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a b s t r a c t

We propose a topological variant of skew-symmetric bilinear (SSB) representation of preferences. First,
semi-Fishburn relations are definedby assuming convexity and coherence, a newly considered topological
property. We show that lower and upper semi-Fishburn relations admit the existence of a minimal
element and a maximal element, respectively. Then axiom of ‘‘balance’’ is stated and we prove that a
binary relation has a continuous SSB representation if and only if it is a balanced (lower and upper semi-
)Fishburn relation. The relationship between the above definitions and the original axioms of (algebraic)
SSB representation is fully discussed. Finally, by applying this theory to probability measures, we show
the existence of a maximal preferred measure for an infinite set of pure outcomes, thus generalizing all
available existence theorems of (algebraic) SSB representation. Note that by using this framework to, e.g.,
finitely additive measures, one may develop a non-probabilistic variant of SSB representation as well.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

During the second half of the 20th century, many systematic
violations of the expected utility theory (Von Neumann and Mor-
genstern, 1944) were observed stimulating the development of
numerous generalizations and alternatives (Fishburn, 1982, 1988;
Starmer, 2000; Machina, 2004). In particular, the intuitively ap-
pealing axiom of transitivity of preferences is not supported by
empirical evidence, see Tversky (1969) among others. This ax-
iom has recently been questioned also from the normative point
of view (Anand et al., 2009; Fishburn, 1984b; Blavatskyy, 2006).
Moreover, non-transitive preferences are already well-established
in the context of social choice (Fishburn, 1999; Aziz et al., 2015).
Thus, we further develop the theory of skew-symmetric bilinear
(SSB) representation of preferences (Kreweras, 1961; Fishburn,
1982, 1988), i.e. a concise mathematical model of non-transitive
decision making.

In the heart of SSB representation, there are three axioms (of
continuity, convexity, and symmetry of preferences) which, once
satisfied, are equivalent to the existence of SSB functional repre-
senting the preferences, see Fishburn (1982). In more detail, for a
non-empty convex set P , wedenote≻ a binary asymmetric relation
of strict preferences on P . Further, let ∼ and ≿ be indifference
and preference-or-indifference relations defined in a standardway
using ≻. Then, the axioms of (algebraic) SSB representation stated
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for all p, q, r ∈ P and all λ ∈ ]0, 1[ are as follows:

(C1) Continuity: p ≻ q, q ≻ r H⇒ q ∼ αp + (1 − α)r
for some α ∈]0, 1[,

(C2) Convexity: p ≻ q, p ≿ r H⇒ p ≻ λq + (1 − λ)r,
p ∼ q, p ∼ r H⇒ p ∼ λq + (1 − λ)r,
q ≻ p, r ≿ p H⇒ λq + (1 − λ)r ≻ p,

(C3) Symmetry: p ≻ q, q ≻ r, p ≻ r, q ∼
p + r
2

H⇒(
λp + (1 − λ)r ∼

p + q
2

⇐⇒

λr + (1 − λ)p ∼
r + q
2

)
.

If P is, moreover, a set of probabilitymeasures on a Boolean algebra
of subsets of a set X , axioms (C1), (C2), and (C3) hold if and only if
there exists a SSB functional φ on P × P such that p ≻ q ⇐⇒

φ(p, q) > 0 for all p, q ∈ P , see Fishburn (1982, Theorem 1).
In this article, we review the above result mainly from a purely

mathematical point of view. We show that the theory of SSB rep-
resentation can be developed in a more abstract setting, assuming
only that P is a non-empty convex subset of a topological vector
space X . Then, however, the purely algebraic continuity axiom
(C1) does not provide the (topological) continuity of preferences
if P is infinite, and so the existence of a maximal element may
be in jeopardy, c.f. Fishburn (1988, Theorem 6.2). Assumption of
stronger (topological) continuity of preferences, see axiom (F1)
below, results in several refinements of SSB representation. First,
convexity axiom (C2) can be weakened, see axiom (F2). Moreover,
axioms (F1) and (F2) may be divided into two symmetric parts
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such that the first one provides the existence of aminimal element,
whereas the other provides the existence of a maximal element.
Wepropose to name such relations lower andupper semi-Fishburn
relations. Thus, Fishburn relations, i.e. relations that are both lower
and upper semi-Fishburn, admit the existence of a minimal ele-
ment and a maximal element at the same time, see Corollary 3.4.
This seems to be a suitable property of preference relations. Fi-
nally, we simplify axiom (C3) into the axiom of ‘‘balance’’, which
is more amenable to empirical verification, see (F3) below. Note
that axioms (F3) and (C3) are equivalent in the context of SSB
representation, see Proposition 5.2. To sumup, the newly proposed
axioms of continuous SSB representation stated for all p, q, r ∈ P
and all λ ∈ ]0, 1[ read as follows:

(F1) Continuity: {s ∈ P :p ≻ s}, {s ∈ P : s ≻ p} are open,
(F2) Convexity: p ≻ q, p ≿ r H⇒ p ≻ λq + (1 − λ)r,

q ≻ p, r ≿ p H⇒ λq + (1 − λ)r ≻ p,

(F3) Balance: q ∼
p + r
2

, λp + (1 − λ)r ∼
p + q
2

H⇒

λr + (1 − λ)p ∼
r + q
2

.

Note that the topology used in axiom (F1) is the relative topology of
P . Theorem 5.3 shows that a binary relation is a balanced Fishburn
relation, i.e. a relation satisfying axioms (F1), (F2), and (F3), if and
only if there exists a continuous SSB representation. As a conse-
quence, existence of maximal probabilistic measure for infinite set
of outcomes is shown in Theorem 6.2. Note that our framework
may also be used to develop SSB representation beyond the usual
probabilistic setting. For instance, P may be a set of finitely additive
measures, c.f. Marinacci (1997). This idea is left for future research.

The article is organized as follows. Section 2 presents the basic
notation and preliminary results. Then in Section 3 we introduce a
notion of (semi)Fishburn relations, and show that these relations
attain both minimal and maximal elements. Section 4 develops
the tool of continuous partial representation of preferences. The
main theorem of continuous SSB representation is presented in
Section 5. Finally, an application for the case of infinite set of
outcomes is presented in Section 6.

2. Notation and preliminary results

For real numbers x, y ∈ R we denote by [x, y] and ]x, y[ closed
and open intervals, respectively, and for λ ∈ ]0, 1[ we denote λ⋆ ≡
1−λ
λ
> 0. For a real function f satisfying a specified condition, we

say that it is unique up to a similarity transformation if all functions
satisfying the given condition are of the form αf with α > 0. For a
set X we denote 2X the set of all subsets of X .

A topological space is a set X equipped with a family of subsets
τ ⊂ 2X (called open sets) satisfying the following conditions:
∅, X ∈ τ ; every union of open subsets of X is open; every finite
intersection of open subsets of X is open. A set Y ⊂ X is a
closed set if X \ Y ∈ τ . A topological space X is called compact if
every collection of open sets that covers X has a finite subcover. A
topological space is aHausdorff space if any two distinct points are,
respectively, contained in disjoint open sets. A Hausdorff topolog-
ical space X is a topological vector space (t.v.s), if it is moreover a
vector space such that operations of addition and multiplication
are continuous. Then, for Y ⊂ X we denote by Y and co Y the
topological closure and convex hull of Y , i.e. the smallest closed
and convex set containing Y , respectively. For points p, q ∈ X we
use [p, q] ≡ {λp+ (1−λ)q :λ ∈ [0, 1]}, and analogously we define
]p, q[ and ]p, q].

For a set X and a binary relation S defined on X , S ⊂ X × X ,
we write xSy if (x, y) ∈ S. We denote by X⋆ ≡ {y ∈ X :

xSy, ySz for some x, z ∈ X} the preference interior of X with respect

to S, and define inverse relation to S as {(x, y) ∈ X × X : ySx}. We
say that x ∈ X is a maximal (minimal) element of X with respect to
S if set {y ∈ X :ySx} ({y ∈ X :xSy}) is empty. The set of all maximal
(minimal) elements of X with respect to S is denoted by maxS X
(minS X). Relation S is asymmetric if for all x, y ∈ X , xSy implies
that ySx is not satisfied. Given a (preference) binary relation ≻,
the indifference relation ∼ and preference-or-indifference relation≿
are

p ∼ q ≡ neither p ≻ q nor q ≻ p,
p ≿ q ≡ p ≻ q or p ∼ q.

Then we denote by ≺ and ≾ the inverse relation to ≻ and ≿,
respectively, and state the basic properties of relations ∼ and ≿.

Lemma 2.1. If ≻ is an asymmetric binary relation defined on a t.v.s.
X , then for all p, q ∈ X one of the following alternatives is satisfied:
p ≻ q, p ∼ q, or p ≺ q. Moreover, it holds that p ∼ q if and only if
p ≿ q and q ≿ p.

3. Fishburn’s relations

To develop a continuous SSB representation of preferences, we
define a notion of coherence of a preference relation with the
underlying topology.

Definition 3.1 (Coherent Relation). A binary relation ≻ defined
on a topological space P is coherent (with topology of P) if
{q ∈ P :q ≻ p}
= {q ∈ P :q ≿ p} for all p ∈ P such that {q ∈ P :q ≻ p} ̸= ∅.

Note that a coherent relation is, necessarily, asymmetric.

Definition 3.2 (Fishburn Relation). Let a convex subset P of a t.v.s.
be equipped with relative topology, and ≻ be a coherent relation
on P . We say that ≻ is upper semi-Fishburn if {q ∈ P : q ≻ p} is
convex for all p ∈ P .

A binary relation is lower semi-Fishburn if its inverse relation
is upper semi-Fishburn. Finally, a binary relation is a Fishburn
relation if it is both lower and upper semi-Fishburn.

The main motivation for the above definition follows.

Theorem 3.3. Let P be a non-empty compact convex subset of a t.v.s.,
and ≻ be an upper semi-Fishburn relation defined on P. Then there
exists a maximal element of P with respect to ≻, i.e. max≻ P ̸= ∅.

The following proof is inspired by Bergstrom (2012) where
various conditions for existence ofmaximal element are discussed.
In particular, for non-transitive relation ≻ and finite-dimensional
P the analogous result has already been achieved in Sonnenschein
(1971).

Proof. We assume for a contradiction that {q ∈ P : q ≻ p} ̸= ∅

for all p ∈ P . Since relation ≻ is coherent, it is also asymmetric,
and so {q ∈ P : q ≺ p} = P \ {q ∈ P : q ≿ p} for all p ∈ P using
Lemma 2.1. Then {q ∈ P : q ≿ p} is closed due to coherency of ≻,
thus {q ∈ P :p ≻ q} is open. Moreover, set {q ∈ P :q ≻ p} is convex
for all p ∈ P from the definition. By applying a fixed point theorem
(Yannelis and Prabhakar, 1983, Theorem3.3), we obtain p̄ ∈ P such
that p̄ ≻ p̄, hence we reached the contradiction with asymmetry
of ≻. □

Analogously wemay prove that there exists a minimal element
for a lower semi-Fishburn relation.

Corollary 3.4. Let P be a non-empty compact convex subset of a
t.v.s., and ≻ be a Fishburn relation defined on P. Then there exist both
minimal and maximal elements of P with respect to ≻.
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Further, wewill show that Fishburn relations are precisely such
binary relations that satisfy axioms (F1) and (F2). Note, however,
that the respective part of axiom (F1) may be violated by a semi-
Fishburn relation.

Example 3.5. Consider a binary relation ≻ such that for all p, q ∈

[0, 1], p ≻ q if and only if p > q and q = 0. Then, ≻ is an upper
semi-Fishburn relation on [0, 1], and set {q ∈ [0, 1] : p ≻ q} is not
open for any p > 0.

Theorem 3.6. Let P be a non-empty convex subset of a t.v.s., and ≻

be a binary relation on P. Then ≻ is a Fishburn relation if and only if
≻ satisfies (F1) and (F2).

First we show two auxiliary lemmas.

Lemma 3.7. Let ≻ be a Fishburn relation defined on a convex subset
P of a t.v.s., then sets {q ∈ P :p ≻ q} and {q ∈ P :q ≻ p} are open for
all p ∈ P.

Proof. We provide the proof for sets {q ∈ P : p ≻ q}, p ∈ P; the
latter case is similar. For p ̸∈ max≻ P we have {q ∈ P : q ≻ p} ̸= ∅

and so {q ∈ P :p ≻ q} is open as shown in the proof of Theorem 3.3.
To prove the statement for p ∈ max≻ P , we denote L ≡ {q ∈

P : p ≻ q} and show that any r ∈ L has an open neighbourhood
contained in L. Set N ≡ {q ∈ [r, p] : q ≻ r} is convex using
upper semi-Fishburn property of ≻. Moreover, p ∈ N ̸= ∅, and
so r ∈ N using r ≿ r . Since r ̸∈ N we necessarily have N =]r, p],
in particular p+r

2 ≻ r . Thus we have shown that r ∈ W ≡ {q ∈

P :
p+r
2 ≻ q}. Analogously, p ≻

p+r
2 is implied by lower semi-

Fishburn property of ≻, and so W is open using the result of the
above paragraph. Since p ∈ max≻ P , we necessarily have p ≿ w for
all w ∈ W , thus

{
w+r
2 :w ∈ W

}
⊂ L is an open neighbourhood of

r . □

Lemma 3.8. Let P be a non-empty convex subset of a t.v.s., and ≻

be a binary relation on P that satisfies axioms (F1) and (F2), then ≻

satisfies (C1).

Proof. For p, q, r ∈ P such that p ≻ q and q ≻ r we define
G ≡ {t ∈ P : t ≻ q}, E ≡ {t ∈ P : t ∼ q}, and L ≡ {t ∈ P : t ≺ q}.
Note that p ∈ G, q ∈ E and r ∈ L. Moreover, G and L are
open and convex using (F1) and (F2), respectively. Thus, applying
a separation theorem (Treves, 1967, Proposition 18.1) to G and L,
there exists a closed hyperplaneH strictly separating G and L. Now,
taking s ≡ [p, r] ∩H , we have s ∼ q since H ⊂ P \ (L∪G). To finish
the proof, observe that s = αp + (1 − α)r for some α ∈ ]0, 1[. □

Proof of Theorem 3.6. The fact that a Fishburn relation satisfies
axiom (F1) is due to Lemma 3.7. To verify axiom (F2), note first that
for any s ∈ P sets {q ∈ P : q ≻ s} and {q ∈ P : s ≻ q} are convex.
Then we consider p, q, r ∈ P such that p ≻ q and p ∼ r . Denoting
K ≡ {t ∈ P : p ≻ t}, K is open and convex using Lemma 3.7, and
q ∈ K . Since K ̸= ∅, we also have K = {t ∈ P : p ≿ t}, thus r ∈ K .
Then ]q, r[⊂ K , yielding p ≻ λq + (1 − λ)r for any λ ∈ ]0, 1[. The
proof of the last variant of (F2) when q ≻ p and p ∼ r is analogous.

Further,we have to verify that a binary relation≻ satisfying (F1)
and (F2) is a Fishburn relation. We show that ≻ is upper semi-
Fishburn; the rest of the proof is analogous. For any p ∈ P , set
{q ∈ P :p ≻ q} is open due to (F1), thus set {q ∈ P :q ≿ p} is closed
using Lemma2.1.Moreover, set {q ∈ P :q ≻ p} is convex using (F2),
and from the definition we have {q ∈ P :q ≻ p} ⊂ {q ∈ P : q ≿ p}
as the latter set is closed. To show that relation ≻ is coherent,
we need to prove that the previous inclusion is equality provided
{q ∈ P : q ≻ p} ̸= ∅. Take some r ≿ p such that r ̸∈ {q ∈ P :q ≻ p}
for a contradiction. Then r ∼ p, and for any q ≻ p there exists
t ∈]q, r[ such that t ̸≻ p, a contradiction to (F2). □

Wehave shown that Fishburn relations satisfy axioms (C1), (F1),
and (F2). Henceforth, we will refer directly to these axioms when
needed. To conclude this section, we show towhat extent Fishburn
relations satisfy axiom (C2).

Lemma 3.9. Let P be a non-empty convex subset of a t.v.s., and ≻ be
a Fishburn relation on P. Then ≻ satisfies axiom (C2) on any convex
subset of P⋆.

Proof. Consider a convex set K ⊂ P⋆, fix some p ∈ K and define
M ≡ {q ∈ K : p ∼ q}, G ≡ {q ∈ P : q ≻ p} and L ≡ {q ∈ P : p ≻ q}.
Sets G and L are non-empty due to p ∈ P⋆. Thus G = {q ∈ P :q ≿ p}
and L = {q ∈ P : p ≿ q} as ≻ is a Fishburn relation. Further,
M = K ∩ G ∩ L using Lemma 2.1, and since G and L are convex,
so is M . The rest of axiom (C2) is valid due to Theorem 3.6. □

4. Continuous partial representation of preferences

Motivated by Corollary 3.4 and Theorem 3.6, we will develop
continuous SSB representation on the basis of Fishburn relations.
The main workhorse is the so-called continuous partial represen-
tation of preferences.

Definition 4.1. Let P be a convex subset of a t.v.s., and≻ be a binary
relation on P . Functional φ : P × P⋆ → R is a continuous partial
representation of ≻ if φ(p, q) is continuous and linear in p for all
q ∈ P⋆, and for all (p, q) ∈ P ×P⋆ it holds that p ≻ q ⇐⇒ φ(p, q) >
0 and p ≺ q ⇐⇒ φ(p, q) < 0.

Next, we present a result analogous to Fishburn (1988, Theorem
4.2).

Theorem 4.2. Let P be a non-empty convex subset of a t.v.s., and
≻ be a Fishburn relation on P. Then ≻ admits a continuous partial
representation φ : P × P⋆ → R. Moreover, for any fixed q ∈ P⋆,
function p → φ(p, q) is unique up to a similarity transformation.

Proof. Fixing any q ∈ P⋆, we will construct an appropriate φ(p, q)
for all p ∈ P . First define G ≡ {t ∈ P : t ≻ q}, E ≡ {t ∈ P : t ∼ q},
and L ≡ {t ∈ P : t ≺ q}. Note that q ∈ E, and G and L are
non-empty due to q ∈ P⋆. Moreover, G and L are convex as ≻

is a Fishburn relation, and are open due to Lemma 3.7. Thus, by
applying a separation theorem (Treves, 1967, Proposition 18.1)
there exists a closed hyperplane H strictly separating G and L.
Further, since {G, E, L} is a disjunctive cover of P using Lemma 2.1,
we necessarily have H ⊂ E. Moreover, as ≻ is a Fishburn relation,
it holds that E = G ∩ L due to Lemma 2.1. Then we have E ⊂ H
since G and L are strictly separated, and therefore H = E. Using
q ∈ E there exists continuous linear functional ν on P such that
E = {p ∈ P : ν(p − q) = 0}, G = {p ∈ P : ν(p − q) > 0}, and
L = {p ∈ P : ν(p − q) < 0}. Then φ(p, q) = ν(p − q) satisfies the
statement. □

In the rest of this section we assume that a non-empty con-
vex subset P of a t.v.s. is equipped with relative topology, ≻ is
a Fishburn relation defined on P , and φ is a continuous partial
representation of ≻ due to Theorem 4.2.

Corollary 4.3. For any q ∈ P⋆, set {p ∈ P :p ∼ q} is convex.

Proof. For any q ∈ P⋆, set {p ∈ P : φ(p, q) = 0} is well-defined.
Moreover, it is convex due to linearity of φ in the first variable. □

Note that in the following lemma we assume only axiom (F2),
whereas a stronger axiom (C2) was used in an analogous result in
Fishburn (1982, Lemma 4).
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Lemma 4.4. Let p, q, r ∈ P⋆ be such that p ≻ q, q ≻ r and r ≻ p,
then

φ(q, p)φ(p, r)φ(r, q) + φ(q, r)φ(r, p)φ(p, q) = 0. (1)

Proof. There exists r ′
∈]p, q[ such that r ′

∼ r , and p′
∈]q, r[ such

that p′
∼ p due to axiom (C1). Using Corollary 4.3 for p ∈ P⋆ and

r ∈ P⋆ there is s ∈]r, r ′
[
⋂

]p, p′
[ such that s ∼ p and s ∼ r . Thus

s = αp + βq + γ r with α, β, γ > 0, and φ(s, p) = φ(s, r) = 0
imply β

γ
= −

φ(r,p)
φ(q,p) and α

β
= −

φ(q,r)
φ(p,r) . Moreover, if we show that

γ

α
= −

φ(p,q)
φ(r,q) , the proof will be finished since the previous three

equations imply (1).
To this end it suffices to prove that φ(s, q) = 0 using linearity of

φ. Denote E ≡ {t ∈ P : t ∼ q} and assume s ̸∈ E for a contradiction.
Note that E is convex as q ∈ P⋆, see Corollary 4.3. Considering
s̃ ∈]p, r[ such that s ∈]s̃, q[, s ̸∈ E, and q ∈ E implies s̃ ̸∈ E.
Assuming without loss of generality that s ≻ q, we have s̃ ≻ s due
to (F2). Thus s ∈ P⋆, and φ(p, s) = φ(r, s) = 0 implies φ(s̃, s) = 0,
a contradiction to s̃ ≻ s. The case of s ≺ q is similar. □

Lemma 4.5. For p, q ∈ P and r ∈ P⋆ it holds that λp+ (1− λ)q ∼ r
if and only if λ⋆ ≡

1−λ
λ

= −
φ(p,r)
φ(q,r) .

Proof. We have 0 = φ(λp + (1 − λ)q, r) = λφ(p, r) + (1 −

λ)φ(q, r). □

Lemma 4.6. Let p, q, r, s ∈ P⋆ satisfy p ≻ r, p ≻ q, q ≻ r, p ≻ s and
s ≻ r, then

lim
λ↑1

φ(p, λq + (1 − λ)s)
φ(r, λq + (1 − λ)s)

=
φ(p, q)
φ(r, q)

. (2)

Proof. There exists µ ∈ ]0, 1[ such that q ∼ µp + (1 − µ)r
due to (C1). Moreover, such µ is unique with regard to (F2). Using
the same argument, there exists unique µλ ∈ ]0, 1[ such that
λq + (1 − λ)s ∼ µλp + (1 − µλ)r for any λ ∈ ]0, 1[. According
to Lemma 4.5 we may equivalently write

µ⋆λ = −
φ(p, λq + (1 − λ)s)
φ(r, λq + (1 − λ)s)

, µ⋆ = −
φ(p, q)
φ(r, q)

.

Further, for any z ∈ co{p, q, r, s} either z ∈ {p, r}, or p ≻ z and
z ≻ r , and so co{p, q, r, s} ⊂ P⋆. Thus axiom (C2) is satisfied on
co{p, q, r, s}, see Lemma 3.9, and so employing (Fishburn, 1982,
Lemma 6) we conclude that limλ↑1µ

⋆
λ = µ⋆. □

The proof of the following result was inspired by Fishburn
(1982, Theorem 1), see the ‘‘transitive triple’’ section of Case 1B in
‘‘Skew Symmetry’’ part of the proof.

Lemma4.7. Let p, q, r ∈ P⋆ be such that p ≻ q, q ≻ r and p ≻ r. If φ
satisfies φ(u, q) = −φ(q, u) for all u ∈ P⋆ then, for any w ∈ {p, q, r}
and z ∈ {p, r}, it holds that

lim
λ↑1

φ(w, λz + (1 − λ)q) = φ(w, z). (3)

Proof. We show the statement only for z = r , as the other variant
with z = p is symmetric. We denote r ′

≡ λr + (1 − λ)q and show
(3) first for w = q. It holds that

φ(q, r ′) = −φ(r ′, q) = −λφ(r, q) = λφ(q, r), (4)

thus (3) is valid for w = q. Now, for w = r , we start with
0 = φ(r ′, r ′) = λφ(r, r ′) + (1 − λ)φ(q, r ′). Next, substituting from
(4) we obtain φ(r, r ′) = (1− λ)φ(r, q), thus showing (3) forw = r
since φ(r, r) = 0.

To prove the last variant, w = p, we first take some v ∈ P
such that r ≻ v. Then, using openness of {x ∈ P : p ≻ x} and

{x ∈ P : q ≻ x}, there exists t ∈]r, v[ such that p ≻ t , q ≻ t
and r ≻ t . From the definition it holds that t ∈ P⋆. Since for any
y ∈ co{p, q, r, t} either y ∈ {p, t}, or p ≻ y and y ≻ t , we have
co{p, q, r, t} ⊂ P⋆. Then by using Lemma 4.6 for q ≻ r and r ≻ t
(with s =

1
2q +

1
2 r), we obtain limλ↑1

φ(q,r ′)
φ(t,r ′) =

φ(q,r)
φ(t,r) . This equation

together with (3) for w = q implies (3) for w = t . Similarly, by
applying Lemma 4.6 to p ≻ r and r ≻ t (with s = q), we obtain
limλ↑1

φ(p,r ′)
φ(t,r ′) =

φ(p,r)
φ(t,r) , which, using (3) for w = t , implies (3) for

w = p. □

5. Continuous SSB representation of preferences

We use axiom (F3) to define balanced relations, and examine
the relationship of axioms (C3) and (F3) inspired by the first para-
graph of Fishburn (1982, p. 44).

Definition 5.1 (Balanced Relation). Let P be a non-empty convex
set. We say that a binary relation ≻ defined on P is balanced if
for all p, q, r ∈ P and all λ ∈ ]0, 1[ such that q ∼

1
2p +

1
2 r and

λp + (1 − λ)r ∼
1
2p +

1
2q it holds that λr + (1 − λ)p ∼

1
2 r +

1
2q.

Proposition 5.2. Let P be a non-empty convex set. A balanced
relation on P satisfies axiom (C3). Conversely, a binary relation on P
that satisfies axioms (C1), (C2) and (C3), is balanced.

Proof. To show that a balanced relation satisfies (C3) it suffices to
apply (F3) twice with p and r alternated. More effort is needed to
show that given (C1) and (C2), axiom (C3) implies (F3). Consider
p, q, r ∈ P , denote q′

≡
p+r
2 , r ′

≡
p+q
2 and p′

≡
r+q
2 , and for fixed

λ ∈ ]0, 1[ take t ≡ λp + (1 − λ)r and s ≡ λr + (1 − λ)p. Then
axiom (F3) reads q ∼ q′, t ∼ r ′

H⇒ s ∼ p′ and (C3) may be stated
as p ≻ q, q ≻ r, p ≻ r, q ∼ q′

H⇒
(
t ∼ r ′

⇐⇒ s ∼ p′
)
. We

will see that, with an exception of one particular setting of p, q and
r , axiom (F3) is implied already by axioms (C1) and (C2). In what
follows we use axiom (C2) intensively; however, once (C1) is used
it is explicitly stated. The fact that (C2) implies uniqueness of α in
(C1) is used as well.

Note first that we may assume q ∼ q′ since otherwise (F3) is
trivially satisfied. Then we have three alternatives: (i) p ∼ q and
q ∼ r; (ii) r ≻ q and q ≻ p; (iii) p ≻ q and q ≻ r .

Starting with variant (i), if we moreover assume r ∼ p then
(F3) is direct. For r ≻ p we will show that existence of t ∈]p, r[
such that t ∼ r ′ leads to contradiction. First, q ∼ t is implied by
q ∼ p and q ∼ r . Then, q ∼ t together with r ′

∼ t yields p ∼ t , a
contradiction with r ≻ p. Thus t ̸∼ r ′ and (F3) is valid. The case of
p ≻ r may be shown by alternating p and r .

Similarly, by alternating r and p we observe that variant (ii) is
equivalent to (iii), thus we further assume p ≻ q and q ≻ r . We
will deal with three cases based on the relationship of p and r . For
p ≻ r axiom (C3) directly implies (F3). For r ∼ p we first observe
that q′

∼ p′ and q′
∼ r ′. Since p ≻ r ′ and r ≿ r ′ yields q′

≻ r ′, a
contradiction, we have p ≻ r ′ and r ′

≻ r . Then q′ is the only point
in [p, r] that is indifferent to r ′ due to (C1). Thus, either λ = 0.5
and r ′

∼ t = q′
= s ∼ p′, or t ̸∼ r ′; either way (F3) is satisfied.

To finish the proof, we have to deal with the case p ≻ q, q ≻ r
and r ≻ p. We see that p′

≻ q′ since q ∼ q′ and q′
≺ r , and

similarly q′
≻ r ′. Now, denoting u = [t, q]∩[p′, r ′

], we observe that
t ∼ r ′ and r ′

≻ q implies r ′
≻ u, thus also r ′

≻ p′. We have shown
p′

≻ q′, q′
≻ r ′ and r ′

≻ p′, thus using (C1) there exist unique
α, β, γ ∈ ]0, 1[ such that αp′

+ (1−α)r ′
∼ q′, βq′

+ (1−β)p′
∼ r ′,

and γ r ′
+ (1 − γ )q′

∼ p′. Observing α =
1
2 , we obtain β⋆γ ⋆ = 1

due to Fishburn (1982, Lemma 4), thus β = 1 − γ . This implies
t ∼ r ′

⇐⇒ s ∼ p′ and so (F3) is satisfied. □

Now we may state the main theorem of this article.
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Theorem 5.3 (Continuous SSB Representation). Suppose P is a non-
empty convex subset of a t.v.s. Then, a binary relation ≻ on P is a
balanced Fishburn relation if and only if there exists a continuous
skew-symmetric bilinear functional Φ on P × P such that for all
p, q ∈ P, p ≻ q ⇔ Φ(p, q) > 0. Moreover, functionalΦ is unique up
to a similarity transformation.

The next lemma will be used to verify skew-symmetry of Φ in
the above theorem.

Lemma 5.4. Let P be a non-empty convex subset of a t.v.s., ≻ be a
balanced Fishburn relation defined on P, andφ be a continuous partial
representation of ≻. Then for any p, p′, q, r, r ′

∈ P⋆ such that p ≻ q,
q ≻ r, p ≻ r, p′

∈]p, q[ and r ′
∈]r, q[, it holds that

φ(q, p′)
[
φ(p, r ′)φ(r, q) − φ(p, q)φ(r, r ′)

]
= (5)

φ(q, r ′)
[
φ(r, q)φ(p, p′)

−φ(r, p′)φ(p, q)
]
.

Proof. Using (C1) there exist α1, α2, α3, β, γ ∈ ]0, 1[ such that

α1p + (1 − α1)r ∼ p′, βp + (1 − β)q = p′,

α2p + (1 − α2)r ∼ q, γ q + (1 − γ )r = r ′,

α3p + (1 − α3)r ∼ r ′
;

axiom (C2) is valid on K ≡ co{p, p′, q, r, r ′
} = co{p, q, r} ⊂ P⋆

using Lemma 3.9. Axiom (C3) is satisfied due to Proposition 5.2,
thus we may use (Fishburn, 1982, Lemma 11), the statement of
which may be reformulated as α⋆1(α

⋆
3 − α⋆2) = β⋆γ ⋆(α⋆2 − α⋆1).

Expressing all constants in terms of φ, see Lemma 4.5, we obtain
(5). □

The following lemma considerably simplifies the proof of The-
orem 5.3. Similar idea could be probably used also in the proof of
Fishburn (1982, Theorem 1).

Lemma 5.5. Let P be a non-empty convex subset of a t.v.s., ≻ be a
balanced Fishburn relation defined on P, andφ be a continuous partial
representation of ≻. Then for p, q, r ∈ P⋆ such that p ≻ q, q ≻ r and
p ≻ r, it holds that

φ(q, p)φ(p, r)φ(r, q) + φ(q, r)φ(r, p)φ(p, q) = 0. (6)

Proof. For all (x, y) ∈ P × P⋆ we define function ψ : P × P⋆ → R
as

ψ(x, y) =

{
φ(x, y) if y ∼ q,

−φ(x, y)
φ(y, q)
φ(q, y)

if y ̸∼ q,

and observe that ψ is a continuous partial representation of ≻

such that ψ(t, q) = −ψ(q, t) for all t ∈ P⋆. Moreover, (6) may
be written equivalently in terms of ψ as ψ(q, p)ψ(p, r)ψ(r, q) +

ψ(q, r)ψ(r, p)ψ(p, q) = 0. This equation is, however, a direct
consequence of Lemma 5.4 in the limit of p′

→ p and r ′
→ r ,

where the limits are calculated due to Lemma 4.7. □

Finally we will need two auxiliary lemmas.

Lemma5.6. Let P be a non-empty convex subset P of a t.v.s., and≻ be
a Fishburn relation defined on P. Then P \ P⋆ = (min≻ P)∪ (max≻ P).
Moreover, if P⋆ = ∅ then P = min≻ P = max≻ P, otherwise P⋆ = P.

Proof. Denoting Pmin ≡ min≻ P and Pmax ≡ max≻ P , identity
P \ P⋆ = Pmin ∪ Pmax is direct from the definitions. Thus, for the
case of P⋆ = ∅, we have P = Pmin ∪ Pmax. Assume moreover
that Pmin ̸= Pmax, and, without loss of generality, that there is
p ∈ Pmax \ Pmin. Then there exists r ∈ P such that p ≻ r , and

defining q ≡
1
2p +

1
2 r we observe p ≻ q and q ≻ r via (F2). Thus

q ∈ P⋆, which is a contradiction.
To finish the proof it is to be shown that P⋆ = P provided

P⋆ ̸= ∅. Since P\P⋆ = (Pmin∩Pmax)∪(Pmin\Pmax)∪(Pmax\Pmin) there
are three alternatives to be considered. In the case of z ∈ Pmin∩Pmax
all elements of P are indifferent to z. Assuming P⋆ ̸= ∅ there exist
q ∈ P⋆ and p ∈ P such that z ∼ p ≻ q ∼ z. Then for all r ∈]p, z[ we
have p ≻ r and r ≻ q using (F2), thus ]p, z[⊂ P⋆ and z ∈ P⋆. For
the case of z ∈ Pmax \ Pmin there exists p ∈ P such that z ≻ p, and
similarly to the previous case we obtain z ∈ P⋆ due to ]p, z[⊂ P⋆;
the proof for the case of z ∈ Pmin \ Pmax is analogous. □

Lemma 5.7. Let P be a non-empty convex subset P of a t.v.s., and
≻ be a Fishburn relation defined on P. For any p, q ∈ P⋆ such that
q ̸= p ∼ q there exists r ∈ P⋆ such that r ̸∼ p and r ̸∼ q.

Proof. Due to the definition of P⋆ there exist p̄, q̄ ∈ P such that
p̄ ≻ p and q̄ ≻ q. We take any p̃ ∈]p̄, p[ and q̃ ∈]q̄, q[ and observe
p̃ ≻ p, q̃ ≻ q, and p̃, q̃ ∈ P⋆. If p̃ ̸∼ q then r ≡ p̃ satisfies the
statement; if q̃ ̸∼ p then r ≡ q̃ satisfies the statement. Otherwise,
we set z ≡

1
2 p̃ +

1
2 q̃ and verify that z ≻ p and z ≻ q, using (F2).

Finally, taking r ∈]z, p[ close enough to z, we will have r ≻ p,
r ∈ P⋆, and r ≻ q, using (F1). □

Proof of Theorem 5.3. To show that axioms (F1) and (F2) are
necessary, observe that they are direct consequences of continuity
and bilinearity of Φ , respectively. A short calculation reveals that
any SSB functional satisfies axiom (F3). To show sufficiency, first
note that for the case of P⋆ = ∅ wemay setΦ ≡ 0, see Lemma 5.6.
Thus we further assume P⋆ ̸= ∅.

Denoting by φ a continuous partial representation of ≻ due to
Theorem 4.2, we construct functionalΦ fulfilling the statement. To
maintain the preference structure of ≻, there has to be a function
λ : P⋆ →]0,+∞[ such that Φ(p, q) = λ(q)φ(p, q) for or all
p, q ∈ P⋆. Note that for any q ∈ P⋆, functional Φ(p, q) is linear and
continuous in p using properties of φ. Thus, if there exists λ such
that functional Φ is also skew-symmetric on P⋆ × P⋆, then Φ is
automatically bilinear and continuous on P⋆ × P⋆. Moreover, such
functional Φ can be continuously extended to P × P = P⋆ × P⋆
since P⋆ ̸= ∅, see Lemma 5.6.

Thus it suffices to construct a function λ such that Φ will be
skew-symmetric on P⋆ × P⋆. In other words, we need to satisfy
λ(q)φ(p, q) + λ(p)φ(q, p) = 0 for all p, q ∈ P⋆. This is valid for
p ∼ q; otherwise one equivalently has

λ(q) = −λ(p)
φ(q, p)
φ(p, q)

. (7)

Fixing any p̄ ∈ P⋆ and λ(p̄) > 0, one can thus define λ(q) for all
q ∈ P⋆ such that q ̸∼ p̄. Then, for q ∈ P⋆ such that q ∼ p̄, we define
λ(q) via (7) using any r ∈ P⋆ satisfying r ̸∼ p̄ and r ̸∼ q due to
Lemma 5.7. To verify that function λ is thus well defined, we take
any p, q, r ∈ P⋆ such that p ̸∼ q ̸∼ r ̸∼ p and apply (7) three times,
obtaining

λ(p) = −λ(r)
φ(p, r)
φ(r, p)

= λ(q)
φ(r, q)
φ(q, r)

φ(p, r)
φ(r, p)

= −λ(p)
φ(q, p)
φ(p, q)

φ(r, q)
φ(q, r)

φ(p, r)
φ(r, p)

. (8)

Thus λ is well defined if and only if, for all p, q, r ∈ P⋆ such that p ̸∼

q ̸∼ r ̸∼ p, both sides of (8) are equal, i.e. φ(q, p)φ(r, q)φ(p, r) +

φ(p, q)φ(q, r)φ(r, p) = 0. Without loss of generality wemay verify
this equation only for two possibilities, either p ≻ q, q ≻ r and
p ≻ r; or p ≻ q, q ≻ r and r ≻ p. The first is justified by Lemma 5.5,
the latter by Lemma 4.4.

Finally we show that functionalΦ constructed above is unique
up to a similarity transformation. For Ψ ̸= Φ maintaining the
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preference structure of ≻, there has to be a function µ : P⋆ →

]0,+∞[ such that Ψ (p, q) = µ(q)φ(p, q) for all p, q ∈ P⋆.
Moreover, to guarantee skew-symmetry of Ψ , function µ has to
satisfy an equation analogous to (7). Thus for p̄ ∈ P⋆ used in the
above paragraph and any q ∈ P⋆ we have µ(q)

µ(p̄) =
λ(q)
λ(p̄) , and so

Ψ =
µ(p̄)
λ(p̄) Φ . □

6. Application to infinite set of outcomes

In this section we show that Theorem 5.3 (together with Corol-
lary 3.4) strictly generalizes all the currently available existence
results of a maximal element for algebraic SSB theory. Indeed,
results for finite dimensional P , e.g. Fishburn (1988, Theorem 6.2),
are obtained using discrete topology. Then, to our best knowledge,
there is only one existence theorem for infinite-dimensional P ,
see Fishburn (1984a, Theorem 5)1 . At the end of this section we
provide a more general theorem, see Theorem 6.2.

First we should give some more terminology, see, e.g., Dunford
and Schwartz (1958). For any set X system F ⊂ 2X is a σ -field
if X ∈ F , and F is closed on set complements and countable
unions. Given a topological space X , the system of Borel sets B(X)
is the smallest σ -field containing all open sets of X . A set function
µ : B(X) → [0,+∞) is a Borel measure if µ(∅) = 0, and
µ(

⋃n
i=1Ki) =

∑n
i=1µ(Ki) for pairwise disjoint Borel sets Ki. A Borel

measure µ is regular, if, for each Borel set E ⊂ X and ϵ > 0, there
exists a closed set F and open set G such that F ⊂ E ⊂ G and
|µ(C)| < ϵ for all Borel sets C satisfying C ⊂ G \ F . By P(X)
we denote a convex set of all regular Borel probability measures
on X , i.e. regular Borel measures µ such that µ(X) = 1. For any
x ∈ X we denote δx ∈ P(X) a measure such that δx({x}) = 1.
A sequence µn ∈ P(X) converges to µ ∈ P(X) in the so-called
weak⋆ (w⋆) topology if for all continuous functions f on X , it holds
that

∫
X f dµn →

∫
X f dµ.

Theorem5 in Fishburn (1984a) is stated for a compactHausdorff
space X and a set ofmeasures P such thatP(X) ⊂ P . Then, onemay
either define SSB representation φ on X and extend it to p, q ∈ P
using

Φ(p, q) ≡

∫
X×X

φ(x, y)dp(x)dq(y), (9)

or restrict SSB functional Φ defined on P to SSB functional φ on X
byφ(x, y) ≡ Φ(δx, δy). In general, an interplay of these two variants
may be demanding, see technical conditions developed in Fishburn
(1984a). Nevertheless, the existence of a maximal probabilistic
measure is then shown inP(X), and sowemay restrict only to P =

P(X). Then, for continuous SSB functionals the above discussed
definitions coincide.

Lemma 6.1. Let set of outcomes X be a compact Hausdorff space. For
a balanced Fishburn relation ≻ on X there exists a unique balanced
Fishburn relation> on P(X) such that

x ≻ y if and only if δx > δy for all x, y ∈ X . (10)

On the other hand, for a balanced Fishburn relation> on P(X) there
exists a unique balanced Fishburn relation≻ onX such that (10) holds.

1 This theorem has been stated for a locally compact set of outcomes X , referring
to a minimax theorem from Nikaido (1954). There, however, the compactness of
X is required, and so we believe that the word ‘‘locally’’ was most likely used
unintentionally in Fishburn (1984a). Indeed, local compactness ofX is not sufficient;
consider X = R, P = P(R), φ = 1 as a counterexample. Thus, when referring to
Fishburn (1984a, Theorem 5), we consider a modified statement where the word
‘‘locally’’ is removed from its assumptions.

Proof. Denote by φ a continuous SSB functional representing≻ on
X due to Theorem5.3,φ is unique up to a similarity transformation.
Then, Φ given by (9) is well-defined due to boundedness of φ
on X × X , and SSB on P(X). To show that Φ is, moreover, w⋆-
continuous, it suffices to consider sequences of δxn ∈ P(X) such
that xn → x ∈ X . Defining real functions f (y) = φ(x, y) and
fn(y) = φ(xn, y) for all n, we have limnfn(y) = f (y). Since |fn(y)| is
dominated on X by a constant, a dominated convergence theorem
implies

Φ(δxn , q) =

∫
X
fn(y)dq(y) →

∫
X
f (y)dq(y) = Φ(δx, q)

for any q ∈ P(X). Thus Φ is a continuous SSB functional on P(X),
and from the above construction we see that it is unique up to a
similarity transformation. Such Φ yields uniquely given balanced
Fishburn relation > on P(X) due to Theorem 5.3. One may verify
that condition (10) is satisfied by > based on the construction of
Φ . The proof of the second part of the statement is analogous. □

Theorem 6.2. Let set of outcomes X be a compact Hausdorff space,
and≻ be a balanced Fishburn relation on X. Denote by> the extension
of ≻ to P(X) using (9). Then,> is a balanced Fishburn relation, and
for a closed and convex set K ⊂ P(X) there exists p ∈ K such that
p ≥ q for all q ∈ K.

Proof. Since X is compact, P(X) is compact in weak⋆ topology, see
Goodearl (2010). Then, a closed subset K of P(X) is also compact.
Next, by using Lemma 6.1we observe that> is a balanced Fishburn
relation on P(X), and the statement is due to Corollary 3.4. □

By stating Theorem 6.2 for P = P(X), the assumptions about
relation > on P \ P(X) may be omitted, c.f. Fishburn (1984a,
Theorem 5). Note that this is without loss of generality, since >
may be arbitrarily extended to any superset of P(X), not affecting
the above existence result. Moreover, we have shown existence of
amaximalmeasure for any closed and convex subset ofP(X). Thus
we have generalized (Fishburn, 1984a, Theorem 5) in these two
aspects.

Acknowledgements

This research has been supported by grant GA17-08182S of the
Czech Science Foundation. I am grateful to Florian Brandl for his
careful reading of the manuscript and several helpful comments. I
would like to offer my special thanks to Tomáš Kroupa for valu-
able discussions concerning Section 6. Last but not least, it was
a pleasure to follow a reviewer’s comments and suggestions that
definitely increased the quality of this article.

References

Anand, P., Pattanaik, P., Puppe, C., 2009. The Handbook of Rational and Social Choice
(Oxford Handbooks). Oxford University Press.

Aziz, H., Brandl, F., Brandt, F., 2015. Universal pareto dominance and welfare for
plausible utility functions. J. Math. Econom. 60, 123–133.

Bergstrom, T.C., 2012. When non-transitive relations have maximal elements and
competitive equilibrium can’t be beat. In: Neuefeind, W., Riezmann, R. (Eds.),
Economic Theory and International Trade: Essays in Memoriam J. Trout Rader.
Springer Berlin Heidelberg, pp. 29–52 (Chapter 2).

Blavatskyy, P.R., 2006. Axiomatization of a preference for most probable winner.
Theory and Decision 60 (1), 17–33.

Dunford, N., Schwartz, J., 1958. Linear Operators: General Theory. In: Pure and
Applied Mathematics, Interscience Publishers.

Fishburn, P.C., 1982. Nontransitivemeasurable utility. J. Math. Psych. 26 (1), 31–67.
Fishburn, P.C., 1984a. Dominance in SSB utility theory. J. Econom. Theory 34 (1),

130–148.
Fishburn, P.C., 1984b. SSB utility theory: an economic perspective. Math. Social Sci.

8 (1), 63–94.

http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb1
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb2
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb3
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb4
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb5
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb6
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb7
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb8


M. Pištěk / Journal of Mathematical Economics 77 (2018) 59–65 65

Fishburn, P.C., 1988. Nonlinear Preference and Utility Theory. The Johns Hopkins
University Press.

Fishburn, P.C., 1999. Preference structures and their numerical representations.
Theoret. Comput. Sci. 217 (2), 359–383.

Goodearl, K., 2010. Partially Ordered Abelian Groups with Interpolation. In:
Mathematical Surveys and Monographs, American Mathematical Society.

Kreweras, G., 1961. Sur une possibilite de rationaliser les intransitivites. La Decision,
Colloques Internationaux du CNRS, Paris, pp. 27–32.

Machina, M.J., 2004. In: Teugels, J.L., Sundt, B. (Eds.), Nonexpected Utility Theory.
In: Encyclopedia of Actuarial Science, vol. 2, John Wiley & Sons.

Marinacci, M., 1997. Finitely additive and epsilon nash equilibria. Internat. J. Game
Theory 26, 315–333.

Nikaido, H., 1954. On von neumann’s minimax theorem. Pacific J. Math. 4, 65–72.

Sonnenschein, H.F., 1971. Demand theory without transitive preferences, with ap-
plications to the theory of competitive equilibrium. In: Chipman, J.S., Hurwicz,
L., Richter, M., Sonnenschein, H.F. (Eds.), Preferences, Utility, and Demand.
Harcourt Brace Jovanovich, New York.

Starmer, C., 2000. Developments in non-expected utility theory: The hunt for a
descriptive theory of choice under risk. J. Econ. Lit 38 (2), 332–382.

Treves, F., 1967. Topological Vector Spaces, Distributions and Kernels. In: Dover
Books on Mathematics, Academic Press.

Tversky, A., 1969. Intransitivity of preferences. Psychol. Rev. 76 (1), 31–48.
Von Neumann, J., Morgenstern, O., 1944. Theory of Games and Economic Behavior.

Princeton University Press.
Yannelis, N.C., Prabhakar, N.D., 1983. Existence of maximal elements and equilibria

in linear topological spaces. J. Math. Econom. 12 (3), 233–245.

http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb9
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb10
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb11
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb13
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb14
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb15
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb16
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb17
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb18
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb19
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb20
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21
http://refhub.elsevier.com/S0304-4068(18)30067-3/sb21

	Continuous SSB representation of preferences
	Introduction
	Notation and preliminary results
	Fishburn's relations
	Continuous partial representation of preferences
	Continuous SSB representation of preferences
	Application to infinite set of outcomes
	Acknowledgements
	References


