x,&;),

4The differentiability in zero, which is the only problematic point, follows from Lemma
5Rigorously: E[L¢|Si—1] = At on [Si—1 = 1].



(vi) if @, and hold then both Ay and ;' are twice continuously differentiable in (14, &),
(x,&), respectively.

Proof. Ad (i). Using probability calculus, we gradually get that, on [S;—1 = 1],
E[L:|S;i_1] = hy "B(D; max(0, hy — P;)|Si_1)

=t [ = p1Llhe — p > 01z < 7P s, 0.2

=h;t /(ht —exp{u +e})1]z < —y;_;]1[e < log hy — v]dFy(e, 2)

=h;t [ht/l[z < —yi_1]1[e < log hy — 1¢]dFi(e, 2)
—exp{t} / 1[z < —y;_4]1[e < log hy — 1] exp{e}dFy (e, z)}
= Fi(—y;_1,loghy — 1) — exp{et — log hs} / 1z < —y;_1]1[e < log hy — 1] exp{e}dFi(e, 2)
= H;(1; — log hy) — exp{et — log h:} / 1le < loghy — i) exp{e}dH¢(e)

which proves (i) in its variant . (at the last equality, we have used the fact that, for any positive
measurable f, [ f(e)1l[z < —y;_]dF,(z,e) = [ f(e)dH,(e) which may be easily verified e.g. by an
approximation by simple functions). Finally, put n;(e; &) = ge Fi(—yr,e;&—1) (the existence of the
derivative is guaranteed by Lemma (iii)) and note that 7, is a density corresponding to H;. Using
the By Parts formula, we get

/ exp(x)dH(z) = / exp(x)nt(x)de = Hy(—s) exp{—s} — H(z) exp(x)dz,
which, plugged into , gives .

Ad (ii). By differentiating with ny(z)dz in place of dHy(x) we get, using the Leibnitz Rule,
that

%A;(s) = —ni(—s) — exp(s) ( / B exp ()1 (x)dx — exp(—s)m(—s))

— 00

—s
= —exp(s)/ exp(z)n(x)dz <0 (16)
— 00

which proves the monotonicity of A} in s, implying the monotonicity of A; in ¢;. The monotonicity
in y; follows from that of Hy, which is inherited from F}, and the strict positivity of the integrand
in .

Ad (iii). The continuous differentiability of A\; in ¢ follows from that of A} in s (see and note
that the continuity of the derivative follows from absolute continuity of the Lebesgue measure).
The differentiability in & (the i-th coordinate of &) and the continuity of the derivative follows
from Lemma[d] In particular, by differentiating we get

9 9
oE (5,6) = exp(s) [ L0
(2)

with the integrable upper bound being equal to exp(x)aoy

Fi(—y;, z; &) exp(z)dx;

(if we differentiate according to y;) or

exp(T) max|e_¢,|<e aii)(ﬁ) (in the remaining cases). The continuity of the derivative follows from
the well known theorem guaranteeing continuity of a Lebesgue integral dependent on a parameter

10



([18], Theorem 9.1.). (iii) now follows from the continuous differentiability of htﬂ
Ad (iv). As A¥(s) > 0 by and A} (s) < Hy(—s) by (1F)), necessarily

Ltlil;noo )\t(bt,ft) = Sli)n;.lo )\:(S,ft) =0. (17)
Further, we have

1y —~—00=—=>PFP —-0a.s. = G —1a.s.
= E(L¢|Si—1 = 1) = E(Dy¢[Si—1 = 1) = Ae(1,&t) = ¢

(the expectations converge because L; and D; are uniformly bounded). Therefore and thanks to
(17), point (ii) of the present Proposition and the continuity of A; (following from its differentiability
in ¢;) suffices for (iv).

Ad (v). The assertion may be proved analogously to (v) of Proposition

Ad (vi). For any 1 <i,j < dim(&),

0 -9
WANS’&) = exp(s) . WFt(_yZZ x5 &) exp(x)dx

an integrable upper bound here is exp(x) max|e_¢, <. ) £€)). Further, by differentiation of (16|,
|6—&|<e Ot

6583 Al = —exp(s) {/_S exp(x)m(x)dx — exp(—s)nt(_s)]

—0o0

—S

= nh(—s) — exp(s) / exp(e)e(z)dz

— 00

(the derivative is continuous because 1, is continuous by Lemma (1| (iii)) and, by differentiation of

again,

0 . - 0 N
8885%')\15 = —exp(s) /_Oo exp@)mﬂ(—yt,w)d:ﬁ

(an integrable upper bound being exp() maxje_¢,|<. al*7) (€) here). As 8%852)\;‘ = ﬁ)\z thanks

to the continuity of the Lh.s., we have proved that A} is twice continuously differentiable in (s,&)
which, together with the second continuous differentiability of hﬁEI proves the continuous differentia-
bility of A in (¢4, &) which itself suffices for (vi) (for details, the the analogous proof of Proposition

(vi)). O
Next Corollary discusses two important special cases

Corollary 1. (i) If ULV then

At = @i, ¥t = Vi (et,0) = 77 (10 — log hy, 0)
where

—S —S

i (8,0) = Ri(—s) — exp(s) / exp(x)dRi(z) = exp(s) [ Ri(x)exp(z)de

— 00 — 00

Ri(e) = Ri(e;0) =P[E: <e]. (18)

6The differentiability of h: follows similarly as that of b, see Footnote
"Proved analogously to Footnote

11



(ii) If, ULV and Vi ~ N(0,1) then

Pt 2

o ) 1—qp2t+2
wt*(s,e):w(—‘s)—exp{w”f}w(S”?), g = {p2 7 Z#i 19)

where @ s the standard normal c.d.f.

Proof. (i) follows from the fact that

ULV = FELZ = FB,A7Z,8_,

(in the last implication, we have used the fact that S;_; is a function of Z;, Zs, ..., Z;_1) implying

Hy(e) =P[Zy < —y;_ 1, By < e|Sp—1 = 1]

=PE, <e|Z; < —y; 1,51 =1P[Z; < —y; 1|5 = 1] = Ri(e)q:

which, plugged into and , gives (i).
Ad (ii). By an easy calculation we get that E; ~ N(0, p?), i.e.,

e 1 e2
Ri(e :<p<)7 dR;(e) = exp{—}dx,
t( ) Py t( ) Pt\/ﬁ 2,0%

and, consequently,

-F | x?
exp(x)dR(x) = exp | x — 27 dx
i

o0

—oo PtV 27
ol (= — p})” p?)
= exp | — —~— 4+ — | dx
/—oo pt\/ 27T ( 2[)% 2
2 2 s 2
—oxp {22 F PV 48) < o] —esp {2} (2211

which, together with (i), gives (ii). O

Now we may prove the required properties of a mapping, which will later be shown to fulfill .

4 Main Results

We start the present Section by the construction of the mapping transforming the factors to the

rates.

Theorem 1. Lett > 1.

)

(Q15G17"'7Qt7Gt):(Dt(yiall7"'n7]t;9) (20)

where

Dy (Y1, L1, Yty 115 0)
= (ql(yla 0)791(L17 Y1, 0), cee qt(ytv - Y1, 0)7gt(Lt7 Yty -5 Y1, 0)) (21)
and
A‘f'(LTa Yry- -5 YL, 9)
q'r(y'rv - Y1, 0)
Moreover, ®; is one-to-one between R?*t and (0,1)**t and is continuously differentiable in
(Y1, 15+ Yt, L, 0) (see Pmpositions and@ for definitions of q., Ay, respectively).

gT(LT)?JTa"'vylya): 1ST§t

12



(ii) The inversion of ®; is given by
Ui(21,21,- -+, 26, 045 0)
= (gl(zl; (9)7 Z‘r(zlaﬁl; 9)7 e 7gt(2t7 ceey 21, 9)7 Zt(xtv 2ty ey 215 9)) (22)

where
g1(21;0) = q1 ' (21,0), i(z1,21;0) = AT (w121, 1 (215 0), 0), 21,21 € (0,1),

and, for any T > 1,

:(17—(27-7...21;9) :qT_l(zT,ng,l(zT,l,...,z1;¢9),...7:1]1(21;9);9)7
Ir(Try 2y 2130) = NN (@r2e, G (2050, 2030), . 51213 6)36),
21,22,y 27, Ty € (0,1) (23)

(the inversions of ¢ and \; are meant with respect to their first arguments). Moreover, ¥
is continuously differentiable in (z1,x1, ..., 2¢, x4, 0).

(iii) If (@), and (@ hold true then ®; and V; are twice continuously differentiable in
(Y1, 155 Yty b6, 0), (21,21, ..., 2¢, x4, 0), respectively.

Proof. We start with the proof of (ii). If ¢ > 1, then the assertion may be easily verified by
Proposition [1| (iv) and Proposition [2| (iv). Let ¢ > 1 and assume (ii) to hold for ¢ — 1. Let
Vy = (21,1‘1, sy Zt,l't) S (0, 1)2Xt. Then

(I)t(\Ilt(Vt)) = (pt(\pt—l(yt—l)a Qt_l(Zta Y1, Y1; 9)7 )\t_l(ztiﬂt, Uty Y13 9))

- <¢t—1(\1’t—1(yt—1))a qt(qt_l(ztvgt—lv .. agl; a)agt—lv ‘.. 7@1; 9))

&@H@%mwwﬁmﬁww%m>
@ (q ey e—ts -, §130), Geets - 513 0)
= (21,21, -, 2t,%¢) = V. (24)

Similarly we could show that ®;(¥;(v;)) = v; for any v; € R?** which, together with , would
prove that U, is an inverse of ®;. The differentiability of U, is easy to verify using (v)’s of Propo-
sitions respectively, and the Chain Rule for Derivatives.

Ad (i). Let 1 < 7 < t. First, assume (i.e. that Y and I are deterministic). Then, by the Strong
Law of Large Numbers ([I5] Theorem 4.23), M — P[QL = 1] and Y5t — P[S!_, = 1]
almost sure, hence in probability, so, by Lemma (see Appendix),

_ plimy =228 plo1
T plimy % B P[Siq = 1]
PlQ; = 1|57, =1JP[S]_, = 1]+ P[Q} = 1|S;_, = O]P[S;_, = 0]
B IED[S'L1 =1]
=PlQ} =1|S]_; =1] = ¢-(Ys,...,Y1,0) (25)

by Proposition 1] (i) (we have used the fact that Q1 = 0 on [S._; = 0] implying P[QL = 1|S}_, =

13



0] = 0) and, by analogous arguments,

_ plimy LY E[L}]
T oplimy QY PlQL=1]
_ E[L;|S;_, =1P[S}_; = 1]+ E[L}]S]_; = 0]P[S]_; = 0]

T

BlQL = ST, = 1P[SL_, = 1]
E[LLSE , =1  M(I.Y:,...,Y1,0)
- = (26)
P[ 71_:1‘57__1:1] qT(YTa"'7Y1?9)

by Proposition 1] (i) and Proposition 2| (i) (we have used fact that E[L}|S}_, = 0] = 0 which is true
because S1_; =0=Q!_; =0= L1 =0).

Now, stop assuming (i.e. let Y, I be stochastic again). Then, however, and (26), and
consequently (20), hold by Lemma 2] (notice that (Z-);>11L(Y7, I;)->1 and that there are no other
random elements than

(57‘7 Y‘m IT)TZI

in our setting). The differentiability follows from (iii) Proposition [1| (iii) and Proposition [2] (iii).
The one-to-one property follows from the fact that the image of ®; is a subset of (0,1)?*! and from
the proof of (ii), during which it was shown that a unique ®; !(v) exists for any v € (0,1)?**.

Ad (iii). The assertion follows from from Proposition [1| (vi) and Proposition 2] (vi). O

Given the mutual independence of the factors, the situation simplifies:

Corollary 2. If ULV then
Gl 01, 0) = 4 0), Tz 0) =77 (2, 0), 721
(see C’orollaryfor the definition of 7. ).
Proof. The assertion is a direct consequence of Corollary [1f (i). O

Next we show that the one-to-one property holds also between Y’s and Q’s alone:

Corollary 3. For anyt > 1,

@1y, Q1) = ®;(V1,..., Yy 0) (27)
where
(Y1, 5 Y150) = (Gr(Yrs -5 9130)1<r<i (28)
is a bijection between RY and (0, 1), is continuously differentiable in (y1,. .., y:,0) and has inversion
Ui(21,- 05 250) = (Gr (2,5 213 0))1<r<t (29)
which is continuously differentiable in (z1,...,2.,0). Given @), and (@, ®! and ¥} are
twice continuously differentiable in (y1,...,y:,0), (21,...,2t,0), respectively.

Proof. Formula and the differentiability of both ®! and ¥} follow directly from Theorem
The fact that W} is the inversion of ®} may be proved analogously to the proof of Theorem O

Before leaving the topic of @4, let us present several formulas suitable for working with individual
loans.

Theorem 2. For anyt > 1, anyt € N, and any y1,t1,...,Yt,tt € R,

14



]P’[Ai < a,Pf < e|S§71 =1L,Yi=y, 1 =u1,....,Ys =y, [t = 1]
= F;(loga — yi,loge — t459i—1, ..., 91,0),

(see Lemmal[d] for the definition of Fy)
(ii) P[Qi = 1|‘S’;—1 = 1a}/1 = 917[1 =l1,... 7Yt = yt7It = [/t] = Qt(yt, s 7y1a9);
(iii)
E(LHSZ—I = 13Y1 = lel =l1,--- 7)/15 = ytaIt = Lt)

— qt(yta"'aylae)rﬂ(%,g) ZfUJLV
Ae(tes Yty -5 91,0) otherwise,

(iv)
EGHQi=1,5_1=1Yi=yi, I =u1,....Ys =y, I, = 1)
B {%(at,e) ULV

Ne(LesUtrensy1,0 ,
2uleeyeyy1,0) 2 ) otherwise.
qt(yt ----- Y1, )

Proof. Ad (i). By basic probability calculus, applied to the conditional distribution given (Y I),

PlA; <a,Pf <elS;_1 =1Yi =y, [y = 1,.... Y, =y, I = 14]
_ P[Ai ga,Pf Sevsi_l =1Yr=y, i =u,....Ys =y, It = 14]

d 30
PISi, = Vi =g li =t Vo= g Iy = 4] (30)

Given (@, we would have

]P)[SZ—I:17}/1:yl7ll:L17'-'7m:yt7]t:l/t]
=PlSi,=1= [[ Ppsi=1si,=1= [] (1-q)

and

P[A! <a,Pf <eSi =1,Yi=y,[1 =t1,...,Ys = ys, [ = 4]
=P[A! <a,Pf <e,Si | =1]
=P[A} < a, P} <elS;_; =1]P[S;_; = 1]

Fy(loga — yi,loge — tiiye1,...,y1,0) [ (1—an).
1<7<t—-1

As, by Lemma the last two formulas hold with @ released, (i) follows by plugging these formulas
into (30).
Ad (iv). We have
E(LyS; Y1 =y1,...) =E(GiQiSi 4 [Yi=y1,...) =
E(G;‘Q;Sgil = 1,Y1 = yl; e )P[QiSLl = 1‘Y1 = y17 .. ]
+ E(GﬂQiSZ?l = 0, Yl = y17 - ) IP’[Q@SLl = O|Y1 = y17 .. }

=0

15



giving o
E(LiSi Y1 =w1,-..)

BGHQiSi =LY =) = piorgr — 1w, —gr, . ]
S =1V = .

As, by Lemma 2]
E(L§S§—1|Yl =Y1,-- ) = E(L; f—l)
= B(Ly|Si_y = DP[S;_; = U+ E(L{|Si_, = 0)P[S;_, =0] =X [[ (1-g)
(S ——
and

PQi =15 =1Yi=y,...]=a¢ ][] Q-a)

(iv) is proved (see Corollary |1 for the case ULV).
The proofs of (ii) and (iii) are analogous.

O
Finally let us construct mapping A, promised by @
Theorem 3. It holds that
L=ANY,1L,....Y0, 1n;0) (31)
where
m t—1
A(yla L1y -3 Yms b 6) = Zﬁt_lAt(Ltayh .- U1, 9) H[l - qT(y7'7 <Y1, 9)} (32)
t=1 T=1

Moreover, A is continuously differentiable in all y1,t1,...,Ym,tm,0. If, in addition, (@, and
12) hold true then A is twice continuously differentiable in all y1,t1, ..., Ym,tm,0 (see Proposition
Proposition |9 and C’orollary for definitions of q: and A, respectively).

Proof. The proof is similar to that of Theorem [I} If Y and I were deterministic (assumption )
then we would get, using Lemma the Law of Large Numbers and Proposition [2f (i), that

m N m
. 1. 1 i _
L=plimy_,Ly=)» p' 1pth%oN > L= BTE(L)
t=1

=1 i=1

= Z/Bt_l E(L;|S;—1 = V)P[S;_y = 1] + E(L;|S;_; = 0) P[S;_; = 0]
— S—
t=1 ~
=> BTINPSE, =1]. (33)
=1
As, for any 7 > 1,

P[5} = 1] = P[S} = 1|5}, = 1B[S:_, = 1] + P[5} = 1|S}_, = 0][S!_, = 0

=0
=(1-¢)P[S;_; =1]
(by Proposition [1| (1)), it is
t—1
P[Stl—l - 1] - H(l - qT)7
T=1
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which, together with gives for deterministic Y, 7. Similarly to the proof of Theorem
the validity of given stochastic Y, I follows by Lemma [2 The differentiability if A is clearly
inherited from that of the ¢’s and the)\’s (see Propositions [If and . O

Remark 4. If ULV then we may use the fact that
Aebesyer o y1,0) = qe(Wes Y1, 0)7e (4, 0), 1<t <m,

in computation of @ (see Corollary .

5 Numerical Computation of the Transformation

In the present Section, we discuss practical computation of mapping ®} transforming Y’s to Q’s,
and its inverse. The transformation between I’s and G’s is left aside because its computation is
relatively easy in the case of independent individual factors, requiring no broader discussion, while
its treatment in the general case of dependent factors, despite it could be done similarly as in the
case of ®! (see also Remark at the end of the Section), would add undue complexity to the present
text.

Let y1,...,y: € R be constants. We start by describing the dynamics of the conditional distri-
bution of the individual wealth factor.

Proposition 3. Denote Uy and U the distributions of o1 - Uy, o - Us, respectively. Denote
Zt = Zt(y17 LR 7yt) = E(Ztlstfl = 17Y1 =Y1,--- 7)/;5 = yt)) t 2 1.

It holds that
Zl = ulv (34)
and, for anyt > 1,
(1)
Zt :¢-T(Zt,1,—y;1)ou, t> ]., (35)

where o denotes convolution, T (e;y) is an operator of truncatimﬁ at y and a - e stands for
scaling, i.e. multiplication of a corresponding random variable by constant a (y;_ is defined
i Lemma .

(il) Alternatively
Zt:(ZS'M(thlaqt(yl?"'ayt))Oua > ]-a (36)

where

M(Z2,p) =T(Z2,x(Z,p))

and, for any distribution Z,
X(Z,a) = inf(x; Z(—00, 2] > )

denotes its a-quantile (q; is defined by in Proposition ,

8By truncation of a distribution with c.d.f. F at a we understand a distribution with c.d.f. F(z) =

max (0, £ )
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Proof. Formula is straightforward.
Ad (i). For any 7, denote G.(e) = F(e,00;y1,...y:—1) the c.d.f. of Z,. First, note that, by (i) of
Lemmal [T} G; may be rewritten as

B f{mzfyt*_l,SGR} W( Z_jw , OO)dFt—l(xa 3)

Gi(z) = 1= Fr (=g, 00)
_ Jas—u:_ 3 W (222, 00)dGy 1 ()
1= Gia(—yi_q)
z— ¢z Gi1(x) / 2z — ¢x -
- w ;00)d =W ,00)dGy_1(x 37
/{I>y:_1} ( o ) 1 _thl(_yz(_l) ( e ) t 1( ) ( )
where

Gyi1(w) = max (0, Gialr) - th(—y?1)>

1= Gia(—yi_y)

(we have used the facts that adding constants to c.d.f.’s does not change integrals). As is
exactly the formula for convolution of ¢ - X and o - U where U is a variable with c.d.f. W (e, c0)
and X is a variable with c.d.f. Gt_l, and as Gy_; is nothing else but the c.d.f. of Z;_; truncated
at —yr_q, (i) is proved.

Ad (ii). The assertion holds thanks to (i) and because x(Z:, ¢:(ye,-..y1)) = —y; by the definitions
of ¢; and Z;. O

Because formula for Z; is intractable already starting from =2, we use an approximation -
namely discretization - to evaluate the dynamics of Z;. In particular, we replace Uy and U by
atomic distributions Wy, W, respectively, defined by

Wl = Dh,—n,n(ul)7 W= Dh,—n,n(u) (38)

where h is small enough and n is large enough and where

o (=00, n1n + 2] i =ny
Dynins(P) =Y 6iyPIL],  Li=4(in—2in+32] ni<i<ny
i=ny (nan — 3,00) i =ny

is an operator of discretization of a distribution P, with bandwidth n and range (n1,n2) (here, d,
stands for the Dirac measure concentrated in ).

First, let us discuss the computation of ®! in the case when Y’s are known and Q’s are computed;
here, we approximate Z;, t > 1, by distributions Ay, ¢ > 1, such that

A=Wy
and, for each t > 1, A; is computed by the following steps:
1. Af + T(Ai—1,-Y ) (truncation at —Y* ;)

2. A7 « S(A?F, ¢) where S(e, $) is an operator of scaling by ¢ and consequent re-discretization
so that the distance between atoms is h

3. A? + A7 o W (convolution with W)
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4. A; < C(A?,€;) where C(e, ¢;) is an operator of two-sided censoringEbone so that the censored
mass is no greater than a prescribed €, and simultaneously the range of the resulting distri-
bution is minimal (this step is done in order to save the computational time by accumulating
tails of negligible probability).

Consequently, QQ;’s are approximated by
Qi = A(—00,—Y7),  t>1

The following Proposition estimates the accuracy of this approximation; before formulating it, recall
that the Kolmogorov distance of two distributions F,G with c.d.f.’s F', G, respectively, is defined
as

o(F,G) = sup |F(z) - G(2)|.

Proposition 4. For anyt > 1, ~
|Qt — Q¢| < 6,
where 61 = o(Wh,Uy) and, for each t > 1,

201

§p= ————
" A (-7, 00)

+ o(AY, ¢+ AF) + oV, U) + €.

Proof. See Appendix O

When, on the other hand, rates @; are known and Y’s unknown, then Y’s may be approximated
by
Y: = —x(B:, Q¢) + logt + logb, t>1, (39)

where B; follows the same dynamics as A; with the difference that the truncation (step 1.) is done

at —Y;~; instead of at —Y;* ;.

Proposition 5. For anyt > 1,
‘ﬁt - Yt‘ <X(Bi, Qe +me) — x(Bi, Qr — m1)
where 1 = o(Wr,U1) and, for any t > 0,

_ 1Qi—1— Qi + M1
1- maX(QtfvaAt)

Proof. See Appendix O

+Q(B§,¢B:)+Q(W,U) + €, Qt :Bt—l(*ooaff/;‘,*—l}'

t

Finally, let us conclude that our numerical method is convergent:

Theorem 4. If h — 0, nh — 0o and if ¢, — 0 for each t then Y — Y and ¢ — Q in distribution.

Proof. The assertion is easy to prove by showing, by induction, that, for each ¢, §; — 0 almost
sure. O

9By two-sided censoring of a distribution with c.d.f. F' at a < b we mean a distribution with c.d.f.

0 r<a
Fe)={F@@) a<z<b.
1 z>b
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t=4

Figure 1: Q1,Q2, @3, Q4 given that Y* =Yy =Yy = Y, =1 and normal stationary Z; for various
¢ and o

Remark 5. The general case of dependent U and V' might be treated as well, requiring iterative
evaluation of L(Zy, Ey|Si—1 = 1) instead of sole Z;.

Remark 6. The source code of our C++ program computing ® and ¥ for normal independent
factors can be found at https://github.com/cyberklezmer/phi under branch v16.

6 Numerical Illustration

In the present Section, we demonstrate the non-linearity and the non-triviality of transformation
®!. In addition, we show that the actual errors of our numerical technique is far less than their
bounds given by Proposition [

First, assume that Y’s are such that

Figure [1] shows values of ®!(Y7,Ys,Y3,Yy) with Uy, Us normal and for various values of ¢ and
o. The initial variance is set to o3 = %, which corresponding to stationarity of Z. The values n
and h are set so that the Kolmogorov error of the discretizations of U; and Us is less than 0.0001.
From the graphs it is clear that, even in this simple setting, the mapping is far from trivial and it

is neither convex nor concave.

Figures [2] and [3| show the evolution of Z; (the distribution of individual part of a debtor’s
wealth). Here, we consider two different parametric settings:

(a) $=-0.5, c=1, o1=1.15, (b) $=0.5, o=1, o=1.15,
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Figure 2: Evolution of the c.d.f.’s of Z; given Y* = Y5* = Y3* = Y/ = 1 and normal stationary Z;
with 0 =1,¢ = —0.5.

Figure 3: Evolution of the c.d.f.’s of Z; given Y* = Y5 = Y3* = Y = 1 and normal stationary Z;
with 0 =1,¢ = 0.5.
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’t\m=8,¢:—0.5 m:8,¢:0.5\m:1(repeated)‘

1 0.193 0.193 0.193

2 0.230 0.136 0.193

3 0.206 0.129 0.193

4 0.211 0.127 0.193

5 0.210 0.126 0.193

6 0.210 0.126 0.193

7 0.210 0.126 0.193

8 0.210 0.126 0.193
Table 1: Default rates given Y;* = Yy = .-+ = 1 and stationary Z; with ¢ = 1 for multi-period
models with ¢ = —0.5 and ¢ = 0.5 in comparison with a corresponding single period model.

respectively (Z; is stationary in both the cases). In Table[l} Q¢, t = 1,2,...,8, are shown for both
(a) and (b) as well as for the case of repeated application of a single period version of the model
(i.e. the one with m = 1, o7 = 1.15, coinciding with [24] up to scaling).

We can observe that the results from both the multi-period versions stabilize soon, each, however,
at different value, different from the result of the single period model.

A different course of @;’s in each of the cases - the decrease of the PDs for ¢ > 0 and their
oscillation for ¢ < 0 - is also worth of noting, documenting non-triviality of the model. Namely. An
intuitive explanation for this is following: When ¢ > 0, the worst debts are cut off at each period
so the default rate continuously declines. In the case of ¢ < 0, on the other hand, some of the
debtors, who were rich at ¢ = 1, become poor at ¢ = 2 and vice versa. These, however, who were
poor initially and could be rich subsequently, are cut off by defaults at ¢ = 1 so they are missing
from the portfolio at ¢ = 2 when, in addition, a new bunch of poor debtors appears, formed by
those who were rich at t = 1. Consequently, the second portfolio is “poorer” than the first one and
its default rate is greater; the further oscillation could be explained similarly.

Interestingly, the case ¢ > 0 replicates the empirically documented decrease of the default rates
short after the beginning of a mortgage (see e.g. [1]).

Finally, Figure[dshows that our estimates of the approximation error, given by Proposition[d] are
largely overvalued in comparison with the approximation errors in a concrete cases with ¢ € [—1,1]
and Y;* = [0,1], ¢t < 4@ In particular, with increasing ¢, the difference between the upper bound
and the actual error grows rapidly while the actual error grows moderately in comparison with the
bound.

7 Example - Optimal Scoring

In this Section, we present a simple example application of our model: the optimal selection of the
loan portfolio from a (large) set of loan candidates, the i-th of which disposes with wealth

At:eXP{Yf,Jth}y t>1,

where Y ILZ are stochastic processes such that Y is general and

100ur graphs were obtained as follows: For each of value of ¢ € [—1,1], 100 evaluations of ®! by means of
our numerical technique and its Monte Carlo estimate was made, each with ¢ = 0.9, with o1 corresponding to
the stationarity and with different arguments Y corresponding to Y;* drawn from a uniform distribution (each MC
estimate was computed by 10 times running a simulation of the portfolio with 500.000 debts).
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Figure 4: Estimated vs. actual approximation error: solid line - bound given by Proposition
circles - Monte Carlo estimate of the error.
° Zé = UOUO where the distribution of Uo meets the requirements for U1

° Zt = g%Zt,l + 6(%, t > 1, where ¢A> € R, 6 > 0 and where 01,02, ... are i.i.d. with their
distribution fulfilling our requirements for Us.

Assume that the creditor decides to refuse the loan to the candidates with their initial wealth less
than a certain threshold 19, i.e., such candidates will be accepted for which

So =1, So = 1[Yy + Zo < log¥].
In this case, the individual part of the wealth of the accepted candidates will have distribution
29 = T(Zp,logd — Yp)

where Zj is the distribution of Zy. It is easy to verify that, once we put

~ 1 -~ ~
0? = ¢*var(Z%) + 62, U = ;(qs(zf’ —EZ% +6U,), ARNE -4 (40)
1
Yt:YtJr?Ezﬂ U, = U, t>1, (41)
1
(b = (55 g = &a (42)

then the assumptions of our model are met and A% = A;, t > 1 on set [Sp = 1].

Now, if we assume, that the (discounted) profit B of the creditor stemming from a single debt
given that it will not default until m is deterministic and identical for all the debts, the the maximal
expected overall profit from the portfolio will be

max P(9),  P() = (1 — Fy(log ¥ — YO)) (B—EA’(Yi, I, ..., Y, 1)) (43)

HJe., it is standardized with its c.d.f. strictly increasing, having continuous uniformly bounded first- and second-
order derivatives and fulfilling an analog of ‘
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where Fj is the c.d.f. of Zy and where the index ¢ at A stresses the fact that A(e) is dependent on
9 through —.

As the truncation of Z (at log ¥ — }Afb), caused by refusing the debts to inappropriate candidates,
is completely analogous to the truncations of Z;, ¢t > 1, caused by defaults and as all o1, Y7,...Y,,
are differentiable in ¥, mapping A”, and consequently P(1), is easy to be shown to be differentiable
in 9. Consequently, its maximum may be found by usual gradient methods. However, in light of the
results for (a) of Section @ we cannot generally expect EAY to be decreasing in 9 so the possibility
of local maxima in cannot be easily excluded.

8 Conclusions

In this paper, we formulated a general multi-period factor model of a large portfolio of debts secured
by collaterals. In addition, a simple numerical technique of the model’s computation was proposed
and an example application was presented.

As a whole, our paper provides a ready-to-use technology for modeling multi-period loans port-
folio, suitable both for theorists and the practitioners. In particular, our results may serve e.g. for
an analysis of time series of aggregate losses or for the particular portfolio management.
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A Auxiliary Results

Let us start by the citation of two useful probabilistic results.

Lemma 2. ([I1] 6.8.14.) Let R and S be independent random vectors and let f be a measurable
function such that Ef(R,S) exists and Ef (R, s) exists for any s. Then

E(f(R,9)|S =s) = ¢(s),  ¢(s) = E(f(R,s))-

Lemma 3. ([15], Corollary 4.5.) Let R, Ry, Ra,... and S, S1,Sa, ... be random variables such that
R, — R and S, — S in probability. Then R,S, — RS in probability. If, in addition, all S, S1,
Sa, ... are non-zero, then also R, /S, — R/S in probability.

The following result, on the other hand, is a generalization of the well known theorem, guaran-
teeing the interchangeability of integration and differentiation given that an integrable upper bound
of the integrand’s derivative exists.

Lemma 4.
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(i) Let T be an open subset of R. Let f : R¥ xT — R be a measurable function continuous in its first
k parameters. Let f be continuously differentiable in its last parameter outszde M=NxT
where N C R¥ is a set of zero measure. Let there exists integrable h such that 35/ (r,B) < h(r)

for any r € R¥, B € T. Then a continuous 65 (f f(r,B)dr) exists and equals tof Bﬁf r,B)dr.
(ii) Point (i) keeps holding if M = (N x T)U{(r, 8) € Rk x T : r1 =g(B)} where g is differentiable.

Proof. (i) follows from the well known rules for interchanging integrals and derivatives ([I8], The-
orem 9.2.) and [I8], Theorem 9.1.

As for (ii), we have, from absolute continuity of the Lebesgue measure, that [ f(r,3)dr =

H(B,B,8) where H(f1,B2,08) = f{ngg(m)} f(r,B)dr + f{nzg(ﬁz)} f(r,B)dr. By the Leibnitz Rule,
we have 9

e g’(ﬁl)/f(g(ﬂl),r2,~-,m,ﬂ)drz,...drk,
a%H — g () / F9(Ba), a1 B)drs, .. . dr,
while, by ([I8], Theorem 9.2.), we get
0 o 0
—H = — d — d
86 {r1<g(B1)} 86f(r 6) nr /{r1>g(ﬁ1)} aﬂf(r’ ﬂ) '

Finally, by the Chain Rule for Multivariate Functions,

0 0 0 0
[ 1. (aﬁl+aﬂ2+5> H(5,6.9) = 55t = [ 510 )ar

because the first two terms of the sum cancel out. The continuity of the derivative follows from
[18], Theorem 9.1. O

Finally, we recall two useful results from analysis.

Lemma 5. ([13], Theorem 80) Let f be continuous and finite in [a — A,a + A]. Then

f'(a) = lim f'(z)

r—a
provided that the limit exists.

Lemma 6. ([13], Theorem 192) Let f(z,y) be a function such that 2 f and 2 L exists on some
neighborhood of (xo,yo) and axayf is continuous in (xg,yo). Then

0 0
Wayf(ffo,yo) 92y f(yoyxo)-

B Proof of Lemma 1]

Ad (i). If t = 1 then (i) follows from the definition of =;. Let ¢t > 1 and assume (i) to hold for ¢ — 1.
Using the facts that
[St—l = 1] = [St_g = 1}
and that
P(ABC) P(ABC) P(C) P(AB|C)

PAIBC) = 3Ee) =~ BBO) B(O) ~ PBIO)
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for any random events A, B, C fulfilling P(BC) > 0, we get

PlZ; <z, E  <e|S;-1=1]=P[Z; < 2,E; <e|]S;—1 =1,5_9=1]

B Gi(z,e)
COP[S;_1 = 1]S; 5 = 1] (44)

where

Gt(z,e) = ]P)[Zt S Z7Et S G,Stfl = 1|St,2 = 1]
PlpZi—1 + 00Uy < 2,YE 1 +pVi < e, Zy_1 > —y;_1|Si—2 = 1].  (45)

From the independence of (U;, V;) and (Z;—1, Ey—1, Si—2) we further get, by Lemma that

Gi(z,e) = /1[(;57" +ou <z, s+ pv < e]1[r > —y;_1]dW (u,v)dF;_1(r, s)

= / (/1[u < S (br,v < - (bt]dW(u,v)) 1r > —y; {]dF_1(r,s) = A;.

o p

Finally, as, by our induction hypothesis and ,
P[S;—1 = 1|S;—2 = 1] = C,

(i) is proved.
Ad (iii)-(iv). We shall proceed by induction to prove (iii)-(iv). Meanwhile, we prove that

D; density fi(z,e;&-1) = %Ft(z, e;&—1) exist and is bounded by a finite continuous function

Ct(gtfl)v

D} density fl(z;&-1) = %Ft(z7oo;§t,1) exist and is bounded by a finite continuous function

<tl (é-tfl)?
EZ; E(Z?|S;—1 = 1) is bounded by a finite continuous function e;(&_1),

EE; E(E?|S;_; = 1) is bounded by a finite continuous function e;(£;_1).

Until the end of the proof, we shall abbreviate % g as ¢ for any function g and variable z. During
the proof, we shall frequently use the fact that

0< Wl(u) (u,v) = /” w (u, z)dr < /w1 (u, x)dz = w1 (u) (46)

(recall that w; and w} are the densities of (Uy, V1), Uy, respectively) as and its analogs involving
W W and W,
Coming to the proof itself, let ¢ = 1 first. By differentiating , we get

z 1 u z € z 1,1
F& = —w™ () N i Ee— (47)
01 g1 p 01

where 1,1 is the bound of the first derivatives of W;. Further,
Fl(cn) _ _%Wl(U) (Z e) ’ (48)
01

)
g1 p
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and, by 7
07 g1 g1

where the r.h.s. is finite by . As the cases of e and p are analogous, and as derivatives in the
remaining parameters are zero, we have proved (iii) and (iv) for ¢t = 1.

Further, as EZ? = ¢} and EE? = p EZ,, EE4, respectively, hold true.

As for Dy, note that f; = %Fl(z)(z, e) = %})’e/m is bounded by ~ 2L2 " where v o is the bound
of the second derivatives of W;. Finally, as fi(e) = F} (Z (o,00) = [ fi(o dy = lim, [~ f(e,y)dy =
lim, F*) (e, 2) < % by , D1 is proved, too.

Let t > 1, let D;_1, D}_; EZ;_; and EE,_; hold true and let (iii) and (iv) hold for ¢ — 1. First,

let us prove the continuous differentiability (later abbreviated as c.d.) and the local boundedness
(in the sense of (iv), later abbreviated as 1.b.) of G;. To this end, let us rewrite as

Gt(Za e;gt—l) = D(Z, €, ¢7’(/)7Ua P, _yzfl(yta €>7§t—2) (49)

where

D(e7z7¢a¢aa7p7n7€>
=Pl¢pZi1 +0oU < 2, 0E 1 +pVi < e,Z;1 > n|Si—o = 1,0 =¢]
= [1l =2 w2 R s

g

and prove the c.d. and 1.b. of D in all its arguments. Starting with 7, we get, by the Leibnitz Rule,

D = / w(E—o e ws)ft (1, :€)ds (50)

with

DO < [ fomatnsids = £ (s < 4 ©),
In all the remaining cases, we shall use Lemma [4| to prove the c.d. The required integrable upper
bound will be always denoted by m, symbol =, if used, will always denote a bound of |D(')|.

Starting with z, we are getting

) N _
D& 7/ W (Z‘?V’ ¢ 1/’3) dF,_1(r, 5;€)
{r=n}

o P
m=aq, Y= %a (51)
o
where « is the bound of the first derivatives of W.
Coming to ¢, we have
1 _
D@ — _7/ (@ (2(;57‘ €= w8> dFy_1(r,5;€) (52)
{rzn} g p
€_
—tlar D@ = [ dFia(rs€) = JB(ZiISie = 1) < YO

by the Schwarz Inequality.
Further,
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plo) — _/ z _j)rW(”) (Z _ ¢T, - z/;s) dFy_1(r,s;€)
fr>ny O a p

_ sup, Jofu' (2)
o g

(we have used ([46))).

Before proceeding to ¢%, 1 < i < dim(€), observe that we can alternatively write

D=E.  Bezdbapnd= [Fle—oue-pnOdWuo)

where

EF(r,s,¢,9,1,8) =Pl¢pZ_1 <1, Ei1 < 8,241 > n|Si—z = 1,62 = ]

Pl¢Zi1 € (ngl, Be-1 < 5, [St—2 = 1]
=Fa(g Vv, 5:8) — Ft—1(777w7§) ¢>0,4>0
PZi_1 > Z,0E 1 < 8,Zi_1 > 1|Si—2 =1] =

=P[Zi1 2 5Vn, Ei1 < |Si—2 = 1]

=FH(O<>»5;£)—thl(évn,i;f)) »<0,9>0

1 = 0] (Fie1(00, 53€) = Fma (1, 5:6)) 6=0,4>0

s > 0] (Fia (5 V0, 005€) = Fioa(,0036) ) ¢> 0,9 =0

1s > 0)(1 — Fi1 (5 V1, 0036)) $<0,4=0

_ 1> 0]1fs > 0] (1 = Fya(n, 003)) $=0,4=0
PlZiv e, 5l Bro1 2 31512 = 1]

(Fi-1(g vV n,0058) — Fyo1(n, 005 €))

(Ft (G vV, 5:8) — Fiea(n, 5:6)) ¢>0,9<0
=PlZi1 20V 5, B 2 5|Si—2 = 1]
(- Fys(oc, 3:6)
—(Fi1(nV §,00:8) = Fioa(n Vv 5, 5:6))s ¢ <0,9<0

1[r 2 0P[Zi—1 2 0, Ey1 = [Si—2 = 1]
1[ ZO][(l_Ft—l( ’E7€))
—(Fi-1(n,00;8) = Fr1(n, 3:6))] ¢=0,9<0

[
M) =

ak,sgn(¢),sgn(1/)) (T7 S)Ft—l (bk,sgn(d)),sgn(w) (T, ¢7 77); Ck,sgn(d) ),sgn(y (S ¢) 5)

=~
Il

1
Here, for each k, s; and so,

Ak,s1,s2 (.) € {07 1, _1}7
is constant on each open quadrant, and

g VvV n for certain k, s1, so
bk,sl,SQ (7’, ¢7 T]) - n for certain k, S1, 82
00 for the rest of k, s1, 59

s

ck,Sl,Sz (37 ¢) = {w

for certain k, s1, So

oo for the rest of k, sy, so.
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By differentiating we get

FO =3 g agn(s)senw) (7 ) F (Ok (o) sen () (T 62 1): Ch (o) sm() (5:1); €),

|[FO] =40, (56)

(recall that 0491 is the bound of Ft(i)l guaranteed by (iv)), and, consequently,

E(l) — Z/ak,sgn(qﬁ),sgn(w) (Z —ou,e — pv)
Ft(i)l (bk,sgn(qb),sgn(i/)) (Z —ou, ¢a 77)7 Ck,sgn(),sgn () (6 - pPY, w)7 f)dW(U, ’U),
y=m= 404@1. (57)

As the cases of e, and p are symmetric to those of z, ¢ and o, we have proved the c.d. and L.b. of
D in all its arguments, which immediately yields the c.d. and L.b. of Gy in z, e as well as in y;_1

(note that Giyt*l) = —yﬁyffl)(yt_1)D(")(yt*_1) = —D (yr_))). Further, as

:@D()

GO =y @ ) = =y @ODD( L —y¥(e), .. ) DO @, (58)

the c.d. and 1.b. of G; in € follows from the strict positivity and c.d. of bE The c.d. and Lb. of
Gt in the rest of the parameters follows from the Chain Rule for Multivariate Functions (if 4 is the

index of ¢ within &1, for instance, then G\’ = D{*) + D{V).
Consequently, by the strict positivity and continuity of C}, we get that

plo _ GG -G
t Ct2
proving (iii) and, as Cy is continuous by our induction hypothesis, also (iv).

To prove Dy, differentiate twice to get

fi(ze5&-1) = F(z’e)(za e;&—1)

— Ci (/ lW(u) (z—(br’ €= 1/;5) dFt_l(r,s;ﬁt_2)>
t \J{r>—y;_} 0 g p

! ! U)<Z_¢Ta6_w8>dFt—1(7”73;§t—2)
o p

e {r>—y;_,} PO

Qo mZ°
m* = =al,  mP= v = (59)

p 7p70', Cta

where « is the upper bound of the second derivatives of W (recall that w is the density of (U, V)).
Validity of D} follows from the fact that f;(e) = F;(e,c0) similarly to the case of t = 1.

12See Footnote

30



To prove EZ;, employ to get

E(Z|Si-1 =1) = /szt(zve§€t—l)d2'd€

1 1 — —
< —/22/—111 (z (b?"’ € ws> dFy_1(r,8;&—1)dzde
Cy po o p

E (((bZt_l n UUt)Q‘ Syg = 1)

Ci
 PE(Z2|Si—2 = 1) + 200E(U)E(Z;—1|Si—2 = 1) + 02EU2
= G
_ i1 +0?
-—

The proof of EE; is analogous.
Ad (ii). If ¢t = 1 then (ii) follows from our assumptions concerning Wj. If ¢ > 1 then, according
to

increasing). Consequently, by , G,EZ) is strictly positive, which proves the monotonicity of F} in
z because C; is constant in z. The case of e is symmetric.

Ad. (v) and (vi). Similarly as above, we shall abbreviate %@y f as f®¥ for any function f and
variables x,y. Before starting the proof, let us note that

Wl(“’")(u,v)‘ - ‘(Wl(u,v)(u))(u)‘ _ ‘(/

- '(/U w}(u)w2ll(yIU)dy> () < ’w}v(u)(u)‘ /wfll(y|u)dy _ ’w}’(“)(u)) (60)

51)), Dgz) is strictly positive (which is because integrand is positive and the c.d.f. is strictly

v

(u)
w1<u.y>dy)

and that it follows from that

’xw}’(u)(:p)‘ and ’wi’(“) (x)| are bounded integrable, (61)

which is because, for any continuous function f and any 0 < m < n,
1
Jlems@iie< [ prpaides [ p@lds < [l f@lde + 2ma f@). 62
{z¢(0,1)} -1 |z|<1

Moreover, and hold with W instead of W; and/or for u instead of v due to the symmetry

of our assumptions.

During the proof, we shall use the fact, which we prove later, that, for any ¢ > 1 and any 1
corresponding to some component of &;_1,

ZBI,; there exist continuous functions m}*(z,&_1), 177 (2,&-1) and ny*(z,e,&-1) bounded by
finite continuous functions my*(&,_1), 7y *(&—1) and 7y (&_1), respectively, such that

(1 + |Z|)7Ft(lyz)(27 €;€t71)| < mf‘}z(’z?gtfl) + ni,z(z7 eagtfl)v

(1 + |2 F (2,005 €21)] < 10 (2360-1).
and that

/mi’z(x»ﬁtﬂ)dx < MPA (&), /ni’z(xvyvftfl)dmdy < NF (&)
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and
[ i@ gede < Ri6)
for some finite continuous M;"*, N;”* and R}?,
and

EBI; there exist continuous functions mi’e(e,gt_l), ri’e(e,§t_1) and ni’e(z,e,ft_l) bounded by
finite continuous functions my“(&;—1), 7y (&—1) and 1y(&:—1), respectively, such that

(1 + ‘e|)7Ft(iye) (Za €] §t71)| S mi}e(a ftfl) + n?e(za €, gtfl)a
(1+ [e))—F (e, 00, 6-1)] < 18 (e5&-1).
and that
/ my® (@, &1)dw < My*(€-1), / np(2,y,&1)dady < Nj*(€-1)
and
[ i@ gedn < R
for some finite continuous M;*®, N;*° and R}°.

The proof will be carried out by induction. To this end, let ¢ = 1. As Fj is constant in all the
variables except for o1, p, €, 2, it suffices to prove the bounded continuous differentiability only for
pairs containing o1, p, €, 2.

By differentiating , we get:

(01701)
2
Flovon _ 22y (z e) 2y (2 6)
o3 o1 p 01 o1 p
FeroD) < |2 <Z> 2 <Ze>’
= o} o of o1 p

1,
_ 2sup, [efwi(z) + sup, 2wy ™ ()|
= 2 ’
01

where the r.h.s. is finite by and ,

ze z e
F(‘Tl,P): w —, =
! oip? ! o1 p

‘Fl(alvﬂ)‘ — ‘zeLwl (Z7 6> < SUDy |uv\w1(u,v)
a1p o1p
where the r.h.s. is finite by ,

(Ulvp)

o1 p

(0’1,2)
01,2 1 u
Flr) _ —;Wf ) (z 6) — e (Z e) (63)
1

(717p g1 O’l’p
1 z
‘Fl(glyz) < 2 [w% (U> +
1 1

RN
g1 g1

where a1 is the bound of the first derivatives of Wi (the second term in the numerator is

finite by (61))),

2

_ o+ sup, [t (@)
< ,
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(017 e)

FlO (o) = -~ g [ 2, ;
1 (7 ) O'%p 1 0'17,0

< Supz,y |I’| w1 (‘Ta y)

’F(Ulve)
! a1p

where the finiteness of the r.h.s. follows from the boundedness of |uv|wy (u,v).
By differentiating (47) we get

(2,2)

1 z e a1

F z,2) z,e) = 7W(u,u) (’ ) , ‘F(z,z) < 1,
L (0€) = 1 o1’ p 1 =52

where a2 is the bound of the second derivatives of W}
(z,€)
z,e 1 Z,Z
Fl())(z7e): w1 (Zve>a ‘Fl(’) S%
a1p o1 p o1p

As the proofs for the rest of the combinations are symmetric, or the symmetry of second derivatives
may be used (Lemma []), (v) and (vi) are proved for ¢ = 1.

Let ¢t > 1 and let (v) and (vi) hold for ¢ — 1. Similarly to the proof of (iii), we start with the
bounded continuous differentiability of D; or, alternatively, E;, for all the pairs of their variables
and/or parameters; we shall keep our convention that m denotes an integrable upper bound and
~ stands for the bound of the derivative. Until the end of the proof, ¢ and j will denote indices
corresponding to components of &_ .

By differentiation of , we get

(2,2)
1 . —
D) = — W("’“)(ﬂ, ¢ ws)dFt_l(r, $;€), m = g, v = o%
0% J{rzn} v P 7

where as is the bound of the second derivatives of W,

(2,€)

1 _ _
D(Z’e) = 7/ w(z ¢ra ‘ st)dFt—l(T"S;f)a m = «o, Y= %
o0 Sz @ P Z

From , we gradually get

(¢,2)
1 _ _
D@ = P () (Z o ¢ ws) dF,_1(r, 5 )
7% J{r=ny g p
m=l, 7=
- 9 - 0_2 )
(¢, 0)
1 _ _
D) = —2/ T A (z ¢r7 ‘ z/)s) dFy1(r, s;€)
o7 J{r>n} g p
m=r’a — 2t
- 2 Y= 0_2 9
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(¢7 w)

1 _ _
D(¢a¢) - rsw (Z (]57“’ ¢ ws) dthl(Ta S;€>7
TP J{rzn} o P

Q2y/€—1E—1

m = |r||s|az, v = op

by the Schwarz Inequality,
(¢, p)

D) — i/ (EZY5 ) (Z_qbr, - w) dF,_1(r, 5;€)
opJirzgy P 7 P

1

e1w'? sup, [v—w?(v)

ap

12

m = |rjw™'* sup lo—w?(v),
v

Next several cases is obtained by differentiating (53):

(0,2)

v :_%/ [z—www,u) (Z—we—w) L (W“?e—wsﬂ oo, 5:8)
{r=n}

m
m = sup |z||w!*(z)| + a1, 7=
. o

where « is the bound of the first derivatives of W,

(0,0)
1 - _ _
D(a,o’) :/ |:2<Z¢’r>2W(u,u) <Z¢T7 € ¢s)
frzmy LO°° O ? P
z2—¢r [ z—¢r e—1s
+QTW( ) <0_7 P ):| dFt_l('l",S;g)
g S s, ')
o g
(,p)
1 z—¢r. e—s z—¢r e—1hs
plon) — = ( ¢ )( ¥ )w( ¢ , 2 )dFtl(r,s;ﬁ)
op Jr>ny O p g P
m
m = sup |uvjw(u,v), v=—,
w,v op

1 _ _ _
Dled) — 7/ (M)TW(U’M) (W, € ws) dFy—1(r, s;€)
{r=n}

o2 o o p

Ve—1 sup,, [uw™ ) (u))|

o2

m = [r|sup luw" M (u)], v =
u
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Next two cases are got by differentiating analogs of , , respectively:

(¥, 2)

D(w,z):_i sw <2_¢r76_¢8) dFy_1(r,s;€)
{r>n} g P
m = lslas, 4= Y102
op

op? o

(p2) _ _ (e —1s) (Z—(br e—ws> .
o /{7">n} Y op dFi-a(r,5:€)

Next several cases are obtained by differentiating :

(n,2)
Do) — = [0 (g, €)ds
m=onfialnsg), 5= DI
(n,€)
Do) — = [WOEZEL E g, si€)as
m=aifia(ns8), 7= C“ftl—;mf)
(n, )
m=aifi-1(n,5€), = M
(n,0)
plno) — 279N /W(“< i )ft (. 5:E)ds
m=onfia(ns€), 4= fiai(n:€) Sl;pu e’ ()
(we have used (6)),
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(1, p)

D) :/e—p;/Js v (Z o¢n - ws)ft 1(n, 53 €)ds

u vlw u Uwzv
_smhj(>ﬁ4mﬁgx = e ) 1y,

(we have used an analog of (46)),

(n,1)
DY) %/Sw(v ( U¢n ° p1/)5> fi—1(n, s;€)ds m = |s|la1 fi—1(n, 5;€);

we show that m is integrable and ’D(""‘/’)‘ bounded: If t > 2 then

Jarblfirtns s =ar [1s] [wno.s - y)dFi oo )ds
< a1w1‘2/|s| /wz(s —y)dFi_o(z,y)ds = a1w1|2/|s|ft{1(s)d5 < ow'P /EL. (65)

arwtl? T
S0 ‘D(Wm’ < %. If t = 2, on the other hand, then

/a1|5|ft71(77’5;§)d8 = / |S|wi|2(ﬁ\3)w%(3)dé‘ = aw'PEVi| < aqw'? (66)

so D] < a2,
=

The next case we get by differentiating (57)):
(4,9)
EI) — Z / A sgn(6),sen(v) (2 — OU, € — pv)Ft(f’{)(bk(z —ou, ¢,n), ck(e — pp))dW (u,v)

y=m= 4oztw) (67)

The next several cases are more complicated:

(4,2) Let ¢ # 0 first. In this case,

1r > g FGI(5, 5 €) 6> 0
B P T WS B V=0
| s 2 0 2 gl PO (5, 00,) 6 >0 -
FOO = 2% 8 s > 01 < ndlFOo) (2. 0008) 6.0 vy
1r = ne] (FE7 (5,00:) + FED(5, 559)) 6>0
~1[r <ol (FED (5 wfwaﬁﬁkaimv <0
— %z Zakbgnw e Sodul(5:0):6)  (68)
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¥

on set {(r, @) : r/¢ # n} for some ay 5, (s) € {—1,0,1} and dj, € R* equal to either = or to

2at $2)

o> we get, by Lemma (ii),

oo. Therefore and because |}7 o | <
204&21)

|9

B2 = /15(”) (z — ou, e — pv)dW (u,v), m =

Therefore, by and by ZBI;_,

wWH<H/Z];”——<@@W@WWww

B %/Z |Ft(i’f)(x,dk(571/)))|w(z ;gbxav)dzdv
k=1

2
o
< = dxd
_Jg/mkxv)a:v
where

_{fm&mmmtﬁ) i dp = o0
mk(xav) -

mifl(x, w (v] —Z_fw) + ni’fl(:c, —e_wp“ ,E)w? otherwise,

As
/mk(x,v)dzdv < Y

C_RE© | if dy, = 00
MZ (6 + wllQ%fol(f) otherwise,

k = 1,2, the boundedness of | E(“?)| given ¢ # 0 is proved (we made substitution Ik ni’fl(

W’l [0 (x,y,&)dzdy to prove )
If on the other hand, ¢ = 0, then, for any k£ and s,

ak,sgn(¢),32 (T, 3) = 1[7A 2 0]&16752 (3)7 bk,sgn(¢),82 (.7 ¢7 77) = l;k752 (77)»
for some ay, 5, € {—1,0,1} and l;k,SQ which equals either 7 or 0o so
E® = /l[z —ou > 0]g(v)w(u, v)dudv
where

4
Z ak «52 p’U Ft( 1(bk 62( ) Ck,sgn(d)),sgn(w)(e - pPY, ¢)7 5)
k=

Consequently, by the Lelbmtz Rule,

g = (f* fatowtuantae) "= faon (o)

(69)

continuity of which is guaranteed by continuity of the integrand and by its boundedness by

w1‘24a§i_)1w2(v).
As

ECA| <y = ~

wm@l/’ w240,

given ¢ = 0, we get that |E(#?)| < max( % (v1 +72),70) given any ¢.
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(i,0) Let ¢ # 0 first. It this case, similarly to , we get that

PO 5€) = — o5 20 Zak sents) ()LD (2 (5, 9):€)
outside set {r = n¢} so, by Lemma W (ii),
E(4) = — M}j/ 5 U 2 s (o) FED (F 75 dile=po)s A (u,0)

m = max (., (€) + 77, (€), 771 (€))

To prove the boundedness, note that, by substitution

2 (bx,v)dxdv (72)
o

. 1 i,z
B — o / le[x > Nt sgn(w) (e — pv)Ft(_’l)(x, di(e — pv); &w(
k

implying

i 1 iz z— ¢z a
|E¢ v¢>|g;Z/|th<,1>(x,dk<e—pv);£)w< ——v)ldadv < (71 + 72)
k

(see (71) for the definition of ;).
Let ¢ = 0. As E® is continuous in ¢ by (iil), we have, according to Lemma [5} that

9 (i,¢)
——F =1 E
DE06 - emos b

given that the limit exist, which is however true in our case because, by a limit transition in

@),

i ) = 23 [ale > e — o esguC oo

»—0

exists (the required integrable upper bound being %Zi:l my(z,v) ), so E®®) exists, is
continuous and bounded by % (v + 72) for ¢ = 0.

(i,0) The proof is similar to that of (¢,z): If ¢ # 0 then

E0) = l Z/ul F=75 > sanuy (e — o) B (2 ¢au7dk(e = pu, $); E)AW (u, ),

m = [ul max(myZ, (€) + 1,7, (€), 7471 (€)).

As. by substitution,

- (m,v)da:dv
%

o 1 Z — Qx i,z
E( ) = ; /Z U_QS 1[1‘ Z n}ak,sgn(w)(e - pU)Ft(—l)($7 dk(e - Pvﬂﬂ)»f)w(
k

(73)
we have

|EG9)| < /|Z _Jd)x\wl(z —UW) > m(x,v)dwdy < (SUP |U|w1(“)> > s
k “ k
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which proves the boundedness. If ¢ = 0, then

z

Bl = ( / 7 (0w, v)dudv) @ = — = / ) dv.
(1)

. 4 1
B < 2 )f)wl(i)/g(v)wml (U|E> dv < a2 sup,, |ujw (U)7
g lo g ag g

which, combined with the results for ¢ # 0, proves both the continuous differentiability and
the boundedness.

(n,1),(n,i) First, note that, substituting » = z — ou and s = e — pv in (54),

1 r e

B = = ot ) Fstontr o ents. o (S50 Y aras ()

op o)

Assume ¢ > 0 first. If bi(r) =nV é (which implies that ¢ # 0 see ), then, by Lemma
(i),

E](;’) = Uip/ak(r, s)%th(??\/ g,ck(&w)w (Z ; T? ‘ ; 3) drds
= L7 [ nents, e asan
m o (R
If by, = n then
E® = Uip / k() FL (s cnls, ) (=, =5 drds
m_agz)lw(z;r’e;s>7 7_a§Z)1

Finally, if by is constant then E,(f”) = 0. Thus, we may summarize

1 Z—7r e—38§
B = [ [atorSmat o tads, y=al (@)
ap 9k g p

where g, = qi(n, @) is either ¢n, —oco or oo, from which we get

1 Z,2 rTre—s
E;i"’"):Up/qk/a’“(r’s)Ft(‘l)(n’ck(s’w))w( i )drds

(m)
. B Z—Qqr €—S
_ Ukip /ak(QIwS)Ft(—)l(nvck(s’w»w( o ' p )ds

where the upper bound, required in the first integral, is ag ’1)w( — e_py). As ¢ € {0, ¢},

we have )
2) 1)2
B < 1 4 1Pl
k - o
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Further, by differentiation of ,

Z—Tr €—S8 (2,i)

i 1 2.
o = L / / ar(r, )FED (i, en(s, 0w (C=L, = 2ydrds,  m =y =al*D.
ap Jg P

g

The proofs for ¢ < 0 are symmetric.

As the cases (676)7 (i76)7 (1/}76)7 ((ba 6)7 (07 6), (pa 6)7 (@7¢)7 (%P)» (¢7QZ))’ (pa p)a (1/}70-)7 (w7p) are
symmetric to (Z,Z), (’L',Z), (¢7Z)? (’(/),Z), (p7 Z)a (Uv Z), (Za¢)7 (i70)7 <¢a ¢)7 (U7 0)7 (¢7 p)7 (¢7U)?
respectively, and as D®*¥) = DW®) for any parameters z,y thanks to Lemma (6, we have proved
continuous second differentiability and boundedness of D in all its parameters except for €, implying
the same properties for G; by the Chain Rule for Multivariate Functions (see the similar discussion
in the proof of (ii)-(iii). As for €, note that, from (58),
. plo 2 " ple ] — (ple))2 e
Gle9) = — (b) DI (L —y <>,...)++D<n>(...,_y ©, )
and ©
€,T b € xr *(€
Gg’ ) = TD(n’ )(,—y ( ),)

when x # € where the second continuous differentiability of b follows by Lemma [5| Finally, as

= z ()
pew) _ (GE‘ (el >Gt>
@) _

ct

_ GG+ G - oGy - e aiIcE - 201V (G ¢ - ¢ GY] 76)
i

we are getting (v) and (vi) thanks to (iii) and (iv) and the strict positivity and the second continuous
differentiability of C}.

Now, we can proceed with ZBI;. Unusually, we start with the case t > 1, assuming ZBI;_;.
Similarly as in the proof of (iii), we start with Dt(”z) or, alternatively, Et("z).
through all the variables and parameters:

(¢,2)

Again we will go

1 z— Qr
DD < o [ (222 dFia () < m¥(a),

1 1 — —
me) =2 [Ir ( (1 + lor]) + \¢ ) wh (W)]dmm,s;f)
g g g g
1+ _ _
< —Vetl2|¢|€t1 sup |wh® (u)’ + ﬁsup wwh ™ (u)]
U u 0 u

[t = [ (G004 16+ 1ol ) [0 @) aFia(r s €00
< W/‘wl’(“)(a})‘dm—f—\/ﬁ/‘xwl’(“)(m)’dx.
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(1+[z)[D72)| < m?(2),
m?(z) = %/ (i + ﬂ + > ( z_a(brwl’(“) (Z _U(br)

z—¢r
o g
S |¢|\/ﬁ ( sup [uw® ) (u)| + supwl(u))

+w! <Z;¢T>) dF;_1(r,s;€)

1
+ 2 (sup et )|+ suplulut ().

or

/m”(z)dz/<1+ =
< T (et 1)+ ([ |20t a4 Bl ).

el [l @) + ' @) dodFi - 1,556

(p,2)
(14 |2)[DP2)] < nf(z,e),
wee) = o [ (1tort+ o ) o (52 S5 ) aRansg)
op p o o P
1 e T 1|2
< (L +Iolve-1)w sup |v|w? (v) + lsup|uv|w(u7v),
ap v P u,v
[ nrteaytzde = [+ 6r] + 0 ol) w ,) AP (s €)dody
< (14 olVaDENVaL!? o [ faylue, y)dod.
Further,
(14 |2))[D") (2, 00)| = limsup, _, ,,n (e, 2)
< 2 [ (|2 (1t tort+0 |22 Y (S22 0 ) da s
op p o o P
< l / (I+|or|+ 1|z — ¢r|)w1‘2 (lim ‘e—ws w? <6_w8)> dF;_1(r,s;€) = 0.
o e—00 p p
(1, 2)

(1 +[z)IDW2| < m?(2),

W21
m¥(z) = — (1+|¢r|+0
op

Z;@“D |s|w1 <Z_U¢T) dFy_1(r, s;€)

2/1

2[1 Er_1w
<MY R sup fufw (u),
u

(Vei—1 + |olve—1v/E—1) P

WA
/m (1+|or| + o]z |5|w1 () dFy—1(r, s;€)dx

wz\l( E1 + || EaTE D) N Jw2|1‘/et71E|U |
< 2|
p P
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(n,2)

(1+[2)[D)] < m(2)

o) (290) 1

< [+ o e+ suplute’ 0] 21

() = 2 (14 fonl +o

[y < [(1 +lon) [w'@dr+o [ |xw1<x>dz] e
[(1+ |¢n]) + oE|Ua|] f1(n; €).

(i,z) Let ¢ # 0 first. By substitution, we get, similarly as in ,
(i,2) 1 (4,2) z— ¢x
A+ DIEMH] = — [ A+ [2DIFZ (@, di(s, ¥))lw | ——, v | dwdv. (77)
Further, as

L+ |z] <1+ [gz] + |z — dx| < (1 + o)) (1 + [2]) + |2z — o
<[ +19]) + |z — ¢ [](1 + [=])

we may estimate

(1+ |=)E®?]
Z/i (0 1)+ = = o) (14 D F s o) (220 ) o
i 2) +ni(z,e)] (78)
=1
where, for dj(e) = >

mie) = [ (1D + 12 = gl wt (20w (0 2 o)dads

1 ,
< (_;|¢Ia1 + sup u|w1(u)> M% . (79)
u

, 1 _ , _
mhlze) = [ (@ 1ol) + 12 = dal) ! (g (o, S oo

=B T2 b + 12 = ol ! (C i (o) dody

1 .
: prl ( Z‘Qﬂal +Sup|ulw1(u)> N7y
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[z = [ 2 (416 +1z = dal) 0 =2 mi (e (0l 22 dodad

= [ S o + 1z - oalyw! (i, (w)dsdo

z— ¢x
o

- / (1 + 16]) + olul) w (w)mi?, (2)dudz

< (1+ |¢| + oE|Us|) g%,

: —U¢$ )iz (z, y)w?t dedydz

, 1
[nieeraz = [ 21+ joh +1z - asl) '
< (14 |g] + oB|Us) 'y,
If dj, = oo, on the other hand, then we may put n} = 0 and define m} by with T:f1

instead of m*,, bounding it using R;*, instead of M;”,.
Similarly we get that

(1 + )| BW) (2, 00)| < 2r'(2),

e = [ 2101+ 1z — ol (1 DIFED (0 (

g

S dm,v) dxdv
o

g

1 ,
<2 (P ey s lult ) R (50)

[z <10+ 1ol) + oI,
If ¢ = 0, on the other hand, then relations and follow by a limit transition, which

may be done thanks to the continuity of the integrand from in ¢ and its dominatedness
by integrable bound

((1 +go)as + 7 su |u|w1<u>) (Ut )| EED (2, di(s, )

whenever |¢| < ¢o where ¢g is small.

Now, similarly as in the proof of (iii)-(iv), we may use the Chain Rule to get that (1+|z|)G§i’2) (z,e) <

1‘7

mi(z)+ni(z,e) where m’ and 7' have properties analogous to m;* and ny* from ZBI,; for instance,
if i corresponds to ¢ , then m?(2) = m?(2) + mi(2) + mi(2), n’(z,e) = nt(z,e) +nb(z,e) (similarly
with ng’z)(z, o0) and 7).

L+ [2DIES? (z,€)] = (1+]2))

Finally, from ,

Ggi’z)(z, e)Cy — ng)(z, e)Ct(i)
C?

1 1,2 1 z
=50+ 121G (2, €)| + |CVEF (2, €)])
1

< G () + iz €) + ICE1(L + |2]) (=)
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(the last inequality may be got similarly as (46))), so we may put

’ﬁ’li z i iz 1 ~i
C) oDI0 4 D), niE(ee) = iz e)
Ct Ct

my*(z) =

(note that [(14 |z])f}(2)dz <1+ /).

Now, let us proceed to ZBI;, This is, however, easy because the Fy"* = F|"* = F/"* = F["* =0
and the proofs for Fy""*and F{** are the same that those for F}"* and F}"* with ¢ = ¢ = 0, with
o1 instead of o and W7 instead of W.

The proof of EBI; is symmetric except for the case of (1, e), which reads as
(1+[e))| D)) < m"(e),

wrie) = [ (S ush +

e— s
p

) W a5

< a0 (5 s lole?)) + 2 [lslfa s 90

/ m(e)de < f 1 (€)1 + EVa]) + [ / (8l frea (17, 5: €)ds,

where the finiteness and boundedness of [ |s|f;—1(n, s;§)ds is proved by and .

C Proofs of Propositions from Section

We start with several auxiliary results.

Lemma 7. Let F and G be distributions with c.d.f.’s F', G, respectively and let a,b € R such that
F(a) < 1,G(b) < 1. Let o(F,G) <6 for some § > 0. Then
(i)

d+|F(a) —GD)|
Q(T(]:7 CL)7 T(g’ b)) = 1-— maX(F(a), G(b)) 7

(i) if, in addition, a = b, then

0+ |F(a) — G(a)]
o(T(F,a), T(Ga)) < T @), Gla))”

Proof. Denote F' and G the c.d.f’s of T(F,a), T(G,b), respectively. For < a,z < b, clearly

|F(z) — G(z)| = 0. (81)
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Ad (ii). If z > a, > b, then

|F(w) - Gla) = ‘F (a) f;()@ e - gﬁb)!
o e N e v
‘1_G($)1—F(x

1—F(x)
1—F(a)

) _
)

<(1-G(®)) ’ +

1-G(b) 1—F(a)|  1-F(a)
5 |F(a)—G()| 5 d+y

1-F(a)  1-F(a) +17F(a) - 1-F(a)’

1 - G(b)
11— F(a)

- ’1 (82)

where v = |F'(a) — G(b)|, which, together with symmetric formula

o+

IF@) - @) < a5

and (B1)), proves (ii). 3
Ad (i). If a < z < b then G(z) =0, F(z) > F(a) and G(z) < G(b) soi

F(z) — Ga)| = £ (fj ;Z <)G> _ (F(e) - G(Qf)z; Eg@) — F(a))
. F(@) = G@) + (Gb) = F(a)) _|F(2) - G@)| +|Gb) —F(a)| _ d+7
a 1—F(a) N 1— F(a) ~1-F(a)’

which, together with and proves (i) for a < b. The proof of the case a > b is symmetrical.
O

Lemma 8. Let F and G be as in Lemmal] with o(F,G) < 6 and let N and P be distributions such
that o(N,P) <~. Then,
o(FoN,GoP) <+~
Proof. By the Triangular inequality,
o0(FoN,GoP)< o(FoN,GoN)+o(GoN,GoP).

Further, denoting N the c.d.f. of N, we get
olF o N.GoN) =swp| [ Fla = y)aN@) - [ Gla - y)aN ()
—sup| [F( ) - Gl p)aN ()
<sup [ |Fa~y) = G~ 9)|dNG) < [ olF 9N = o(7.0).

Applying the same procedure to g(G o N, G o P), the Lemma is proved. O

Lemma 9. For any c.d.f. G and any 7w € (0,1), G(v(7)) > 7 and G(y(7)—) < 7 where 7 the
quantile function of G.
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Proof. The assertion may be proved directly from the definition of quantile O

Lemma 10. Let p € (0.1) and let F and G be as in Lemma [l Let F be continuous strictly
increasing and let

o(F,G) <. (84)

Then
IX(F,p) = x(G,p)| <U—u, (85)

where
u=x(G,p=90), u=x(9,p+9)
Proof. From the monotonicity of the quantile,
u<x(G,p) <W
thus, to prove , it suffices to show that
u<x(F,p) < (86)

We do it by contradiction: First, assume that © < x(F,p). Then, however, by the strict mono-
tonicity of F' and its continuity,
F(u) < F(x(F,p)) = p,

and, by Lemma [J]
G(u) >p+9,

which, together, gives
Gu)—Fu)>p+d—F@) > (p+d) —p=24.

which is a contradiction.

Now, assume x(F,p) < u. Then, however, by the continuity and monotonicity of F'; F(u—) =
F(u) > F(x(F,p)) = p, and, by Lemma [9] G(u—) < p — 4, which gives a contradiction F(u—) —
G(u—) > 4.

Summed up, (86)) is proved implying . O

C.1 Proof of Proposition

Let
o(Ai—1,24-1) < 6-1. (87)

Denote T
Z;:T(Zt—h_yt*—l)v ZEZ¢Z;3 Zto :ZtSOW

By the Triangular Inequality and Lemma [8] and Triangular Inequality again

Q(At’zto) < Q(AU-A?) + :Q(-A;;)’Zto) < Q(At’Ag) + Q('AtS7ZtS) + Q(W,U)
< o(Ap, A7) + o( A7, ¢ - A7) + 0(9- AT, Z7) + oWV, U).

Further, by Lemma (7 (i),

A Sy CA* . *\ * * 25t—1
Q(¢At7zt)_g(¢~’4ta¢ Zt)_Q( taZt)S l—At71(—OO,—Yt*_1]

As, in addition, o(A¢, A7) < € the Proposition is proved.
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C.2 Proof of Proposition

The proof is analogous to that of Proposition [4] with the difference that Lemma [7| (ii) is used to
estimate

‘Zt,l(—oo, —Y}] = Bioa (=00, =Y + 11
o(By, Zf) < )
1 —max(Z}_(—o0, =Y |1, Bi_1(—00, =Y])
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