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Abstract. In this note we consider continuous-time Markov decision processes with
finite state and actions spaces where the stream of rewards generated by the Markov
processes is evaluated by an exponential utility function with a given risk sensitivity
coefficient (so-called risk-sensitive models). If the risk sensitivity coefficient equals
zero (risk-neutral case) we arrive at a standard Markov decision process. Then we
can easily obtain necessary and sufficient mean reward optimality conditions and the
variability can be evaluated by the mean variance of total expected rewards. For the
risk-sensitive case, i.e. if the risk-sensitivity coefficient is non-zero, for a given value
of the risk-sensitivity coefficient we establish necessary and sufficient optimality con-
ditions for maximal (or minimal) growth rate of expectation of the exponential utility
function, along with mean value of the corresponding certainty equivalent. Recall that
in this case along with the total reward also its higher moments are taken into account.
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1 Introduction

The usual optimization criteria examined in the literature on stochastic dynamic programming, such as a total
discounted or mean (average) reward structures, may be quite insufficient to characterize the problem from the
point of a decision maker. To this end it may be preferable if not necessary to select more sophisticated criteria that
also reflect variability-risk features of the problem. Perhaps the best known approaches stem from the classical
work of Markowitz (cf. [9]) on mean variance selection rules, i.e. we optimize the weighted sum of average or
total reward and its variance.

In this paper we restrict attention on continuous-time Markov decision chains models with finite state spaces
where the variability is measured either by an exponential utility function with a given value of the risk-sensitivity
coefficient or in the class of long-run average optimal policies by choosing policies with minimal mean-variance.
Observe that in the former case along with the total reward also its higher moments are taken into account.

The article is structured as follows. Section 2 contains notations and summary of basic facts on continuous-
time Markov reward processes. Markov models with exponential utility function (called risk-sensitive Markov
chains) are studied in section 3 along with the corresponding moment generating functions. Section 4 is devoted
to mean-variance optimality in continuous-time Markov decision chains; the results are mostly adapted from [17].
Section 5 summarized algorithmic procedures for finding optimal decisions. Conclusions are made in Section 6.

2 Notations and Preliminaries

In this note we consider Markov decision processes with finite state space Z = {1,2,..., N} in continuous-time.
In particular, the development of the considered Markov decision process X = {X (¢),t > 0} (with finite state
space Z) over time is governed by the transition rates ¢(j|i,a), for ¢,j € Z, depending on the selected action
a € A;. For j # i q(jli,a) is the transition rate from state 7 into state j, q(ili,a) = > .7 ;4 q(jli,a) is the
transition rate out of state 7. As concerns reward rates, () denotes the rate earned in state ¢ € Z, and r (3, j) is the
transition reward accrued to a transition from state ¢ to state j.

Let &(t) fo T)dr + chv(? r(X(r7),X (7)), obviously t) is the (random) reward obtained up to
time ¢, where X ( ) denotes the state at time ¢, X (77), X (7'+) is the state just prior and after the kth jump, and N (t)
is the number of jumps up to time ¢. Similarly £(¢',¢ j;/ ))dr + Ek N TX(TT), X (7)) is the
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total (random) reward obtained in the time interval [t', #); hence {t+ A) = {(A) +£(A,t+A) or &(t+A) =
§(t) +E(t 1+ A).

In this note we shall suppose that the obtained random reward, say &, is evaluated by an exponential utility function,
say u”(+), i.e. utility functions with constant risk sensitivity depending on the value of the risk sensitivity coefficient
.

In case that v > 0 (the risk seeking case) the utility assigned to the (random) reward ¢ is given by u”(§) :=
exp(y€), if v < 0 (the risk averse case) the utility assigned to the (random) reward & is given by u7(&) :=
—exp(y€), for v = 0 it holds u” (§) = £ (risk neutral case). Hence we can write

(&) = sign(y) exp(7€) (1)

and for the expected utility we have (E is reserved for expectation)
T (£ — Ey7(£) = si S 1
U0 (€) = Eu™(6) = sign(Elexp(r8)], where Elexp(r€)] = Y E (5 @
k=0

Then for the corresponding certainty equivalent Z7(£) we have

u¥(Z7(€)) = sign(7)Elexp(v6)] <= Z7(€) =7~ In{E [exp(~€)]}- 3)

From (2),(3) we immediately conclude that
27(€) ~ E§ + Var€. )

In this note we focus attention on properties of the expected utility and the corresponding certainty equivalents
if the stream of rewards generated by continuous-time Markov reward chain is evaluated by exponential utility
functions. Recall that exponential utility function is separable, i.e. u? (£ 4 £() = sign(y)u? (€M) - u¥ (€M),
what is very important for sequential decision problems. For what follows we shall need some more notions and
notation.

A (Markovian) policy controlling the decision process is given as a piecewise constant right continuous function
of time. In particular, 7 = f(t), is a piecewise constant, right continuous vector function where f(t) € F =
Ay x ... x Ay, and f;(t) € A, is the decision (or action) taken at time ¢ if the process X (¢) is in state 4. Since 7
is piecewise constant, for each m we can identify the time points 0 < ¢; < t5... < t; < ... at which the policy
switches; we denote by f¢ € F the decision rule taken in the time interval (#;_1, ] Policy Wthh takes at all times
the same decision rule, i.e. m ~ f, is called stationary; Q(f) is the transition rate matrix with elements ¢(j|, f;).

Let for f € F Q(f) = [¢;;(fi)] be an N x N matrix whose jth element g;;(f;) = q(jli, f;) for i # j and
for the 7ith element we set g;;(f;) = —q(i|4, f;). The sojourn time of the considered process X in state i € 7 is
exponentially distributed with parameter [q(¢]¢, f;)]. Hence the expected value of the reward obtained in state ¢ € Z
equals 7 (f;) = [q(ili, £)] "L r(i) + > jer j»i 4, fi) r(i, j) and 7(f) is the (column) vector of reward rates at
time ¢.

Recall that the row sums of a transition rate matrix Q(f) are equal to null. Hence p(f) = 0 is an eigenvalue of
Q(f), the corresponding eigenvector is a unit vector. Moreover, the real part of every other eigenvalue of Q(f) is
negative. In particular, if for some ¢ € Z and f € F it happens that > i ¢i; (fi) < gii(f;) on reaching state ¢ the
process X stops with probability g;; (fi) = —>_,_; ¢i;(fi) and if Q(f) is irreducible then for the spectral radius

of Q(f) = - Q(f) it holds 5(f) < 0 and the real part of every other eigenvalue of Q)(f) is less than p(f). Observe

that [T — Q(f)]7" = 352, [Q(f)]* exists®. Tt can be shown (see e.g. Gantmakher [1]) that the matrix Q(f) is
nonsingular.

Using policy 7 = f(¢) means that if the Markov chain X was found to be in state 7 at time ¢, the action chosen
at this time is f;(¢), i.e. the ith coordinate of f(¢) € F. For any policy 7 = f(¢) the accompanying set of transition
rate matrices {QQ(f(¢)),t > 0} determines a continuous-time (in general, nonstationary) Markov process.

Let P(-,-,7) be the N x N matrix of transition functions associated with Markov chain X, i.e. for each
0 < s < t the ijth element of P(-,-, ), denoted Pij(s7 t, ), is the probability that the chain is in state j at time
t given it was in state ¢ at time s and policy 7 is followed. Obviously, by the well-known Chapman—Kolmogorov
equation P(s,t,m) = >, .7 P(s,u,m) P(u,t,7) foreach 0 < s < u < t. The values P(s,t, ) are absolutely
continuous in ¢ and satisfy the system of differential equations (except possibly where the piecewise constant policy

switches)
LT _ pistmure), PEET — QrePes.tm) )
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where P(s,s,7) = I. In what follows it will be often convenient to let P(¢,7) = P(0,t, 7). By (5) we then
immediately get for any t > 0
dP(t, )
dt

= P(t,m)Q(f(t)) along with P(¢, ) :I—l-/o P(u, m)Q(f(u))du. (6)

Moreover, if the considered time horizon ¢ tends to null, i.e. if for any piecewise constant policy 7 = f(¢) the
considered time horizon A | 0, for the ij-th element of P(A, ) we have

(7
ai; (fi(t)) A + 0(A?) for i # j

It is well known that for any stationary policy = ~ f there exists lim; o, P(t,7) = P*(w) and, moreover,
that for any ¢ > 0 (for stationary policy 7w ~ f we write f instead of )

P(t, f) P*(f) = P*(f) P(t, ) = P*(f) P*(f) = P*(f), ®

(€))

ET“H

Q(f) P*(f) = P*(f)Q(f) =0 where P(t, f) = exp(Q Z

3 Exponential Utility and the Corresponding Moments

Supposing that stationary policy 7 ~ f is followed, let U (¢, f) := Efe7¢®) and by (2) U™ (¢, f) := Efu¥(£(1))
be the expected value of the random reward evaluated according the exponential utility function «”(-) earned up
to time ¢ if the process starts in state ¢ (obviously Uim (t, f) = sign(y) Ul‘w)(t7 f))- Recall that E f [exp(~£(t))] =
Ui(w (t, f) is also the moment generating function of £(¢). Hence (cf. (2)) for the k-th moment of £(¢) it holds

d* _
M€, )= B leprE )0 = EL (1) (10)
and the Taylor expansion around v = 0 reads
Ui (¢ =1+ Z M(k) . f) for |y| < h. (11)

Since u7(+) is separable and multiplicative we have
W (E(H) + A) = sign(y) W (E(A)) - w7 (€A, ), or w(E(t+ A)) = sign(y) u? (E(1)) - w7 (E(t,E + A)).

On taking expectations we immediately conclude that for U, i(’Y) t, f) = Elf {e7¢®")} we have (8;; is the Kronecker
symbol)

U( t+A,f) = ZPU (A, f) - ew(z)A(; +evv(zj)(1_5 )] -U (t ). (12)

Since
. 14 qii(f,))A+0(A?) for i=j
DA =1 4 qr(i)A + 0(A?),  Py(A, f) = il f3) (4% , ]
a1 (fi)A + o(A?) for i # j
on letting A — 0+ we conclude that

N
UZ_(V) t+Af)=(1+ qii(fi)A)e'yr(i)AUi(“/)(t,f) + Z qijAe'yr(ij) ) U;W)(t,f) 1 o(A2). (13)
=1, i

Since the process X is time homogeneous and (1 + (i) A)(1 + g (fi)A) = 1+ (qii (f;) +77(i) A + o(A?)
after some manipulation we arrive at

= (qui(f)) + @)U (8 f) + D a(f)er U, f) (14)



that can be also written in matrix form as

dUM(t, f)

=0 .um
o =W U ) (1)

where UO)(t, f) = [Ui('”(t, f)] is a (column) vector, and Q) (f) = [qu (fi)]is an N x N matrix with nonneg-
ative off-diagonal elements

qi(fi) +-r(@) for i=j
q” (ft) . .
i (fi) - for i £ j
Hence by (15) if U™(0, f) = e

t]* - e. (16)

?’T“H

N(t, f) = explQW) Z

To study asymptotic behavior of U (Y (¢, f) first recall (cf. Gantmakher [1]) that for any matrix with non-negative
off-diagonal elements there exists a positive eigenvalue (called the dominant eigenvalue) such that the real part of
any other eigenvalue is nongreater than the dominant eigenvalue. In addition, the corresponding eigenvector can be
selected positive and even strictly positive if the considered matrix is irreducible or at least unichain. In particular,
let ) (f) be the dominant eigenvalue of Q") (f) and v(?)(f) the corresponding eigenvector, i.e.

Q(v)(f) . v(v)(f) _ O.(v)(f) .U(v)(f)_

Observe that if the matrix Q(f) is unichain then Q(*)(f) remains unichain at least if risk-sensitive coefficient ~ is
sufficiently close to null.

4 Mean Variance Optimality

Another approach how to handle variability-risk features in continuous-time Markov decision processes is based
on mean variance selection rules, i.e. we optimize the weighted sum of average or total reward and its variance. To
this end, we focus attention on undiscounted continuous-time Markov decision chains, i.e. we assume that the risk
sensitive coefficient v = 0, hence the corresponding utility u(?) (¢) = ¢ and the expected utility U (¢) := E€.
Hence for the selected long-run stationary policy the variability is measured either by the ratio of long-run average
reward and long run average variance. Of course, it is optimal in the class of policies with a fixed average reward
to select policy with minimal average variance. This method that transforms finding minimal variance to finding
minimal average reward of suitably transformed Markov decision process was initially suggested in [7] for discrete-
time Markov decision chains, similar procedure for continuous-time models were used in [3],[4],[17].

To begin with, we start with well-known approach for evaluating and finding optimal average policy for
continuous-time Markov decision processes (see e.g. [5, 2]). Similar approach can be also used for finding second
moment and the corresponding variance of the considered Markov reward chain.

Considering the risk-neutral models, on taking expectations we conclude that for U, i(o) (t, f) = Ezf {&£(t)} we have

N
U+ A, ) =r(0) - A+ (L+qa(fs) DUDEH+A S i (£)lr(@g) + U )]+ o(A%) (17)

J=Lj#i

Since the process X is time homogeneous, after some manipulations, on letting A — 04, we arrive at

(0) N N
dUidiit’f) =r(@)+ Y ai(f) )+ > ai(f U(O)(t =091 ] (18)
j=1,j#i Jj=1,5%#1

It is well-known from the literature if the considered continuous-time Markov chain has a single class of

recurrent states that the long-run average reward is independent on the initial state and g(f) = lim; 0 ¢ U(O t, f)
exists and is independent of the starting state. In addition, it is well-known that there exist vector w( f ) (with
elements w; (f)) such that

UZ-(O) t, f)=g(f) - t+wi(f) =[P, Hrw(f) ([w]; denotes the ith entry of the column vector w).



In what follows we shall be also interested in the second moment and the corresponding variance of random
reward &(t). Since Ef [¢(t + A))2 = E/[€(1)]2 + 2 - E/£(t) - A + E/[A]?, for the second moment of £(t), say
Si(£)(€) = B/ (€)*, we get

Sit+Af) = (1+8-qu(f) {28 rOUDE ) + it )}

A Y au() {r@P + 2 U () + SN+ oA 19)

JEL,jF#i

Hence (similarly to (18)) for A — 0+ from (19) we get

%’;J’) = 22Ut H+ Y qij(fi){[r(z'j)]Q+2r(z’j)U]§0)(t,f)}
JEL,j#1
+ 30 @ (IS F) = Silt, )], 0)

JEL,j#i

Since o;(t, f) = Si(t, f) — [U (¢, f)]? we thus obtain:

d _ dg o0 40
ao—z(taf) - dtSl(t’f) 2Uz (tvf)dtUz (tvf)
= 2GUO LN+ Y af) {6+ 2r@HUC G N+ Y (IS ) - it £)]
JEL,j#1 JETL,j#i
200t )@+ Y () + > e (U ) - U £ @1)
JEL,j#i JETL,j#i

By substituting S; (¢, f) = o;(t, f) + [U;O) (t, )]? (21) can be rewritten as:

%axt,f) = S au(foit. /) =200 NS D au(frlin) + > a (P4 ) o (22)
JET JET,jF#i JjET

Using a more detailed analysis (see [17]) it can be shown that

G(f) = Jim %ai(t £ (23)

exists and is independent of the initial state . For unichain models the values G( f) of the average variance can be
calculated as average reward of a continuous time Markov chain where one stage reward in state i, say s;(f), is
equal to

silh) = Y a(Flr(id) +w ()P = [wi( )P} + 2[r(@) = g(H]wi(f), or (24)

JEL,j#i

sV = 3 aUlrG) +ws (D1 = lwi H)]2) + 2r(@wi(f), or (25)
JETL,jF#i

sPN =3 (G +20(i)} + 2r(Dwi(f)- (26)
JEL,jF#i

5 Finding optimal control policy

Considering continuous-time Markov decision processes, it has been shown in section 3 that the growth of risk-
sensitive optimality is governed by matrices with nonnegative off-diagonal elements. Recalling that for any matrix
with nonnegative off-diagonal elements there exists a real eigenvalue (called the dominant eigenvalue) such that
the real part of any eigenvalue of the matrix is nongreater than the dominant eigenvalue, for maximizing the risk-
sensitive average reward it suffices to find stationary policy defining feasible matrix with maximum possible real
eigenvector. To this end we can employ policy iteration or value iteration specified in [14]. This methods also
enable to generated upper and lower estimates on the maximum possible dominant eigenvalue in each iteration
step.



Another approach for finding optimal policies was studied in section 4. Using this approach the decision
maker selects by standard policy or value iteration methods the set of all (non-randomized) stationary policies with
maximal average reward. In the next step in the class of stationary policies maximizing the average reward the
decision maker selects the policy with minimal average variance. Observe that the construction of the policy with
minimal average variance is limited only on the class of optimal policies (resp. another selected class of policies)
since the formulas for construction the policy with minimal variance heavily employ values of some coefficients
constructed for optimal policies (cf. formulas (24)—(26)). Up to now we looked for policies with minimal variance
in the class of policies with maximal total reward. However, considering stationary policy (even randomized), not
maximizing the average reward, policy and value iteration methods can be used for finding policies guaranteeing
the desired reward with minimal possible variance.

6 Conclusions

In this note we studied risk-sensitive average optimality in risk-sensitive continuous-time Markov decision chains.
The obtained results extend some older result reported for uncontrolled models in [13] and are overlapping with
recent results reported in [18] obtained by different methods and are similar to the results reported in [3] and [4].

The reported result are also confronted with so-called mean-variance optimality criterion for finding policies
with minimal average variance in certain class of policies (usually in the class of policies with maximal average
reward). The results reported in section 4 are similar to Thm.10.5 in [2], Thm.3 in [3] or Thm.3.4 in [10] (in these
references no transient rewards are considered).
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