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Weak lower semicontinuity by means of anisotropic
parametrized measures

Agnieszka Katamajska, Stefan Kromer, and Martin Kruzik

Abstract It is well known that besides oscillations, sequences bounded only in L! can also
develop concentrations, and if the latter occurs, we can at most hope for weak™ convergence
in the sense of measures. Here we derive a new tool to handle mutual interferences of
an oscillating and concentrating sequence with another weakly converging sequence. We
introduce a couple of explicit examples showing a variety of possible kinds of behavior and
outline some applications in Sobolev spaces.

1 Introduction

Mutual interactions of oscillations and concentrations appears in many problems of opti-
mal control and calculus of variations. We refer, for example, to [23, 7] for optimal control
of dynamical systems with oscillations and concentrations, or to [24] for a model of me-
chanical debonding. Analytical problems related to these phenomena in the calculus of
variations are described in detail in [6]. Moreover, oscillations, concentrations, and discon-
tinuities naturally appear in problems of the variational calculus where one is interested
in weak lower semicontinuity in the Sobolev space W!?(Q;R™) for a sufficiently regular
domain © C R” and m,n > 1. Indeed, consider

() == /g'zh(x,u(x),v,l(x))dx, (1)

where h: Q x R™ x R™*" — R is continuous and such that |i(x, 7,s)| < C(1+|r|?+|s|P) for
some C >0, p > 1,and g > 1 so small that W7 (Q;R™) compactly embeds into L¢(2;R™).
We would like to point out that such integrands also appear in analysis of mechanical
problems [27, 28]. If one wants to investigate lower semicontinuity of / with respect to the
weak topology in W17 (Q;R™), a usual way is to show first that
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lim [ A(x,u(x), Vug(x))de= lim [ h(xug(x), Vig(x)) dx . (2)

k=0 JQ k—o JQ
for a suitable sequence u; — u in W”’(.Q;R’”), and then to prove that the left-hand side
of (2) is bounded from below by [, i(x,u(x),Vu(x))dx. That, however, is not possible
without some additional assumptions on % or {u;}. We refer to [1] or [5] for such cases.
Indeed, if p < n then u and uy, k € N, are not necessarily continuous and if {|Vu|P} is not
uniformly integrable then concentrations can interact with {uy }ren. This phenomenon is
clearly visible in the following example.

Example 1. Consider Q = B(0, 1), the unit ball in R” centered at the origin, a mapping w €
WOI”’(B(O7 1);R™), p > 1, extended by zero to the whole space and u (x) := kP~ 'w(kx).
Hence u; — u := 0 in W'?(B(0,1);R™) as k — co. Assume that h as above is positively
p-homogeneous in the last variable, i.e., h(x,r, as) = aPh(x,r,s), for all (x,r,s) admissible
and all & > 0. Then a simple calculation yields

liminf h(x,ug(x), Vug(x)) dx = liminf K" h(x, K7~ w(kx), Vw(kx) ) dx
k—eo JB(0,1) k—eo JB(0,1)

— liminf [ h(X,k”/pflw(y),Vw(y))dy
k= JB(0,1) 'k
[B(Ol)h(07w(y)’vw(y))dy 1fp:n7
minfy e [0.1) 2(y/k, k7P~ w(y), Vw(y))dy — if p <n.

We see that if p > n then (2) really holds. On the other hand, if p = n the map u appears in
the limit besides its gradient and the most complex case is p < n where the limit cannot be
calculated explicitly. Notice that the sequence {|Viu|P }reny C L' (£2) is uniformly bounded
in this space and concentrates at x = 0, i.e., |V [P = ||Vu||£p<_Q;Rm)60 in #(B(0,1)) as

k — oo, Here &y denotes the Dirac measure supported at the origin and .# (B(0, 1)) denotes
the set of Radon measures on B(0, 1).

If p =1, concentrations of the gradient can even interact with jump discontinuities.

Example 2. Consider 2 = (0,1) and a sequence {u; }reny € WH!(—1,1) such that u; — u
in L4(—1,1) for every 1 < g < +o0. We are interested in

1

lim [ f (e (x)) y (1 (x)) dx

k—roo )1

for continuous function y such that with |y| < C(1+]-|) with some constant C > 0 and
continuous f : R — R. If v is the identity map then the calculation is easy, namely the limit
equals liminfy_e(F(ug(1)) — F(ug(—1))) where F is the primitive of f. In case of more
general y, the situation is more involved. Let

0 if-1<x<0,
u(x) == Ckx if0<x<1/k,
| ifl/k<x<l.

Assume further that lim,_,., (¢) /¢ exists. Then it is easy to see that

tim [ a0l 09) s = (0)+ 7))+ ( [ g fim YO o

k—>o0 k—>o0

The sequence of {u] };en concentrates at zero which is exactly the point of discontinu-
ity of the pointwise limit of {u }zcy Which we denote by u. Also notice that u}, — & in
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M ([—1,1]) for k — . Hence, the second term on the right-hand side of (4) suggests that
we should refine the definition of u at zero by saying that u(0) is the Lebesgue measure
supported on the interval of the jump of u, i.e., on the interval (0, 1).

In this contribution, we introduce a new tool which allows us to describe limits of nonlin-
ear maps along sequences that oscillate, concentrate, and concentrations possibly interfere
with discontinuities. While oscillations are successfully treated by Young measures [34] or
[4], to handle oscillations and concentrations require finer tools as in, e.g., Young measures
and varifolds [2] or DiPerna-Majda measures [9]. We also refer to [22] for an explicit char-
acterization of the DiPerna-Majda measures and to [13, 16] for characterization of those
measures which are generated by sequences of gradients, as well as to [19] and [3] for
related results in case p = 1.

1.1 Basic notation

Let us start with a few definitions and with the explanation of our notation. If not said oth-
erwise, we will assume throughout this article that Q C R” is a bounded domain with a
Lipschitz boundary. Furthermore, C(2;R™) (respectively C(£;R™)) is the space of con-
tinuous functions defined on 2 (respectively barQ) with values in R”. Here, as well as in
smilar notation for other function spaces, if the dimension of the target space is m = 1, then
R™ is omitted and we only write C(£2). In what follows . (S) denotes the set of regular
countably additive set functions on the Borel o-algebra on a metrizable set S (cf. [10]),
its subset, .4 1+ (S), denotes regular probability measures on a set S. We write “y-almost
all” or “y-a.e.” if we mean “up to a set with the y-measure zero”. If 7 is the n-dimensional
Lebesgue measure we omit writing ¥ in the notation. The support of a measure ¢ € .Z (£2)
is the smallest closed set S such that 6(A) =0 if SNA = 0. If 6 € .#(Q) we write o
and ds for the singular part and density of o defined by the Lebesgue decomposition
(with respect to the Lebesgue measure), respectively. By LP(Q;R™) we denote the usual
Lebesgue space of R”-valued maps. Further, W!?(Q;R™) where 1 < p < 4o denotes the
usual Sobolev space (of R”-valued functions) and WO1 P (2;R™) denotes the completion of
Cy (2,R™) (smooth functions with support in £) in WP (Q;R™). We say that Q has the
extension property in W17 if every function u € W'”(Q) can be extended outside 2 to
ii € W'P(R") and the extension operator is linear and bounded. If € is an arbitrary domain
and u,w € WHP(Q R™) we say that u =w on dQ if u—w € Wol”’(.Q;R’”). We denote by

‘w-lim’ or by — the weak limit. Analogously we indicate weak* limits by —.

1.2 Quasiconvex functions

Let Q C R" be a bounded domain. We say that a function y : R”*" — R is quasiconvex if
for any so € R™*" and any @ € Wol’w(.Q;]Rm)

V(s0)|21 < | wlso+Vo()dr.

If y: R™" — R is not quasiconvex we define its quasiconvex envelope Qy : R"*" — R
as

Qw(s) =sup{h(s); h < y; h: R™" — R quasiconvex } (5)
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and we put Qy = —oo if the set on the right-hand side of (5) is empty. If y is locally
bounded and Borel measurable then for any sg € R™*" (see [8])

. 1
Oy (so) = inf ?/ y(so+Veo(x))dx. (6)
pewl=(arm |2 Jo

1.3 Young measures

For p > 0 we define the following subspace of the space C(R™*") of all continuous func-
tions on R"*" :

Cop(R™™) = {y € CR™™):y(s) = of[s|?) for 5] — o}

with the obvious modification for any Euclidean space instead of R”*". The Young mea-
sures on a measurable set A C R’ are weakly* measurable mappings x — v, : A —
A (R™) with values in probability measures; and the adjective “weakly* measurable”
means that, for any y € Co(R™*"), the mapping A — R : x> (Vi, W) = [pmxn W(5)Vi(ds)
is measurable in the usual sense. Let us remind that, by the Riesz theorem the space
A (R™ ™), normed by the total variation, is a Banach space which is isometrically iso-
morphic with Co(R™*")*. Let us denote the set of all Young measures by % (A;R™*").

Below, we are mostly interested in the case A = (2, i.e., a bounded domain. It is
known that % (Q;R™*") is a convex subset of L%, (Q;.4 (R™")) = L1 (Q;Co(R™ ")),
where the index “wx” indicates the property “weakly* measurable”. A classical result
[34] is that, for every sequence {yj}ren bounded in L=(Q;R™*"), there exists its sub-
sequence (denoted by the same indices for notational simplicity) and a Young measure
vV ={Vi}req € Z(2;R™") such that

Yy € Co(R™") klim yoyr =y,  weakly*inL7(Q), (7
—3o0
where [y o yi](x) = y(yi(x)) and

W= [ vowlds). ®)
Let us denote by %2~ (Q;R™*") the set of all Young measures which are created by this
way, i.e. by taking all bounded sequences in L*(Q;R"™*"). Note that (7) actually holds for
any y : R™*" — R continuous.

A generalization of this result was formulated by Schonbek [32] (cf. also [4]): if 1 <
p < oo for every sequence {yi }reny bounded in L7 (;R™*™) there exists its subsequence
(denoted by the same indices) and a Young measure V = {V, },cq € Z (Q;R™*") such that

Yy € Cp(R™ ") : lim yoy,=yy  weakly in L'(Q). )

We say that {y;} generates v if (9) holds. Let us denote by #7(Q;R™*") the set of all
Young measures which are created by this way, i.e. by taking all bounded sequences in
LP(Q;R™ ™), The subset of P (Q;R™*") containing Young measures generated by gradi-
ents of W17 (Q;R™) maps will be denoted by 4% 7 (Q; R™*"). An explicit characterization
of this set is due to Kinderlehrer and Pedregal [18, 17].



Weak lower semicontinuity by means of anisotropic parametrized measures 5

1.4 DiPerna-Majda measures

1.4.1 Definition and basic properties

Let Z be a complete (i.e. containing constants, separating points from closed subsets and
closed with respect to the Chebyshev norm) separable ring of continuous bounded func-
tions R”™*" — R. It is known [11, Sect. 3.12.21] that there is a one-to-one correspon-
dence Z + BxR™" between such rings and metrizable compactifications of R"*"; by
a compactification we mean here a compact set, denoted by SR"™*", into which R™*"
is embedded homeomorphically and densely. For simplicity, we will not distinguish be-
tween R™*" and its image in B5pR™*". Similarly, we will not distinguish between ele-
ments of & and their unique continuous extensions defined on B,R™*". This means that if
i R™M" — BpR™ " is the homeomorphic embedding and y € # then the same notation
is used also for ypoi~!: i(R™") — R and for its unique continuous extension to S, R"™*".
Let o € .#(Q) be a positive Radon measure on a closure of a bounded domain 2 C R”.
A mapping V : x — ¥, belongs to the space L, (Q,0;.4 (BzR™")) if it is weakly* o-
measurable (i.e., for any yp € Co(R™*"), the mapping Q — R : x — I rmen Wo(s) Vx(ds)
is o-measurable in the usual sense). If additionally ¥, € .#," (BR™*") for c-a.a. x € Q
the collection {V,},. 5 is the so-called Young measure on (£2,0) ([34], see also [4, 31]).
DiPerna and Majda [9] shown that having a bounded sequence in LP(Q;R™*") with
1 < p < +oo defined on an open domain 2 C R”, there exists its subsequence (denoted by
the same indices) a positive Radon measure ¢ € .# () and a Young measure ¥ : x —
on (2, 0) such that (o, V) is attainable by a sequence {y hxeny C L?(£2;R™ ") in the sense

that Vg€ C(Q) and Vyp € %:

tim [ s(yOx()ds= [ g [ vo(s)indas)o(an) (10)

k—yo0

where
w e Lp(R™) = {yo(1+]-|"): yo € Z}. (11)
In particular, putting yp = 1 € Z in (10) we can see that

l}im(1+|yk|p) = o0 weakly*in .Z(Q). (12)
300

If (10) holds, we say that {y,}cn generates (0, V). Let us denote by Z.47,(2;R™*") the
set of all pairs (o,V) € #Z(Q2) x Ly, (2, 0,4 (B7R™™")) attainable by sequences from
LP(Q;R™™); note that, taking yy = 1 in (10), one can see that these sequences must be
inevitably bounded in LP (Q;R™*").

It is well known [31] that (10) can also be rewritten with the help of classical Young
measures as

lim [ s(oweto)ar= [ [ eyis)vi(ds)ar
+ [ g /ﬁ g WO, (13)

where {Vy }req € Z7°(Q2,R™") and {V, },cq are as in (10).

There are two prominent examples of compactifications of R”*”, The simplest example
is the so-called one point compactification which corresponds to the ring of continuous
bounded functions which have limits if the norm of its argument tends to infinity, i.e., we

denote Yo (o0) := limys|_, o Yo (5).
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A richer compactification is the one by the sphere. In that case, we consider the following
ring of continuous bounded functions:

S = {l//o € C(R™™): there existc € R, ypo € Co(R™"), and yp | € C(S(’”X")*l) s.t.
|s[?

1+|s|P

Wo(s) = ¢+ Woo(s) + Vo1 (|Z|) if s #0and ¥ (0) = Woo(0)},  (14)

where §™*"~! denotes the (mn — 1)-dimensional unit sphere in R"*”. Then B5zR™*" is
homeomorphic to the unit ball B(0,1) C R"*" via the mapping d : R™*" — B(0,1), d(s) :=
s/(14|s|) for all s € R™*". Note that d(R™*") is dense in B(0,1).

The following proposition from [22] explicitly characterizes the set of DiPerna-Majda
measures Z.47,(Q;R™"),

Proposition 1. Let Q C R" be a bounded open domain such that |0Q| =0, Z be a sep-
arable complete subring of the ring of all continuous bounded functions on R™" and
(6,0) € M (Q) X LY(Q,0;.4 (B#R™")) and 1 < p < +oo. Then the following two state-
ments are equivalent with each other:

(i)  the pair (0, V) is the DiPerna-Majda measure, i.e. (0,V) € D.4",(;R™"),

(1)  The following properties are satisfied simultaneously:

1. © is positive,

2. 0y € M (Q) defined by 6y (dx) = ([gmxn Vx(ds))o(dx) is absolutely
continuous with respect to the Lebesgue measure
(ds, will denote its density),

3. for a.a. x € Q it holds

/mxn V(ds) >0, dg,(x) = </]Rm><n 1‘1((1;&,)_1 /mxn Ve(ds)

4. for 6-a.a. x € Q it holds

9,20, / Pe(ds) = 1.
ﬁ%,Ran

Remark 1. Consider a metrizable compactification S5 R™*" of R™*" and the corresponding
separable complete closed ring % with its dense subset { Yy }ren. We take a bounded con-
tinuous function y : R™*" — R, v ¢ # and take a closure (in the Chebyshev norm) of all
the products of elements from {y} U {y; }ren. The corresponding ring is again separable
and the corresponding compactification is metrizable but strictly finer than S, R™*",

The following result can be found in [16] and its extension in [21]. Here and in the sequel
ds denotes density of the absolutely continuous part of ¢ with respect to the Lebesgue
measure .Z".

Theorem 1. Let Q C R" be a bounded domain with the extension property in W', 1 <
p <-+eoand (0,V) € DM, (Q;R™"). Then then there is a bounded sequence {uy}gen C
WP (Q;R™) such that uy = uj on 9L for any j,k € N and {Vuy }ren generates (6,7) if
and only if the following three conditions hold:

N

Ju e WHP(Q;R™) : fora.a. x € Q: Vu(x) = dg(x)/

e T ) 9
%

for almost all x € Q and for all Wy € R and y(s) := (1+ |s|”)wo(s), the

QY (Val) <do(x) [ yols)¥u(ds) (16)

ﬁngX”
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for c-almost all x € Q and all Wy € R with Qy > —oo, where Y(s) := (1+ |s|”)yo(s),

0<

/ o (s) P (ds) - (17)
ﬁ%,Rmxn\Rmxn

Remark 2. Inequality (16) can be written in terms of v = {v,}, the Young measure gener-
ated by {u}, as follows [17]: There exists a zero-measure set @ C €2 such that for every
xeR\o

VVu() < [ wo)vds). (18)

for all y : R™*" — R quasiconvex and such that |y| < C(1+]-|?) for some C > 0.

Theorem 1 can be used to obtain weak lower semicontinuity results along sequences with
prescribed boundary data [16]. If we do not control boundary conditions the situation is
much more subtle. To the best of our knowledge, the first results in this direction are due to
Meyers [25] who also deals with higher-order variational problems. However, his condition
is stated in terms of sequences. A refinement was proved in [20, Thm. 1.6], showing that
even near the boundary, the necessary and sufficient conditions for weak lower semiconti-
nuity in terms of the integrand can be expressed in terms of localized test functions, similar
to quasiconvexity:

Theorem 2. Let 1 < p < oo, Q C R" be a bounded domain with the C'-boundary. Let
h:Q x R™" R be continuous and such that h(-,s)/(1+|s|P) is bounded and continuous
in Q, uniformly in s. Then J(u) := [o h(x,Vu(x))dx is weakly lower semicontinuous in
WP (Q;R™) if and only if the following two conditions hold simultaneously:

(i) h(x,-) is quasiconvex for all x € Q;
(if) for every xo € dQ and for every € > 0, there exists C¢ > 0 such that

h(xo, Ve (x))dx > —8/ |[Vo(x)|P dx— C; forevery ¢ € CZ(B(0,1);R™). (19)
Dp Dp

Here, Dp := {x € B(0,1); x-p < 0} where p denotes the outer unit normal to 98 at xo.

If /1 satisfies (ii) we say that it has p-quasisubcritical growth from below (p-gscb) at xp.

2 Anisotropic parametrized measures generated by pairs of sequences

This section is devoted to a new tools which might be seen as a multiscale oscilla-
tion/concentration measures. It is a generalization of the approach introduced in [30] where
only oscillations were taken into account. We also wish to mention that if {u }ren is
bounded in W'?(Q;R™) for 1 < p < oo then (at least for a nonrelabeled subsequence)
the Young measure generated by the pair {(u, Vur)} is E:(d(r,s5)) = 8, (dr)vi(ds) for
almost all x € Q. Here u is the weak limit of {u };cry in W7 (2;R™) and {V,},cq is the
Young measure generated by {Vu;}. We refer to [29] for the proof of this statement. If
we are interested also in concentrations of {|Vu|”} and in their interactions with {u;} the
situation is more involved.

As before, let Z be a complete separable ring of continuous bounded functions R"*" —
R. Similarly, we take a complete separable ring % of continuous bounded real-valued func-
tions on R™, and denote the corresponding metrizable compactification of R™ by B4, R™.

We will consider the ring C(Q) @ % & %, the subset of bounded continuous functions on

Q x R™ x R™" spanned by {(x,s,7) — g(x)fo(r)wo(s) : g € C(RQ), foe¥, W€ X}
Also notice that B R™ x BzR™" = By s (R™ x R™*™"). Finally, notice that the linear
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hull of {g®@ fo@ Wy : g € C(Q),fo € C(Bw), W € C(BxR™™)} is dense in C(Q x
By R™ x B#zR™") due to the Stone-Weierstrass theorem. Here, [g ® fo ® wo|(x,r,8) :=
g2(®) fo(r)wo(s) forall x € Q, r € R™, and all s € R™*".

Remark 3. There always exists a separable ring into which a given continuous bounded
function fy belongs. Indeed, consider a ring % of continuous functions which possess
limits if the norm of their argument tends to infinity. This ring to the one-point compact-
ification of R™. If f does not belong to %4 we construct a larger ring from fy and % by
taking the closure (in the maximum norm) of all products of {fo} U% .

2.1 Representation of limits using parametrized measures

The following statement is rather standard generalization of the DiPerna-Majda Theorem
to the anisotropic case. It can be obtained using a special case of the representation theorem
in [15].!

Theorem 3. Let 1 < g < 400, 1 < p < o0 and
YOP(Q,% ,K) = {ho(r,s)(1+ |r|7+]s|P) : ho € C(Q x By R™ x B5rR™™)}.

Moreover; let {uy }ren be bounded sequence in L1(2;R™) and {wy} a bounded sequence
in LP(Q;R™*"). Then there is a subsequence {(ux,wi)} (denoted by the same indeces), a
measure G(dx) such that

(14 Jug] 7+ [we|)dx = 6,

and a family of probability measures {}},co € L2 (Q, 4 (ByR™ x By R™™M); 8) such
that for any h € Y0P (Q, % ,R) and any g € C(Q) we have

lim /Q 8(x)ho (i (x), Wi () (1 + e () |7 + [wie (x) |7 )dx —

k—yo0
| e [ ho(r,5) i (dr ds) ().
Q ﬁ%Rm Xﬁ%RmX"

Remark 4. In a sense, the pair (6,7) is an anisotropic (g, p) DiPerna-Majda measure gen-
erated by the sequence {(ug,wy)}, generalizing the isotropic case p = ¢q. However, while
this approach is a rather intuitive generalization of standard DiPerna-Majda measures,
it has a drawback: Several extremely simple and often prototypical choices for the in-
tegrands which we would like to use in applications are not admissible. For instance,
h(x,1,s) := |s|P never is an element of Y7 (Q % , %), because the limit of hy(x,r,s) :=
s|P (14 |r|7 + |s|P)~1 as |(r,s)| — o does not exist: we get 1 as |s| — oo for fixed r, and
0 as |s| — oo for fixed r. Hence, this function /o does not have a continuous extension to
the compactification B x Bg of R x R™*"  Similarly, h(x,r,s) := |r|? is not admissible,
either. Note that this problem is completely independent of the choice of compactifications.

In view of the issue pointed out in Remark 4, we will not use Theorem 3 and its class
of anisotropic DiPerna-Majda measures below. Instead, our next statement provides an
alternative approach which in particular does allow integrands of the form A(x,r,s) := |s|”.

Theorem 4. Let 1 < g < +o0 and 1 < p < +oo. Let {uy}ren be bounded sequence in
L1(Q;R™) and {wy} a bounded sequence in LP (Q;R™ ™). Then there is a (non-relabeled)
subsequence {(ux,wy)}, a DiPerna-Majda measure (6,V) € 2.4",(2;R™") and fi €
(2 X BaR™™; By R™), such that for every fy € U, every Wy € Z and every g € C(R2)

!in [15] it is assumed that the compactification of the entire space R x R"*" is a subset in RV for some
N € N. This however is not required for the proof in [15] which only uses separability of the compactifica-
tion.
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Jim [ 900 fo e () owi()
=[] A0l (ds)o ()

where Y (s) := Wo(s)(1+|s|P). Moreover, measure (,V) is generated by {w;}.

(20)

Proof. Due to separability of %, % and of C (!_2) there is a (non-relabeled) subsequence of
{(ug,wr)} such that for all [g® fo @ Y] € C(R) x C(ByR™) x C(B7R™ ") and y(s) :=
Wo(s)(1+|s]7)

Jim [ g(x)folu(x))y(we(x)) dx = (A, @ fo@ o) , @1
for some A € . (Q x By R™ x ﬁ%Rmfn). )
We further define 7y : % x % — C(Q)* = .4 (2) by (Ta(fo, W0), &) := (A8 @ fo® Wh).
Let 0 € .# () be the weak* limit of {1+ |w¢|")}. Then we see that due to (21)

[(Ta(fo. w0),8) | = [{A 8@ fo@ wo) | < ||f0||C(Rm)H‘I/OHC(R’"X”)/Qg(x)c(dx)- (22)

This means that T4 (fo, Wo) is absolutely continuous with respect to ¢ and by the Radon-
Nikodym theorem there is Ty : % x # — L'(Q; o) such that for any Borel subset @ C Q
we get Tx (fo, ¥0)(@) = [, Ta (fo, Wo)(x)o(dx). Consequently, the right-hand side of (21)
can be written as [ Tx (fo, Wo)(x)g(x) o (dx).

As U x X is separable, By R™ x B, R™ " is metrizable and separable (with R™ x R™*"
a dense subset) and o is a regular measure, the linear span of C(Q) ® C(B#R"™) ®
C(B#R™ ™) is dense in L'(Q,0;C(ByR™ x BxR™™)) [33, Thm. 1.5.25]. Because of
this and (22), A can be continuously extended to a continuous linear functional on
L'(Q,0;C(By#R™ x BzR™™)). However, the dual of this space is isometrically iso-
morphic to LY (Q, 0.4 (ByR™ x BxR™ ™)), Arguing as in [31, p. 133] we get that
there is a family A := {A},.5 of probability measures on Bz R™ x BpR™ " which
is o-weak* measurable, for any z € C(BzR™ x BzR™ "), the mapping Q — R : x
Jg, R prmen 2(1,8)Ax(drds) is o-measurable in the usual sense. Moreover, for c-almost
all x € Q it holds that

Tx(fo, ¥o)(x) = Jo(r)Wo(s)Ax(drds) . (23)

‘/ﬁ%Rm Xﬁ%Rmxn

Altogether, we see that (21) can be rewritten as

fim [ s putwonto)a= [« [ (s (ards)o(@)
2 R" < By
(24)

Applying the slicing-measure decomposition [12, Thm. 1.5.1] to each A, we write A, (drds) =
[sx(dr) Vi (ds). As A, is a probability measure we get that both fi, , as well as ¥, are prob-
ability measures on B4 R™ and B, R™*", respectively. Plugging this decomposition into
(24) and testing it with fy := 1, we get

lim [ gyn)dr= [ g [ w)n@o@). @)
k—o0 ﬁ]Rmxn
This means that (o, V) is the DiPerna-Majda measure generated by {w; } [9]. O

In the situation of Theorem 4, passing to a subsequence (not relabeled) if necessary, we
may assume in addition that {(u, wy)} generates the (classical) Young measure &,. Using
the slicing-measure decomposition [12, Thm. 1.5.1] as before, we can always decompose
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Ec(d(r,s)) = pys(dr)ve(ds), so that

| spatmvtmar— [ [ ) folr)va(s) Eld(rs)ax

- /Q /Rmxn _/R,,, g(x) fo(r)wo(s) px,s(dr) vie(ds)dx

in particular for every fy € % , every Wy € % and every g € C(Q). The link between (i, V)
and ({1, V) is the following:

Corollary 1. In the situation of Theorem 4, let &(d(r,s)) = Wy s(dr)vy(ds) be the Young
measure generated by {(ug,wy)}. Then dx = (mexn ﬁf/x(dt)) o(dx), and for a.e. x €

Q)
_ 1 1 9.(ds)
Vx(ds) = (/I;mxn H|t|]’vx<dt)> 1+ ‘S|p (26)

(this is actually the well known connection between the DiPerna-Majda-measure and the
associated Young measure) and

Uys = fles for V-a.e. s € R™" 27)

Proof. In the following, let yy € Co(R™*"), i.e., Yy € % with the added property that
Yo(s) = 0 for every s € BpR™* "\ R, Consequently, y(s) := yo(s)(1+|s|P) satisfies
(14 |s|”)""y(s) — 0 as |s| — o (s € R™") and 1+(\ 7 = 0 for s € BzR™" \ R™". In
addition, let g € C(Q) and fy € % . From (24), also using the decomposition A,(drds) =

15 x(dr) V. (ds), we get that

| - Y (5) V. (ds)
tim [ g0 fo(u )y i) de= [ gt [ /B e s far) TR o )
(28)

Moreover, since fj is bounded, {wy} is bounded in L? and v has less than p-growth, the left
hand side can be expressed using the Young measure &,(d(r,s)) = Uy s(dr) vy (ds) generated

by { (ug, wi) }:

tim | g(foluCvon)dr= [ o0 [ [ fnua@nwovidde. @)

k=0 JQ

Since (o, V) is a DiPerna-Majda measure (the one generated by {wy}), we in particular
know that the density of the Lebesgue measure with respect to o is given by

azn /R hu(ds)

do mxn 1+|s|l’

cf. Proposition 1 (ii). Hence, we can also write the outer integral on right hand side of (29)
as an integral with respect to ¢, and then compare it to the right hand side of (28). Since g
is arbitrary, this implies that for c-a.e. x € Q,

( /R RmfO(V).us,x(dr)llj(s)vx(ds)) ( /Rm lojr(itl)p )
- /Rmxn /ﬁ%Rm fo(r)ﬂs,x(dr)w _

Here, also notice that it is enough to state (30) for a.e. x € Q, because .£" is absolutely

md") 0 for %-a.e. x € Q.

(30)

continuous with respect to ¢ and [pmsxn
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Using the probability measure given by the right hand side of (26), i.e.,

De(dt) \ -1 y(ds)
Vi(ds) := (/ ) ,
x(ds) wn L [1|P ) T+ |s]?

we see that (30) is equivalent to

/Rmxn JRm fO(r)us,x(dr) vx ds /Rmx" /IEZ/R’" .us7x dr) W(S){/x<ds) : (31)

Since (31) holds for all yp € Co(R™*") (and therefore all y with less than p-growth, in
particular all bounded ) and u; , and [l ; are probability measures, choosing fo =1 € %
in (31) yields that v, = V,, i.e., (26). Finally, replacing V, by Vv, in (31), and using that the
latter holds in particular for all bounded y € C(R™*") and all fy € Co(R™) C %, we infer
27).

Remark 5. In the situation of Corollary 1, suppose in addition that u; — « in L? for some
g > 1 (for instance by compact embedding, if {u;} is bounded in W'”). We recall that in
this case, for the Young measure &,(d(r,s)) = e s(dr)vy(ds) generated by {(ug, wi} we
have i, s = 8,(y) for a.e. x € Q (in particular independent of s, cf. [29, Proposition 6.13],
e.g.). Consequently, (27) implies that

fus = &) forae x € Q and Vy-ae.s € R™*" (32)

Remark 6. 1t is left to the interested reader to show that if ux — u in C(Q;R™) for k —
oo then fl;, = 5u<x) for c-a.e. x € . Also, fl,, is then supported only on R™, so it is
independent of the choice of the compactification B, R™.

The next statement is similar to Theorem 4, but now we consider the limits of the sequence
Jo fo(u) wo(wi) (14 |ug|?) dx where fo € % , wy € Z. In particular, the integrand |u |7 will
thus be admissible. Its proof can easily be deduced by adapting the proof of Theorem 4,
essentially interchanging the role of the two sequences.

Theorem 5. Let 1 < g < +o0 and 1 < p < +oo. Let {ug}reny be bounded sequence in
L1(Q;R™) and {wy} a bounded sequence in L” (.Q R™"). Then there is a (non-relabeled)
subsequence {(ug,wi)}, a positive measure 6* € M ( ) and parametrized probability
measures V* € % (Q; Bz R™™) (defined 6*-a.e.) and {i* € ¥ (Q x BzR™"; By R™) (de-
fined 6* ® V:-a.e.) such that for every fy € U, every Wy € % and every g € C(Q)

Jim [ 5000 (0 (5)) Yo (i)

-/ /ﬁ - /ﬁ SRV (0) 9 (45) ()

where f(r) := fo(r)(1+|r|9). Moreover, (¢*,0* ) € 2%, (8;R™) is the the DiPerna-
Majda measure generated by {uy }, where FX is given as follows:

J B = [ IR (@) (34
By R™ By Rmxn ﬁW/Rm

forall fo € % and 6*-a.e. x € Q.

(33)

Analogously to Corollary 1, we have

Corollary 2. In the situation of Theorem 5, let &(d(r,s)) = Uy s(dr)vy(ds) be the Young
measure generated by {(ux,wi)}. Then dx = (fﬁ%Rmxn Jrm ﬁ,ﬁ;‘, (dz) vy (dt)) o*(dx),
and for a.e. x € Q,
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1 i} - 1 .
wo = ([ [ mesteane) ([ i) e, 6s

1 - ,ax r(dr) N
X.5 == z x-a.e. Rle’l'
o) = ([ @) 2 fordeae se B (36)

Analogous to the case of Young measures or DiPerna-Majda-measures, we say that
(o,V,01) [or (o*,V*, "), respectively] is generated by {(u,wy)} whenever (20) [((33)]
holds for all (g, fo, W) € C(Q) x % x %.

Theorem 4 and Theorem 5 can be combined, leading to the following statement. It pro-
vides a representation for limits of rather general nonlinear functionals along a given se-
quence. The suitable class of integrands is

HYP(Q, %, R) = { h

h(x,r,s) = h(<)1>()67 rs)(1+]sP) +h(()2) (x,r,8)(1+|r]9) 37)
h") h§ € C(Q x By R™ x BpR™<M) '

Theorem 6 (representation theorem). Let 1 < g < 400 and 1 < p < +oo. Let {uy }ren
be bounded sequence in L1(Q;R™) and {wy} a bounded sequence in LP(2;R™"). Then
there is a (non-relabeled) subsequence {(ux,wy)} generating the measures (6,V,[1) and
(o*,V*, 1) (in the sense of (20) and (33), respectively), and in addition, for every

s ),h( ) € C(Q x By R™ x BxzR™ ™),
li i) 1 Py + 1 7)) dx
lim 52( o (% gy wi) (14 Wil P) +hg” (e, g, wi ) (14 || 7))

(1) R .
= |- h (x,r,s)/,tslx(dr)vx(ds)c(dx) 38
/-Q/ﬁ%R’”X"/ﬁﬂ//Rm 0 ' (38)
L Y )@ @) e ()
o) ﬁ%Rmxn ﬁf/f/Rm ’

Remark 7. As a special case, we recover a representation of the limit for functionals with
integrands in Y9?(Q;% ;%) as in Theorem 3, since

ho(x,7,8) (14 |r|? +[s]7) = ho(x, r,) (1 +[r|9) + ho(x,r,8) (1 + [s]7),
where

L4 [rl? + sl

ho(x,r,s) := 72+| T

ho(x,r,s)

. . q
The quotient which appears here does not matter, because (7,s) — % converges

to the constant 1 as |(r,s)| — oo, and therefore it is an element of % @ # = C(ByR™ x
B'%’Ran).

Remark 8. Notice that (o, V, 1) and (o*,V* [1*) are not independent, because they share
the same underlying Young measure & (d(r,s)) = My s(dr)vy(ds), see Corollary 1 and
Corollary 2. Using that, we get yet another representation: For h € HY? (Q, % , %) (cf. (37)),

lim [ ’(x,ug, wy)dx

k—o0 JQ

(1) . .
= hy ' (x,1,8) L5, (dr) V(ds) o (dx
/_Q/ﬁ%Rmxn\Rmxn /B%Rm 0 ( ) ( ) ( ) ( )
S A R AN LA CRL A
Q ﬁgngX” ﬁ%Rm\Rm 7
—|—/ / / h(x,r,8) Us x(dr) vi(ds)dx.
Q IRI‘HXYI Rm

(39)
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Remark 9. If either {|ug|7} or {|wi|?} is equi-integrable, then (39) can be further simplified.
For instance, if {u; } is bounded in L7 for some § > q), then {|u|9} is equi-integrable, and
it that case, it is known (e.g., see [31, Lemma 3.2.14]) that for the associated DiPerna-
Majda measure (6%, 1*,), we have that 6* is absolutely continuous with respect to .#" and
0% (BzR™\R™) =0 fora.e. x € Q. Due to (34), the latter implies that f1}(BzR™\R™) =
0 for a.e. x € Q and V-a.e. s € B R™ ", Accordingly, for h € H9P(Q,% , %) (cf. (37)),

lim h(x,uk,wk)dx: /_/ / h(()]>(x7ras)ﬂ&x(dr)f/x(ds)o(dx)
k—o0 J Q JQ ﬁﬂRmxn\Rmxn. ﬁ%Rm

(40)
e L rnsuaanvi@s)ds

2.2 Analysis for couples {(uy,Vuy)}

For the rest of the article, we are mainly interested in sequences of the form (u,wy) =
(ux, Vug), with a bounded sequence {u} C W'P(Q;R™), 1 < p < oo, and integrands
he H9P(Q, % , %) (cf. (37)) for some g < p*. Here, p* is the exponent of the Sobolev
embedding, i.e.,
e._)pn/(n=p) ifl<p<n,
p= o0 otherwise.

In particular, such integrands satisfy
|h(x,r,8)| < C(1+|r|?4|s|P) forallx € Q,r € R™, s € R™" 41)

with a constant C > 0.

Since we assume that ¢ < p*, we can represent limits using (40), with the added obser-
vation that the Young measure generated by {uy} is given by §,(,) (Whence i, s = §,,(,) for
all 5), where u denotes the weak limit of {u;} in W' (Q;R™). This gives the following
result.

Theorem 7. Let (u, wy) := (ux, Vuy), with a bounded sequence {u;} C WP (Q;R™), 1 <
p < oo, such that uy — uin WP (Q;R™), {(Vuy)} generates the (classical) Young measure
Vy in the sense of (9) and {(ug, Vuy)} generates the measure (¢,V, 1) in the sense of (20).
Then for every h € H9P(Q, % , %) (cf. (37)),

lim [ h(x,u(x), Vig(x))dx

k—o0 JQ
=[] (o), 5)va(ds) e
Q Rmxn
4 / / / 1D (x, 1, ) s (dr) 9y(ds) 5 () 42)
0 ﬁ%Ran\Rmxn ﬁ%Rm

Remark 10. Tf h(x,u(x),-) is quasiconvex, we can further calculate in (42) as follows:

/ / h(x,u(x), ) vy(ds) dx > / h(x, u(x), Va(x)) dx. @3)
Q Jrman Q
Remark 11. 1f p > n, W'"P(Q;R™) is compactly embedded in C(2;R™), and therefore

ur — u uniformly on Q. In view of Remark 6, we then have that fsx = SM(X) for c-a.e. x €
Q, for Vi-a.e. s € B R™". Hence,

/ﬁ R 1 (.8 ftse(dr) = g (v, u(x)..5)
U
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in the right hand side of (42).

2.3 Examples

Below, we give a couple of examples of sequences and measures from Theorem 4 generated
by them.

Example 3. Let uy € W'1(0,2) be such that

0 if0<x<1—1/k,
) kx—k+1 ifl-1/k<x<1,
up\XxX) .=
k Dkx+2k+1 ifl<x<1+1/k,
1 if14+1/k<x<2.
Let wy :=uj, i.e.,
0  ifo<x<1-1/k,
kooifl—1/k<x<I,
wi(x) == fksxs

2k if1<x<I1+1/k,
0 ifl+1/k<x<2.

Let fy € C(R) be bounded with its primitive denoted by F, i.e., F' = f, g € C(Q), and
let w = wo(l+|-|) where yy € Z corresponding to the two-point (or sphere) compact-
ification BzR = RU {=£eo}, ie., Yy € C(R) is such that lims_, 1. Yo(s) =: Yo(£ee) € R.
Then

1+1/k

1-1/k 2

Fig. 1 Sequence {uy, u} }xeny from Example 3.
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2
Jim [ o0 (6) ywi(0)g )

. 1—1/k 2
= Jim ([ fo0vo(0)s)ar+ [ IRISITOREEY

k—ro0

+ lim (/ll 1/kfo(/’cx—k—|—l)l/lo(k)(l +k)g(x)dx

k—oo \ J1—

141 /k
+/1 fo(~2k 2k + 1)yo(~20)(1+ 2K)g () )

= wO)(0) [ seaxt (1) [ gwa

+ klg?o (/11_1/k[1':(kx_kJr DI'vo(k) : :k)g(x)dx

/
+ /1 e okt 2+ 1)] o (—26) (ljzik)g(x) ar)

1 2
= fo(0)yo(0) /0 () det fo(—1)yo(0) /1 2(x) dx
+g(1)(F(1) = F(0))yo(+e0) + (1) (F(1) — F(— 1)) yip(—o)
2
- /0 /ﬁ . /B SRV (r)ix(ds)o )

where 6 = £ + 38,

and

N if x € [0,1)U(1;2],
P46+ 36 . ifx=1,

& ifo<x<l,

8 if1<x<2,

Fox = gl\_(o)w if §=+ccandx=1,

52 1)y ifs=—coandx=1.

15

Changing the previous sequence slightly we get the same measure (o, V), the same limit
of {u;} but a different measure 1.

Example 4. Let u, € W'1(0,2) be such that

0 if0<x<1-2/k,

—kx+k—2 if1-2/k<x<1-—1/k,
ug(x) =< kx—k ifl1-1/k<x<lI,

Chtk ifl<x<141/k,

-1 if141/k<x<2.

Let wy :=uj, i.e.,

0 if0<x<1-2/k,

—k if1-2/k<x<1-1/k
wi(x) =<k ifl—-1/k<x<1,

—k ifl1<x<1+1/k,

0 ifl+1/k<x<2.

Then a computation analogous to the one above shows that
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o=2"+38,
<)oo ifxe[0,1)U(L;2],
x_{;5m+§8m ifx=1,
and
& ifo<x<l,
. o1 if 1 <x<2,

XIL(,LO) ifs=—ccandx=1,
gll_(,L()) ifs:+ooandx:1,

These two examples show that [i captures behavior of {u; } and cannot be read off either
from (o, ) and/or from u.

Example 5. In the next example, we just set uy := u, where u(x) := 0if x € [0, 1] and u(x) =
—1ifx € (1;2], and {wy }xen for all k € N as before. This gives us

2
Jim [ o)y (0)g )

-1/
= aim ([ w0t [ AC-Dw0s0)a)

k—ro0
1 e 14+1/k
+ lim ( /1 SO W1+ R)g) dvt /1 Sol=1)¥o(—26) (1 +2K)g(x) dx)

= 0)0(0) [ g et (- 1o(0) [ g

41 Jk
+gim (i [ ll/kfo(O)Wo(k)mcg(X)derk.A T pnue-20 K g ar)

k—oo k

1 2
= 70)¥0(0) [ s()dr+ fo(~1vo(0) [ gx)ax
+8(1) fo(0) Yo (+o0) +28(1) fo( 1) Yo (—=))
2
- /0 /ﬁ A CHIGITIOMRIBIACOLLDE

where 0 = Z! +38,,

. & ifx[0,1)U(1;2],
YT LS. 426 . ifx—1
300 T 30-c0 )
and
& ifo<x<l,
R S ifx=1and s = oo,
Hsx =

01 ifx=1ands= —oo,
o ifl<x<2.

In the example below, we calculate the measure fi of the strongly converging sequence.

Example 6. Let p = 1, consider the one-point compactification SR = R U {eo} of R,
and let {u}ren € W1(0,2), ux — u, be a sequence of nondecreasing functions such
that u(0) = 0 and u(2) = 1 for all k € N. In addition, suppose that {u} },eny C L'(0,2)
converges to zero in measure and it concentrates at x = 1, i.e., {u}} generates (o,V) €
2.47,(82;R™") given by

& ifxel0,1)U(1,2],

c=2"+68, V.=
bt {600 ifx=1.
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Moreover, let oo > 0, let fy(r) € Co(R) be such that

¢ ifo<r<l1
fo(r){l for r> 1

and let y(s) := |s|. As uy is nondecreasing it must always satisfy uy € [0, 1], so that fo(uy) =
ug, and uj > 0. Consequently, in view of Theorem 4

2 2 s .
tim [ oo (6) a0 dx = | /ﬁR /ﬁ ) @)l
:/ r%floe 1 (dr) .
BaR

On the other hand,

2 1 a+1 / . 2 o !
(" (x)) dx = lim | 1 (x)atz (x) dx

1
lim —— (u®™(2) —u?*1(0)) = lim
k— J(

k—o Jo O+ 1
Mk(z) 1
= r%fleo 1 (dr) = lim rdr = / r®dr.
JBauR koo Jug (0) 0
Since o > 0 is arbitrary and the polynomials are dense in the continuous functions on all
compact subsets of R, we infer that
N 3u(x) ifx e [071)U(172],
Br= 2oy ifx=1ands=oo,
This means that only values of limits of u; at x = 0 and x = 2 influence fl. 1, i.e., the
measure at the point where ¢ concentrates.

3 Applications to weak lower semicontinuity in Sobolev spaces

We here focus on weak lower semikcontinuity of “signed” integral functionals in W', i.e.,
functional whose integrand may have a negative part which has p-growth in the gradient
variable. The case of non-negative integrands (or weaker growth in the negative direction)
is well-known, see e.g. [1].

Throughout this section, let % and % denote rings of bounded continuous functions cor-
responding to suitable metrizable compactifications 7 R™ and B5R™*" of R™ and R™*",
respectively, as before. The choice of these rings can be adapted to the particular integrand
h at hand in the results presented below. Compactifications by the sphere are sufficiently
rich for most practical purposes.

If p > n, we can exploit the embedding of W' (Q;R™) into continuous functions on
Q. Still, even for quasiconvex integrands concentration effects near the boundary of the
domain can prevent lower semicontinuity. However, as it turns out this is the only remaining
obstacle. Unlike in the related result of Ball and Zhang [5] where small measurable (but
otherwise pretty unknown) sets are removed from the domain, for us it is enough to “peel”
away a layer near dQ2:

Lemma 1. (Peeling lemma for p > n) Let 2 C R" be a bounded domain with a boundary of
class C', letoo > p>nandleth e HP(Q,% , %) (cf. (37)). Moreover, assume that h(x, r, )
is quasiconvex for a.e. x € Q (and therefore all x € Q, by continuity) and every r € p™, and
let {u;} C WIP(Q;R™) be a bounded sequence with u; — u in WP (Q;R™). Then there
exists an increasing sequence of open set §2; (possibly depending on the subsequence of
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{u}) with boundary of class C*, Q; C  and \J;Q; = & such that

timinf || A, (x), V() v > /Q h(xu(x), Vu(x)) dr.

k—yoo

Proof. We select a subsequence of {u;} so that “liminf = lim” and such that {(u;)} gen-
erates a Young measure V, and {(u, Vuy)} generates a measure (o, V, 1) in the sense of
(20). Now let £y := 0. For each j, we choose an open set £2; with smooth boundary such
that

Kj=0; 1U{xeQ:dist(;0Q2) >4} cQ;CQ;cQ

and
0(992;) =0 (44)

Here, notice that since the distance of the compact set K; to dQ is positive, we can find
uncountably many pairwise disjoint candidates for ;. Since o is a finite measure, all but
countably many of them must satisfy (44). Clearly, the measure generated by { (ux, Vi) }
on £; coincides with (o, ¥, 1) on the open set £, and due to (44) even on Q;. Hence, by
Theorem 7, Remark 11,

lim [ h(x,uk(x),Vuk(x))dx:/;2‘./H.WMh(x,u(x),s)vx(ds)dx

k—o0, Qj

4 / / 1V (r,u(x). 5) 95 (ds) o (dx)
. ‘Qj' ﬁ%Rmxn\Rmxn

> /Q o), V)

Here, the inequality above is due to Remark 10 and (17) with yy(s) := h(()l)(x,u(x),s)
(separately applied for each x); for y(s) := (1 + |s|”)yp(s) and its quasiconvex hull
Qv we have Qy > —oo because h(x,u(x),-) is quasiconvex and y(s) — h(x,u(x),s) =
R (x,u(x),5) (1 + [u(x)|9) is bounded.

To get lower semicontinuity for all sequences and on the whole domain, we need an
extra condition on the integrand on the boundary, namely, p-quasisubcritical growth from
below, as in the case of integrands without explicit dependence on u (cf. Theorem 2).

Theorem 8. Let Q C R” be a bounded domain with a boundary of class C', let oo > p >
n and let h € H9P(Q,% %) (cf. (37)). Then, if h(x,r,-) is quasiconvex for a.e. x €
(and therefore all x € Q, by continuity) and all r € R™ and h(x,s) := h(x,u(x),s) has p-
quasisubcritical growth from below (see (19)) for all x € dQ and all u € W'»(Q;R™),
w s [ h(x,w(x), Vw(x)) dx is weakly lower semicontinuous in WP (Q;R™).

Proof. Let uy — u weakly in Wh? (2;R™). In view of Remark 11, the measures generated
by (subsequences of) {(u, Vuy)} and { (ug, Vug) } in the sense of (20) always coincide. As a
consequence of (40) and (42), it therefore suffices to show that for each u € W!»(Q;R™) C
C(Q;R™), w [ h(x,u(x), Vw(x))dx is weakly lower semicontinuous. The latter follows
from Theorem 7.

Remark 12. In Theorem 8, quasiconvexity of A(x,u(x),-) in £ and p-gscb of h(x,u(x),-) at
every x € dQ are also necessary for weak lower semicontinuity. We omit the details.

As already briefly pointed out in the introduction, the situation becomes significantly more
complicated if p < n. Using our measures to express the limit as in Theorem 7, we can at
least reduce the problem to a property of an integrand without explicit dependence on u,
for each given sequence:
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Proposition 2. Let p < n, suppose that h(x,r,-) is quasiconvex, h € H9P (Q % | R), and let
{w} C WP(Q;R™) be a bounded sequence such that uy — u and {(ux,Vuy)} generates
a measure (0,V,[1) in the sense of (20). Then

liminf [ A(x,ug, Vi) de > / h(x,u, Vi) dx,
Q Q

k—>oo0

provided that for G-a.e. x € Q,
/_ / h(x,s) V(ds)o (dx) > 0, (45)
Q ﬁ%Rmxn\Rmxn

where h(x,s) := (1+]s|P) I, hél) (x,7,8) fix s (dr). Here, recall that h(x,r,s) = hé1> (x,r,s)(1+
517) 4 A7 () (14 1), oft BT,

Proof. This is a straightforward consequence of Theorem 7 and Remark 10.

Remark 13. Given he H? (Q, % , %), h(()l) (x,r,s) is uniquely determined for s € Bz R™*"\
R™ " but not for s € R™*". Of course, (45) actually is only a condition on the restriction
of h(()]) t0 Q x By R™ x (BgpR™ ™\ R™<M),

4 Concluding remarks

We have seen that generalized DiPerna-Majda measures introduced here can be helpful in
proofs of weak lower semicontinuity. Other applications are, for example, in impulsive con-
trol problems where the concentration of controls typically results in discontinuity of the
state variable [14]. An open challenging problem is to find some explicit characterization of
generalized Diperna-Majda measures generated by pairs of functions and their gradients,
namely {(ug, Vug)} € WHP(Q;R™) x LP(Q;R™"). This could then help us to find neces-
sary and sufficient conditions for weak lower semicontinuity of u — [, h(x,u(x), Vu(x)) dx
in WP (Q;R™) for 1 < p < o0 and for h € HP.
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