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GENERALIZED W11.YOUNG MEASURES AND RELAXATION
OF PROBLEMS WITH LINEAR GROWTH*
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Abstract. In this work we completely characterize generalized Young measures generated by
sequences of gradients of maps in W11 (Q;RM), where Q C RN. This characterization extends and
completes previous analysis by Kristensen and Rindler [Arch. Ration. Mech. Anal., 197 (2010),
pp. 539-598 and 203 (2012), pp. 693-700] where concentrations of the sequence of gradients at the
boundary of 2 were excluded. As an application of our result we study the relaxation of non-
quasiconvex variational problems with linear growth at infinity, and, finally, we link our character-
ization to Soucek spaces [J. Soucek, Casopis Pro Péstovdni Matematiky, 97 (1972), pp. 10-46], an
extension of WH1(Q; RM) where gradients are considered as measures on .
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1. Introduction. Oscillations and concentrations appear in many problems of
the calculus of variations, partial differential equations, and /or optimal control theory;
cf. [6] for an overview and examples from elasticity and continuum mechanics of solids.
While Young measures [35] successfully capture oscillatory behavior of sequences,
they completely miss concentration effects. These concentration effects may be dealt
with by appropriate generalizations of Young measures, as in DiPerna’s and Majda’s
treatment of concentrations [10], following Alibert’s and Bouchitté’s approach in [1]
(see also [11]), etc. Detailed overviews of this subject may be found in [29, 32].
A general feature of all these approaches is the description of oscillations and/or
concentrations in sequences in terms of parametrized measures. Besides the work
of Kinderleherer and Pedregal [16, 17] dealing with Young measures, and thus with
oscillations only, both concentrations and oscillations were jointly treated in [22] in
WLP for p > 1 and in [20, 28] in W11 and BV. Applications of parametrized measures
in optimal control of dynamical systems with linear growth involving oscillations and
concentrations can be found, e.g., in [8, 25, 29].

Explicit characterization of such parametrized measures is very important for ap-
plications because it allows us to analyze limit problems. The parametrized measures
generated by sequences of gradients are of a particular interest in vectorial multi-
dimensional calculus of variations, for instance when we want to minimize integral
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functionals I fQ )) d with a nonconvex (or non-quasiconvex) integrand
v having p- growth at mﬁmty, i.e., for large arguments. The functional F' is then not
lower semicontinuous with respect to weak convergence in W1P(Q; R™) and its mini-
mizers do not necessarily exist. Parametrized measures are then applied to define the
so-called relaxed problem tracing the limit behavior of minimizing sequences. For se-
quences of gradients of maps living in W1?(Q; RM), Kinderlehrer and Pedregal charac-
terized Young measures in [16, 17] for p = 400 and 1 < p < 400, respectively. If p > 1,
concentrations effects in minimizing sequence of coercive functionals are excluded us-
ing the so-called decomposition lemma proved in [13] which allows one to construct
minimizing sequences which do not exhibit concentrations. Consequently, Young mea-
sures suffice to describe the relaxed functional. On the other hand, concentration
effects can appear if v is noncoercive, more precisely if |v(A)| < C(1 + |A|P) for some
C > 0. Generalizations of Young measures were used in [14, 15, 23] to analyze neces-
sary and sufficient conditions guaranteeing weak lower semicontinuity of F'; cf. also [6].

If p =1, i.e, for functionals with linear growth, concentration effects are usually
always relevant and often prevent the existence of minimizers in W', a well-known
fact intimately related to the lack of reflexivity of W', For precisely that reason, the
standard approach to handle functionals with linear growth relies on extension to BV,
which in particular allows to keep track of certain concentrations of the gradient in the
interior of the domain, as singular contributions of the derivative in BV. Moreover,
if the integrand lacks (quasi)convexity, oscillations and concentrations appear simul-
taneously and are mutually interconnected. The methods used to characterize Young
measures and their generalizations for p > 1 cannot then be applied; in particular,
the decomposition lemma [13, Lemma 1.2], which allows us to replace a sequence of
gradients generating a Young measure by a new sequence of gradients such that the
pth power of the norm is equiintegrable, does not hold in W' or BV.

n [20], the authors resolved this problem assuming that concentrations do not
appear at the boundary of the domain €. As also shown in [20], in particular this is
enough to discuss weak* lower semicontinuity for integral functionals in BV subject
to a Dirichlet condition, because it is then possible to extend both the integrand and
the admissible functions to a larger domain Q, where everything will be fixed near the
boundary. This of course excludes concentration effects near the boundary of 92. On
the other hand, as soon as there is at least a part of the boundary where we do not
impose a Dirichlet condition, one cannot fully avoid this phenomenon as the following
simple example illustrates.

Consider the following one-dimensional variational problem:

1
1.1 i I(u) = —-1)? '(z)|d 0)? 1) — 1)
(1.1) uevg}}lrl(m){ (w) / (@ = 1)+ )fu ()] da + u(0)? + (u(1) — 1)
for given 0 < ¢ < 1. Notice that although no Dirichlet boundary condition was
imposed, we still get the following natural boundary conditions for critical points, at
least formally:

/

g+2u—0 at =0 and au

(1+5) 0+2u—1)=0 atz=1

||
(nonlinear Robin condition),
where g is the outer normal at the boundary: p(0) = —1, o(1) = +1.

Roughly speaking, members of a minimizing sequence (uy)nen for (1.1) will try
to keep their derivative as small as possible but also need to achieve some values close
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to zero and one at x = 0 and = = 1, respectively. Due to the weight x +— (z — 1) +¢,
the best place to switch from one constant to another one is near x = 1. In fact, the
infimum of I can be calculated explicitly, and we can also give an explicit minimizing
sequence: For every u admissible,

I(u) > 6/0 [/ ()] dz + u(0) + (u(1) = 1)* > e(u(1) — u(0)) + u(0)* + (u(1) — 1)* .

The function (u(0),u(1)) — e(u(1l) — u(0)) + u(0)® + (u(1) — 1)? is minimized for
uw(0) = ¢/2 and u(1) = (2 — ) /2 with the value (2¢ —£2)/2. On the other hand, take
i () = g/2 ifOSx.Sl—l/n,

n(l—e)z+e/2—(1—¢e)(n—1) otherwise.
We see that I(u,) — (26 —€2)/2 as n — 00, so it is a minimizing sequence. However,
un — 0in L1(0,1) and (u},) concentrates at x = 1. In particular, no minimizer exists
in the admissible class of competitors in W1(0,1).
It is not entirely obvious how to relax I in BV, or other functionals (formally)
involving a natural boundary condition of Robin type. In fact, if we simply replace

the integral part of I with its relaxation with respect to weak™ convergence in BV
while leaving the boundary term alone, we get for all «w € BV(0, 1)

I(u) = / (( — 1)? + &) d[Dua)] + u(0)? + (u(1) - 1)?,

where u(0) and u(1) are understood in the sense of trace in BV. However, this clearly
is not the right choice, because I is still not lower semicontinuous with respect to
weak™ convergence in BV for € < 2: with the minimizing sequence (u,,) defined above,
we have u,, —* 0in BV and Iy (u,,) = I(u,) — (4e—€?)/4 < I,(0) = 1. Now, the main
issue is that the trace at « = 1 is not continuous along (u,), which here causes the
term (u, (1) —1)2 to jump up in the limit, reflecting the fact that the concentration of
(ul)) at z = 1 is being dropped in the weak* limit in BV. The natural way to solve this
dilemma is to consider a slightly larger space, and a good choice is X := BV(0, 1) x R?,
the closure of Wit (and BV), embedded into X by u € Wh — (u, (u(0),u(1))) € X,
with respect to weak™ convergence in X. Essentially, we now keep track of the “true”
boundary value at = = 0, 1 along sequences in W' possibly different from the trace
of the limit function in BV, and it is not difficult to check that the relaxation of I
(and I) in X is given for all (u, (89, 51)) € BV(0,1) x R? by

1
I5(u, (Bo, 1)) == /O ((z = 1)% +e) d[Du(@)| + (1 +€) [u(0) — Bo| + fo”
+elBr—u(l)] + (B — 1),

where u(0) and u(1) are understood in the sense of traces in BV. From this, we
can deduce the correct relaxation of I in BV: I3(u) := inf (g, g,)er2 I2(u, (8o, B1))-
However, this is far less natural than I5, and essential information encoded by 3, at
x =1 is lost that way.

The example can be easily generalized to higher dimensions by considering Q ¢ RY
a bounded domain of class C' with two disjoint parts of the boundary I'y and I'; of
positive N —1 dimensional Hausdorff measure. For instance, for u € W11 (€; RM™) and
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u(0) = 0 on Ty, a rough analogue of I (with a slightly modified boundary term to
ensure J < oo on Wh1) is given by

minimize J(u) := /

Q(dis‘cz(ac, I')+e)|Vu(z)| d;v—i—/F V14 (u(z) —a(z)2 dHN "1(z),

where € RY is a bounded domain with a C' boundary, I'y C 92, and 7 is a given
function in L1(D'y, HV~1[0Q; RM). Above, “dist” denotes the distance function.

Concerning relaxation of this kind of functional, a natural replacement for the
space X above is the Soucek space W, (€2) = BV(2) x M(9Q), keeping track of the
“true” boundary value as a measure on 9 (the so-called outer trace in W, (€2)). For
more details on W(Q) we refer to section 7.

The previous example shows that concentration effects at the boundary can be
quite relevant for minimization problems with linear growth at infinity, even if all
terms of the functional are convex, non-negative, and coercive. Once oscillations
favored by nonconvex integrands come into play on top of that, we are lead to study
the generalized gradient Young measures appearing as the natural limiting object
capturing this behavior.

The main goal of our work is to complete the characterization of generalized
Young measures given in [20] by deriving necessary and sufficient conditions which
must be satisfied at the boundary of the domain 2. In particular, our main result,
summarized in Theorem 3.1, allows us to easily set up and prove relaxation results
for a large class problems like our example, first in the space of generalized gradient
Young measures and then in the Soucek space, as a straightforward corollary.

The plan of the paper is as follows. We first introduce necessary notation and
collect some auxiliary results in section 2. Then we state the main result, i.e., charac-
terization of generalized gradient measures up to the boundary; cf. section 3. Proofs
of necessity and sufficiency of our new condition at the boundary are the subject of
sections 5 and 6, respectively. The first one, in section 7, is a relationship of gener-
alized Young measures to the Soucek space [30] which is a kind of a finer completion
of WH(Q; RM) than BV(£;RM). As an application of our results, we then present
a relaxation theorem for functionals on Wh1(Q;RM) including integral terms on the
boundary in section 9. Our work then closes with the Appendix, which has three
sections. Its first section contains a proof of an auxiliary result related to weak™ lower
semicontinuity along sequences of gradients which do not oscillate but concentrate at
the boundary. The second section states a relationship between generalized Young
measures and DiPerna—Majda measures often used by the second and the third author
to characterize oscillations/concentrations in sequences of gradients. Finally, in the
third section we explain the connection between quasiconvexity at the boundary and
a variant of it which appears as an assumption in our relaxation theorem.

2. Notations and preliminaries. We start with some definitions and expla-
nations of frequently used notation.

2.1. Basic notation. Throughout the text, unless otherwise specified, we will
use the following notation.
- QC RN, N > 1, stands for a bounded domain with a boundary of class C*.
| K| denotes the Lebesgue measure of K C RY.
- B denotes the open unit ball in R centered at zero.
- Given a unit vector o € RN, we define the unit half-ball

(2.1) D,=Bn{zeRY; o-z <0}
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and 'y :={x € 0D,; 0-x =0} C 0D,.

- By(z) := B(z,r) :={y : ly—z| <r} (r > 0 and the center point = is in a
Euclidean vector space, with norm ||, that should be clear from the context).

- (K)r :=U,ex Br(z) (open r-neighborhood of a set K C RV).

- The unit spheres centered at zero in R and RM*N are denoted by SV—1!
and SMN—1 respectively.

- Given a € RM and b € RY, a ® b is the matrix given by (a ® b);; = a;b; for
alll1<i< Mandalll<j<N.

- Given real-valued functions z — f(z) and y — ¢(y), the function (z,y) —
(f ® g)(z,y) is defined by (f ® g)(x,y) := f(z)g(y)

2.2. Spaces of functions and measures. By M(X) we denote the set of
finite Radon measures on a Borel set X and by M7 (X) its subset of probability
measures. We recall that the support of a measure u, supp p, is the smallest closed
set X such that pu(A) =0if X N A = (). Given a measure p, we write “g-almost all”
or “p-a.e.” if we mean “up to a set with the y-measure zero.” If y = LV, the N-
dimensional Lebesgue measure, we usually omit writing it in the notation. As usual
HN~1 represents the (N — 1)-dimensional Hausdorff measure in R%.

Given a domain  C RY, the space C () consists of all real-valued continuous
functions defined in €. Its subset Cy(Q2) is the completion with respect to the supre-
mum norm of the space of functions with compact support in §2; that is, it consists of
those functions u € C(Q) vanishing at the boundary (u(x) — 0 as dist (z; 9Q) — 0)
and at infinity (u(xz) — 0 as || — o0), in case the domain is unbounded. Recall
that Co(f2) is a Banach space with respect to the norm [lul|¢, ) = supgeq |u(z)|-
WLP(Q;R™), 1 < p < 400, is the usual Sobolev space of measurable mappings which
together with their first (distributional) derivatives are pth-integrable (if p < +00)
or essentially bounded (if p = +00). The space of functions with bounded varia-
tion, BV(Q;RM) (see [2]), consists of all u € L*(Q;RM) such that its first order
distributional derivatives Dju; € M(). Given u € BV(Q;RM), we denote by Du
the matrix-valued measure whose entries are Dju;, Vu is the density of the absolutely
continuous part of Du with respect to the Lebesgue measure, while Du® denotes the
singular part of Du with polar decomposition dDu®(z) = dd‘gizzl(x)d |Du®| (z). We
recall that (u,)neny C BV(Q;RM) converges weakly* to u € BV(Q;RM) if u,, — u
strongly in L'(Q;RM) and Du,, = Du in M(Q;RM*N); see [2, Definition 3.11].

Given p € M(Q), we denote by |p| its total variation (norm), i.e., |u|:=supl| [, f du
where the supremum is taken over all f € Cy(Q) such that || f[|¢c,) = 1.

2.3. Quasiconvex functions and functions with linear growth. Let Q C
RY be a bounded Lipschitz domain. A function v : RM*N — R is said to be quasi-
convex [9] if for any A € RM*N and any ¢ € W, ™ (Q; RM)

(2.2) o(A)]Q] g/QU(A+V<p(a:))da:.

If v : RM*N 5 R is not quasiconvex, its quasiconvex envelope Qu : R™*" — R is
defined by
Qu = sup {h <wv; h:RMXN 4 R quasiconvex }

or Qu = —oo if the set on the right-hand side is empty. If v is locally bounded and
Borel measurable, then for any A € RM*N (see [9])

(2.3) Qu(A) = inf L/ v(A+ Vo(r))de.
pewy>@rnm) |9 Jo
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Given a real-valued function v on some Euclidean space with norm |-|, v is said
to have at most linear growth if

lv(-)] < C(1+]-|) for a constant C' > 0.

Clearly “at most linear growth” only refers to the behavior of v for large norms of its
arguments.

Throughout this work, we use nonlinear transformations of measures, more pre-
cisely, derivatives in BV. A standard class of functions for which such nonlinear
expressions can be defined is

(2.4) T := {v € C(RM*N); v has at most linear growth & v> exists},

where v>° denotes the recession function of v (if it exists). We recall that a function v
is positively one-homogeneous if v(a-) = awv(-) for all @ > 0 and that v>° : RM*N — R
is the (automatically continuous and positively one-homogeneous) function defined by

(2.5) v?(A4) = lim l11(ozt).

a—+oo,t—A

If v exists, it coincides with the generalized recession function v¥ of v given by

(2.6) v*(A) := limsup lv(ozA).

a—+oo &
Note, however, that even if v* is continuous and the limsup in (2.6) is a limit,
this does not guarantee (2.5).

2.4. Tools and notation for sequences in BV. Here, we briefly recall some
results of [5] which will be used below. In particular, we rely on the following notion:

DEFINITION 2.1. Given a sequence (u,) C BV(Q;RM) and a closed set K C Q,
we say that (Du,) does not charge K if |Duy| is tight in Q\ K, i.e.,

Du,| ((K),NQ) — 0.
sup 1D (), 090) =5,

LEMMA 2.2 (Local decomposition in BV [5, Lemma 4.2]). Let Q C RY be open
and bounded and let K; C Q, j =1,...,J, be a finite family of compact sets such that
Qc U; K. Then for every bounded sequence (u,) C BV(Q;RM) with u, — 0 in
LY (Q;RM), there ewists a subsequence (uy,) (not relabeled) which can be decomposed as

Unp :ul,n+ "'+UJ,n7

where for each j € {1,...,J}, (ujn)n is a bounded sequence in BV(Q;RM) converging
to zero in L' such that the following two conditions hold for every j:

(1) {uj,n 7é 0} C {un 7é O}a {uj,n 7é O} - (KJ)% \Ui<j(Ki)2ina
|Du; | is absolutely continuous w.r.t. |Duy| + LV,
and |Duj | < |Duy|+ L as measures;

(ii) (Duy,n) does not charge |J; ;K.

Moreover, if OQ2 is Lipschitz and each u,, has vanishing trace on 982, this is inherited
by Ujn-
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As derived in [5], the properties of the component sequences found in Lemma 2.2
guarantee that, at least asymptotically as n — 0o, they behave as if they had pairwise
disjoint support. To present this result we recall that if v € T and u € BV(£;RM),
v(Du) is defined as the real-valued measure given by

2.7) dv(Du)(z) = v(Vu(z))dz + v ( dﬁgﬁ; (a:)) d|Duf| (z),

where Du® is the singular part of Du w.r.t. £V and Vu is the density of the absolutely
continuous part.

PROPOSITION 2.3 (cf. [5, Proposition 4.3]). Suppose that v € Y. Then for every
u € BV(Q;RM) and every decomposition of a bounded sequence u,, = Ut U, €
BV (Q; RM) with the properties listed in Lemma 2.2, we have that

v(Duy, + Du) — v(Du) — Z [v(Duj,n, + Du) — v(Du)] = 0

in total variation of measures.

Another, closely related observation is that for sequences purely concentrating
at the boundary (but not in the interior), it is always possible to add or remove a
nonzero weak* limit:

PROPOSITION 2.4 (cf. [5, Proposition 5.4] and its proof). Suppose that v € T,
and let (cp)nen C BV(Q;RM) be a bounded sequence such that S, := {c, # 0} C
(09),, with a decreasing sequence 1, \, 0. Then for every u € BV(£; RM),

v(Du+ Dep,) —v(Du) — v(Dey,) +v(0) — 0

n— oo
in total variation of measures.

2.5. Functions with quasi-sublinear growth from below. This is a central
condition for our analysis and it first appeared in [5].

DEFINITION 2.5 (Quasi-sublinear growth from below). Assume that xo € 0.

We say that a function v : RM*N — R is quasi-sublinear from below (qslb) at zg (in
short, v € QSLB(x0)) if

for every e > 0, there exist § = §(e) >0, C' = C(e) € R s.t.

/QOBS(:L’O) v(Vu@)de = = 6/ |Vu(z)| doe — C

QNBs (:lto)
for every u € WHY(Bs(xo) N Q;RM) with compact support in Bs(xo).

If 09 is of class C! near 2y € 9Q and v € T then we have the following equivalent
variant of Definition 2.5: v € QSLB(xg) if and only if for every € > 0 there exists
C = C(g) > 0 such that

(2.8) /D

for all u € Wy'' (B; RM), where o(z) is the outer unit normal to dQ at zo and D g(z0)
is the half-ball as defined in (2.1).

v(Vu(z))dz > — 5/ |Vu(z)| de — C

D

e(zq) e(xq)
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In this case, we write (with a slight abuse of the notation) v € QSLB(g(zg)) to
indicate the dependence of the property of v on the normal vector to the boundary.
Definition 2.5 corresponds to the condition used in Theorem 1.6 (ii) in [21] for p =1
and to the notion of 1-quasi-subcritical growth from below at a boundary point as
defined in [22].

Remark 2.6.

(i)

(iii)

As the name suggests, quasi-sublinear growth from below is only affected
by the behavior of v for large arguments. It holds that v € QSLB(zg) if
and only if v>° € QSLB(z), assuming that v>° (see (2.5)) exists. Moreover,
for positively one-homogeneous functions such as v*°, (2.8) can be simplified
significantly. More precisely, we have v € QSLB(p(z¢)) if and only if

(2.9) /D v (Vu(z))dz > 0

e(zq)

for all u € Wy'' (B;RM). For more details, we refer to [5, section 3].

A “classical” counterpart of quasi-sublinear growth from below can be ob-
tained in the same way one can widen the class of test functions in the
definition of quasiconvexity to obtain a stronger condition equivalent to con-
vexity, i.e., by removing the requirement that the test functions used under
the integral are gradients. To do that in (2.8), we have to replace Vu (with
u e Wy (B;RM)) by the larger class of test functions

U € L' (Dyy); RM*N) with / U(z)rdr =0 for all 7 € RY
Do(zg)

s.t. o(xo) - T =0.

This formal link motivates the name for property (2.8), because (among other
things) we may consider U(z) = a ® o(xo) with an arbitrary constant vector
a € RM and for such test functions instead of Vu, (2.8) becomes equivalent
to

Ve>03C>0: v(a® o(xg)) > —¢la® o(xg)| — C.

This in turn is equivalent to

0< liminf le@e(z0))

" la|—=+o0,a€RM ‘CL| ’

i.e., sublinear growth of negative part of v, at least in all the “normal” di-
rections a ® o(zg). However, using all admissible U, the condition in fact
also implies convexity at zero of the recession function v>° in the “tangential”
directions a ® 7, 7 - p(xg) = 0.

Unlike quasiconvexity, neither (2.8) nor its simpler version (2.9) for recession
functions are Jensen-type inequalities. This is due to the lack of conditions on
u on the flat part of 9D ,(,,), whereby the average of Du on D, is not fully
controlled—it can be any matrix of the form a ® o(x¢), a € RM. Interpreted
from the point of view of convex analysis, (2.9) states that zero is an element
of a kind of generalized subdifferential (in the “quasi-at-the-boundary” sense)
of v°>° at zero. This is more restrictive than quasiconvexity at the boundary at
zero, because for the latter a nonempty generalized subdifferential at zero is
enough (see (C.1) at A =0 and (C.2) in Appendix C). In fact, there are even
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linear functions that do not satisfy (2.9), for instance v*°(A) := (b®o(zp)) : A
for any b € RM \ {0}, due to Lemma 2.10 below (with a := —b). Notice that
this example features linear growth of the negative part of v in the “normal”
direction —b ® ().

Functions with quasi-sublinear growth from below play a key role in characteri-
zation of weak™ lower semicontinuity in BV. We recall the following definition.

DEFINITION 2.7 (w*-Isc). We say that a functional F : BV(;RM) — R is
sequentially weakly* lower semicontinuous (w*-Isc) in BV(€; RM) if

liminf F'(u,) > F(u)

n—oo

for every sequence (u,) C BV(Q;RM) and such that u,—u in BV.
Let f € C(;Y) and F : BV(Q;RM) — R be defined as

(2.10) F(u) ::/Qdf(x,Du)(:v),

where 4D
U S
Dy @) 4D @)

The proof of next proposition, Proposition 2.8, is implicitly contained in that
of Theorem 2.9 in [5]. It shows that being of quasi-sublinear growth from below is
sufficient to ensure weak* lower semicontinuity along sequences concentrating at the
boundary. For the convenience of the reader, a proof of this proposition can be found
in Appendix A.

PROPOSITION 2.8. Assume that f = g ® v with (g,v) € C(Q) x Y, f(z,:) €
QSLB(x) for all x € 9Q and F is given by (2.10). Then F is weak* lower semi-
continuous along all sequences (cp)nen C BV(Q;RY) that are bounded and satisfy
Sy = {cn # 0} Usupp | Dey,| C (09),, for a decreasing sequence ry, “\ 0.

df(z, Du) := f(z, Vu(z))dz + f° <:c

The dependence on the normal at a given boundary point is illustrated by the
following lemma.

LEMMA 2.9. Let v : RMXN 4 R be continuous and with linear growth, and let
01,02 € SVN71. Then we have the following:
(i) If Ryy € RN*N s an orthogonal matriz such that oo = Rsip1, then v €
QSLB(01) if and only if A — v(AR21) € QSLB(02).
(ii) Suppose in addition that v has a recession function v>° in the sense of (2.5).
Then for each v € QSLB(01) and every a > 0, there exists § > 0 such that
A v(A) +a|A| € QSLB(02) for every o2 € SN~ satisfying |01 — 02| < B-

Proof.
(i): Let ¢, € W' (B;RM). We have that

J,

if and only if for g € Wol’l(Bl;]RM) and pa(y) = ¢1 (Rg_lly),

J,

v(Vpr)dz > —5/ V1] doz — C:

o1 DQI

v((Vez)Ror) dy > —6/ |Vo| dy — C.,

02 DQQ
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by the change of variables given by y = Ra1x. Here, note that D,, = R21D,,,
|det Rgl‘ = ]., and |(V@2)R21| = |VQ02|

(ii): For each g9 € SN=1 choose an orthogonal Re; € RY*Y such that 9o = Ra101
and |I — Ro1| = |01 — 02| < B, where I € RV*¥ is the identity matrix. (For
convenience and to avoid additional constants, we are assuming here that the
norm |-| used in RV*¥ is the operator norm.) By Remark 2.6 and the fact
that (v + a||)® = v + a|, it suffices to show the assertion for v = v°°.
Since v*° is one-homogeneous and uniformly continuous on the unit sphere,
there exists a nondecreasing continuous function w : [0,00) — [0,00) with
w(0) = 0 such that for all orthogonal R € RN*V

[0°(4) = v°(AR)| < |Alw (| - R|).

As a consequence, we can choose 8 > 0 small enough so that whenever
lo1 — 02| < B (and therefore [T — Ro1| < ),

[v>°(A) — v (ARg)| < |A|w(]I — Ra1|) < a|A|  for every A € RM*N,

Using the characterization of QSLB for recession functions given in (2.9) and
the fact that v°°(- Re1) € QSLB(g2) according to (i), we infer that for every
p € Wy (B RY),

/ (v>(V) +a |[Vg]) da > / (Vi) Ra) d > 0.

Dy, Dy,

Therefore, v™>° + a|-| € QSLB(g2). O

Similar to the well-known relationship of quasiconvexity and rank-1-convexity, the
following can be said about functions in QSLB:

LEMMA 2.10. Given o€ SN~L let ve QSLB(0) and be positively one-homogeneous.
Then for all matrices of the form A := a ® o with arbitrary a € RM | we have that
v(A) > 0.

Proof. The proof is indirect. Assume by contradiction that v(A) < 0 for an
admissible matrix A. Let ,7 € (0, ) and define

S(r):={y€0D,, |y|<r}cCoD,
(see (2.1)) and let

Z7(re)={y—toly€dD,, lyl<r, 0<t<e}C D,,
Zt(re)={y+to|lyedbD,, ly<r, 0<t<e}C-D,
denote the two cylinders of height e on either side of their circular base S(r) located

in the flat part of 9D,. Finally, let Z(r,¢) denote the interior of Z—(r,e) U Z+(r,¢).
For fixed r > 0, we choose . € Wy*™°(B) in such a way that

Vo.=A in Z7(r,e), Vp.=—A in ZT(r,e), Vo.=0 in B\ Z(r +¢,¢),

and

Ve < JA[ in Z(r +¢,¢) \ Z(r,¢),
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which is, basically, (for r > ¢) a long, narrow “tent” on Z(r,e) closed with “face
walls” of similar slope above Z(r +¢,¢) \ Z(r,e). Due to v € QSLB(p), we have

1
0< f/ v(Ve)dx
D

9
e

= 2|77 () + 1 v(Ve.) da

€ /Z—(r-i-a,s)\z_(ﬂf)
< HNTHS () w(A) + HN TS+ )\ S(r) JA] 0] oo (grrxn 1y -

Since v(A4) < 0 and HN71(S(r +¢) \ S(r)) < Ce, we obtain a contradiction in the
limit as e — 0. a

Remark 2.11. For general functions v € QSLB(p) possessing a recession function
v°>°, we automatically have v> € QSLB(p), and by continuity, one-homogeneity and
(2.5),

VS(A) = Tim o (64 tA) = Tim To(E+ 1)

for all £, A € RM*N_ For v € QSLB(p), the assertion of Lemma 2.10 therefore
generalizes to

1

limsup —v(§ +tla® ) >0 for all £ € RM*N ¢ cRM,
t—4oc0 t

i.e., v has sublinear growth from below along rank-1 lines corresponding to the

normal p.

2.6. Young measures and their generalizations.

2.6.1. Young measures: The sets Y (2; RM>XN) and Y1 (Q; RM*N). Young
measures on a bounded domain  C RY are weakly*-measurable mappings = +
Ve, * € Q, with v, : @ — M7 (RM*N). We recall that the adjective “weakly*-
measurable” means that, for any v € Co(RM*Y), the mapping z — [garn v(A)dv,(A),
x € (), is measurable in the usual sense. Let us also recall here that, by the Riesz
theorem, M(RM>*N) normed by the total variation, is a Banach space which is iso-
metrically isomorphic with Co(RM>*N)* (the dual space of Co(RM*N)).

We denote the set of all Young measures by V(Q;RM>*¥). Tt is known that
V(Q; RM*N) s a convex subset of L, (; M(RM*N)) =2 L1(Q; Co(RM*N))* | where
the subscript “w*” indicates the property “weakly*-measurable.”

Let

(2.11) C1(RM*NY = {v € C(RM*N), IA‘ILnimv(A)/|A\ = o} .

As it was shown in [3, 32, 33], for every bounded sequence (Yj)ren C L(Q; RM*N),

there exists a subsequence (not relabeled) and a Young measure v = {v;}zeq €
V(Q; RMXN) such that for all v € Cp (RM*N) (see (2.11)) and all g € L>(1)

(2.12) lim [ g(z)v(Yi(z))dz = /Qg(:c) |;/RZVI><N U(A)dl/z(A):| dz.

k—oc0 Q

Let us denote by Y!(€; RM™*N) the set of all Young measures which are created
in this way, i.e., by considering all bounded sequences in L'(Q; RM*V),
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If v has linear growth at infinity, the limit passage (2.12) generally does not hold
due to concentration effects created by (Y}) if this sequence is not uniformly integrable.
For this reason, various generalizations have been invented to allow for a description
of limits in (2.12). We refer to [29] for a survey of these approaches. The authors
in [1] showed that if (Y3)reny C LY(Q; RM*N) is a bounded sequence then there is a
(non-relabeled) subsequence, a Young measure v € Y1 (Q; RM*N) a positive measure
A € M(Q), and a mapping v € L2, (Q, \; M(SM*N=1)) with values in probability
measures and defined for A-almost all x € Q such that for all g € C(Q) and all v € T
(ctf. (2.4))

Jim g@man@mx:/

k—oo Jq Q

+ [ [/SN 0 (A)dr? <A>] aA().

Roughly speaking, A measures how much (|Y%|) concentrates and v>° accounts for the
spatial distribution of concentrations. A closely related description can also be found
in [11] and [13].

Continuous functions possessing recession function can be continuously extended
by radial limits to the compactification of RM™*¥ by the sphere. Indeed, defining
d:RMXN 5 B d(A) := A/(1+|A|) we can identify the compactification by the sphere
with B. Conversely, to any continuous function on B we can assign a function on
RM>*N swhich has the recession function. Notice also that positively one-homogeneous
functions are fully determined by their values on SM*N=1 If vy € T then we can
assume that

(2.13) 9() [ /M v(A)%(A)} da

v(4) _ Jetwvoo(A) + v (ﬁ) 1J‘i‘4‘ if A#0,
L+14] ¢+ v0,0(0) if A=0,

where vg g € Co(RM*N) vy, € C(SM*N=1) and ¢ € R. Consequently, for g € C(Q)
the map (z,s) — g(z)v(s)/(1 + |s|) € C(Q) ® C(B). By the Stone-Weierstrass
theorem equality (2.13) also holds for test functions of the form (z, A) — f(z,A) =
fo(z, A/(1 4+ |A])(1 + |A|), where fo € C(2 x B). Notice that such a function f
always a has recession function given by f*°(z, A) = |A] fo(z, \%I)’ satisfying an even
stronger version of (2.5) additionally involving a kind of uniform convergence in z,
namely,

1
2.14 ®(x, A) = li — t).
( ) f (SC7 ) oc—>+oo,ltI£1>A,y—>z O(f(y’a )
In particular, f°° is always continuous in z. In general, (2.13) cannot be expected to
hold with test functions f having a (generalized) recession function with discontinu-
ities in x.

2.6.2. The set of generalized Young measures y;en(Q;RMXN). We de-
note by A := (v,A,r>) the triple appearing in (2.13), for some bounded sequence
(Yi) € L' (€ RM>*N), and the set of all such triples is represented by Vg, (€; RM*N),
or briefly V.,. For the right-hand side of (2.13), given g € C(2) and all v € T, we
occasionally use the shorthand notation

(2.15) «mg®wy:/

Q

9(&) s, v) dz + /Q 9(2) (e, v™) dA(z),
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where
Ve, v) ::/ v(A)dy,(A) and (V2°,v™°) ::/ v (A)dvie (A).
RM XN SMxN—1

Also note that actually v, is only defined for a.e. z € Q (or, equivalently, a.e. z € Q,
since 90 has vanishing Lebesgue measure), and v2° is only defined for M\-a.e. z € Q.
Accordingly, given Aj, Ay € Vyop, A1 = (v1,A1,01°), and Ay = (v, Ao, v5°), with a
slight abuse of notation we write A = Ay if 11 5, = 15, for ae. x € Q, Ay = Ay and
v, = 5%, for Ay or Ap-ace. z € Q.

DEFINITION 2.12 (Generation). We say that A = (v, \,v™>°) is generated by a
bounded sequence (Yy) C L' (;RM*N) whenever (2.13) holds.

We observe that this notion also makes sense for slightly more general sequences,
namely, if (Y;) is a sequence of RM*N_valued Radon measures on  with bounded
total variation. In that case, we say that A = (v, A\, v™) is generated by (Yy) if

(2.16) lim [ g(x)do(Yi)(z) = ((A, g @ v))

k—oo Jq

for every g € C(Q) and every v € Y. Analogous to the special case of BV derivatives
mentioned before, here

auri)e) = v (@) do o (@) vl @),

where EX}“V denotes the density of the absolutely continuous part of Y w.r.t. the

Lebesgue measure, Y’ is its singular part, and % stands for the density of Yy with

respect to its total variation |Yy|.

Example 2.13. Let Q C RY a bounded domain with smooth boundary such that
0 € Q, and take a function Y € LY(B;RM*N) on the unit ball B centered at the
origin, extended by zero to all of RY (without renaming it). We define Yj(z) :=
ENY (kx) for all k € N. Clearly (Y)gen is uniformly bounded in L(Q; RM*N) and
Y, — 0 in measure. Consequently, (V) generates A € YL such that v, = do,
A= ||Y||L1(DQ;RM><N)5O (in case 0 € 69), or A = ||Y||L1(B;RM><N)5O (in case 0 € Q),
and

/SMXN,I v (A)dr®(A)

||Y||211(DQ;RMxN) /D v>®(Y(2))dz if 0 € 9 with outer normal p,

J— e

||Y||£11(B;RMX1V)/BU‘X’(Y(z))dz it0e Q.

Notice that in this particular example, x = 0 is the only relevant point for vg° in Q
because A(2\ {0}) = 0. This kind of example is also possible for gradients, namely if
Y = Vu for some v € WHHRY; RM). In this case, we let Yj, = Vuy, with ug(z) =
EN=ly(kx), and consequently A is a generalized gradient Young measure as defined
below.

2.6.3. Piecewise generation of generalized Young measures. The natural
embedding of a function space containing a generating sequence, say, L'(Q; RM*N),
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into V2, (Q; RM*N) is not linear, because in Y, addition and multiplication with
scalars is carried out after the application of a nonlinear test function v. Nevertheless,
in some special cases, a kind of additivity can be observed. Essentially, we need
two generating sequences lacking any kind of interaction. In terms of the generated
generalized Young measures, this is made precise by requiring them to be orthogonal
in the following measure theoretic sense:

DEFINITION 2.14. Given ¥ = (0, p,n), 0 = (9,,0,9) € yglen, we write that
U | O if there are two disjoint Borel sets S, T C Q such that Q = SUT, u(T) =0 =
LNz €T |ne #60}), and 0(S) =0=LN{z € S |9, # 6o}).

We now claim that for such a pair the sum of the respective generating sequences
will always generate the sum ysW¥ + x70. The key ingredient for the proof is the
following uniform continuity property:

_PROPOSITION 2.15 (Special case of [5, Proposition 4.5]). Let v € T and g €
C(Q). Then for every pair of sequences (ur,), (i) C M(Q;RM>NY sych that || ()
and |\,| () are bounded,

| — Ai| = 0 implies that /
Q

gmmmmm—/mwwummao

Q

LEMMA 2.16 (Additive behavior along generating sequences for orthogonal gen-
eralized Young measures). Let W = (1), 1,75°),© = (U4,0,95°) € Vi be such that
U 1 O, and let Q = SUT denote the associated decomposition of 0 of Definition 2.14.
Moreover, let (wy), (z1) C L' be two bounded sequences generating ¥ and ©, respec-
tively. Then (wy + 2i) generates

XsV + x70 = (xs(2)n: + x7(2) 02, u(S N ) + 0o (T'N-), xs(x)n" + x7(2)957).

Remark 2.17. Lemma 2.16 also holds for more general generating sequences in
M instead of L'. The proof remains the same, apart from the fact that expressions
like, say, v(wyg)dz have to be replaced by dv(wyg)(z).

Proof of Lemma 2.16. Let A = (v, A\,v$°) be the generalized Young measure
generated by (wy + zi) (or a suitable subsequence, not relabeled). Since (¥, .S, (wy))
and (©,T, (z;)) are interchangeable, it suffices to show that A = ¥ on S, i.e., v, =0,
for LV-a.e. x € S, Mg = pls, and v2° = > for M-a.e. # € S. That way, we obtain
that for each subsequence of (wy + 2i) generating some generalized Young measure,
that measure coincides with xs¥ + x7©, the same for all such subsequences, and
consequently the whole sequence generates xs¥ + x70.

By the inner regularity of the Borel measures i, & defined by

di(z) := dpu(z) + (e, [-) dz,  d&(z) = do(x) + (s, |]) da,
there exist increasing sequences of compact sets S ¢ § and TU™ C T such that
for all m € N,
1

ST —5(T)| < =
and |&( ) U()_m

A — (S| < -

Since fi(S\ U,pen ™) = 0, it now suffices to show that A = ¥ on S(™) for all m.
Suppose by contradiction that A # ¥ on S for an m € N. Consequently, there
exist € > 0, g € C(S")) and v € T such that

(2.17)
/ 9(x) (2, v)dx + (nio7v°°>du(w))—/ 9(x) ((ve, v)da + (17, v>)dA(2))|.
S(m)

S(m)

e <
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By definition of T, there is a constant C' > 0 such that |v(-)] < C(14]-|) and [v°°(-)] <
C'|-|. Due to the outer regularity of Radon measures, there exists a neighborhood V'
of S(™) in Q such that

(2.18) 191l os (s0my /V\S(m) C((1+ (Ta, |-])) da + (@2, |-)dX(z)) <

Wl m

where A := (7., \,7°) denotes the generalized Young measure generated by (|ws| +
|zx|) (up to a subsequence). Observe that besides holding for A, (2.18) also holds
for any generalized Young measure generated by a sequence (yi) such that |yx| <
|wk| + |z | a.e. in . Without changing notation, we extend g to a function in C(Q)
in such a way that g =0 on Q\ 'V and ||g([,«a) < 9/l 1o (s50m)-

On the other hand, for any function ¢ € C(2), we have

/ p(x) |zk] dz = (©,9 @ |-))) = / p(x)do(z).
Q Q

In particular, for arbitrary but fixed m,h € N and any set U = U(?_n7 h) C Q which
is relatively open with respect to Q and satisfies S(™ c U c U ¢ Q\ TW, we may
choose 0 < ¢ < 1 such that ¢ =1 on U and ¢ = 0 on T which yields that

_ 1
(2.19) limsup/ |z dz < &(Q\TW) =6(T\TW) < i
k U

We claim that, as a consequence, we can choose h € N large enough, together with
an associated neighborhood U =U(m, h) of S™ in Q as introduced above, without
loss of generality U C V, such that

(2.20) lim sup

g
<-.
p 3

/Q g()o(wy + xuz) do — / g()v(wy) dz

Q

Indeed, if (2.20) failed for all large h, there would be a sequence k(h) — co as h — oo
such that
>

lim inf > 0,
h

W] ™

/g(ﬂ?)v(wk(h) + XU (m,h) Zh(n)) AT — / g9(@)o(wi) dz
Q Q
which is impossible due to Proposition 2.15 and (2.19).

Recall that (wy) generates ¥, and let Ay denote the generalized Young measure
generated by (wy + xuzr) (up to a subsequence). Passing to the limit inside the
modulus in (2.20), we get that

(2.21) (A, g ®@v)) = (T, g @ )| <

W ™

As remarked above just below (2.18), besides holding for A, (2.18) also holds for the
generalized Young measures Ay = (vyz, Au, V(‘}OI) and ¥. Since g = 0 outside of V,
we can apply these two estimates in (2.21), and infer that

(2.22)

/ 9(2) (W12, v) da-t (055, v) Ay () / 9(2) ({1 ) e+ (n2°, v) du(e)) | <e.
S(m) S(m)

Since S(™) is compactly contained in U, the generating sequences of A and Ay coin-
cide on a whole neighborhood of S, whence A = Ay on S(™). Therefore, (2.22)
contradicts (2.17). d
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2.6.4. Generalized gradient Young measures: GYM/(Q;RM). The main
topic of this article is an explicit characterization of the subclass of generalized Young
measures generated by gradients.

DEFINITION 2.18 (Generalized gradient Young measures). We say that A :=
(v, A\, v>®) € yglen is a generalized BV-gradient Young measure if it is generated by a
sequence of derivatives in BV, i.e., if (2.16) holds with Yy = Duy for a bounded se-
quence (ug) C BV(Q;RM). The class of all generalized BV -gradient Young measures
is denoted by GYM(;RM), or briefly GYM.

Remark 2.19. As already pointed out in [20, Proposition 4], every A € GYM can
be generated by (Vug), for a suitable bounded sequence (ux) € Wh1(Q;RM). In
other words, GYM is also the class of all generalized W!:!'-gradient Young measures.

For generalized gradient Young measures satisfying A(02) = 0, an explicit char-
acterization is provided by the following result.

THEOREM 2.20 ([20, Theorem 9]). Let Q C RY be a bounded Lipschitz domain,
and let A := (1, \,v>®°) € Voo (BRM*N) such that \(02) = 0. Then A € GYM if
and only if the following conditions hold:

() /Q<vx,|-|>dx+/Q<v;°7|-|>dx<x> <o,

and there exists u € BV(Q;RM) and w; C Q, LN (w;) = 0, such that for all v :
RM*N R continuous and quasiconvex with at most linear growth,

dA
acy

dDu?
(iii) o <d ‘Du9| (m)) |Du®| < (v2°,v))\°|q  as measures.
"

(i) v(Vu(z)) < (v, v) + (2, 0%) () forallx € Q\ w;,

; : N _d)
Here \° denotes the singular part of A with respect to the Lebesgue measure LV, {7

is the density of the absolutely continuous part of X w.r.t. LV, and v* is the generalized
recession function of v as introduced in (2.6).

Remark 2.21. As already pointed out in [20], (ii) and (iii) imply that Du is the
center of mass of A restricted to 2, i.e., dDu(x) = (v, id) dz + (1°,id) dA(z) on €.

More recently, it was shown in [18, 19] that some of the conditions appearing in
Theorem 2.20 can be simplified, and a smaller class of test functions v can be used,
namely,

(2.23)

) MxN
SQi= {U'R - R and there exists 7, > 0 s.t. v(A) = v#(A) for all |A| > r,

v is Lipschitz, quasiconvex, v(A) > |A| for all A € RMXN,}

Notice that functions v € SQ always have a recession function in the sense of (2.5), and
v# = 9. The crucial new observation proven in [18, 19] is that quasiconvex, positively
one-homogeneous functions (like v* above) are automatically convex at zero and at
all matrices of rank 1. In particular, this means that (iii) can essentially be dropped:

THEOREM 2.22 ([19, Theorem 6.2]). Let @ C RN be a bounded Lipschitz domain,
and let A := (1, \,v>°) € Voo (BRM*N) such that \(02) = 0. Then A € GYM if
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and only if there exists u € BV(Q; RM) such that the following conditions hold:
(0) Du is the center of mass of A on €,

0 [ @nlbhdot [ @)@ <o,

and there ezists w; C Q, LN (w;) = 0, such that for all v € SQ,

(i) v(Vu(z)) < (vg,v) + <V§O’UW>%($) for all x € Q\ w;.

Remark 2.23. Condition (i) is strictly speaking part of our definition of yg}en (see
subsection 2.6.2), and it is also part of the definition of Y in the notation of [19]. In
our case, it follows from the requirement that each element of yglen is generated by
a bounded sequence in L' by using v = |-| = v> and g = 1 in (2.13). Therefore, (i)
could actually be dropped in Theorem 2.20 and Theorem 2.22, as well as in our main
result, Theorem 3.1 below. But since it is not explicitly stated in our definition of

yglen, we prefer to keep it in the theorems.

Remark 2.24. Unlike in Theorem 2.20, (0) appears explicitly in Theorem 2.22,
which is necessary because without (iii) it no longer holds automatically. This also
means that despite the absence of (iii), a generalized gradient Young measure A is
not entirely free on sets of Lebesgue measure zero. In particular, in order to be a BV
derivative as required in (0), the center of mass must vanish on all sets of Hausdorff
dimension less than N — 1 (see [2], e.g.).

Remark 2.25. For the prototypical example of a sequence of gradients concen-
trating at a single point at the boundary as introduced in Example 2.13, i.e., (Vuy)
with ug(z) = kN u(kz), u € Wy (B;RM) (here, we assume that 0 € 99), the
center of mass of the generalized Young measure generated by this sequence charges
the single point 0 € 9Q whenever [ D, Vudz # 0. The latter is even generic since
the trace of u is free on the flat part of the boundary of the half-ball D,. But in
view of Remark 2.24, whenever a generalized Young measure (v, A, v3°) satisfies
A({zo}) > 0 (with some z¢ € 9, z¢p = 0 in the example) and 0 # fsMNfl sdvge(s)
(= ”V“”le(pg;RMXm fDQ Vudx in the example), it cannot be extended to a general-
ized gradient Young measure on a larger domain containing x( in its interior, because
its center of mass charges the singleton {z(}. Hence, in general, a generalized Young
measures generated by a sequence of gradients charging 9 (which corresponds to
A(0€) > 0) cannot be extended to a generalized gradient Young measure on a larger
domain.

3. The main result. We prove the following theorem which fully characterizes
elements of GYM.

THEOREM 3.1 (Characterization of GYM up to the boundary). Let Q C RY
be a bounded domain of class C*, and let A := (v, \,v>°) € Vi (GRY*N). Then

A € GYM if and only if there exists u € BV (Q; RM) such that the following conditions
hold:

(0) Du is the center of mass of A on ), i.e.,
dDu(x) = (v, id) doe + (v2°,id) dA(z) on Q,

(i) /Q<ux,|~|>dx+/ﬁ<u;°,|-|>dA<x> <o,
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there exists w; C Q, LN (w;) = 0, such that for all v € SQ (cf. (2.23)),

dA
dLnN

(ii) v(Vu(z)) < (v, v) + (122, 0°) (x) forallz € Q\ w;,

and there is wy C O, A wp) = 0 such that

(i) 0 < (v, v™>) forallz € 02\ wp and all v € T N QSLB(p(x)),

where o(x) is the outer unit normal to OQ at x.

Remark 3.2. If N =1, it is clear that GYM = y;en, simply because all functions
on a one-dimensional domain are gradients of a potential. In Theorem 3.1, (0) then
just determines w up to a constant, and given (0), (i)—(iii) always hold for N = 1.
More precisely, (i) and (ii) then are a consequence of Jensen’s inequality, since quasi-
convexity reduces to convexity. Similarly, (iii) becomes trivial because v € QSLB is
equivalent to v>° > 0 for N = 1.

By Remark 3.2, it suffices to prove Theorem 3.1 for N > 2. The proof starts
in section 4 below, where we split any given A € yglen into two essentially disjoint
pieces: an inner part A; and a boundary part A,. Due to Proposition 4.2, it will
be enough to find conditions characterizing A; € GYM and A, € GYM, separately.
By Theorem 2.22 and the definition of A;, conditions (0)—(ii) characterize A; as an
element of GYM. The proof of Theorem 3.1 will be completed by showing that (iii) is
a necessary and sufficient condition for A, € GYM (see section 5 and section 6).

4. Separating boundary and interior. The aim of this section is to show that
when studying generalized gradient Young measures, it is enough to look at interior
and boundary parts separately. For this purpose, we decompose A := (v, \,v™°) €
yglen into two parts: the inner part A; = (v;, A;, v9°) and the boundary part A, =
(b, Ab, v5°) defined as follows:

(4.1)

((Ai,g@0)) := AQ(@(%@ dz —|—/Qg(x)<V§°,v°°> dA\(z) forallge C(Q),veET,

ie., Alg = Ajlq and A;(092) = 0, and
(4.2)
({Ap, g @ 0)) := /Qg(:z:)U(O) dx + /é)ﬂg(x)(l/;o,voo> d\(z) forallge C(Q),veT,

ie, Alga = Aploq while Aplg is the “trivial” measure (Jg,0,—) generated by the
constant sequence 0 € RM*N (here, recall that v2° can be ignored on sets with
A-measure zero). Notice that (cf. (2.15))

(4.3) (A, g(z)v)) = ((Ai; g(z)v)) + ((Ap, g(2)v)) — /QQ(I)U(O) dz.

Remark 4.1. In a sense, the term [, g(x)v(0) dz in the definition (4.2) of Ay =
(v, Ao, ;°) is artificial. Without it, however, 1, , would be the zero measure, and to
have Ay € yglen, we need in particular v, to be a probability measure for a.e. z € Q.
We therefore choose vy, , = dg for « € Q, which corresponds to a generating sequence
purely concentrating at the boundary.
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PROPOSITION 4.2. Let A := (v, \,v>°) € Vi,. Then A € GYM if and only if
both A; € GYM and A, € GYM.

Proof. “only if”: Assuming that A € GYM, let us see that A; € GYM and
Ay € GYM. For this purpose let (u,,) C BV(Q;RM) be a bounded sequence such that
(Duy,) generates A. Without loss of generality, we may assume that u, —* u with
some v € BV. Using Lemma 2.2 with J = 2, K; := 09, and K, := , we decompose
Uy, := up — u (or a suitable subsequence, not relabeled) as @, = ¢, +d,, (¢, = U1 p
and dp, = ugz, in Lemma 2.2).

We claim that (Dc,) and (Du + Dd,) generate Ay and A;, respectively. To
prove the claim let Ay = (v, A1,07%,) € ygen be generated by (a subsequence not
relabeled) of (Dcy), and analogously let Ay = (12,4, A2, 15%,) € Vaen be generated by
(a subsequence not relabeled of) (Du + Dd,,). Since all subsequences of (Dc¢,,) and
(Du + Dd,,) have another subsequence generating some generalized Young measure,
it suffices to show that

A1 = Ab and A2 = Az

We start by observing that as a consequence of (4.3), the fact that (Du,,) generates
A, Proposition 2.3, and Proposition 2.4, then for every g € C(Q) and every v € T, we
have that

(4.4)
(Airg ®0) + (A, g ® v)) — / o) (0) dz

= (A,g@uv)) = liin Qg(:z:)dv(Du—i—an-l—Dcn)(ac)

_ l1m/ 2)dv(Du + Ddy,) —|—hm/ 2)dv(Du + De)(z )—/Qg(x)dv(Du)(x)

= hm/ x)dv(Du + Dd,,) +11m/ x)dv(Dey ) ( )—/g(x)v(()) dz
= ((heg(a)0)) + (A1, g()0)) ~ [ ala)o(0) da.

Moreover, since {¢, # 0} C (0Q)1, it is clear that for every v € T and every
g€ C.(Q),

(A1, g( —hm/ z)dv(Dey)(x) = /Qg(x)v(O) dz,

whence vy, = vy = g for a.e. z € Q and A]g = Ap|o = 0, meaning that Aq|q =
(00,0,0) = Aplg. In view of (4.4) with g € C.(2), this also implies that Aqs|lg =
Ailo = Alg.

On the other hand, take now g € C'(9€2) and extend it (without changing its name)
to a function g € C(2) by the Tietze theorem, and choose a sequence (gx)ren C C(Q)
such that g = g on 99, |gx| < |g| on ©, and supp g C (39)%. Since Aj is generated
by (Du+ Dd,), we have for every k

[({Az, gin() )] =

lim / () d|Du + Ddy| (x)
nJao

< Cllgulleoysuwp [ (@d[Dul(a) +d[Dd,| @) > 0
Supp gk

n k——+o0
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by dominated convergence and the fact that (Dd,,) does not charge 9. Again by
dominated convergence, we infer that

[ ota)date) = lim{(Aa.gu(a) ) =
[219)

Since this holds for arbitrary g € C(99), we get A\2(9Q) = 0 = X;(99), meaning that
Aslaa = Ailoq. In view of (4.4), we conclude that Alag = A1lsq.

“if”: Assuming that A; € GYM and A, € GYM, let us see that A € GYM. Con-
sider for that (ugf)) (u%)) C WHL(Q; RM) two sequences such that (Vugf)) generates
A; and (Vu%b)) generates A,. Choosing subsequences if necessary, we may assume
that ug) 2w and uﬁf’) 2 u® in BV. Moveover, since Vpe = 0p for a.e. z € Q and

M (Q) = 0, it is clear that Du(® = 0 in Q. Removing a constant if necessary, which

does not affect the measure generated by the gradients, we can modify uEf’ so that
u® = 0. We can decompose both sequences (or suitable 'subsequences) according
to Lemma 2.2 (again with J = 2, K; = 909, and Ky = Q) into a part ¢, purely
concentrating at the boundary and an interior remainder d,, which does not charge
of:

D —u® =@ 4+ d®  and  w® = O 4 g®),

Similarly to the first part of the proof, (Ddgf) + Du) still generates (A;); = Ay,
and (chlb)) still generates (Ap)y = Ap. Moreover, Proposition 2.3 applies to the

decomposition .
wy, =¥ +dP,

and together with Proposition 2.4 we get

hm/ x)dv Du(Z + Dwy,)

n

= lim (/{Zg(x)dv(Du(i)—l—Ddﬁ?)—l—/ﬂg(x)dv(DcﬁfU—/Qg(x)v(O) dx)
= <<Ai7g(9€)v>>+<<Ab,g($)v>>—/Q(x)v(o)dﬂ«“: (A, g @)

Q
in view of (4.3), which proves that (Du® + Dw,,) generates A. 0

5. Necessary conditions at the boundary. In view of Proposition 4.2 (see
also the end of section 3) we will restrict ourselves to investigating Ay = (69, A(OQ2N ),
V5°) € Vaen (cf. (4.2)). Necessary conditions for A to be a generalized gradient Young
measure will be derived with the help of Proposition 2.8 and Remark 2.19. In fact, on
a planar piece of the boundary with a fixed outer normal g, the next proposition is a
straightforward consequence of Proposition 2.8, and using separability of QSLB(p) (as
a subset of the continuous, positively one-homogeneous functions with the topology
of C(SMN-1)  cf. Remark 2.6) it is easy to see that the set w;, (in condition (iii)
of Theorem 3.1) can be chosen independently of the test functions v € QSLB(p).
However, once the boundary is not part of a hyperplane, the set of test functions
QSLB(p(x)) depends on z € 92, which significantly complicates the definition of wp.

PROPOSITION 5.1. If A* € GYM then there is wy C 0, Awp) = 0 such that

for allz € 9Q\ wp and allv € TN QSLB(Q(x)).
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Proof. Suppose that (Ve,), generates A, for a bounded sequence (c,) C Wht
(Q; RM), which in particular implies that ¢,— 0 in BV(Q; RM).
Given j € N, let us consider =] € 99, i =1,...,I;, such that
I;
o0 c | B, 1/4).
i=1
Fix j € Nand i € {1,...,I;}, and suppose there is v € T such that v € QSLB(y)
for all y € 0Q N B(x?,1/j) (as we will see below, such v exist at least for large j,
essentially due to Lemma 2.9(ii)). For every such v, we have the following: Take

g € CO(B(:E{, 1/7)), 0 < g, and extend it by zero to the whole 2. Proposition 2.8
applied to f : (z, A) — g(x)v(A) asserts that

(5.1) lim [ g(z)v(Vey(x))de > / g(x)v(0) dz.

On the other hand, since (Vey,),, generates Ay = (o, A(OQ N ), v5°),

lim [ g(z)o(Ven)da = / 0)dz + / /S g (AL (A)A)

n—oo Q

which from (5.1) implies that

5.2 ) (V2> v>®) d\(z) = ) (2>, v>®) dA(z) > 0
(5.2) /,g<><£ ) dA(x) /QHB(M]_)9<>< ) dA(x)

Q
Asge CO(B(:Eg, 1/4)), 0 < g, is arbitrary, we conclude that

(1520, 5% >

T

for x € NN B(2),1/4)\ Ei j.» for some set E; j,, € IQNB(x),1/5) with A(E; j.,) = 0.
Let {v}ren be a dense subset of C(SM*N=1) Given ¢ > 0 define

Eije:= U {El',jﬂ)k(.)+5\.‘ : k € N such that
ok() + 2| -| € QSLB(y) for all y € 920 B(al,1/7) |

and observe that A(E; ;) = 0. For each m € N consider now ¢, = 1/m and define
FE = Ui,j m i jm. Let us see that the claim holds taking wb=E.

For this purpose we choose a sequence 0 < &, — 0. Moreover, let 25 € 90\ wb
and v € T N QSLB(zg). Given m, by Lemma 2.9(ii), there exists j large enough
such that v(-) + & | - | € QSLB(y) for all y € B(x],1/j), where i is chosen such that
zo € B(x,1/j). Let now {vy, } be a subsequence of {v;} such that |vg, — v| < S in
C(SM*N=1) Then vy, (-) + &m| - | € QSLB(y) for all y € B(x?,1/;) and thus

(Vs vk (-) + €ml - 1) > 0.

The claim follows by letting [, m — +oc. ]

6. Sufficient conditions at the boundary. The objective of this section is to
prove that condition (iii) in Theorem 3.1 allows for a construction of a sequence of
gradients generating Ay, = (8o, A(Q N -),15°) € Vi (cf. (4.2)). More precisely we
will derive the following result.
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PROPOSITION 6.1. Assume that for A-almost all x € 02 we have that
0< / v (A= (dA)
SZ‘/IXN*I

for allv e T NQSLB(o(x)). Then Ay € GYM.

To prove Proposition 6.1 (at the end of this section) we follow ideas developed
in [23] and [13], relying on the Hahn-Banach theorem, allowing us to show that all
GYM-measures that concentrate at the boundary can be approximated in the weak*
convergence by a sequence of “elementary” measures.

Below, we often work with functions v € C(SM*N=1) which we extend to the
whole space as a positively one-homogeneous function (without changing its name)
so that in particular v = v>. Given a unit vector g in RY, we start by defining two
sets of measures:

A = {pe M(SM*N=1y >0, (u,v) >0 for all v € C(SM*N-1)
s.t. v™° € QSLB(p)}
and
H? = {§,vu, ue Wy (B;RM)},

where for all v € C(SM*N=1) given u € W' (B;RM), the measure §, v, is defined

b
' (850, v) 1= /DQU (%) Vu(z)| da.

Both H? and A? are sets of measures on the unit sphere in RM*¥ and, in addition,
we observe that

(6.1) He C AC.
Indeed to see (6.1) let &, v, € H? with u € Wol’l(B;RM). Hence

<5g,vu,v>=/D v (Vu(z)) dz,

e

and if v € QSLB(g) then (see 2.9) it holds that [, v (Vu(z))dz > 0 for all u €
Wy (B;RM), ie., 8, v, € A°.
LEMMA 6.2. Let N > 2. Then the set H? is convex.

Proof. Consider U, ug € Wol’l(B;]IgM). We need to show that for any 0 <t <1
the convex combination 8, vy, +(1—t)d, vu, € H?. Take zg € BN{z € RY; o-x = 0}
such that |zg| = 2 and define

a1 (z) == 3V "tuy (3x) and dg(x) := 3V " tuy (3(z — xo)).
Observe that @; € Wy (B(0,1/3); RM), Gy € Wy ' (B(xo,1/3); RM) and then extend
these functions by zero to the whole RV (without changing its name), so that, in

particular, uy,us € Wol’l(B;RM) and have disjoint supports. Let



1098 MARGARIDA BATA, STEFAN KROMER, AND MARTIN KRUZ{K

Given v € O(SM*N=1) extend it, as before, to the whole space as a positively one-
homogeneous function. Thus

/D v(Vu(z))dz = t/ v(3NVuy (3z)) dz

o D,NB(0,1/3)

+(1- t)/ V(3N Vuy (3(x — x0)) da
DyNB(w0,1/3)

= t/ v(Vuy(y))dy + (1 — t)/ v(Vua(y)) dy,

DE‘ DQ
which proves the claim. 0
The next result is a standard application of the Hahn—-Banach theorem.
PROPOSITION 6.3. The set A? is the weak™ closure of HC.

Remark 6.4. The topological weak* closure and the sequential weak™ closure of
H¢ coincide. The reason is that H¢ is a subset of the positive cone P := {u €
M(SMN=1) | 1 >0} in M(SMN=1). For such sets, topological and sequential weak*
closure always are the same, even if they are unbounded. To see that, take any H C P
and let € A:=H"", the topological weak* closure of H in M(SMN=1) It suffices
to show that u € Fs_w*, the sequential weak™ closure of H. There exists ¢ > 0 such
that

€ Ny = {'Y € M(SMN_l) | fsMN—l ldy = <7a 1)< t})

which by definition is a weak*-open set in M(S™N=1). As a consequence of the latter,
pe NNNH cNnH".

Moreover, Ny N H is bounded in the norm of M by the definition of Ny, because
H C P and, on P, (1,:) = ||| »,. Since M(SMN=1) is the dual of the separable
Banach space C(S™N=1)  the weak* topology is metrizable on bounded subsets of
M(SMN ~1), and therefore the sequential weak* closure and the topological weak*

w*k —=S—W*

closure of N; N H are the same. We conclude that u € N; N H “"cH

Proof of Proposition 6.3. Assume that A2 # He"". As H® C A2 and A is clearly
closed with respect to the weak™* topology, this implies that there exists g € A¢ such
that up ¢ He . By the Hahn—Banach theorem, we can separate g from the convex
set H? by a hyperplane, i.e., there exist v € C(S™N~1) and a € R such that on the
one hand

<:D“07 U> <a,
while on the other hand

<5,Q,Vuv U> >a

for all Sgyu € H?. Extending v, as before, to the whole space as a positively one-
homogeneous function, and noting that v = v>°, we get that

/ v>®(Vu(z))dz > a for every u € Wy (B; RM).
DQ

By positive one-homogeneity, this forces a < 0. Moreover, there cannot be an admissi-
ble u such that fD v>°(Vu(z)) dz < 0, because multiplying this u by arbitrarily large
4]
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constants immediately gives a contradiction (¢ might be negative, but it is finite).
Hence,

/ v>®(Vu(z))dz >0 for every u € W' (B; RM).

DQ

As a consequence, v*° € QSLB(g) by Remark 2.6. Thus if 4 € A2, we get a >
{1, v) > 0 > a, a contradiction. |

Remark 6.5. B
(i) By definition, for any given u € Wol’l(B;RM), 0o, vu € H? if and only if the
generalized Young measure A := (v, A\, v2°) on the half-ball D, given by

1

B HquLl(DQ;RMXN)

=ll

Vg 1= 0p, A= ”VU‘”Ll(DQ;]RMXN) b0, VG o,Vu

is generated by (Vuy), with ug(x) := kN ~lu(kz). Notice that (uy) is a rather
specific sequence “purely concentrating” at 0 € 9D,, supported in balls of

radius %
(ii) On the other hand, suppose that A := (dg,cdo, v§°), with some constant
c > 0, is a generalized Young measure on D, such that u := cv§® € A°.

Proposition 6.3 and Remark 6.4 then imply that A is generated by a sequence
(Vw,) which is also “purely concentrating” at 0 € 9D,. This can be seen
using a diagonalization argument: Since A¢ is the weak™ closure of H?, we can
find a sequence (u)) € Wy' (B;RM) such that 0o wutn =" p=crg® € AL
Then we can get an appropriate choice for w; by letting w;(z) := u}cj()j) =
k(j)N = u9) (k(j)x) with k(j) — oo fast enough as j — co. Let us also point
out that since d, ¢, —" cvg®, we automatically have fD ‘Vu(j)| dr — ¢
because v§° is a probability measure on SM~ =1, Consequently, || Vw;| L
on D,.

PROPOSITION 6.6. Assume that J > 1, A := (60, v, \) such that A\ = Z;.le ai0g;,
where x; € 0 and a; > 0 for 1 < i < J, and v € Ae(zi) for 1 < i < J with
o(x;) € RN the unit outer normal to O at x;. Then A € GYM.

Proof. First notice that z — v° is defined A-a.e. in . Assume first that Vgl €
Hei) for all 1 < i < J. Therefore, there is u; € Wol’l(B;]RM) such that, for every
v>™ € C(RM*N) positively one-homogeneous,

J,

by definition of H2(*#), Consequently,

v (Vui(y)) dy = / 0% (A)d(A)

o(e;) SMXxN-—1

J]— 0

(6.2) lim ai/ 0™ (Vu,(j(z — ;) da
QNB(:,1/5)

v (Vui(y)) dy

= lim a;

Jmroo /J'(zimmB(mi,l/j))
= ai/ v (Vu;(y)) dy = ai/ v (A)drye (A).
D

SMxN—1
J

Consequently, (>

1=

e(z;)

Laii N T (G (= 20))) jen € WHL(Q; RM) is a sequence such that
the gradients (ijl a;jNVu;(j(z — x;)))jen generate A.
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Assume now that v2° € A°®)  From Proposition 6.3 and Remark 6.4, for each
fixed 1 < i < J there exists (u¥)reny € Wy (B;RM) such that, for every v e
C(SM*N=1) positively one-homogeneous,

(6.3) lim lim ai/ v (Vul (j(z — x;)) da
QNB(z,1/4)

k—o00 j—00

= lim lim a; v (Vul (y) dy

k—o00 j—00 /j(QﬂB(a:i,l/j)a:i)
— / v (A)dv(A).
S]\/[XNfl

As C(SM*N=1) is separable and ||Vuf\|L1(Q;RMxN) < C for all k € N, the proof is
finished by a diagonalization argument. 0

The property of quasi-sublinear growth from below is inevitably connected with
the boundary normal. The following proposition shows that suitable rotations allow
us to “average” along the boundary.

PROPOSITION 6.7. Let xg € Q. Moreover, let {R(z)}rcoa C SO(N) be a family
of rotation matrices such that x — R(x) is continuous and bounded on a set T' C 0N
and, for each x € T, o(x) = R(z)o(xo). Given a measurable set E C T such that
AE) >0, we define pip, = pizy.r € M(SM*N=1) as the measure that satisfies

(g L AR (o A) e
/SJWXN—I U(A) d‘umo(A) o A(E) /;/;'JWXN—I <AR ( ))d * (A) d/\< )

for every v € C(SM>XN=1) " [f {12°} . satisfies for every v € QSLB(x)

(6.4) 0< /SMXM v(A)dv(A),

then for every v € QSLB(z)
(6.5) 0< / (A (A).
SMxN-—1

Proof. For every v € Ys(RM*N) which is gslb at 29, A — v(AR;!) is gslb at
by Lemma 2.9. Hence, (6.4) implies (6.5) by the definition of p,,. o

Proof of Proposition 6.1. For each n € N cover RV with a family of pairwise
disjoint cubes of side length 27", translations of Q0 = [0,27")", and let @, ;,
j € J(n), be the collection of those cubes @ in the family that satisfy A(Q N9Q) > 0.
Moreover, for each n and each j € J(n) let E,; = @, ; N 0Q, choose a point
Tn; € By, j, and choose a family of rotations (Ry ;(%))sck,, € RV*YN such that
R, j(zn;) =1 and o(z) = R, j(x)o(xn, ;) for every x € E, ;j, where g(z) denotes the
outer normal at z € 98, x +— R, ;j(x) is continuous on E,, ; and

(6.6) sup sup |Rn7j(x)*1f]I| — 0,
jEJ(n) TEEy ; nroo

which is possible since € is of class C*. We define for each n € N

On(x) := Z A(En,j)(szn,j(x)v

je€J(n)
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SM><N71)

and, for every v € C( and every j € J(n),

Lo ()
;:A(b}nj)/E _/SMWH o(ART (4))dvS(A) dA(y) if 2=, .

Here, note that for z € 9Q\ {zn; | j € J(n)}, the definition of 1>, , does not
matter since 0,(0Q \ {zn; | j € J(n)}) = 0. Clearly, (do,0n,75°,) € GYM, by
Proposition 6.6 and Proposition 6.7. Finally, observe that, by (6.6) and uniform
continuity of continuous functions on compact sets, it holds for any g € C(Q) and
v € C(SM*N=1) that

/asz /SIWXN 1 dnn e (A) A (2)
- 9(@n.; / /3 W(AR] ;(y))dve(A) dA(y)

JjeJ n)

— 9(y) / v(A)dvy°(A)dA(y) as n — +oo.
99 SMxN—1

As (00, On,m5°,) € GYM for any n € N, there is for every n a sequence (u})jen C
Whi(Q;RM) such that (Yuj )jen generates (0o, On, 175, ). Due to the fact that lim;,
[Vu?|[zr = 0,.(2) = A(Q), there exists C' > 0 such that ||[Vu?| 1 < C for all j,n
(if necessary, modify uj for finitely many j for each n). Moreover, adding suitable
constants to uj and using Poincaré’s inequality gives us [|u}||w11 < C for all j,n
Finally, we use the spearability of C'(Q) and C(SM>*N~1) to extract a diagonal sub-
sequence that generates Ay: Let G C C(Q) and V C C(SM*N=1) be countable dense
subsets. Since (Vu});jen generates (do, 0n,7;°5,) for each n, there exists a sequence
j(n) — oo such that

/ g(x)o(Vuj,) dz — ((Ap, g ®v)) for every g€ G,v €V,
Q

where v is understood to be extended to RM*N as a positively one-homogeneous
function. Together with the fact that (Vuj( )) is bounded in L!, we infer that (Vu j(n))
generates Ay, whence A, € GYM. Here, notice that since the Young measure part of
Ay is 6p and A(Q2) = 0, it suffices to test the generating relation with positively one-
homogeneous functions v, as using v = | -| (or anything close to that) suffices to check
that the Young measure part really is 6y and the sequence really only charges 0O. 0O

Applying Theorem 2.22 to A; defined in (4.1) we see that A from Theorem 3.1
can be written as A = A; + Ay, where A; and Ay are as in Proposition 4.2. Altogether,
Theorem 3.1 is proved.

7. The Soucek space Wj and its relation to BV and GYM. Nowadays,

it is well known that the extension of a functional with linear growth in W' subject
to Dirichlet boundary conditions leads to an unconstrained functional on BV, which,
instead of the boundary condition, has an extra term at the boundary penalizing the
difference of the “inner” trace and the “true” boundary value. Mostly forgotten by the
modern literature covering this topic, J. Soucek introduced and analyzed the larger
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space W, in [30]' with a similar application in mind. Since generalized BV-gradient
Young measures are actually naturally embedded in W;, we want to provide a short
overview here. Besides, for the toy problem featured in the introduction, Wﬁ is a
more natural space than BV. As we shall see below, WJ(Q) is actually isomorphic to
BV(Q) x M(99Q). Here, the second component is a measure representing an artificial
“outer” trace on the boundary.

Just as in [30], we assume throughout this section that Q@ C R¥ is a bounded
domain of class C.

DEFINITION 7.1 (Soucek space W, [30, Definition 1]). We define W, (2) as the
space of those (u, a) € L*(€2) x M(€;RM) which are in the weak* closure of W1(Q)
on Q in the sense that for a suitable sequence (u,) € WH(Q),

up —u in L'(Q) and /1/J~Vund:c—>/71/)-da(z) for all ¢ € C(Q;RY).
Q )

The norm of W’} is given by

N

||(U70‘)||W;}(Q) = HUHLI(Q) + Z leill pgey,  where a = (aa, ..., an).
i=1

From the modern perspective, it is clear that any such w is an element of BV(Q),
and if we restrict the vector-valued measure « to €2, it coincides with the BV derivative
Du. In that sense, W;} can be naturally projected onto BV. However, « carries extra
information on 912, and it turns out that algqg is exactly the derivative of a jump at
0f) to some measure-valued “outer” trace that in particular captures the boundary
value along sequences satisfying a fixed Dirichlet condition.

More precisely, Soucek shows that any (u,a) € W}(Q) has two different traces
on 9€: The first one is the outer trace f € M(OQ) characterized by the version of
Green’s formula derived in [30, Theorem 1] (with ¢ denoting the outer normal on 9):

(7.1) / cpgdﬁz/qupdx—i—/(pda for every ¢ € C*(Q).
2Q Q Q

The outer trace is weakly* continuous with respect to weak* convergence of (u, )
in M(Q) x M(Q;RY) [30, Theorem 2], in strong contrast to the situation in BV.
Here, observe that the kind of behavior of a sequence that has to be ruled out in BV
to ensure continuity of the trace (usually by imposing strict convergence); namely, a
jump moving to or growing at the boundary is not lost in the weak* limit in Wj ()
as it appears in a|spq. In addition, in [30, Definition 4] the inner trace 3° € M(99Q)
of (u,c) € W} is defined as the outer trace of (u,a), where a is obtained from o
by dropping the contribution on 0%, i.e., alg = alg = Du and @|sq := 0. Here,
(u,@) € W} due to [30, Theorem 8] (alternatively, one can use the fact that the BV
function u is the limit of a strictly convergent sequence (u,) C W11 and observe
that strict convergence implies that Vu, —* @ in M(Q), whence (u,a) € W,).
Due to (7.1) and the fact that « = Du on €, 3° coincides with trace of u in the
sense of BV. As a consequence (or, alternatively, due to [30, Theorem 10]), the inner

1 Here, we stick to the original notation Wj (Q) for the space of [30], although using BV(Q) instead
would also make sense. The subscript p in Wi is not a parameter; it simply abbreviates “measure”
and corresponds to the notation L}L used in [30] for the space of Radon measures which we call M.
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trace in Wl}—here first introduced as a Radon measure on 92—is actually absolutely
continuous with respect to the (N — 1)-dimensional Hausdorff measure on 02, and
thus it can be interpreted as an element of L!(992).

Remark 7.2. Just like apq, the outer trace S can have singular contributions,
possibly even charging single points. In particular, this occurs whenever (u,«) is
obtained as the weak* limit of a sequence whose gradients concentrate at a single
point at the boundary, as in Example 2.13. As a side effect, the results presented
here cannot be easily extended to domains with Lipschitz boundary, even with more
refined tools from geometric measure theory: a normal ¢ defined HY ~'-a.e. is simply
not good enough to write (7.1) if § (and alpq) charges a set with Hausdorff dimension
below N — 1.

Another simple but useful observation is that the remainder of the projection of
(u,) € W, “onto BV” given by (u,a) € Wy, the side (0, xo00) = (u,a) — (u, @)
(cf. [30, Definition 4]) also is an element of W, [30, Theorem 8]. In particular, the
side of (u, a) satisfies (7.1), which reduces to

(7.2) /SQ pod(B—p%) = /69 @da for every p € C*(Q),

where 3 and 3° denote the outer and inner traces of (u,«), respectively. A straight-
forward but nonetheless remarkable consequence (also pointed out in [30, Theorem
9]) is that for every (u,a) € Wi, |a] = |8 — °| on 99 and

da?® o d(B— B9)*

(79 T ) = TG = 7yl

(x)o(z) for |al-a.e. z € IN.

Remark 7.3. If u is vector- instead of scalar-valued, (7.3) translates into saying
that the then matrix-valued measure a® is a matrix of rank 1 |a/-a.e. on 0€2; more
precisely, it is of the form a(z) ® g(x) with a suitable vector-valued a(z).

Similar to BV, W can also be characterized using (7.1):

THEOREM 7.4 ([30, section 4]; see also [30, Definition 2]). For any (u, o) € Wh,
(7.1) is satisfied with the outer trace 8 of (u,a). Conversely, for all (u,a,B) €
LY Q) x M(Q;RYN) x M(Q) such that (7.1) holds, (u,a) € W# and j3 is its outer
trace.

All of the above has obvious extensions for the vector-valued case, i.e., for the
space W1 (Q;RM) € LY (Q;RM) x M(Q; RM*N) with M > 1. Since we defined GYM
in that case, we will stick to this setting from now on. The relationship of BV, W/}
and GYM can be summarized as follows:

THEOREM 7.5 (BV as a subset of Wj) We have the following chain of (natural)
continuous embeddings and isomorphisms:

BV(Q;RM) — BV(Q;RM) x L'(00; RM)
< BV(Q;RY) x M(0Q;RM) = Wi(Q;RY).

Before giving a proof, let us discuss how GYM fits into this picture. Roughly
speaking, GYM exclusively contains information on gradients, unlike the other spaces
appearing in Theorem 7.5: for each A € GYM, the underlying deformation u is
only determined up to a constant vector (€ being connected). For a meaningful
comparison, we therefore have to remove these constants, or simply drop u in the pair
(u,a) € W, (recall that Du can be reconstructed from o anyway).
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THEOREM 7.6 (W, as a subset of GYM). Let
1._ 1 . 1
GW, ={a|(u,a) € W, for a suitable u € L"}.
(i) For every a € GW, (4 RM), we have
— o s 0. M
A=A(a) = (5vu(w), o |75%(1)> e GYM(Q;R™),

where Vu denotes the densitiy of the absolutely continuous part of o (or
Du = «|q) with respect to LZN, and o is the singular part of o with polar
decomposition da®(z) = %(m)d la®] ().

(ii) Conversely, for every A € GYM(Q;RM), we have an associated pair (u(A),
a(A)) € Wi (S RM), where the underlying deformation u = u(A) is given by
Theorem 3.1 (uniquely determined up to a constant in RM ) and o = a(A) €

GW; (Q; RM) s the center of mass of A, i.e.,
da(z) = (v, id) dz + (v2°,id) dA(z).

Moreover, a(A(v)) =~ for every v € GW,.

Proof of Theorem 7.5. The first embedding is realized by pairing the identity and
the trace operator, and the second one is trivial. Thus, we only have to show that
BV(Q)xM(09) = W;i(Q). Given (u,a) € W (), we have (u, 8) € BV(2)x M(09),
where 3 is the outer trace of (u,«), and the operator W, () — BV(Q) x M(09),
(u, @) — (u, ), clearly is linear and continuous. It is also one-to-one, because a|q =
Du (the derivative of u € BV) and dalgq = o(z)d(8 — 8Y), where 8° the inner trace
of (u, ) which is fully determined by u and a|g = Du.

It remains to show that (u,) — (u, 3), W, (Q) = BV(Q) x M(99) is onto. Let
(u, ) € BV(Q) x M(09Q). We define a € M(;RY) by alq := Du and da|ga(z) =
o(x)d(B — B°), with the trace 3° € L'(92) € M(99Q) of u in the sense of BV. Clearly,
we have

/ gogdBO:/quodx—i—/ wdDu for every p € C1(Q),
a0 Q Q

i.e, (7.1) holds for (u,a,3%) =,5"). In addition, (7.2) holds by definition of «a|sq,
and, equivalently, (7.1) holds for (0, xaoa, 3 — 8°). Adding up, we infer that (7.1)
holds for (u,a, 8) = (u, a, 8°) + (0, xaaa, B — 8°). By Theorem 7.4, we conclude that

(u, ) € W, and that j is its outer trace. |
Proof of Theorem 7.6. “Moreover”: This is clear from the definition of A(«) and
a(A).
(i): Given o € GW,;, we define Du := alq (which really is the derivative of a

function u € BV since a € GW}}), and claim that
A= (O9u(ay: 0] 6 oz () € GYM(2RY)

where Vu = ddﬁ—aN = %. It suffices to check conditions (0)—(iii) in Theo-
rem 3.1. By definition of A, its center of mass is «, and since « = Du in 2, we
get (0). Moreover, (i) is valid since ((A,1®|-])) = [, |Vu| dz + [ da® < oo,
and (ii) holds with equality by definition of A and Du. Finally, (iii) is a con-
sequence of the fact that 99 (z) is a matrix of rank 1 of the form a(z) ® o(z)

da’
dlas
for |o®| a.e. x € ON) (see Remark 7.3) combined with Lemma 2.10.
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(ii): Given A € GYM(;RM), let (u,) € WH(Q;RM) be a sequence such that
(Vuy,) generates A. In particular, we have that

/Qg(;v)Vun(;E) dx—>/Q<VI,id) dx—i—/ﬁ(uﬁo,id) dA(x)

for all g € C(£), This means that Vu, —* o in M(; RM*N) where
da(x) = (vg,id) dz + (12°,1d) dA(z),

whence a € GW;. Now let uw € BV be the function given by Theorem 3.1.
Since the identity id : RM*N — RM*N ig linear, +id is quasiconvex and its
own (generalized) recession function. Thus, inequality (ii) of Theorem 3.1
holds for f = id as well as for f = —id, which implies equality in both cases.

Hence,
d

Vu(z)de = (vy,id) dz + (v2°,id) (M—N(z)

dz,
and due to Theorem 3.1(0) we also have
dDu’(z) = (v°,idy dN\°(z) in Q.

Combined, we get dDu = Vudx + dDu® = da on (), and consequently,
(u,a) € WJ(Q;RM). |

8. Traces for GYM. In order to handle functionals with boundary terms, it is
helpful to have a notion of trace for elements of GYM. As always, we assume that
Q c RV is a bounded domain with a boundary of class C'. Moreover, let I' C 9
be open in 9. Below, Lebesgue spaces on I' and other subsets of 9 are always
understood with respect to the surface measure HY 1.

DEFINITION 8.1 (Inner and outer trace in GYM on I'). Let A € GYM, and let
(u, @) be the associated element of the Soucek space Wl} in the sense of Theorem 7.6(ii),
i.e., u is the underlying deformation of A (defined up to a constant), and « is the
center of mass of A. We define the inner trace T;A of A in L' (T'; RM) as the restriction
to T of the inner trace of (u,a) € Wi on O (which coincides with the trace of u in
the sense of BV ). Analogously, the outer trace T,A € M(T;RM) of A on T is defined
as the restriction to T' of the outer trace of (u,o) € W,.

Remark 8.2.

(i) Since the underlying deformation u € BV of A is only defined up to a constant
in R™ the same holds for T;A and T,A, with the same constant for all three.
In our applications below, this does not really play a role, though, because
either the constant does not matter, or one of the three is given and the
constant is therefore fixed, anyway.

(i) If we express the derivative o of (u, ) € W}, the element of the Soucek space
associated with A, as a generalized Young measure as in Theorem 7.6(i), we
get A, the center of mass of A. Hence T;A = T;A and T,A = T,A.

(iii) The inner trace of (u,a) € W, was defined as the outer trace of (u,@) with
@ := xqao. Accordingly, we have T;A = T,A?, where A’ = yoA € GYM is the
interior part of A in the sense of section 4.

(iv) The explicit formula (7.3) for the difference between outer and inner trace in
the Soucek space translates as follows to the trace difference in GYM:

(8.1) dT,A(x) — TyA(2)dHN Y (z) = (v2°,id)o(z)d\(z), = €T,

where p is the outer normal on the boundary.
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It is tempting to think that the traces of A € GYM should be more general objects
than the traces of (u,«) € Wj, say, (generalized) Young measures on I' instead of
elements of L1 (I; RM) or M(I'; RM). However, as we shall see below, the inner trace
enjoys a rather strong compactness property in L!'(T;RM), so that a larger class is
pointless, while for the outer trace, the information contained in A simply does not
suffice to uniquely (up to a constant) determine the trace as a (generalized) Young
measure on I

The following theorem describes the link between traces in GYM and the limits
of traces of associated generating sequences.

THEOREM 8.3. Suppose that (ux) C BV is a bounded sequence generating A =
(Ve A, ), and ur, —* w in BV. Then Tuy (the trace of up on T in the sense of
BV ) satisfies Tur, —* T,A in M(T;RM). Moreover, if A(T) = 0, then Tuy, — T;A =
T,A = Tu strongly in L'.

Proof. Tuy —* T,A: This immediately follows from the weak* continuity of the
outer trace in the Soucek space.

“Moreover”: In essence, this is closely related to the well-known fact that strict
convergence in BV guarantees continuity of the trace. However, while our assumption
on A contains the essential ingredients needed for this purpose, it is weaker than strict
convergence of a generating sequence, and we do not know a reference that could be
directly quoted here. Therefore, we provide a short proof, although only for the case
where T' is contained in a hyperplane in RY. The general case can be recovered
with standard tools in such a context, namely a decomposition of unity, maps locally
straightening the boundary, and suitable error estimates. Rotating and shifting if
necessary, we may even assume that I' = {0} x I’ for a suitable open I ¢ RV~!, and
the outer outer normal on I' C 99 is given by —e; = (—1,0,...,0).

Since A\(T') = 0, T,A = T;A. It therefore suffices to show that (T'wy) is Cauchy
in LY(A;RM). Using the density of C1(Q; RM) in WH1(Q; RM), we may assume that
(ur) € CHQ;RM), while we still have that up —* w in BV and (Vuy) generates
A = (vg, \,v) € GYM. The basic observation now is the following: For any w €
CHO;RM) 2/ € TV, and t > 0 small enough so that (0,¢) x I'" C Q, we have

1t 1ty o t
;/ |w(zy,2") —w(0,2")| doy = - / 81w(s,x')ds‘ dry < / |01w(s, z")| ds.
0 o o 0

Due to (8.2),

/ lu;(0,2") — ug(0,2")] da’

/ / |u; (0,2") — ug(0,2")| day da’
F/

:/,7/ |u;(0,2") — uj(z1,2") + ug (21, 2") — ug(0,2)

+uj(z1,2") — ug (21, 2")| doq da’

<[ 3 /|uJ0x uj(2,2)] + ug (a1, a) — un(0, )]
F/

+ |Uj(IL'1,(Z? ) - Uk(xh )| dxq dx’



GENERALIZED W11-YOUNG MEASURES 1107

1 t
< [ 4 [ a0 = o, a) + Jugor.a”) = (0,
’ 0

+ |Uj(1171, I/) - uk(gjlyl'/” dIl dx'
1
< / |Ovu;(x)] + |Ovuk ()| de + —/ uj(z) — ug ()| da
(0,8) I t J0,1)xT
1
= At j, k) + - B(j, k).

Since (uy) is Cauchy in L' (Q;RM), for any ¢t > 0 there is Ny (¢) such that B(j, k) < ¢?
if j,k > Ny(t). In addition, if A(T") = 0,

lim lim A(t,j,k;):2/<y§°,|-el|>d/\(x):0.
r

t—0k,j—o0

Hence, (Tuy) is Cauchy in L1(I7; RM). O

The weak* convergence we get for a sequence of outer traces in M(T;RM) is
not sufficient to pass to the limit in boundary terms like an integral functional on
I" with a nonlinear integrand. Unfortunately, there seems to be no easy way to fix
that, because GYM does not carry enough information to define, say, a (generalized)
Young-measure outer trace:

Ezample 8.4. Let T" := (0,1), (0,1) x I € Q C R?, and I := {0} x I" C 99
(therefore, the outer normal is g := (—1,0) on I'), and take two sequences (uy) and
(vg) of scalar BV functions on ) purely concentrating on I', with up = vg = 0 on
Q\ (0,1)? and the following additional properties for (z1,z’) € (0,1)%
o up(zy,2’) = 0 for &1 > 7, Vug(er,2’) = k%o for z; < 5. The trace
is constant ug(0,2") = 1 on IV, generating the Young measure d; on I" as

k — oo (as well as the generalized Young measure (61,0, —)).
o vp(zy,2’) =0 for 1 > &, Vog(zy,x) = 2k%p for (21,2') € (0,75) x (0, 1),
Vg (z1,2") = 0 for (z1,2") € (0, k%) X (%, %), repeated 2/k-periodically in
2'. Accordingly, the trace vg(0, -) alternates between 2 and 0. In the limit as
k — oo, the sequence of traces generates the Young measure %52 + %50 on I"

(as well as the generalized Young measure (302 + 18,0, —)).
Despite their different Young measure “traces,” both sequences generate the same
generalized gradient Young measure on €, namely (dg, xrH?, dp): Concentrating at T’
with either gradient —k?o(z’) on a set of measure 7% or gradient —2k%o(z’) on a set
of measure 2—,12 gives the same limit in GYM; the interior jumps of v on (z1,2') €
(0,£) x (I N {% | j € Z}) are negligible, because their jump height is bounded (at

most 2), and they are supported on a jump set whose surface measure is k,:.gl — 0.

9. Relaxation of functionals defined on W', In this section, we state
and prove a relaxation result in terms of generalized Young measure suitable for
functionals like the prototype in the introduction and higher-dimensional analogues.
To include nonlinear boundary terms as in those examples, it would be ideal if we were
able to characterize under which circumstances a pair (A, 8), a generalized gradient
Young measure and its outer trace, can be generated by a sequence in W' such
that the traces converge to 8 strongly, not just weakly* in M, because this is crucial
for the construction of recovery sequences even if the boundary integrand is strictly
convex. But so far, we are unable to provide such a result, not even for the case
B € L'. In particular, Example 8.4 shows that one can easily choose the “wrong”
recovery sequence once oscillating traces on the boundary are possible. Of course,
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none of these issues are relevant for functionals with linear boundary integrals, or no
boundary integrals at all.

Below, we do allow nonlinear boundary terms, but avoid the issue with recovery
sequences by imposing a few extra, possibly technical conditions on the integrand that
make oscillations on the boundary energetically unfavorable, as well as concentrations
at the boundary other than a simple jump growing or moving there. Some extra
notation is needed for that, which we will introduce next.

9.1. Prerequisites. For A € GYM(Q;RJ\f), we define the first moment (some-
times also called center of mass) (A,id) € M(Q;RM*N) of A as

(9.1) d(A, id) (@) 1= (v, id) dz + (122, id) dA(z),

i.e., for any g € C(Q)

/Q g(@)d(A, id)(z) = /Q o(x) /R A (A)det /Q o) /S A D@,

Alternatively, the first moment can also be written as a generalized Young measure
A = (Uy, N\, 72°), where 7, and 72° consistently are Dirac masses:

Uy 1= 5<um,id)v dS\(x) = ‘<V§O,ld>| d)\(iL’), DX =0 (weoia) .

x
[(vze.id)]

Remark 9.1. Due to Theorem 7.6(ii) and Remark 7.3, (v$°,id) is a rank-1 matrix
of the form a(z) ® p(x) for M-a.e. x € 09, where p(x) denotes the outer normal as
usual and a : 9Q — RM is a suitable function. As a consequence, A € GYM implies
that A € GYM, by Theorem 3.1 and Lemma 2.10.

Below, we will rely on a variant of quasiconvexity at the boundary, a Jensen-type
inequality we only need for recession functions:

DEFINITION 9.2 (JQCB(p)). Given a unit vector o€ SN=1 and v> : RM*N R
continuous and positively one-homogeneous, we say that v>° € JQCB(p) if

(9.2) v°°</ Vgody) S/ v (V)dy  for every ¢ € Wy ™ (B;RM),
DQ

D,

Remark 9.3. Clearly, all convex positively one-homogeneous functions belong to
JQCB(p). Moreover, if v*° is quasiconvex at the boundary with respect to the normal
o as defined in [31, 26] (originally, the notion is due to [4]), i.e., for every A there
exists a vector b = b(A) € RM such that

9.3) /D (A + Vi) — v™(A)] dy

e

2/ b-odHN"Y(y) for every ¢ € Wy ™ (B;RM),
Bn{yly-0=0}

then v*>° € JQCB(p). However, the proof of the latter is not entirely trivial, mainly
because we cannot add nonconstant affine functions to ¢ in (9.3) without leaving the
class of admissible test functions. Details are given in Appendix C.

LEMMA 9.4. Let A = (v, A, v2°) € GYM(Q;RM). Then for A-a.e. x € 09,

v ((r2,id)) < (v°,v™)  for every v € T with v™° € JQCB(o(z)).

x — x
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Proof. Fix zop € 0Q and let (o) € WH(B;RM) denote a bounded sequence
such that suppy, C %B and (Vey) generates (do,d0,v5;) on D, with the outer

normal g at zy (see Remark 6.5). Mollifying if necessary, we may even assume that
(or) C C(B;RM) c W™ (B;RM). Since v™ € JQCB(p), we have

v™> (/ Vo dy) S/ v (Vo) dy.
D, D,

This implies the assertion in the limit as k — oo because v™ is continuous, [ p. Verdy
e
— (v30,id), and [, v>®°(Vy)dy — (122, v>). 0
e

Zo? Zo?

9.2. Relaxation. Take ) € RY a bounded domain with a boundary of class C.
In addition, let f: Q x RM*N 5 R and ¢ : 92 x RM — R be continuous, such that

(f:1) cH=1+]A]) < f(z,A) < c(1+|A]) for all z € Q, A € RM*N,
(£:2) f has a recession function in the sense of (2.14);

(g:1) =1+ ) < glz, p) < (1 + |u|) for all z € 09, € RM;
(g:2) g has a recession function in the sense of (2.14).

Here, ¢ > 0 is a suitable constant. We also define

I = {zedQ]g(z,)# 0},
FN = 8Q\FR

By definition, I'g and I'y are disjoint and cover 02. Moreover, 'y is closed, while
T'r is open in 0f2. Admissible functions remain unconstrained both on I'p and T'y,
which for critical points formally leads to natural boundary conditions of (nonlinear)
Robin and Neumann type, respectively.

We are looking at the following problem:

inimi = z,Vu(z))dx T, U N=1(g
minimize F(u) —/Qf( ,Vu(x))d +/BQg(, ) dHY 7 (2)

subject to u € A¢,

(9.4)

where C' > 0 is given and
Ao = {u S Wl’l(Q;RM); HU”LI((’)Q;RNI) <C, HVUHLI(Q;RJWXN) < C} .

Here, u as a function on 92 or subsets thereof is understood in the sense of trace,

and Lebesgue spaces on 0f) or its subsets are understood with respect to the measure

HN~1. One particular example is the toy problem (1.1) mentioned in the introduction.
A natural extension of (9.4) to W} is given by

minimize F(u,q) := /Qdf(x,oz) +/Fd9(l‘»6>

subject to (u,a) € A,

(9.5)

where 3 is the outer trace of (u, ) on 99, 8% its singular part, and (17_?% the density
of its absolutely continuous part with respect to HN 1,

dafe,) 1= 3 (0 e ©)) 00 % (57 0)) a1 )
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and
Ac = {(u,a) € WJ(QRM); ||5||M(aQ;RM) <C, ”aHM(Q;RMXN) <C}.

Even more generally, for A € GYM with an outer trace § on 92 we may consider

minimize F(A, 8) := (A, f)) + /F dg(z, B)
subject to (A, 8) € A¢,

Ac = {(A, B) € GYMc (4 RM) x Mo (0 RM) -
A = A on T, 3 is an outer trace of A},
GYMe = {A € GYM : (A1 @ []) <O}, Mo ={8€M : 8], < C}

THEOREM 9.5. Assume that in addition to (f:1), (£:2), (g:1), and (g:2), g(z,-) is
convex, g°°(z,-) > 0, and f*(z,-) € QSLB(o(z)) N JQCB(o(z )) for every z € T'p.
Then problem (9.6) is the relazation of both (9.4) and (9.5), i.e., inf F = inf F =
min . In addition, the following holds:

(i) Every minimizing sequence of either (9.4) or (9.5) contains a subsequence

(not relabeled) which generates a minimizer of (9.6) in the sense that

(9.7 (Vuy) generates A € GYM, and up —* 3 in M(OS%RM),

where on 9Q, uy, € L*(0Q;RM) ¢ M(99;RM) is understood in the sense of
traces in W11,
(i) C’onversely, for every (A, ,8) = ((ve, A\, 1), B) € Ac (arbitrary), we have
.B) € Ac is given by

(Vay A\, 2°) on QUTy,

A= <—7<V id)| 337 dzi‘ THN L6 (oo iay > on I'g,

[(vge,id)|
B': B on 'y,
T e ey

d?—LN : on I'g.

Moreover, if (A, ) is a minimizer of (9.6) (and thus also (A, 3)), then (A, j3)
is generated by a suitable minimizing sequence (uy) of (9.4), again in the
sense of (9.7).

~ Remark 9.6. By definition, A satisfies A = A on QUI'y and A = A on T'g, where
A denotes the first moment of A as before. Analogous to Remark 9.1, it is clear that
A defined in that way really is an element of GYM for each A € GYM.

Remark 9.7. Above, the sets AC,AC,AC of admissible functions or gradient
Young measures and their (outer) traces have a built-in bound, determined by the
constant C'. In this way, we avoid having to talk about coercivity conditions and a
priori bounds. However, if a suitable a priori bound does hold, then C > 0 can of
course be chosen large enough so that all minimizing sequences will be admissible
up to a finite number of members. In this case, Theorem 9.5 also holds without the
artificial bound given by C.
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Proof of Theorem 9.5. Clearly, Ac € Ao c Ac (embedded in the sense of

Theorem 7.5 and Theorem 7.6), FF = F on A¢, and F = F on Ac. As a conse-
quence,
(9.8) inf F > inf F > inf F.

Ac Ao Ac

In addition, Ac is sequentially compact with respect the convergence in (9.7), i.e
weak* convergence in GYM(Q; RM) x M(9Q; RM). Also observe that the first term
in F'is a continuous function of A with respect to weak* convergence in GYM. Since g
is convex and continuous, just like g°°, the corresponding second term in F is a lower
semicontinuous function of 5 with respect to weak™ convergence in M. In particular,
we get that F attains its minimum in Ac. Tt now suffices to show (i) and (ii), and
we start with the latter. B

(ii): Let (A,B) € Ac. By definition, we also have (A, 8) € Ac. We first show
that

(9.9) E(A,B) > F(A,B).

Since g > 0 on I'g, all singular contributions on I'p in the boundary term are non-
negative, and we get

dg(z, B) > / dg(z, B).
o0 o0

In addition, since f*°(z,-) € QSLB(o(z)) for every z € I'gr, we have (v2°, f>°(x,-)) >
0 for A-a.e. z € ', which allows us to drop any singular contribution with respect to
HN=! on T in the first integral in (9.6):

o snanz [ =) g ar

Last but not least, due to the fact that f>(z,-) € JQCB(o(z)) for every z € I'r and
Lemma 9.4,

dA

o - oo [l dA
Sz ) e a2 [ ) g

:/ £ <x Ave”,id) )di,
T [(v5e,id)]|
concluding the proof of (9.9).

In the rest of the proof, we repeatedly split generalized (gradient) Young measures
into their boundary and interior parts, respectively, as defined in section 4. Further-
more, we will also use a slightly more general modification of a given generalized
(gradient) Young measure; namely, for A = (14, A, 15°) € V,,, and a Borel set I' C €,
with a slight abuse of notation we define

(z)dHN 1

xrA = (xr(@)ve + xa\rdo, M N ), xr(2)v7°),

i.e., xrA = A on T', whereas xrA is the “trivial” generalized Young measure (dg,0, —)
on Q\T. In this sense, we have in particular that A® = yoA and A’ = xsaA.

Now let (A, ) be a minimizer of (9.6). Since on T'g, A coincides with the cen-
ter of mass of A, xr,A can be interpreted as an element (0,&) € W:L according

to Theorem 7.6(ii), where da(z) = xp,(z)(r°,id)d\(z). Since |p, is absolutely
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continuous with respect to HN ! by definition, the outer trace T,(xr,A) is also ab-
solutely continuous with respect to H™N~!. Therefore, TO(XFR]\) is even the trace
of some w € BV(RN \ ;RM) on 99, and the extension xgmv\qw of w to RY
is an element of BV(RY;RM). Consequently, we can choose a bounded sequence
(wi) € WELHRYN;RM) such that wy = w on RV \ Q, wp — xpwv\qw strictly in
BV(RY;RM) wy, =0o0n 2\ (0€) 1. In particular, (Vwy) C LY (; RM*NY generates
xrpA? = xr,A. This also implies that [Jwg||w1.1 — ||XFRAbHygl;en’ and, modifying wy,
by multiplying with a suitable sequence of constants converging to 1, we may assume
w.l.o.g. that ||wg|wr1 < ||XFRAb||y;en for all k.

Now take two other bounded sequences (yx), (2) € W1 such that (Vyi) gen-
erates xry A’ = xryA and (Vzy) generates At = A" = xoA. In addition, w.l.o.g.,
we may assume that [lyk[y. < ((xry A% 1@ ) and [lz]lyaa < (AL 1@ ).
For ug := z + yr + wi, we get that (Vuy) generates A due to Lemma 2.16. As a
consequence, u —* 8 = T,A on 9.

To see that (uy) is a minimizing sequence for (9.4), observe the following: z; —
T;A strongly in L' on 09 by Theorem 8.3, y, — 0 strongly in L' on every compact
K CTg,and wg =4 := TO(XFR]\) = XFR(To]\ — T;A) is a constant sequence on I'g.
In particular, besides weak* convergence in M, we also have

up — T;A + 4 = B strongly in Ll _(T'z; RM),

and since both ¢ and g are continuous with g(z,-) =0 for x € I'y = 9Q \ ', we
conclude that

/g(x’,uk(x'))dHN_l(;v’)% g(a', B(z")) dHN ().

I'r I'r

Altogether, we have F(u;) — F(A, B) as k — oco. R
(i): Let (ux) be a minimizing sequence of (9.4), which generates (Ao, fo) € Ac.

Due to lower semicontinuity, F'(Ag,5y) < infa. F' = lim F(uy). Picking a mini-

mizer (A, 3) as in (ii), we get another minimizing sequence (wy) such that inf 4. F' =

lim F(wg) = F(Aiﬁ) = ming_F. As a consequence, min_F < F(Ao,fy) <

inf 4, F' = min Ac F', and we have equality everywhere. ]

Appendix A. Proof of Proposition 2.8.
We start with the following lemma.

LEMMA A.1 (Special case of [5, Proposition 5.5]). Assume that f = g ® v with
(g,v) € C(Q) x Y and that F is given by (2.10). Let U C BV(;RY) be an additively
closed set, and suppose that F : U — R is bounded from below. Then F is weak™* lower
semicontinuous along all sequences (cp)nen C U that are bounded in BV(Q;RY) and
in addition satisfy that Sy, := {c, # 0} C (0Q),,, for a decreasing sequence r,, N\ 0.

Remark A.2. The class of integrands f for which [5, Proposition 5.5] is stated
and proved is larger than the product form we assume in Lemma A.1 above. Notice
that this product form automatically has a recession function in the very strong sense
of (2.14), which corresponds to the crucial assumption (f:2) in [5]. For our purposes
here, integrands in product form are enough.

Proof of Proposition 2.8. For fixed ¢ > 0, we cover 92 by the following
collection of balls:

(A1) e | | B,

T€EOQ §<§(x,e)
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where 6(x, ) is any such radius such that the condition characterizing quasisublinear
growth from below as stated in Definition 2.5 holds; here we recall that if this condition
holds with the ball of radius d(z, ) it also holds for any ball of smaller radius.

Furthermore, since 92 is compact we can select from the cover in (A.1) a finite
subcover

J
0Q c | Bs, (x;)
j=1
with the radii bounded from below, i.e., §; > &y for some dy = do(¢). In fact, since
the balls Bs,(z;) are open and the collection is finite, we can even find o > 0 such
that balls of the radii J; — « still cover 991, i.e.,

J
00 c | Bs,—alz)).
j=1
Let us now apply the local decomposition Lemma 2.2 to the sequence (¢ )nen
with the compact sets

K1 = Bs,—a(x1) N,

Kj=DBs,_o(x;)NQ,

J
Ky =\ | Bs,—al));

j=1
SO we can write
(A?) Cp = Cin + Can +-- 4+ CJj+1,n,
where c; , are supported in Bs,(z;) for j = 1,...,J is and c¢j41,, is supported in €.
Notice that we need n large enough depending on « and dy in order to fulfill these
requirements. Moreover, ¢; ,, ...,y retain the property of the original sequence to
be concentrating on the boundary while ¢4, = 0 for large n, and so
(A.3) F(0) = lim F(cy+1,n)-

n—oo

As the next step, we define the auxiliary functionals

Gj(u) = / £, Vu(x)) + e|Vu(e)] dz
Qﬁng (x5)

u el :={weBV(QN Bs,(x;); R") with w = 0 in a neighborhood of Bs, (z;)} .

Each is bounded from below due to the given quasisublinear growth from below;
cf. Definition 2.5. Therefore, they are lower semicontinuous along sequences purely
concentrating on the boundary due to Lemma A.1; in particular, G is lower semicon-
tinuous along (cj,) (note that indeed (c;,) vanishes near 0Bjs, (r;)). As a
consequence,

n—oo n—oo

lim F(c;n,) — F(0) = lim Gj(¢cjn)— G(0) — s/ Ve (z)| da
Qﬁng (IJ)

> —¢ lim Ve (x)] da.
"o JanBs, (z;)
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By (A.3) and Proposition 2.3 (which applies to F' as well as to u — |Vu|), the sum
over j yields that

(A.4) lim F(c,) — F(0) > —¢ lim / [Ven(z)] de,
As € > 0 is arbitrary and (c,,), is bounded in W11 (€Q; RM), the claim follows.

The following appendix links together generalized Young measures and the so-
called DiPerna-Majda measures [10] which allow for much more general treatment of
concentration effects and which were used by the last two authors in many occasions
[8, 12, 15, 22, 23]. We confine ourselves to a special case of p = 1 and of the com-
pactification of RM*¥ by the sphere when one can show a one-to-one correspondence
of the DiPerna—Majda and generalized Young measures. More general integrands are
treated with this tool in [22, 24, 29].

Appendix B. Relation of generalized Young measures to DiPerna—
Majda measures. A different but equivalent description of oscillation and concen-
tration effects in LP-bounded sequences can be reached by means of DiPerna—Majda
measures [10, 24, 25]. However, DiPerna-Majda measures allow for much more gen-
eral test functions if we replace the sphere used in the definition of yglen by a larger
set. We refer to [29] for a comprehensive treatment.

In what follows we will work mostly with a particular compactification of RM*
namely, with the compactification by the sphere. We will consider the following ring
of continuous bounded functions:

(B.1)
S = { vg € C(RM*NY . there exist ¢ € R, vy € Co(RM*N),
and vg; € C(SM*N~1) st

AN A
A)=c+ A) + — | ———= if A# 0 and v(0) = 0)+cy,
vo(A) = c+ v 0(A) U0’1<|A|)1+A|1 # 0 and vg(0) = v9,0(0) c}
where SM*N=1 denotes the (M N — 1)-dimensional unit sphere in RM*¥. Then
BsRM*N is homeomorphic to the unit ball B(0,1) ¢ R™*¥ via the mapping d :
RM*N 5 B(0,1), d(A) := A/(1 + |A|) for all A € RM*N_ Note that d(RM*N) is
dense in B(0,1). Notice also that, in view of (2.4),

T={v:RMN SR v/(14]-|) €S}

Let 0 € M(Q) be a positive Radon measure on a bounded domain Q C RY.
A mapping ¥ : & — ¥, belongs to the space L(Q, o; M(BsRM*N)) if it is weakly*
o-measurable (i.e., for any vy € Co(RM*YN) the mapping @ — R : z ~
stJRMX ~ Uo(A)dD,(A) is o-measurable in the usual sense). If additionally 7, €

M7 (BsRM*N) for o-a.a. x € Q, the collection {7, },cq is the so-called Young mea-
sure on (€2, o) [35]; see also [3, 29, 33, 34].

DiPerna and Majda [10] showed that having a bounded sequence in (Yj)ren C
LY RM*NY with 1 < p < +oo and Q an open domain in RY | there exists a subse-
quence (denoted by the same indices), a positive Radon measure o € M(f2), and a
Young measure ¥ : @ — ¥, on (Q, ) such that (o, D) is attainable by this subsequence

in the sense that for all g€ C () and all v €S,

®2) Jim [ gl - /ﬂ /5 o IO (A1 (),

k—o0
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where v € Y. In particular, putting vo :=v/(1+]-|) =1 in (B.2) we can see that
(B.3) klim (1+|Yx]) = 0 weakly* in M(Q).

—00
If (B.2) holds, we say that {yx}en generates (o,7) and we denote the set of all such

pairs (o,7) by DM.
Comparing (B.3) and (2.13) applied for v(A) := |A| we immediately see that

(B.4) o= (/RMXNQ + |A)dz/r(A)> LY 4,

In particular, o5 = A4, i.e., singular parts (in the Lebesgue decomposition) of both
measures coincide. In view of [12, (A.7)], for all g € C(2) and all v € Tg(RM*N)

lim ( Yo(yk(z dac—// A)dv, (A) dz
k—o0 RI\/IXN
v®(A) .
+// T dv,(A)do(z).
Q 5SRM><N\RM><NQ( )1+|A| ( ) ( )

Comparing this with (2.13), we get

//lﬁsRMxN\RMxN 9l )1+(|A) //SMW ) v (dA)g(z) d\(x).

Setting v>°(A) := |A| in the above identity (B.6) we get that

dA
35 @)

Substituting back to (B.6) we finally obtain that for o-a.a. € Q and all continuous
and positively one-homogeneous functions v>°

(B.8)
/ wdﬁm(/l) = 0, (BsRM*N \RMXN)/ v>®(A)r(dA).
B

SRMXN\RM XN 1+ ‘A| SMxN—-1

(B.5)

(B.7) = 0, (BsRM >N\ RMXN),

Comparing (B.2) and (B.5) we get for all v € T and almost all 2 €

N v
(B.Q) %(SE) /]R]WXN U(A)dyz(A) - /]RMXN 1 +(1T1)4|dﬁw(A)7

which connects the Young measure v and the restriction of 7 on RM*N - Altogether,
if (v, A\, v>°) € Vgon We construct (o,7) € DM from (B.4), (B.7), (B.8), and from (B.9)
and similarly, given (o, 7) € DM, we construct (v,\,v™°) € Vg,

Appendix C. Quasiconvexity at the boundary versus JQCB. We recall
the following notion originally introduced in [4], in the form given in [31, 26]:

DEFINITION C.1 (qcb: quasiconvex at the boundary). Given v € C(RM*N) e
say that v is quasiconvex at the boundary (qcb) at the matrix A € RM*N with respect
to the normal g € SV~ if there exists a vector b= b(A) € RM such that

(C.1)
/D [v(A4+Vp)—v(A)] dy > / b-odHN"Y(y) for every o € Wy *°(B; RM).

o Bn{yly-0=0}
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Remark C.2.

(i) The half-ball D, = BN {yly- 0 < 0} is a prototypical example for a so-
called “standard boundary domain” with respect to p. Standard boundary
domains are characterized by the fact that their boundary contains a planar
part perpendicular to g, and there the test functions ¢ remain unconstrained,
while they have to vanish on the rest of the boundary. Quasiconvexity at the
boundary can be equivalently defined using another such domain instead of
D, [31, 26].

(ii) The boundary integral on the right-hand side of (C.1) can be rewritten as a
volume integral, using the Gauss theorem and the boundary conditions for ¢:

(C.2) / b dHN 1 (y) = / (b® o) : Dy dy.
Bn{yly-0=0} Do
(iii) Suppose that v has a recession function v>. Then, if v is qcb at every
A € RMXN with respect to g, so is v™°.
The link to JQCB(p) as introduced in Definition 9.2 is the following;:

LEMMA C.3. Letp € SN=1, and let v>®° : RM*N 5 R be continuous and positively
one-homogeneous. If v™ is qcb at A with respect to o for every A € RMXN  then
v> € JQCB(p), i.e.,

(C.3) v </ Vo dy) < / v (V)dy  for every ¢ € Wol’oo(B;RM).
D, D,

Proof. Let Q@ = Q(p) C RY be an open unit cube centered at the origin, such
that one of the sides of @) is perpendicular to g, and let

Q, =QnNH, where H,:={yecRN|y.o<0}.

Q, is another example for a standard boundary domain with respect to p, and it is
not difficult to check (see [31, 26] for details) that for v = v*>°, (C.1) is equivalent to

(C.4)
/ [V (A+ V) —v>®(A)]dy > / (b® o) : Vody for every ¢ € Wy ™ (Q; RM),

e e

where we also used the analogue of (C.2) on Q,. Moreover, the class of test functions
¢ in (C.4) can be extended to BV by a density argument. In particular, using the
density of W1 in BV with respect to strict convergence, we get

(C.5) /H

Finally, since dv>®(A+ Dy)(y) —v>®°(A) dy = 0 on RN \ supp ¢ for all A € RM*N we
may replace the fixed matrix A by any measurable function F : RN — RM*N gyuch
that F(y) = A for all y € H, Nsupp ¢:

(C.6) /H

[dv™ (A + D) (y) — v°(A) dy] > /H (b® o) : dDg(y)

for every ¢ € BV(RY; RM) with ¢ = 0 on RV \ Q.

e

[dv™(F + Dy)(y) — v (F(y)) dy] > /H (b® 0) : AD(y)

for every ¢ € BV(RY; RM) with ¢ = 0 on RV \ Q.

e
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Analogous to the equivalence of (C.1) and (C.4), our assertion (C.3) holds if and
only if for every 1 € W, *(Q; RM),

1) e </H wdy) < /H v (V) dy.

Therefore, given 1 € Wy ™ (Q; RM), let us see that (C.7) indeed holds.
Due to the boundary conditions of 1, fQ (VU (y))o*tdy = 0 for every vector

ot € RY perpendicular to o. Therefore, there exists a vector a = a(¢) € R such
that

a®po= VU(y)dy € RM*N,
Qo

We will use (C.6) with the following functions: For y € Q, and k > 2, define Fj, €
L>(Qo; RM*N) and ¢, € BV(H,; RM) such that

. 0 for —1<g-y<—%,  Very) = —Fu(y) + Vr(y),
Fi(y) = k(a ® o) for —L < oy <0. : — N1
a®e) for —p <o0-y<0, with ¥x(y) := k7 Y (ky),

extended by zero to all of RV. Here, notice that Fy(y) = V fx(y), where V f;, is the ab-
solutely continuous part of the BV derivative D f(y) of a potential f;, € BV(RY; RM)
such that

Ny
fk =0onR \ QQ,
f is piecewise affine and continuous in ¢, with

fr=0o0n{yecQ,| g-y<—%} and
Vik=kla@o) on{ycQ,| -3 <o y<0}
In particular, @y, := — fr +¢x € BV(RY;RM) is admissible as a test function in (C.6),
and F}, is constant on supp ¢ N H, C (%Q) N H, as required for (C.6). Consequently,
the singular part of D f; is supported on the jump set of fi given by
Je={y€dQ, | — 3 <0-y<0}U(0Q,NdH,),

fr(RY) C [0,a] (the closed one-dimensional line segment connecting 0 and a in RM),
and

2N
(C.8) IDfr| (Jp N Hp) < |a|HN 1 (Jr. N H,) = |af = 70 ask oo

Moreover,
/ dDgok(y):—/ dek(y)—/ dey+/ Virdy=0—a®@p+a®p=0.
H, JeNH, H, H,

Therefore, the right-hand side of (C.6) with F' = F}, and ¢ = ¢y vanishes, and we
obtain

(C9) /H [dv™(Fi + Digi)(y) — v (Fa(y)) dy] > 0.

4
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Using first the definition of ¢j, and then the definition of Fj, a change of variables
z = ky, and the homogeneity of v°°, we infer that

0 S/J - dUOO(ka)(y)—f—/H [V (Vi (y)) — v™° (Fr(y))] dy

o

(C.10)
—[ 0w+ [ (T d - <o)
JkﬂHQ

H,

Since ng Vi dy = a ® g, due to (C.8), passing to the limit as k — oo we finally get
(C.7). d
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