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Abstract

Hidden conflict of belief functions in case where the sum of all multiples of conflicting
belief masses being equal to zero was observed. Degrees of hidden conflict and of non-
conflictness are defined and analysed including full non-conflictness. Hidden conflict
between two belief functions is distinguished from internal hidden conflict(s) of the
individual belief function(s). Finally, computational issues of hidden conflict and non-
conflictness are presented.

Keywords: belief functions, Dempster-Shafer theory, uncertainty, conflicting belief
masses, internal conflict, conflict between belief functions, hidden conflict, full non-
conflictness.

1 Introduction

When combining belief functions (BFs) by the conjunctive rules of combination, some conflicts
often appear (they are assigned either to () by non-normalised conjunctive rule ® or distributed
among other belief masses by normalisation in Dempster’s rule of combination €). Combination
of conflicting BFs and interpretation of their conflicts are often questionable in real applications.
Thus a series of papers related to conflicts of BFs was published, e.g. (1,2, 3,4, 5,6, 7, 8,9, 10].
A new interpretation of conflicts of belief functions was introduced in [11]: important distinction
of internal conflicts of individual BFs (due to their inconsistency) from conflicts between BFs (due
to conflict/contradiction of evidences represented by the BFs) was introduced there. Note that
zero sum of all multiples of conflicting belief masses (denoted by m@g (0)) is usually considered as
non-conflictness of the belief functions in all these approaches.

When analysing the conflict between belief functions based on their non-conflicting parts® [4] a
positive value of conflict was observed even in a situation when sum of all multiples of conflicting
belief masses equals to zero. This arose a series of new questions: how to interpret the sum of
conflicting masses, is the conflict based on non-conflicting parts of belief functions correct? Some
of the answers are provided in this text. They are positive in favour of the conflict based on
non-conflicting parts. This led us to a definition of a hidden conflict of BFs (Section 3).

Going further, different levels / degrees of hidden conflicts are defined and a maximal degree
of hidden conflict is investigated. Analogously to the degrees of hidden conflict, there also ex-
ist different degrees of non-conflictness. Full non-conflictness and conditions, under which belief
functions are fully non-conflicting, are defined and presented.

In accordance with approach from [11], there are observed and presented not only hidden
conflicts between two belief functions, but also internal hidden conflicts of individual BFs (Section
5). Finally, computational aspects of hidden conflict are presented in Section 6.

1Conflicting and non-conflicting parts of belief functions originally come from [12].
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2 Preliminaries

We assume classic definitions of basic notions from theory of belief functions [13] on finite exhaustive
frames of discernment €,, = {w1,wa, ...,wy }.

A basic belief assignment (bba) is a mapping m : P(Q) — [0,1] such that ) 4o m(A4) = 1;
the values of the bba are called basic belief masses (bbm). m(0) = 0 is usually assumed. P(Q) =
{X|X C Q} is a power-set of Q. A belief function (BF) is a mapping Bel : P(Q) — [0,1],
Bel(A) = > pixcam(X). A plausibility function Pl : P(Q) — [0,1], PI(A) = 3 g 4nx m(X).
Because there is a unique correspondence between m and corresponding Bel and Pl, we often
speak about m as of a belief function.

A focal element is a subset of the frame of discernment X C €, such that m(X) > 0. If all
focal elements are singletons (i.e. one-element subsets of 1), then we speak about a Bayesian belief
function (BBF); in fact, it is a probability distribution on Q. If there are only focal elements such
that |X| =1 or |X| = n we speak about quasi-Bayesian BF (¢BBF). In the case of m(Q2) = 1 we
speak about vacuous BF (VBF) and about a non-vacuous BF otherwise. In the case of m(X) =1
for X C Q we speak about categorical BF. If all focal elements have a non-empty intersection, we
speak about a consistent BF; and if all of them are nested, about a consonant BF.

Dempster’s (normalized conjunctive) rule of combination &: (m1®ma)(A) = Y xay—a Kmi(X)
ma(Y) for A # 0, where K =11, k = 3 yvy_pma(X)mo(Y), and (mq & m2)(0) = 0, see [13].
Putting K = 1 and (m1@ms)(0) = k we obtain the non-normalized conjunctive rule of combination
@, seee. g [14].

Smets’ pignistic probability is given by BetP(w;) = >_ . c xcq I_XLI%’ see e.g. [14]. Normal-
ized plausibility of singletons® of Bel is a probability distribution Pl_ P such that Pl_ P(w;) =

Pi({wi})
sl 15, 16)
A conflict of BFs Bel’, Bel” based on their non-conflicting parts Bely, Belj is defined by the ex-

pression Conf(Bel’, Bel”) = (m{@my)(0), where non-conflicting part Bely (of a BF Bel) is unique
consonant BF such that Pl__Py, = Pl__P (normalized plausibility of singletons corresponding to
Bely is the same as that corresponding to Bel); mg is a bba related to Bely. For an algorithm to
compute Bely see [4].

3 Hidden Conflict

3.1 An Introductory Example

Let us assume two simple consistent belief functions Bel’ and Bel” on Q3 = {w;y,ws, w3} given by
the bbas m/({w1,w2}) = 0.6, m'({w1,w3}) = 0.4, and m” ({we,w3}) = 1.0. Then (m'@m”)(0) =0
what seems — and it is usually considered — to be a non-conflictness of m’ and m”, but there is
positive conflict based on non-conflicting parts Conf(Bel’, Bel”) = (my@mg)(0) = 0.4 > 0. (This
holds true despite of Theorem 4 from [4] which should be revised in future).

We can easily verify this: the only focal element of m” has a non-empty intersection with
both focal elements of m’, thus 3= xny)_g m'(X)m” (Y) is an empty sum; Bel” is consonant, thus
Bely = Bel”, m{j = m", Pl'({w1}) = 1, PU'({w2}) = 0.6, Pl'({ws}) = 0.4, thus mg({w1}) = 0.4,
my({w1,ws2}) = 0.2, m{({w1,ws2,ws}) = 0.4, hence Conf(Bel’, Bel") = (mgamg)(0) = my({w1})
my({we,ws}) =04-1=04.

}& "D ®®

Figure 1: Introductory Example: focal elements of m’,m”, and of m’@m’.

2Plausibility of singletons is called contour function by Shafer in [13], thus Pl_ P(Bel) is a normalization of
contour function in fact.
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Table 1: Hidden conflict in the Introductory Example

X ¢ | {wi} {we} Aws} A{wiwo} {wiws} {wows} Q3 0

m’(X) : 0.0 0.0 0.0 0.60 0.40 0.00 0.00 —

m”(X) 3 0.0 0.0 0.0 0.00 0.00 1.00 0.00 —
(m’@m”)(X) : 0.00 0.60 0.40 0.00 0.00 0.00 0.00 0.00
(m’@m”@m”)(X) : 0.00 0.60 0.40 0.00 0.00 0.00 0.00 0.00
(mem’em’)(X): | 000 036 016 000 000 000 000 048
(mem’emem”)(X): | 0.00 036 016 000 000 000 000 0.48

3.2 Interpretation of the Example — Observation of a Hidden Conflict

The following questions arise: Does (m’@m/’)()) = 0 really represent non-conflictness of respective
BFs as it is usually assumed? Is the definition of conflict based on non-conflicting parts correct?
Are m/ and m” conflicting? What does (m’@m’)(0) = 0 mean?

Suppose that Bel’ and Bel” are non-conflicting now. Thus their combination should be also
non-conflicting with both of them. Does this hold for BFs from our example? This holds true
when we combine m’@m/ with m” one more time (assuming m” comming from two independent
belief sources). It follows from the idempotency of categorical m': m'@m”@m” = m'@m’” and
therefore (m'@m” @m’)(0) = 0 again. On the other hand, we obtain positive (m'@m”em’)(D) =
(m'@m’@m’)(0) = 0.48 (assuming m’ comming from two independent belief sources). See Table 1
and Figure 2. When m” and m’ are combined once, then we observe mg(0) = 0. When combining
m” with m’ twice then mg(0) = 0.48. We observe some kind of a hidden conflict. Moreover,
both individual BFs are consistent. I.e. there are no internal conflicts. Thus the hidden conflict

is hidden conflict between the BFs and we have an argument for correctness of positive value of
Conf(Bel', Bel”).

@%@ "o ®

Figure 2: Arising of a hidden conflict between BFs in the Introductory Example: focal elements of
m',m',m" — m'e@m/,m"” and of (m'@m’)em”.

What is a decisional interpretation of our BFs? Contours, i.e. plausibilities of singletons are
Pl' = (1.0,0.6,0.4) and PI” = (0.0,1.0,1.0), we obtain Pl_P’' = (0.5,0.3,0.2) and Pl_P" =
(0.0,0.5,0.5) by normalization; thus at Bel’, w; is significantly preferred, whereas at Bel”, one of
wo,ws; this is also an argument for mutual conflictness of the BFs. Considering Smets’ pignistic
probability we obtain BetP’ = (0.5,0.3,0.2) and BetP” = (0.0,0.5,0.5), just the same values
as in the case when normalized plausibility of singletons (normalized contour) is used for deci-
sion. Both the, in general different, probabilistic approximations BetP and PIl__P give highest
value to different singletons for Bel’ and Bel”. Thus the argument for mutual conflictness of the
BFs is strengthened and we obtain the same pair of incompatible decisions based on the BFs in
both frequent decisional approaches: using either normalized contour (which is compatible with
conjunctive combination of BFs) or pignistic probability (designed for betting).

Hence (m'@m’)(0) does not mean non-conflictness of the BFs. It means a simple or partial
compatibility of their focal elements only.

3.3 Objections Against Our Interpretation
There are several objections against our interpretation of the introductory example:

o in case of a combination of two identical belief functions some idempotent rule of combination
should be used. Yes, this would be right for belief functions coming from two dependent belief
sources. But this is not true for two or more numerically same BFs coming from two or more
independent belief sources.
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o The result is not surprising, because conflict is increasing when combining more belief func-
tions. This is definitely not true:

— to be correct it should be stated 'non-decreasing’ instead of increasing.

— more precisely, a conflict is non-decreasing when more conflicting BFs are combined.
When truly non-conflicting BFs are combined, any positive conflict can never arise there;
e.g. (@IfBell ® @]fBelg)((D) = 0 for any k£ > 0 and Bel; on Q3 given by m;({w;}) = 0.3,
my({wi,wz}) = 0.2, mi({wr,ws}) = 0.1, m; ({wr,ws,ws}) = 0.4, mo({w1,ws}) = 0.7,
mg({wl, w2, wg}) ={0.3.

— Thus an appearance of a positive (m’'@m’®)(0) implies a conflict between m’ and m”
or between m’ and m’ in case of consonant BFs; there cannot be any conflict between
consonant m’ and m’ thus there must be conflict between m’ and m”’.

o The result is rather unsurprising. Because one can see clearly that the hidden conflict occurs
when the first combination results in disjoint focal sets. Yes, in the very simple Introductory
Example, this may by unsurprising for someone; but there are no disjoint sets after the first
combination in the following Little Angel example. Moreover, this should be surprising for
all who accept the following assumption / axiom: BFs Bel’ and Bel” are non-conflicting
whenever (m'@m”)(0) = 0, e. g. [1, 5, 7, 8] and the previous Daniel’s publications, e. g.
2, 4, 3].

It is obvious that a combination results in a conflict if a Bayesian BF (m/@m” in the In-
troductory Example) is combined with any other BF. Yes, this is true in the very simple
introductory example, but not in a general example, see e. g. the following Little Angel
example again.

Analysing these objections we can see, that is was not easy to observe the hidden conflicts, in
simple cases the observation seems to be obvious, thus not interesting, in more general examples
this seems to be really hidden.

3.4 Definition of Hidden Conflict

Definition 1 Let us suppose two BFs Bel', Bel” defined by bbas m’,m”, such that (m’@m’")(0) = 0.
If there further holds (m'@m” @m’)(0) > 0 or (m'@m”@m")(0) > 0 we say that there is a hidden
conflict of the BF's.

Observation 1 A condition (m’'@m”em’)(0) > 0 or (m'@m”em”)(0) > 0 from Definition 1 is
equivalent to the following condition (m'@m”@m’e@m’) () > 0.

We have to note that a hidden conflict is quite a new phenomenon, qualitatively different from
the ideas of all previous Daniel’s works on conflict of belief functions and also different from the
other referred approaches. Till now, it was supposed that m@g (@) includes both conflict between
BFs and also internal conflicts of individual BFs. Thus conflict between BFs was supposed to be
less or equal to m@g(0). Here, we deal with a situation of a positive conflict between BFs while
me(0) = 0.

We have already observed that mg () = 0 does not mean full non-conflictness of BFs and that
the condition (m'@m”@m’e@m”)(0) > 0 together with (m'@m”)(#) = 0 defines hidden conflict.
What about the condition (m'@m”@m’@m")(0) = 0?7 Is this condition sufficient for full non-
conflictness of BFs Bel’ and Bel”? May some conflict be still hidden there?

The zero version of the condition seems to imply non-conflictness on 3, the frame of discern-
ment of the Introductory Example. To solve the question in general, we have to consider a larger
frame of discernment.

3.5 Little Angel Example

For Q5 one can find the following Little Angel Example, see Table 2. Similarly to Introductory
Example, we have two consistent BFs Bel’ and Bel® with disjoint sets of max-plausibility elements
while zero condition (m®m)()) = 0 holds true.
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Table 2: Hidden Conflict in the Little Angel Example

X : | A={wiwows} B={wwowsws} C={wpwswsws} X={wowswsws} 0
mi(X) : 0.1 0.30 0.60 0.00 —
mi(X) ; 0.0 0.00 0.00 1.00 -

X : | AnX BnX CnNnX AnBnX AnCnX BnNnCNnX 0
(mem)(X): | 01 03 06 0.0 0.0 0.0 0.000
(momiem™)(X): | 010 030 060  0.00 0.00 0.00  0.00
(mememi)(X): | 0.01 009 036  0.06 0.12 0.36  0.00
(mememiem®)(X): | 001 009 036  0.06 0.12 036  0.00
(m@m”@m”@m Z) (X): 0.010 0.090 0.360 0.060 0.120 0.360 0.000
(mememiom)(X): | 0001 0027 0216 0036 0126 048  0.108
memoemoemie@miem (X) 0.001  0.027 0.216 0.036 0.126 0.486 0.108

In addition to Introductory Example, (m@m‘@m'@m®)(@) = 0 (see Table 2) while Conf(
Bel, Bel') = 0.1 is positive again. Positiveness of the Conf value can be easily seen from the fact
that sets of max-plausibility elements are disjoint for PI* and PI*. Numerically, we have again
Belf = Bel”, and Pl_P' = (33,35, 35+ 35+ 35)- We obtain m({w1}) = 0.1, m§({w1,ws,ws}) =
0.2, m{({w1, w3, wa, ws}) = 0.3, my({Qs}) = 0.4, and Conf(Bel’, Bel®*) = m{({w:})m*(X) = 0.1.
Analogous arguments hold true for the positive Conf and hidden conflict again (of the 2nd degree
this time). BetP' = (0.2583,0.1083,0.2250,0.2250, 0.1833) which is not numerically the same as
PIl_P?, but both prefer w;, whereas BetP¥ = PI__P" = (0.00,0.25,0.25,0.25, 0.25).

@

Figure 3: Arrising of a hidden conflict between BFs in the Little Angel Example. Focal elements of
mi, m", m'@mt, m'@m'e@m’ and of (m'©@m'®@m’)®m". Red-colored focal elements are those
responsible for creation of the empty-set in the last step.

For an existence of a hidden conflict, it is the structure of focal elements that is important —

not their belief masses. Belief masses are important for the size of a conflict. In general, we can
take m'(A) = a, m‘(B) = b, m{(C) = ¢, for A, B,C defined in Table 2, and for any a,b,c > 0,
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such that a + b+ ¢ = 1, we obtain m(()) = 6abc as a hidden conflict of the 2nd degree (in our
numeric case there is 6abc = 6 - 0.1-0.3 - 0.6 = 0.108). For graphical presentation of the Little
Angel Example see Figure 3.

Degrees of hidden conflict, its maximal value, and the issue of full non-conflictness will be
analyzed in the following section.

4 Degrees of Hidden Conflict and Full Non-conflictness

When analyzing examples from the previous section, we have observed different degrees of hidden
conflict. We can formalize it in the next definition.

Definition 2 Assume two BFs Bel', Bel' defined by bbas m',m", such that for some k > 0
(@F_,(m'@m™))(0) = 0. If there further holds (@]H'l(m @m”))(@) > 0 we say that there is a
conﬂlct of BFs Bel' and Bel® hidden in the k-th degree.

Analogously to particular degrees of hidden conflict, there are degrees of non-conflictness. Par-
ticular degrees of non-conflictness are not very important. However, there is an important question
whether there is some hidden conflict or not, i.e. whether or not the BFs in question are fully non-
conflicting.

Definition 3 We say that BFs Bel' and Bel" are fully non—conﬂicting if (m'@m™)(0) = 0 and,
further, if there is no hidden conflict of any degree. Le. if (@J 1(mi@m®)) (@) = 0 for any k > 0.

Thus there is a question how many times we have to combine (m'@m?), i.e., for which k value
of ( 1(m'@m™))(0) shows whether there is some hidden conflict of the BFs Bel’ and Beli or
not. For answers to this question see corollaries of the following two theorems.

Theorem 4 (max1mal degree of hidden conflict) For any non-vacuous BFs Bel® and Bel®
defined by m' and m' on any frame Q,, it holds that

(@2 (m'em™)@) =0 iff (@ (miemi)) @) =0
for any k >n — 2.

Corollary 5 Hidden conflict of any non-vacuous BFs on any Q, has always degree less or equal
ton —2; i.e., the condition

(@71 (m'om™)(@) = 0
always means full the non-conflictness of any BFs Bel' and Bel” on any Q,.

Let us present an example of such highly hidden conflict now.

Example 6 Ezample of hidden conflict of the (n—2)-th degree: Let us suppose n-element frame
of discernment Qn, = {wi,wy,...,wn}. Bel' and Bel" are given by m'({w1,ws,....wn_1}) =
L, m ({w1,w2, oy Wn—2,wn}) = L mi({wi,wy ey Wn3, Wn_1,wn}) = L, . . . mi({w,
W3, W4, .oy wWn }) = ==, M (w2, w3, ..., wn}) = 1. Atm'@m' (n—2)-element focal elements appear,
at m'@mi@m’ (n — 3)-element focal elements appear, at @%_ym' (n — k)-element focal elements

appear, at @"—2m' 2-element focal elements appear, all these focal elements have non-empty in-
§=1

tersections with the only focal element of m™, and finally at @;‘;fmi singleton focal element {wy }
appears which has empty intersection with the only focal element of m™ {ws, ws, -

What does m' express? It gives a big support to all elements of the frame, to the entire frame
Q,, and even greater support to w; which is included in all focal elements; w; is preferred and,
moreover, it has plausibility 1. We can modify m' and express this more easily: m'(Q,) = "nl,

m'({w1}) = L, or more generally, m‘(Q,) = 1 — a, m ‘({w1}) = a for some 0 < a < 1. We can
easily see evident conflict corresponding to positive m(0) = (m'‘@m™)(0) = %, m(0) = a for these
modifications of m'. Hence either hldden conflict of the (n—2)-th degree of m* and m* or positive
Conf(m',m*) = Conf(mt, m¥) = ; should not be very surprising.

We have to note that the Introductory Example is a special instance of Example 6 for n = 3.
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Theorem 7 (i) Any non-vacuous BFs Bel', Bel have a conflict hidden at most in (c-1)-th degree
where ¢ = min(c', ") + sgn(|c’ —c"|). where ¢',c" are mazimal cardinalities of focal elements of
Bel*, Bel" different from €. In the other words

(@51 (miem™))(0) =0 iff (@), (m‘em))@) =0

for any k > ¢ = min(c', ') + sgn(|ct —ct|).

(i) There are no hidden conflicts of any non-vacuous BFs on any two-element frame Qs.

(iii) There are no hidden conflicts of any non-vacuous quasi-Bayesian BFs on any frame Q,,.
(iv) For a BF Bel' and a quasi-Bayesian BF Bel™ there is a hidden conflict of (at most) the first
degree; if it appears then it is an internal conflict of Bel® in fact.

Corollary 8 (z) Assume two non-vacuous BFs Bel’, Bel' on Q,. The zero value of the expression
(@)1 (miem™))(0), i.e., the condition

(@ (miomi*))(0) = 0

means full non-conflictness of the BF's for ¢ = min(c', ¢') + sgn(|c'—c'|), where c', c®* are mazimal
cardinalities of focal elements of Bel', Bel different from Q.

(ii) For any two non-vacuous quasi Bayesian BFs Bel’, Bel® on any frame of discernment Q,, the
condition (m'@m™)(0) = 0 always means full non-conflictness of the BFs.

(iii) For any BF Bel' and any quasi-Bayesian BF Bel the condition (@izl(mi@m“))(@) =
always means full non-conflictness of the BFs.

5 Internal Hidden Conflict

Little Angel Modification
Let us take m*" instead of m‘, such that m""(4) = m'(4), m"(C) = m‘(C), and m"*(D) =
m* ({ws,ws, ws}) = 0.30 instead of m*(B). There is (m*®m"®m*6m*)(f) = 0, but
(miemi e miiemii)(0) > 0, even (mii@mii@mii)(0) > 0, ie. (@ mi)(®) > 0, for detail
see [17].

We observe a conflict of the belief functions hidden in the 2-nd degree again. Nevertheless,
the situation of focal elements is different now: the only focal element X of mi = @ mi has

non-empty intersection with any focal element of @° mi?, but (@2 mi)(f) > 0 now. Thus this is
not a hidden conflict between m* and m®, but an internal hidden conflict of m*.

Computation of @If(m’ @m'")(0) and internal hidden conflict have a relation to Martin’s auto-
conflict [18, 8|, thus we can speak about hidden auto-conflict here. See [19] for more details.

In general, we can observe internal hidden conflict when at least one of BFs in hidden conflict
is not consistent. Let us present an example with highly hidden internal hidden conflict of the
(n—2)-th degree on a general frame of discernment now.

Example 9 Let us consider the following modification of Ezample 6 on €. Instead of m’ we
take m™" having all focal elements of cardinality n — 1, such that m*(Q, \ {w}) = £ for any
w € Qu; m same as in Example 6. m™ is not consistent; PI"'({w}) = %=L for any w € Q,. We
observe hidden conflict of the (n—2)-th degree again. Because of same plausibilities of all singletons
m"5(2,) =1 and Conf(mi, m*) = 0 now.

There is a positive hidden conflict of BFs Bel™ and Bel™, but zero conflict between them. We
say that there is an internal hidden conflict. This corresponds to non-consistency of BF Bel™;
Bel' is consistent thus there is an internal hidden conflict of BF Bel’ in this case.

A numeric example was computed on Q1¢, see Table 3 for a comparison of focal elements and
m@(0) values of Examples 6 and 9. For simplicity, same bbms m'(X) = & and m"(X) = 7 were

used there.
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Qlﬁ 7,’,L/ — ml m// — m’L’l m/ = le’L m// = mii

Degree me no of fe. Card. of fe. mg(0)| no of fe. Card. of f.e. me(0)

= m’ 15 15 = 16 15 =

= m' 1 15 T 1 15 =

0 m'em’ : 15 14 0 16 14-15 0

1 mem’e@m'@m”| 120 13-14 0 121 13-15 0

2 3_(m'em”) | 575 12-14 0 576 12-15 0

o s 0 0

k  Ofi(mem”) | ... (14-k)-14 0 (14-k)-15 0

Tt 0 0

13 1 (mem”) | 32766 1-14 0 32767 1-15 0
14 15 (mem”) | 32766 1-14  2.98-06 32767 1-15 1.13-06

Table 3: Hidden conflict between BFs Bel’ and Bel* from Example 6 and internal hidden conflict
of Bel" and Bel™ from Example 9, both on Q5.

6 Computational Complexity and Computations of Exam-
ples

Based on Definition 2 and Theorem 4, the complexity of computation of the degree of hidden
conflict of two BFs Bel' and Bel® is — on a general Q,, — O(n) of ® operations. In the case
of checking existence of a hidden conflict of the BFs we obtain the complexity O(logz(n)) of ®
operations utilizing a simplification of computation based on @?il(mi®m“) = @?21 (m'emit)
G) @le(m%@m“). Note that the complexity of @ operation depends on the number and structure
of focal elements.

During our analysis of hidden conflicts a series of example computations was performed on
frames of discernment of cardinality from 5 to 16. A number of focal elements rapidly grows up
to |P(Q)| = 2l =1 when conjunctive combination ® is repeated, see e.g. 32766 and 32767 focal
elements in the presented Examples 6 and 9 at Table 3. Because the degree of the hidden conflict
and existence of the hidden conflict depends on the number and the structure of focal elements
not on their bbms, we have used same bbms for all focal elements of a BF in our computations on
frames of cardinality greater than 10.

All our experiments were performed in R [20] using R Studio [21]. We are currently developing
an R package for dealing with belief functions on various frames of discernment. It is based on a
relational database approach - nicely implemented in R, in package called data.table [22].

7 Several Important Remarks

We have to underline that hidden conflict of belief functions is not a new measure of conflict. It just
improves/extends the classic measure defining the conflict by m(() in situations where m((}) = 0;
it distinguishes fully non-conflicting BFs from those with a positive hidden conflict. This notion
serves for deeper understanding of conflictness / non-conflictness, it enables to point out the conflict
also in situations where conflicts had not been expected, in situations where meg () = 0; hence to
point out and to help to understand the conflicts which are hidden due to mg (0) = 0.

Particular numeric values of a hidden conflict have no reasonable interpretation so far. For
now, we are interested whether the value is zero (i.e. no conflict) or not.

Repeated applications of the conjunctive combination & of a BF with itself is used here to
simulate situations where different independent believers have numerically the same bbm. Thus
this has nothing to do with idempotent belief combination (where of course no conflict between
two BFs is possible).

There is brand new idea of hidden conflicts in [19] and in this contribution. Brand new inter-
pretation of m(() distinguishing fully non-conflicting BFs from those with hidden conflict. The
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assumption of non-conflictness when m@(P) = 0 was relaxed, due to observation of a qualitatively
new phenomena — observation of hidden conflict even in the cases where meg () = 0. Both these
studies want to point out the existence of hidden (auto-)conflicts in situations where no conflict
was expected till now. Thus the definitions of hidden conflict and hidden auto-conflict[19] are
not anything against the previous Daniel’s research and results on conflict of belief functions e.g.
[11, 2, 4]. Of course, some parts of the previous approaches should be updated to be fully consistent
with the newly presented results on hidden conflicts and auto-conflicts.

Our study was motivated by investigation of conflict Coon f of BFs based on their non-conflicting
parts [4], thus we were interested in independent BFs when hidden conflict was observed. But we
have to note that conflictness / non-conflictness of BFs has nothing to do with dependence /indepen-
dence of the BFs. Repeated computation of several (up to n) numerically identical BFs, when
looking for hidden conflict is just a technical tool for computation of m () or more precisely say for
computation of k=37 o mi(X )m;(Y). We are not interested in entire result of repeated ap-
plication of ®, we are interested only in m() or more precisely sayink =37y Xan...nXe=0 M (X1)
m;(Xz)...m;(Xg). Thus our computation has nothing to do with any idempotent combination of

BFs. And we can compute hidden conflict using @If (or k) in the same way for both dependent
and indepentent BFs. It is either not necessary to include any independence assumption to our
Definitions 1 and 2.

8 Summary and Conclusion

Hidden conflicts of belief functions in situations where mutual intersections of any focal element
of one BF with all focal element of the other BF are non-empty has been presented and analysed.
There may be a positive conflict in situations, where sums of conflicting belief masses are empty,
i.e. in situations which have been usually considered to be non-conflicting till now.

Several levels — degrees of hidden conflict were observed, maximal degree of hidden conflicts
dependent on size of corresponding frame of discernment was found. A variety of hidden conflicts
of degrees 1 — (n—2) was described for an n-element frame of discernment. A necessary and
sufficient condition for full non-conflictness of BFs in dependence on maximal cardinality of their

existing approaches to conflicts of BFs.

This may consequently serve as a basis for better combination of conflicting belief functions
and better interpretation of the results of belief combination whenever conflicting belief functions
appear in real applications.
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