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  !"#$%%& %' ()!*+,-!. /%#0.1

!"#$#%& #% '!()*'!(#+!, $(!(#$(#+$ )!$ "*+*%(,- ,*. (/ *$(!0,#$)#%& ! %*1 2*,. /3 !.20$)!,-

13!3,13,-14 5"(/%6 7(8"'3*,$ !%. 78,,#9!%( :; < #% ()*#" 0//= /% ()#$ (/>#+ .*9/(*. /%* +)!>(*"

(/ !.9!%+*. !,&*0"!#+ (//,$ 3/" .*$+"#0#%& $(!(#$(#+!, '/.*,$ /3 ?@ $("8+(8"*4 A)* (/>#+ /3

>"/0!0#,#$(#+ ?@ ()8$ %!(8"!,,- 0*+!'* /%* /3 ()* (/>#+$ /3 #%(*"*$( #% ()!( !"*!4

 ! !" # $%&'()&'%*)+ ,-)$.+,

A)#$ $*+(#/% +/%(!#%$ ! $'!,, $(/"- (/ *B>,!#% ()* #%(8#(#9* $*%$* /3 ?@4 A)* $*+(#/% +!% 0*

$=#>>*. 1#()/8( !C*+(#%& ()* D/1 /3 ()* +)!>(*"4

@'!&#%* ()!( /"&!%#E*"$ /3 ! +/%3*"*%+* *%(#(,*. 4)%$!$,.,13,- ()!*+,-!. /%#0.16 (/ 0*

)*,. #% 7*>(*'0*" FG;H #% I"!&8*6 )!9* ()* (!$= (/ /"&!%#E* ! ,8%+) 3/" ()* >!"(#+#>!%($ #%

! $(8.*%( +!3*(*"#! .8"#%& ! ,8%+) 0"*!=4 J*+!8$* /3 (#'* ,#'#(!(#/%$6 ()*- &#9* ()* >!"(#+K

#>!%($ ! ,#'#(*. +)/#+* /3 ."#%=$ !%. .#$)*$4 ?"8*, /"&!%#E*"$ #%(*%(#/%!,,- .*+#.* (/ #&%/"*

)8'!% "#&)($ /3 9*&*(!"#!%$ !%. (**(/(!,*"$L ()8$6 M #(*'$ !"* (/ 0* $*"9*. +/%$*+8(#9*,-N

a 444 ! ."#%= O*B+,8$#9* +)/#+* #$ *#()*"  !!" /" 1)#(* #$%!P6

c 444 ()* '!#% +/8"$* O()* +)/#+* #$ &'"( /" )$*+P6

b 444 ! .*$$*"( O()* +)/#+* #$ *,-,. /" /,(!P4

A)* >!"(#+#>!%($ !"* !$=*. (/ .*+#.* !0/8( ()*#" '!#% +/8"$*$ c !3(*" /0(!#%#%& ()*#" ."#%=$

a4 A)#$ +!% $80$(!%(#!,,- #%D8*%+* ()*#" .*+#$#/%$N ! 1*,,K=%/1% 3!+( #$ ()!( 1)#(* 1#%* >!#"$

1#() 2$) 1)#,* 0**" #$ ()* 0*$( 2( 1#() ! ("!.#(#/%!, ?E*+) .#$) 1)#+) +/%$#$($ /3 "/!$(*.

>/"=6 $!8*"="!8( !%. .8'>,#%&$4 A)8$6 ! (->#+!, >!"(#+#>!%( !,"*!.- ."#%=#%& 1#%* +)//$*$

2$)6 1)#,* /%,- ! '#%/"#(- /3 1#%*K."#%=*"$ (!=* >/"=4 Q%!,/&/8$,-6 ! (->#+!, 0**"K."#%=*"

&/*$ 3/" >/"= !%. ! '#%/"#(- /3 ()*' (!=* 2$)4 Q% !%!,/&/8$ .*+#$#/% >"/0,*' 3/" >!"(#+#K

>!%($ /++8"$ 1)*% ()*- 2%#$) ()*#" '!#% +/8"$*$4 7#%+* ()* >/"= 1#() $!8*"="!8( #$ 3!(6 !

(->#+!, >/"=K*!(*" .*+#.*$ (/ +/'>*%$!(* ()!( 0- +)//$#%& ! ,#&)( $!,!.L /% ()* /()*" )!%.6

2$) )!$ ,/1 +!,/"#*$6 1)#+) '!=*$ ! '!R/"#(- /3 2$)K*!(*"$ .*+#.* 3/" ! $1**( +!=*4 Q$$8'*

3/" $#'>,#+#(- ()!( ()* >"/>/"(#/% /3 %/%K(->#+!, >!"(#+#>!%($ #% *!+) &"/8> #$

1
4 !%. ()!(

."#%=#%& >"*3*"*%+*$ !"* *S8!,4 A)#$ ,*!.$ (/ ()* 3/,,/1#%& $+)*'*6 !,,/1#%& 8$ (/ +/'>8(*

()* /9*"!,, >"/0!0#,#(#*$N
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a c b

@( #$ +,*!" 3"/' ()* .*$+"#>(#/% /3 ()* $#(8!(#/% ()!( O()* .*+#$#/% !0/8(P ()* ,!$( *9*%( b

./'#%!%(,- .*>*%.$ /% O()* >"*9#/8$ .*+#$#/% !0/8(P ()* *9*%( cL #% 3!+(6 #( #$ #%.*>*%.*%( /3

1)!( ()* "*$8,($ /3 ()* *9*%( a 1!$4 A)#$ .*$+"#>(#/% +)!"!+(*"#E*$ ()* $#(8!(#/% 1)*% 050"31

a !"# b !)0 -%"#,3,%"!..6 ,"#0*0"#0"3 2,50" 3+0 5!.701 %' 3+0 050"3 c6 1)#+) #$ +/%9*%(#/%!,,-

.*%/(*. 0- a ⊥⊥ b | c4

A)#$ *B!'>,* !,$/ #,,8$("!(*$ ()* #%(8#(#9* .#C*"*%+* 0*(1**% +/%.#(#/%!, !%. 8%+/%.#K

(#/%!, #%.*>*%.*%+* /3 *9*%($4 T%* +!% /0$*"9* )#&)*" +/""*,!(#/% 0*(1**% 0**" !%. $!,!.6



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  

d d d
a bc

 !"

d d d--
a bc

 #" d d d��
a bc

 $"

'
&

$
%

d d d-�
a bc

 %"

d d d�-
a bc

 &"

!"#$%& '(') &*+,-./0 12 34+-50 214 + 6/0748-981: 12 + ;" 094<79<4/(

4/0-/798=/.> ?/9@//: @8:/ +:6 7+A/)

( !!", #$%$&)
( !!",'("), #$%$&) → 1

2 ·
3
4 ·

3
4 = 9

32

( !!",*+#,, #$%$&) → 1
2 ·

1
4 ·

1
4 = 1

32

}

→ 10
32 ,

( !!",-$)!)
( !!",'("),-$)!) → 1

2 ·
3
4 ·

1
4 = 3

32

( !!",*+#,,-$)!) → 1
2 ·

1
4 ·

3
4 = 3

32

}

→ 6
32 ,

(.+/!, #$%$&)
(.+/!,'("), #$%$&) → 1

2 ·
1
4 ·

3
4 = 3

32

(.+/!,*+#,, #$%$&) → 1
2 ·

3
4 ·

1
4 = 3

32

}

→ 6
32 ,

(.+/!,-$)!)
(.+/!,'("),-$)!) → 1

2 ·
1
4 ·

1
4 = 1

32

(.+/!,*+#,,-$)!) → 1
2 ·

3
4 ·

3
4 = 9

32

}

→ 10
32 .

B19/ 95+9 089<+981:0 @5/: + 71:21<:68:3 =+48+?./ c /*8090 214 7144/.+9/6 =+48+?./0 a +:6 b

129/: 177<40 8: 71::/7981: @895 95/ 01C7+../6 3$4*-!"5- *&/&#!6(

#4+-50 7+: ?/ <0/6 91 6/-879 0<75 71:68981:+. 8:D6/-/:6/:7/ 4/.+981:0 +,1:3 E4+:61,F

=+48+?./0G 214 /*+,-./H 95/ <:684/79/6 34+-5 8: !83<4/ '('E+F 80 94+68981:+..> <0/6 91 6/-879

95/ +?1=/C6/0748?/6 089<+981:( I84/79/6 /63/0 EJ +441@0F 7+: 95/: ?/ <0/6 91 38=/ 01,/

+668981:+. 8:214,+981: 14 8:9/4-4/9+981:( K5<0H 95/ 684/79/6 34+-5 8: !83<4/ '('E?FH @5875

?48:30 95/ 0+,/ ;" 8:214,+981: +0 95+9 8: !83<4/ '('E+FH 7+: ?/ <0/6 91 051@ 95/ 98,/

684/7981:( B/=/495/./00H 95/ 41./ 12 =+48+?./0 a +:6 b 80 /*75+:3/+?./ 8: 95/ 0/:0/ 95+9 95/

-41?+?8.89> 680948?<981: 4/,+8:0 95/ 0+,/ 82 1:/ 0@+-0 a +:6 b( ":6//6H 1:/ 7+: 71:086/4

+: +?0<46 089<+981: @5/: 95/ 74</. 143+:8L/40 6/786/ 95/ :/*9 6+> 91 4/=/40/ 95/ 146/4 12

71<40/0 8: 146/4 91 9149<4/ 95/ -+49878-+:90 @895 95/ 958409( K5/ -18:9 80 95+9 95/ -41?+?8.89>

680948?<981: @8.. ?/ 95/ 0+,/ ?<9 95/ 34+-5 8: !83<4/ '('E7F 95/: ?/99/4 4/M/790 95/ +668981:+.

8:214,+981: +?1<9 95/ 98,/ 684/7981:( K5/ 95846 1-981: 80 95+9 1:/ 6/786/0 91 <0/ +441@0 91

-8:-18:9 95/ 7/:94+. 41./ 12 95/ =+48+?./ cH @5875 ./+60 91 95/ 34+-5 051@: 8: !83<4/ '('E6F(

N.. 95/ 684/79/6 34+-50 8: 95/ 1=+. @8958: !83<4/ '(' 38=/ 95/ 0+,/ ;" 8:214,+981: E+?1<9

95/ <:6/4.>8:3 680948?<981:FG 8: 9580 7+0/ @/ 0+> 95/> +4/ $"#)*)"#)"+) 14.&/0!1 )78$1&')"%(

K5/ 684/79/6 34+-5 8: !83<4/ '('E/F 80H 51@/=/4H 8:9/4-4/9/6 8: +:195/4 @+>( K580 34+-5

80 94+68981:+..> <0/6 91 6/0748?/ 95/ 089<+981: @5/: =+48+?./0 a +:6 b +4/ <:71:68981:+..>

8:6/-/:6/:9 ?<9 71:68981:+..> 6/-/:6/:9 38=/: cG 8: :19+981:H a ⊥⊥ b +:6 a 6⊥⊥ b | c( O/9 <0
38=/ +:195/4 08..> /*+,-./ 12 @5/: 0<75 + -41?+?8.89> 680948?<981: 7+: 177<4( ",+38:/ 95+9

+ -114 ,+: 5+0 95/ .+09 9@1 718:0 91 ?/ 0-/:9 9580 /=/:8:3 +:6 5/ 5+0 91 6/786/ @5/95/4 91

?<> 01,/ 2116 14 + ?199./ 12 ?//4 5/ .8A/0 + .19( K5<0H 5/ 5+0 91 6/786/ /*7.<08=/.> ?/9@//:

95/ 5<:3/4 +:6 95/ 958409G :/=/495/./00H 5/ 0.8359.> 9/:60 91 +=186 95/ 5<:3/4( K5/4/214/H 5/



  !"#$%%& %' ()!*+,-!. /%#0.1

!"#$!"% &' &'%% &(" #'$)% *)! $+ &,' ("*!% '##-. &(") (" /-0% &(" /"".1 '&(".,$%" &(" +''!2

3(") &(" ."%-4& a '+ &'%%$)5 &(" 6.%& #'$) ,$44 /" $)!"7")!")& '+ &(" ."%-4& b '+ &'%%$)5 &("

%"#')! #'$) ,($4" &(" "8")& c ,("&(". (" /-0% +''! '. /"". !"7")!% ') &(" 9'$)& #')65-.*&$')

'+ 8*4-"% '+ a *)! b2 :) &($% #*%"1 a *)! b *." "%2 #')!$&$')*440 $)!"7")!")& 5$8") &(" 8*4-"%

'+ c2 ;'<" *-&('.% &(") %*0 &(*& 8*.$*/4"% a *)! b *." 3!)4,"!..5 ,"#0*0"#0"2 /-& )'&

#')!$&$')*440 $)!"7")!")& 5$8") =&(" 8*4-"% '+> 8*.$*/4" c2

3(" 4*&&". "?*<74" *4%' *44',% -% &' "?74*$) &(" !$@".")#" /"&,"") &,' &.*!$&$')*4

$)&".7."&*&$')% '+ 5.*7($#*4 <'!"4%2 :) &($% #(*7&". ," !"*4 ,$&( &(" /*%$# 67 ,"20)*)02!2,%"

,(") &(" 5.*7( $) A$5-." B2B="> $% -)!".%&''! %'4"40 *% * ."#'.! '+ C: $)+'.<*&$') */'-& &("

!$%&.$/-&$')2 D&(". *-&('.% (*8" 5$8") *) "?&")!"! -!81!. ,"20)*)02!2,%" '+ 5.*7(%1 ,("."

*..',% *." -%"! &' ")#'!" "?7"#&"! #*-%*4 ."4*&$')%($7% *<')5 8*.$*/4"%2 3(-%1 &(" 5.*7(

$) A$5-." B2B="> #*) /" -)!".%&''! *% * 7$#&'.$*4 ."7."%")&*&$') '+ &(" +*#& &(*& &(" 8*.$*/4"

c #*-%*440E+-)#&$')*440 !"7")!% ') =#'</$)*&$') '+> 8*.$*/4"% a *)! b2 F'&"1 (',"8".1 &(*&

#*-%*4 $)&".7."&*&$') '+ 5.*7(% $% /*%"! ') 8".0 %7"#$6# *%%-<7&$')% ') !*&* 5")".*&$')

<"#(*)$%<2 3(" #*-%*4 $)&".7."&*&$') $% !$%#-%%"! $) G*.& :H '+ &($% (*)!/''I2

 !" #$%&%'$( &() *+*,*(%&-. /$(/*0%1

:) &($% %"#&$')1 )'&*&$') $% $)&.'!-#"! *)! "4"<")&*.0 )'&$')% *." ."#*44"!2 3(.'-5('-& &("

#(*7&". N $% * 6)$&" )')J"<7&0 $)!"? %"& ,('%" "4"<")&% #'.."%7')! &' .*)!'< 9!),!$.01

=*)! &' )'!"% '+ 5.*7(% $) 5.*7($#*4 #')&"?&>2 3(" %0</'4 P(N) := {A : A ⊆ N } ,$44

!")'&" &(" *%:0) 102 '+ N 2

 !"! #$%&'()( *'+,-,$.$)/ 0(-%1'(%

3($% %"#&$') <*$)40 !"*4% ,$&( &(" !$%#."&" #*%" *)! !'"% )'& ."K-$." *)0 %7"#$*4 7."8$'-%

I)',4"!5" +.'< &(" ."*!".2

 !"#$%$&# '()('( L #,1-)020 *)%$!$,.,25 30!18)0 %90) N $% !"6)"! *% +'44',%M

=$> A'. "*#( i ∈ N * )')J"<7&0 6)$&" %"&  i $% 5$8")1 ,($#( $% &(" ,"#,9,#8!. 1!3*.0 1*!-0

+'. &(" 8*.$*/4" i2 3($% !"6)"% * ;%,"2 1!3*.0 1*!-01 ,($#( $% &(" C*.&"%$*) 7.'!-#&

 N :=
∏

i∈N  i2

=$$> L 7.'/*/$4$&0 <"*%-." P ')  N $% 5$8")N $& $% !"&".<$)"! /0 $&% #0"1,251 ,($#( $% *

+-)#&$') p :  N → [0, 1] %-#( &(*&

∑

x∈ N
p(x) = 12 3(") P (A) =

∑

x∈A p(x) +'. *)0
A ⊆  N 2

L 5")".*4 *)%$!$,.,25 30!18)0 %90) N $% !"6)"! *)*4'5'-%401 /-& $)%&"*! '+ * 6)$&" %"&  i1 *

<"*%-.*/4" %7*#" ( i,Xi) $% *%%-<"! +'. *)0 i ∈ N 2 3(" 9'$)& %*<74" %7*#" $% ")!',"! ,$&(

&(" 7.'!-#& σJ*45"/.*
⊗

i∈N Xi2 ;'<" <"*%-."% ') ( N ,
⊗

i∈N Xi) #*))'& /" !"&".<$)"!

/0 !")%$&$"% $) &(" 5")".*4 #*%"2

O$8") A ⊆ N 1 *)0 4$%& '+ "4"<")&% [xi]i∈A %-#( &(*& xi ∈  i +'. i ∈ A ,$44 /" #*44"!

* -%"<48)!2,%" +'. A2 3(" %"&  A '+ #')65-.*&$')% +'. A $% &(") &(" 1!3*.0 1*!-0 '%) A2

O$8") !$%9'$)& A,B ⊆ N 1 ," ,$44 -%" #')#*&")*&$') AB *% * %('.&(*)! +'. =!$%9'$)&> -)$')

A ∪B2 O$8") !$%9'$)& #')65-.*&$')% a ∈  A *)! b ∈  B 1 &(" %0</'4 [a, b] ,$44 !")'&" &("$.

;%,"1 $2"21 &(" 9'$)& 4$%&2 :+ &(" 9'$)& #')65-.*&$') $% *) *.5-<")& '+ * +-)#&$')1 %*0 '+ *

!")%$&0 p :  AB → R1 &(") &(" /.*#I"&% ,$44 /" '<$&&"! *)! ," ,$44 ,.$&" p(a, b) $)%&"*! '+

p([a, b])N %$<$4*.40 $) &(" #*%" '+ &(" 9'$) '+ &(."" '. <'." !$%9'$)& #')65-.*&$')%2



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  

!" #$% &'(% )* A ⊆ B '"+ b ∈  B , #$% (-./)0 bA 1200 +%")#% #$% /)-%/$+%$!" )* #$%

&)"3456'#2)" b *)6 A, #$'# 2(, #$% 6%(#62&#%+ 02(#7 8$% .'992"4 *6).  B #)  A '(&62/2"4 bA
#) b ∈  B 2( #$% &)66%(9)"+2"4 .'642"'0 */!3)+%$!"7 !" 9'6#2&50'6, #$% (-./)0 b∅ 1200 +%")#%

#$% )4*%5 +!"678/&%$!", #$'# 2(, #$% %.9#- 02(# )* %0%.%"#(7

:2;%" i ∈ N , #$% (-./)0 i 1200 )*#%" /% 5(%+ '( '" '//6%;2'#2)" *)6 #$% (2"40%#)" {i}7
!" 9'6#2&50'6, 2* i ∈ A ⊆ N '"+ a ∈  A #$%" #$% (-./)0 ai 1200 /% ' (2.9023%+ ")#'#2)"

*)6 #$% .'642"'0 &)"3456'#2)" a{i}< )* &)56(%, 2# 2( ")#$2"4 /5# #$% i=#$ &).9)"%"# )* #$%

&)"3456'#2)" a7

:2;%" +2(>)2"# A,B ⊆ N '"+ &)"3456'#2)" (%#( A ⊆  A, B ⊆  B , 1% 2"#6)+5&% A×B :=
{[a, b] : a ∈ A & b ∈ B}7 ?)#% #$'# A×B 2( #-92&'00- #$% @'6#%(2'" 96)+5&# /5# 2* A = ∅ '"+
A 6= ∅, #$'# 2(, 2* A = {a∅} )"0- &)"#'2"( #$% %.9#- &)"3456'#2)", #$%" )"% $'( A×B = B<

'"'0)4)5(0- 2" #$% &'(% )* B = ∅ 6= B7

 !"#$%$&# '()()( :2;%" A ⊆ N '"+ ' 96)/'/202#- .%'(56% P );%6 N , #$% 4&/7$"&' 4)&-8/)

9!/ A 2( #$% .%'(56% PA );%6 A +%3"%+ /- #$% 6%0'#2)"

PA(A) := P ({x ∈  N : xA ∈ A }) *)6 A ⊆  A AA ∈
⊗

i∈A Xi 2" 4%"%6'0B.

!" #$% +2(&6%#% &'(%, #$% 4&/7$"&' #)"-$%5 9!/ A 2( #$% +%"(2#- )* PA< 2# 2( 42;%" /- #$%

*)6.50'

pA(a) = P ({x ∈  N : xA = a }) =
∑

c∈ N\A

p(a, c) *)6 a ∈  A,

1$%6% p 2( #$% A>)2"#B +%"(2#- )* #$% 96)/'/202#- .%'(56% P 7

?)#% #$'# ' (2.90% 1&"$-:$"7 */$"+$*') *)6 .'642"'0 +%"(2#2%( 1200 /% #'&2#0- 5(%+ 2"

C D7E7DF 2* x ∈  N , C ⊆ B ⊆ N #$%" pC(xC) = 0 2.902%( pB(xB) = 07 8$% "%G# %0%.%"#'6-

&)"&%9# 2" #$% +2(&6%#% &'(% 2( #$'# )* ' &)"+2#2)"'0 96)/'/202#-, 1$%6% #$% &)"+2#2)"2"4

)/>%&#( '6% A.'642"'0B &)"3456'#2)"(7

 !"#$%$&# '()(*( :2;%" +2(>)2"# (%#( A,C ⊆ N )* ;'62'/0%( '"+ ' +2(&6%#% 96)/'/202#-

.%'(56% P );%6 N , #$% +!"#$%$!"&' */!;&;$'$%5 !"  A 7$1)" C 2( ' A9'6#2'0B *5"&#2)" )* #1)

'645.%"#( +%")#%+ /- PA|C(∗|∗), 1$%6% #$% '(#%62(H( (#'"+ *)6 #$% 6%(9%&#2;% '645.%"#(7

I9%&23&'00-,

PA|C(A|c) :=
PAC(A× {c})

PC({c})
≡
PAC(A× {c})

pC(c)

1$%6% A ⊆  A '"+ c ∈  C 12#$ pC(c) > 0.

8$% +!"#$%$!"&' #)"-$%5 9!/ A 7$1)" C 2( '0() ' A9'6#2'0B *5"&#2)", 2" #$2( &'(% /)#$ '645.%"#(

'6% #$% 6%(9%&#2;% .'642"'0 &)"3456'#2)"(F

pA|C(a|c) :=
pAC(a, c)

pC(c)
≡ PA|C({a}|c) *)6 a ∈  A, c ∈  C 12#$ pC(c) > 0.

J/(%6;% #$'# #$% .'642"'0 .%'(56% &'" /% ;2%1%+ '( ' (9%&2'0 &'(% )* #$% &)"+2#2)"'0

96)/'/202#- 1$%6% #$% &)"+2#2)"2"4 &)"3456'#2)" 2( %.9#-, #$'# 2(, C = ∅7 K")#$%6 )/(%6=

;'#2)" 2( #$'#, *)6 '"- *!-$%$1) +!"678/&%$!", #$'# 2(, c ∈  C 12#$ pC(c) > 0, #$% *5"&#2)"

A ⊆  A 7→ PA|C(A|c) 2( ' 96)/'/202#- .%'(56% );%6 A7 !# 2( &0%'6 #$'# PA|C(∗|∗) )"0-

+%9%"+( )" #$% .'642"'0 PAC 7

!" #$% &).95#%6 (&2%"&% &)..5"2#-, #$% &)"+2#2)"'0 +%"(2#- 2( ().%#2.%( &'00%+ ' +!"<

#$%$!"&' */!;&;$'$%5 %&;')7 L%# 5( %.9$'(2M% #$'# #$% 6'#2) +%3"2"4 #$% &)"+2#2)"'0 +%"(2#- 2(

")# +%3"%+ *)6 &)"+2#2)"2"4 )" =)/! +!"678/&%$!"- c ∈  C 12#$ pC(c) = 0, '" 2.9)6#'"# +%=

#'20 1$2&$ 2(, 5"*)6#5"'#%0-, ).2##%+ )6 %;%" 24")6%+ 2" ().% .'&$2"% 0%'6"2"4 A#%G#B/))H(7



 !  !"#$%%& %' ()!*+,-!. /%#0.1

"#$% $&'$ $&% '(()*+$,#- $&'$ $&% .%-(,$/ ,( 12),-2.3 *%1,2,400 $&'$ ,(0 p(x) > 0 1#2 '33

x ∈  N 0 ,( $## 2%($2,4$,5% ,- $&% '2%' #1 +2#6'6,3,($,4 %7+%2$ (/($%*( 6%4')(% ,$ .#%( -#$

'33#8 1#2 *#.%3,-9 1)-4$,#-'3 .%+%-.%-4,%( 6%$8%%- 2'-.#* 5'2,'63%(:

;- $&% .,(42%$% 4'(%0 #-% .#%( -#$ -%%. $# %7$%-. $&% 4#-.,$,#-'3 +2#6'6,3,$/ $# <%2#

4#-=9)2'$,#-( ,- #2.%2 $# .%=-% $&% -#$,#- #1 >;? &#8%5%20 ,- $&% 9%-%2'3 4'(%0 #-% &'( $#

4#-(,.%2 .,@%2%-$ 5%2(,#-( #1 4#-.,$,#-'3 +2#6'6,3,$/0 8&,4& *'A%( $&% 9%-%2'3 .%=-,$,#- #1

>; *#2% $%4&-,4'3 B(%% C  :D:EF:

 !"!" #$%&'%($() *')&+',(&'$%)

;- $&,( (%4$,#-0 8&,4& 4'- 6% (A,++%. 6/ 6%9,--%2(0 8% '(()*% $&'$ $&% 2%'.%2 ,( 1'*,3,'2 8,$&

$&% ($'-.'2. -#$,#-( #1 *%'()2% $&%#2/: G&% *%'-,-9 #1 $&% $%2* *)%$!$,.,23 #,12),$52,%"

%-4#)-$%2%. ,- $&% 3,$%2'$)2% .%+%-.( #- $&% =%3. ,- 8&,4& ,$ ,( '4$)'33/ %-4#)-$%2%.: ;-

+2#6'6,3,$/ $&%#2/0 ,$ )()'33/ *%'-( ' B9%-%2'3F +2#6'6,3,$/ *%'()2%0 8&,3% ,- ($'$,($,4( ,$(

*%'-,-9 ,( $/+,4'33/ 2%($2,4$%. $# *%'()2%( 9,5%- 6/ .%-(,$,%(0 '-. ,- 4#*+)$%2 (4,%-4% ,$ ,(

#1$%- ,.%-$,=%. 8,$& $&% 4#-4%+$ #1 ' .%-(,$/ 1)-4$,#-:

;- ($'$,($,4(0 #-% $/+,4'33/ 8#2A( 8,$& 2%'3 4#-$,-)#)( .,($2,6)$,#-( '-. $&%(% '2% .%=-%.

$&2#)9& .%-(,$,%(: G&%2% ,( ' H),$% 8,.% 43'(( #1 +2#6'6,3,$/ *%'()2%( 1#2 8&,4& $&% 4#-4%+$

#1 .%-(,$/ B1)-4$,#-F *'A%( 9##. (%-(%:

 !"#$%$&# '()(*( I +2#6'6,3,$/ *%'()2% #5%2 N ,( 6!)7,"!..3 -%"2,"5%51 ,1 ,$ ,( '6(#3)$%3/

4#-$,-)#)( 8,$& 2%(+%4$ $# $&% +2#.)4$ #1 ,$( #-%J.,*%-(,#-'3 *'29,-'3(0 $&'$ ,(0 ,1

(
⊗

i∈N

Pi)(A) = 0 ,*+3,%( P (A) = 0 1#2 '-/ A ∈
⊗

i∈N Xi,

,- -#$'$,#- P ≪
⊗

i∈N Pi0 8&%2% $&% (/*6#3 ⊗ ,( )(%. $# .%-#$% 6#$& $&% +2#.)4$ #1

B+2#6'6,3,$/F *%'()2%( '-. $&% +2#.)4$ #1 σJ'39%62'(:

I- %H),5'3%-$ .%=-,$,#- #1 ' *'29,-'33/ 4#-$,-)#)( *%'()2% ,( $&'$ $&%2% %7,($( ' B.#*J

,-'$,-9F (/($%* #1 σJ=-,$% *%'()2%( µi
#- ( i,Xi) 1#2 i ∈ N ()4& $&'$ P ≪

⊗

i∈N µi
B(%%

KLM0 N%**' E:DOF: ;$ ,( %'(/ $# 5%2,1/ $&'$ %5%2/ .,(42%$% +2#6'6,3,$/ *%'()2% #5%2 N ,(

*'29,-'33/ 4#-$,-)#)(P $&% .#*,-'$,-9 (/($%* #1 *%'()2%( ,( $&% (/($%* #1 4#)-$,-9 *%'J

()2%(0 $&'$ ,(0 µi(A) = |A| 1#2 '-/ i ∈ N '-. A ⊆  i: I-#$&%2 ($'-.'2. %7'*+3% ,( ' )075.!)

(!511,!" 60!15)0 #5%2 N ? ,- $&,( 4'(%0 1#2 '-/ i ∈ N 0  i = R ,( $&% (%$ #1 2%'3 -)*6%2(

%-.#8%. 8,$& $&% Q#2%3 σJ'39%62' '-. µi
,( $&% N%6%(9)% *%'()2%:

R'5,-9 =7%. ,-.,5,.)'3 ('*+3% (+'4%( '-. ' .#*,-'$,-9 (/($%* #1 σJ=-,$% *%'()2%(0

%5%2/ *'29,-'33/ 4#-$,-)#)( *%'()2% P 4'- 6% ,-$2#.)4%. $&2#)9& ,$( 8%,"2 #0"1,23 f 0

8&,4& ,( $&% S'.#-J",A#./* .%2,5'$,5% #1 P 8,$& 2%(+%4$ $# µ :=
⊗

i∈N µi
: T#2 '33 A ⊆ N 0

8% +)$ XA :=
⊗

i∈A Xi '-. '44%+$ ' 4#-5%-$,#- $&'$ X∅ := {∅, ∅} ,( $&% #-3/ B$2,5,'3F

σJ'39%62' #-  ∅:

G&% 6!)7,"!. #0"1,23 '%) A ⊆ N ,( $&%- .%=-%. '( $&% S'.#-J",A#./* .%2,5'$,5%

fA #1 $&% *'29,-'3 PA 8,$& 2%(+%4$ $# µA :=
⊗

i∈A µ
i
0 8&%2% µ∅ ,( $&% #-3/ +2#6'6,3,$/

*%'()2% #- ( ∅,X∅) 6/ ' 4#-5%-$,#-: S%4'33 $&'$ ,$ ,( '- XAJ*%'()2'63% 1)-4$,#- ('$,(1/,-9

PA(A) =
∫

x∈A fA(x) .µ
A(x) 1#2 '-/ A ∈ XA: G&% *'29,-'3 .%-(,$/ fA 4'- 6% )-.%2($##.

'( ' 1)-4$,#- #- $&% U#,-$ ('*+3% (+'4%  N .%+%-.,-9 #-3/ #- $&% *'29,-'3 4#-=9)2'$,#-

xA: G&% U#,-$ '-. *'29,-'3 .%-(,$,%( '2% .%$%2*,-%. )-,H)%3/ ,- $&% (%-(% #1 µJ%5%2/8&%2%:



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-   

 !" #$% &'(&%)* '+ &'(,-*-'(./ -(,%)%(,%(&%

!" #$%& &'(#%)"* &'+',-. '/0%+-.'"# 1'2"%#%)"& )3 4,)5-5%.%&#%( 6! %" #$' 1%&(,'#' (-&' -,'

4,'&'"#'17 #$' 8'"',-. (-&' %& 1%&(0&&'1 %" #$' '"1 )3 #$' &'(#%)"9

 !"! #$%&'('$%)* '%&+,+%&+%-+ '% (.+ &'/-0+(+ -)/+

!" #$%& &'(#%)"* - "0:5', )3 '/0%+-.'"# 1'2"%#%)"& )3 4,)5-5%.%&#%( 6! -,' 8%+'" -"1 %..0&#,-#'1

5; #<) '=-:4.'&9 >0, -##'"#%)" <%.. %"#'"#%)"-..; 5' ,'&#,%(#'1 #) #$' 1%&(,'#' (-&' %" ),1',

#) ?''4 #$' #'=# -(('&&%5.' #) 5'8%""',&9

@$' 3)..)<%"8 &;::'#,%( 1'2"%#%)" )3 6! <-& ($)&'" -& #$' 5-&%( )"' 5'(-0&' %# %& -"-.)A

8)0& #) #$' 1'2"%#%)" )3 &#)($-&#%( %"1'4'"1'"('* <$%($ %& ($-,-(#',%B'1 5; #$' ,'/0%,':'"#

#$-# #$' C)%"# 1%&#,%50#%)" %& #$' 4,)10(# )3 :-,8%"-. )"'&9

 !"#$%$&# '()('( D'# A,B,C ⊆ N 5' 4-%,<%&' 1%&C)%"# &'#& )3 +-,%-5.'& -"1 P - 1%&(,'#'

4,)5-5%.%#; :'-&0,' )+', N 9 E' &-; #$-# A &"# B &/) +!"#$%$!"&''3 $"#)*)"#)"% 4$1)" C

5$%6 /)-*)+% %! P -"1 <,%#' A ⊥⊥ B |C [P ] %3

∀A ⊆  A ∀B ⊆  B ∀ c ∈  C &0($ #$-# pC(c) > 0

PAB|C(A× B|c) = PA|C(A|c) · PB|C(B|c). F 9 G

!# 3)..)<& 3,): #$' 1'2"%#%)" #$-# #$' +-.%1%#; )3 A ⊥⊥ B |C [P ] )".; 1'4'"1& )" #$'

:-,8%"-. :'-&0,' PABC 9 6.'-,.;* - :)1%2'1 3),:0.-#%)" )3 F 9 G %& #$-#* 3), '-($ 4)&%A

#%+' ()"280,-#%)" c ∈  C * #$' ()"1%#%)"-. 4,)5-5%.%#; PAB|C(∗|c) %& #$' 4,)10(# )3 &):'

:'-&0,'& )+', A -"1 B9 @$' ()"1%#%)" F 9 G $-& - "-#0,-. %"#',4,'#-#%)" )3 +!"#$%$!"&'

$//)')1&"+)H )"(' #$' +-.0' c ∈  C 3), C %& ?")<"* #$' +-,%-5.'& %" A -"1 B 1) ")# %"I0A

'"(' '-($ )#$',* %9'9* #$' )((0,,'"(' )3 - +-.0' b ∈  B 1)'& ")# %"I0'"(' #$' 4,)5-5%.%#;

)3 )((0,,'"(' )3 a ∈  A* -"1 +%(' +',&-9 J.&)* F 9 G (-" 5' '=#'"1'1 #) - 8'"',-. (-&'* -&

'=4.-%"'1 %" K  9L9M9 >" #$' )#$', $-"1* F 9 G %& ")# &0%#-5.' 3), +',%2(-#%)"9

N),#0"-#'.;* #$',' -,' '.'8-"# '/0%+-.'"# ()"1%#%)"& 8%+'" %" #',:& )3 1'"&%#%'&9 O4'(%2A

(-..;* 8%+'" 4-%,<%&' 1%&C)%"# A,B,C ⊆ N -"1 - 1%&(,'#' 4,)5-5%.%#; :'-&0,' P )+', N * #$'

6! &#-#':'"# A ⊥⊥ B |C [P ] $-& #$' 3)..)<%"8 '/0%+-.'"# 3),:0.-#%)" %" #',:& )3 7&/4$"&'

#)"-$%$)- H

∀x ∈  ABC pC(xC) · pABC(x) = pAC(xAC) · pBC(xBC) , F 9MG

<$%($ '-&%.; %:4.%'& - &'':%"8.; <'-?', ()"1%#%)"

∀x ∈  ABC <%#$ pABC(x) > 0 pABC(x) =
pAC(xAC) · pBC(xBC)

pC(xC)
. F 9LG

P&%"8 #$' +-"%&$%"8 4,%"(%4.'* #$' ,'-1', (-" '-&%.; &'' #$-# F 9 G⇒F 9MG⇒F 9LG7 #$' %:4.%A

(-#%)" F 9LG⇒F 9 G 3)..)<& 3,): #$' "'=# 3-(#9

89-)/1&%$!"  9L9 : @$',' '=%&#& - 4,)5-5%.%#; :'-&0,' P̄ )"  ABC &0($ #$-#

P̄AC = PAC , P̄BC = PBC , -"1 A ⊥⊥ B |C [P̄ ].

@$' :'-&0,' P̄ %& 0"%/0'.; 1'#',:%"'1 -"1 &-#%&2'& PABC ≪ P̄ 9

2/!!;: E' 1'2"' #$' +-.0' p̄(x) )3 #$' 1'"&%#; )3 P̄ 5; #$' 3),:0.- )" #$' ,%8$# $-"1 &%1' )3

F 9LG 3), x ∈  ABC <%#$ pC(xC) > 0 -"1 p̄(x) = 0 %" #$' (-&' )3 pC(xC) = 09 @$' ,':-%"%"8

&#-#':'"#& -,' .'3# #) #$' ,'-1', -& -" '=',(%&'9



 !  !"#$%%& %' ()!*+,-!. /%#0.1

"#$%&'()*+,  -.- %'%, /+01$ 2+& (,3 4(*& +2 1*$5&%)% 4&+#(#*0*)3 6%($7&%$ Q +,  AC

(,1 R +,  BC $()*$23*,8 QC = RC *, 40(5% +2 PAC (,1 PBC - 9/% 6%($7&% P̄ 5(, )/%, #%

5(00%1 )/% -%"#,2,%"!. *)%#3-2 %' Q !"# R: )/*$ &%$70) *640*%$ )/(); 2+& (,3 $75/ -%"1%"!"2

4(*& +2 6%($7&%$ Q (,1 R; ( 1*$)&*#7)*+, P +'%& ABC %<*$)$ /('*,8 )/%6 ($ 6(&8*,(0$;

,(6%03 P̄ -

9+ '%&*23 = -.>⇒= - >; ?% 7$% )/% 5+,$)&75)*+, 2&+6 )/% 4&++2 +2 "#$%&'()*+,  -.- (,1

(4403 = -.> )+ $%% )/() p̄(x) = pABC(x) *, )/% 5($% +2 pABC(x) > 0- 9/%, ?% &%(0*@% )/()

)/% '(07%$ +2 #+)/ p̄ (,1 pABC $76 74 )+  )+ %<)%,1 )/% %A7(0*)3 p̄(x) = pABC(x) )+ )/%

5($% +2 pABC(x) = 0-
B,+)/%& CD 5/(&(5)%&*@()*+, *, )%&6$ +2 6(&8*,(0 1%,$*)*%$ (44%(&%1 *, EFGH: *) 5(, #%

*,)%&4&%)%1 ($ ( -)%11405-+!"60 -%"#,2,%" 2+& 5+,I87&()*+,$J

∀ a, ā ∈  A; ∀ b, b̄ ∈  B ; ∀ c ∈  C +,% /($

pABC(a, b, c) · pABC(ā, b̄, c) = pABC(a, b̄, c) · pABC(ā, b, c) . = -F>

9+ '%&*23 = -!>⇒= -F>; ?% 1*$)*,87*$/ #%)?%%, )/% 5($%$ +2 pC(c) = 0; ?/%, = -F> *$ %'*1%,);

(,1 pC(c) > 0- D, )/% 0())%& 5($%; 1%&*'% = -F> ?/+$% $*1%$ (&% #+)/ 670)*40*%1 #3 pC(c)·pC(c)
2&+6 %A7(0*)*%$ = -!> (440*%1 )+ x = [a, b, c]; x = [ā, b̄, c]; x = [ā, b, c]; (,1 x = [a, b̄, c]- 9/%
*640*5()*+, = -F>⇒= -!> 5(, #% $/+?, #3 $766*,8 +'%& ā (,1 b̄ *, = -F>- 9/% 5+,1*)*+,

= -F> *$ 4(&)*570(&03 %($3 )+ '%&*23 *, )/% #*,(&3 5($%; ?/%, | i| = 2 2+& (00 i ∈ N -

75!8*.0  -.-!9 9+ *007$)&()% )/% (440*5()*+, +2 )/% (#+'% %A7*'(0%,) 1%I,*)*+,$ +2 =1*$5&%)%

4&+#(#*0*$)*5> CD; 0%) 7$ )(K% N = {a, b, c};  i = {!, "} (,1 *,)&+175% ( #*,(&3 4&+#(#*0*)3

6%($7&% P +,  N #3 *)$ 1%,$*)3 p ($ 2+00+?$J

p(!, !, !) = p(!, ", ") = p(", !, ") = p(", ", !) =
1

8
+ ε ,

p(!, !, ") = p(!, ", !) = p(", !, !) = p(", ", ") =
1

8
− ε ,

2+& $+6% 0 ≤ ε ≤ 1
8 - L% /('% pab(!, !) = pab(!, ") = pab(", !) = pab(", ") =

1
4 - M+ 6())%&

?/() )/% 4(&(6%)%& ε *$; )/% 5&+$$N%<5/(,8% 5+,1*)*+, = -F> /+01$J

pab(!, !) · pab(", ") =
1

4
·
1

4
=

1

16
=

1

4
·
1

4
= pab(!, ") · pab(", !) ,

?/*5/ 6%(,$ a ⊥⊥ b | ∅ [P ] +&; *, ( #&*%O3 &%5+&1; a ⊥⊥ b [P ]- ",% 5(, (0$+ )%$) )/() 7$*,8

)/% 5+,1*)*+, = -!>J $*,5% +,% /($ pa(!) = pa(") =
1
2 (,1 pb(!) = pb(") =

1
2 ; 7$*,8 )/% 2(5)

)/() p∅(x∅) = 1 2+& (,3 x ∈  ab ?% /('%

p∅(x∅) · pab(xab) = 1 ·
1

4
=

1

4
=

1

2
·
1

2
= pa(xa) · pb(xb) ,

(8(*, $/+?*,8 a ⊥⊥ b | ∅ [P ]- ", )/% +)/%& /(,1; 2+& (00 0 < ε ≤ 1
8 ; )/% 5&+$$N%<5/(,8%

5+,1*)*+, = -F> 1+%$ ,+) /+01 ?*)/ c = !J

p(!, !, !) · p(", ", !) = (
1

8
+ ε)2 6= (

1

8
− ε)2 = p(!, ", !) · p(", !, !) ,

?/*5/ 6%(,$ a 6⊥⊥ b | c [P ]- 9/% 1%,$*)3 p *$ $)&*5)03 4+$*)*'% %<5%4) ε = 1
8 ; ?/*5/ *$ +,% +2

)/% 50($$*5 %<(640%$ +2 *,)%&%$)*,8 @%&+N(16*))*,8 1%,$*)*%$- P%5(00 ( )&(1*)*+,(0 )(0% 2&+6

4&+#(#*0*$)*5 &%($+,*,8 +, /+? $75/ ( 1*$)&*#7)*+, 5(, +557&- D6(8*,% )/() '(&*(#0%$ a (,1

b 1%$5&*#% )/% &%$70) +2 ( $*670)(,%+7$ =*,1%4%,1%,)> )+$$ +2 )?+ 2(*& 5+*,$; ?*)/ +7)5+6%$

! (,1 "; (,1 ( ?*),%$$ &*,8$ ( #%00 ?/%,%'%& 1*Q%&%,) +7)5+6%$ +557&- 9/% '(&*(#0% c /($

)/% '(07% " *2 )/% #%00 &*,8$; +)/%&?*$% *) /($ )/% '(07% !-



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

 !"#$%&'!#&$( !() $#*+% +,-&.!/+(# )+0(&#&$(1

"# $%$&'#( )*'+')($+,-'(,.# ./ ' 01 2('($3$#( ,2 ,# ($+32 ./ 3&+%!/$4&%$!"4

∃ f :  AC → R, ∃ g :  BC → R 25)* (*'(

∀x ∈  ABC pABC(x) = f(xAC) · g(xBC) , 6 789

:*$+$ (*$ /5#)(,.#2 f '#; g '+$ )'%%$; *!%)"%$&'-7 <. 2*.: 6 7=9⇒6 789> ?5( f = pAC '#;

g(z) = pBC(z)
pC(zC) ,# (*$ )'2$ ./ pC(zC) > 0 '#; g(z) = 0 .(*$+:,2$7 <. 2*.: 6 789⇒6 7=9

,#(+.;5)$ 3'+&,#'% ?.($#(,'%2 fC(c) =
∑

a∈ A
f(a, c)> gC(c) =

∑

b∈ B
g(b, c) /.+ c ∈  C

'#; .@2$+A$ @B 2533,#& ,# 6 789 (*'( pAC = f · gC > pBC = fC · g '#; pC = fC · gC 7 <*$#
25@2(,(5($ (*$2$ $C5'%,(,$2 '#; 6 789 (. @.(* 2,;$2 ./ 6 7=97 1# ).3?'+,2.# :,(* (*$ ).#;,(,.#

6 7!9> (*$ /')(.+,-'(,.# ).#;,(,.# 6 789 ;.$2 #.( +$C5,+$ (*$ ?.($#(,'%2 (. @$ $D?+$22$; ,#

($+32 ./ 3'+&,#'% ;$#2,(,$2> :*,)* 3'E$2 6 789 3.+$ 25,('@%$ /.+ A$+,F)'(,.#7

<*$ ).#)$?( ./ 01 ,2 ./($# ,#(+.;5)$; ,# ($+32 ./ +!"#$%$!"&' #)"-$%$)-7 "# $%$&'#(

2B33$(+,) ;$F#,(,.# ./ 01 ,# (*$2$ ($+32 ,2 (*$ /.%%.:,#& .#$4

∀x ∈  ABC 25)* (*'( pC(xC) > 0> .#$ *'2

pAB|C(xAB |xC) = pA|C(xA|xC) · pB|C(xB |xC) . 6 7G9

<. 2$$ ,( ,2 $C5,A'%$#( (. (*$ ?+$A,.52 ).#;,(,.#2 .@2$+A$ (*'( 6 7=9⇒6 7G9⇒6 7!97 H$A$+(*$I

%$22> (*$ 3.2( ?.?5%'+ ;$F#,(,.# ,# (*$ ($+32 ./ ).#;,(,.#'% ;$#2,(,$2 ,2 (*$ #$D( '2B33$(+,)

.#$> :*,)* @'2,)'%%B 2'B2 (*'( (*$ ).#;,(,.#'% ;,2(+,@5(,.# PA|BC #!)- "!% #)*)"# !" %5)

1&/$&6')- $" B4

∀x ∈  ABC :,(* pBC(xBC) > 0 pA|BC(xA|xBC) = pA|C(xA|xC) . 6 7J9

K#$ )'# $'2,%B 2*.: (*'( 6 7=9⇒6 7J9⇒6 7!97 <*$ ,#($+?+$('(,.# ./ (*$ ).#;,(,.# 6 7J9>

:*,)* ,2 ).33.# ,# (*$ (*$.+B ./ L'+E.A ?+.)$22$2> ,2 (*'( (*$ 37%7/) A ;$?$#;2 .# (*$ *&-%

B .#%B (*+.5&* (*$ */)-)"% C7 K/ ).5+2$> (*$+$ '+$ %.(2 ./ 3.;,F)'(,.#2 ./ (*,2 ).#;,(,.#>

/.+ $D'3?%$ (*'( pA|BC(∗|∗) .#%B ;$?$#;2 .# AC> @5( (*$2$ 3.;,F)'(,.#2 '+$ .3,(($; ,#

(*,2 )*'?($+7

89&:*')  7!7!; <. ,%%52(+'($ (*$ '??%,)'(,.# ./ (*$ /')(.+,-'(,.# ?+.?$+(B> ('E$ '#.(*$+

$D'3?%$ ./ ' ;,2)+$($ ;,2(+,@5(,.# :,(* -$+.I';3,((,#& ;$#2,(B7 M5( '&',# N = {a, b, c}>
 i = {!, "} '#; ,#(+.;5)$ ' ?+.@'@,%,(B 3$'25+$ P .#  N @B ,(2 ;$#2,(B p '2 /.%%.:24

p(!, !, !) = p(", ", ") =
1

2
, p(x) = 0 /.+ +$3',#,#& ).#F&5+'(,.#2 x ∈  N 7

<. A$+,/B (*'( a ⊥⊥ b | c [P ] *.%;2 52,#& (*$ ).#;,(,.# 6 789> ,#(+.;5)$ /5#)(,.#2 f :  ac → R

'#; g :  bc → R '2 /.%%.:24

f(!, !) = f(", ") =
1

2
, f(!, ") = f(", !) = 0 ,

g(!, !) = g(", ") = 1, g(!, ") = g(", !) = 0 .

N.+ x ∈  N > .#$ *'2 f(xac) ·g(xbc) 6= 0 ,O $,(*$+ x = (!, !, !) .+ x = (", ", ") '#; (*$ A'%5$ ,2

1
2 (*$#7 <*52> 6 789 *.%;2 '#;> @B 2B33$(+B '+&53$#(> :$ .@2$+A$ (*'( i ⊥⊥ j | k [P ] ,2 (+5$
/.+ '#B )*.,)$ ./ ;,2(,#)( i, j, k ∈ N 7 K# (*$ .(*$+ *'#;> .#$ *'2 pab(!, !) = pab(", ") =

1
2 '#;

pab(!, ") = pab(", !) = 0> :*,)* '%%.:2 .#$ (. .@2$+A$> 52,#& (*$ )+.22I$D)*'#&$ ).#;,(,.#

6 7P9> (*'( a 6⊥⊥ b | ∅ [P ]Q *$#)$> @B 2B33$(+B> i 6⊥⊥ j | ∅ [P ] /.+ '#B ;,2(,#)( i, j ∈ N 7



 !  !"#$%%& %' ()!*+,-!. /%#0.1

 !"!# $%&' (')'&*+ ,- .%).'/01

"#$% %&'($)*+ () ,& %-$..&/ ,0 ,&1$**&2%+ 3%%45&% (#3( (#& 2&3/&2 $% 635$7$32 8$(# /&&.&2

*)($)*% )6 5&3%42& (#&)209 :(% 3$5 $% () &;.73$* #)8 .2),3,$7$%($' <: $% /&=*&/ $* (&25% )6

σ>371&,23% 3*/ #)8 (#$% 3,%(23'( /&=*$($)* $% 2&/4'&/ () (#& '3%&% )6 1&*&237 3*/ 5321$*3770

')*($*4)4% .2),3,$7$(0 5&3%42&%9

? '24'$37 ')*'&.( $% (#3( )6 -%"#,2,%"!. *)%$!$,.,23+ 8#&2& (#& ')*/$($)*$*1 ),@&'( $% 3

σ>371&,239 A&( P ,& 3 .2),3,$7$(0 5&3%42& )* 3 5&3%423,7& %.3'& ( ,X )+ C ⊆ X 3 σ>371&,23

3*/ Ã ∈ X 3* &B&*(9 ? B&2%$)* )6 -%"#,2,%"!. *)%$!$,.,23 )6 Ã 1$B&* C CD ')*/$($)*&/ ,0 CE
$% 3*0 C>5&3%423,7& 64*'($)* h :  → [0, 1]+ /&*)(&/ ,0 P [Ã|C]+ %4'# (#3(

∀ C̃ ∈ C P (Ã ∩ C̃) =

∫

C̃

h(x) /P (x) ≡

∫

C̃

P [Ã|C](x) /P (x) . C 9FE

:( 6)77)8% 62)5 (#& G3/)*>H$-)/05 (#&)2&5 (#3( %4'# 3 64*'($)* h &;$%(% 3*/ $% 4*$I4& $*

(#& %&*%& )6 P C>&B&208#&2& &I437$(0+ 8#&2& P C /&*)(&% (#& 2&%(2$'($)* )6 P () (#& 5&3>

%423,7& %.3'& ( , C)9 J*& '3* $*(2)/4'& (#& ')*'&.( )6 <: 6)2 σ>371&,23% 3% 6)77)8%K 1$B&*

σ>371&,23% A,B, C ⊆ X + 8& %30 (#3( A 3*/ B 32& -%"#,2,%"!..3 ,"#0*0"#0"2 4,50" C 3*/

82$(& A ⊥⊥ B | C $6

∀ Ã ∈ A ∀ B̃ ∈ B

P [Ã ∩ B̃|C](x) = P [Ã|C](x) · P [B̃|C](x) 6)2 P C>39& x ∈  . C 9LE

H)(& (#3( (#& B37$/$(0 )6 C 9LE /)&% *)( /&.&*/ )* (#& '#)$'& )6 .32($'4732 B&2%$)*% )6

')*/$($)*37 .2),3,$7$($&%M $(% &I4$B37&*( 6)25473($)* $% (#& ')*/$($)*

∀ Ã ∈ A (#&2& &;$%(% C>5&3%423,7& B&2%$)* )6 P [Ã|B ∨ C] ,

8#&2& B ∨ C $% (#& σ>371&,23 1&*&23(&/ ,0 B ∪ CM %&& NOP+ A&553?9QR9 "#$% ')*/$($)* '3*

,& $*(&2.2&(&/ 3% 3* 3*37)14& )6 (#& /$%'2&(& ')*/$($)* C 9PE9

A&( 4% *)8 /&%'2$,& #)8 (#& <: /&=*$($)* C 9LE 8)2-% $* (#& '3%& )6 3 C1&*&237E *)%$6

!$,.,23 70!18)0 P %50) N 5&*($)*&/ $* S&=*$($)*  9T9 9 :* (#$% '3%&+ 8& .4( ( ,X ) :=
( N ,

⊗

i∈N Xi)+ P := P 9 G&'377 62)5 U  9T9T (#3(+ 6)2 A ⊆ N + XA ≡
⊗

i∈A Xi /&*)(&% (#&

.2)/4'( σ>371&,23 )*  A+ 8$(# X∅ ≡ {∅, ∅}9 :( '3* ,& 3%'2$,&/ (#& 2&%.&'($B& -%%)#,"!20

σ6!.40$)! A := {A×  N\A : A ∈ XA} )6 %4,%&(% )6  =  N M )*& (#&* #3% A ⊆ X 9

V$B&* /$%@)$*( A,C ⊆ N + 7&( C /&*)(& (#& '))2/$*3(& σ>371&,23 6)2 XC 9 ?*0 &B&*(

A ∈ XA '3* ,& 3%'2$,&/ $(% '07$*/2$'37 &;(&*%$)* Ã := A× N\AM (#& ')*/$($)*37 .2),3,$7$(0

x ∈  N 7→ P [Ã|C](x) (#&* /&.&*/% )* xC 3*/ '3* ,& $/&*($=&/ 8$(# 3* XC>5&3%423,7&

64*'($)* )*  C + () ,& /&*)(&/ ,0 c ∈  C 7→ PA|C(A|c)9 "#4%+ C 9FE 377)8% )*& () $*(2)/4'&

(#& ')*'&.( )6 -%"#,2,%"!. *)%$!$,.,23 %"  A 4,50" C 3% 3 64*'($)* PA|C : XA ×  C → [0, 1]
)6 (8) 32145&*(% %4'# (#3(+ 6)2 3*0 A ∈ XA+ (#& 64*'($)* c ∈  C 7→ PA|C(A|c) $% XC>

5&3%423,7& 3*/ %3($%=&%

PAC(A× C) =

∫

C

PA|C(A|c) /PC(c) 6)2 3*0 C ∈ XC .

J,%&2B& (#3( (#$% $% 3 *3(4237 1&*&237$W3($)* )6 (#& ')*'&.( 62)5 S&=*$($)*  9T9X9 V$B&*

.3$28$%& /$%@)$*( A,B,C ⊆ N + (#& ')*/$($)* A ⊥⊥ B | C 62)5 C 9LE (42*% $*() (#& 2&I4$2&5&*(

∀A ∈ XA ∀B ∈ XB

PAB|C(A× B|c) = PA|C(A|c) · PB|C(B|c) 6)2 PC>39&9 c ∈  C

8#$'# /$2&'(70 1&*&237$W&% C 9 E 3*/ '3* ,& ')*%$/&2&/ 3% 3 /&=*$($)* )6 (#& <: %(3(&5&*(

A ⊥⊥ B |C [P ] $* (#& '3%& )6 3 C1&*&237E 5&3%42& P )B&2 N 9



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

"# $%& '()& *+ ( 3&/4$"&''5 +!"%$"6!6- ,&()-.& P */&. N 0)&& 1  23234 *#& '(# 5#$.*6-'&

7" 5# $&.,) *+ ,(.85#(9 6&#)5$5&)2 :;&'5<'(99=> 5$ ?() )%*?# 5# @!A> B&,,(32CD $%($> ;.*/56&6

( 6*,5#($5#8 )=)$&, *+ ,&()-.&) µi
*# ( i,Xi)> i ∈ N > 5) <E&6> *#& %() A ⊥⊥ B |C [P ] +*.

;(5.?5)& 65)F*5#$ A,B,C ⊆ N 5G

fC(xC) · fABC(xABC) = fAC(xAC) · fBC(xBC) +*. µH(2&2 x ∈  N >

?%&.& fD> D ⊆ N > 6&#*$&) $%& ,(.85#(9 6&#)5$= +*. D2 I%5) '*#65$5*# 8&#&.(95J&) 0 234 (#6

*#& '(# (9)* 8&#&.(95J& $%& *$%&. &K-5/(9&#$ '*#65$5*#) +.*, 1  2L2 5# $&.,) *+ 6&#)5$5&)2

M*. &E(,;9&> 0 2!4 $(N&) $%& +*.,O $%&.& &E5)$ XACH,&()-.(P9& h :  AC → R (#6 XBCH

,&()-.(P9& g :  BC → R )-'% $%($

fABC(x) = h(xAC) · g(xBC) +*. µH(2&2 x ∈  N 2

 !" #$%&' ()*(+),&+% *- '*./&,&*.$0 &./+(+./+.'+

"# $%5) )&'$5*#> ?& 5#$.*6-'& 0;.*P(P595)$5'4 7" )$.-'$-.&) (#6 .&'(99 $%&5. P()5' +*.,(9

;.*;&.$5&)2 Q& (9)* .&9($& +*.,(9 7" ,*6&9) $* '9())5' )$($5)$5'(9 ,*6&9)2

 !"! #$%&'('$%)* '%&+,+%&+%-+ .(/0-(0/+

R #$-7!$"% %/$*')% !1)/ N 5) (# *.6&.&6 $.5;9&$ A,B,C ⊆ N *+ ;(5.?5)& 65)F*5#$ )-P)&$) *+ N 2

S*$($5*# 〈A,B|C〉 ?599 P& -)&6 $* 5#65'($& $%& 5#$&#6&6 5#$&.;.&$($5*# *+ )-'% ( $.5;9&$ () (

+*.,(9 )$($&,&#$ $%($ $%& /(.5(P9&) 5# A (.& 5#6&;&#6&#$ *+T6&;&#6&#$ *# $%& /(.5(P9&) 5#

B '*#65$5*#(99= $%& /(.5(P9&) 5# C2 I%& )=)$&, *+ (99 65)F*5#$ $.5;9&$) */&. N ?599 P& 6&#*$&6

P= T (N)2
R 8!/3&' $"#)*)"#)"+) 3!#)' !1)/ N 5) ( )-P)&$ M *+ T (N)> ?%*)& &9&,&#$) (.& 5#$&.H

;.&$&6 () 5#6&;&#6&#'& )$($&,&#$)2 Q& ?.5$& A ⊥⊥ B |C [M] $* 5#65'($& $%($ 〈A,B|C〉 ∈ M
5) 5#$&.;.&$&6 () (# 5#6&;&#6&#'& )$($&,&#$ (#6 A 6⊥⊥ B |C 5+ 〈A,B|C〉 5) 5#$&.;.&$&6 () (

6&;&#6&#'& )$($&,&#$2

I%& +!"#$%$!"&' $"#)*)"#)"+) -%/6+%6/) 5#6-'&6 P= ( ;.*P(P595$= ,&()-.& P */&. N 5)

( +*.,(9 5#6&;&#6&#'& ,*6&9 0*/&. N4 '*,;*)&6 *+ $%*)& $.5;9&$) ?%5'% .&;.&)&#$ /(956 7"

)$($&,&#$) ?5$% .&);&'$ $* P O

MP := { 〈A,B|C〉 ∈ T (N) : A ⊥⊥ B |C [P ] } .

S*$ &/&.= +*.,(9 5#6&;&#6&#'& ,*6&9 5) ( 7" )$.-'$-.&2 I%& #&E$ ;.*;*)5$5*# ;.&)&#$) P()5'

+*.,(9 ;.*;&.$5&) *+ 7" )$.-'$-.&)2

9:-)/1&%$!"  2C2 ; B&$ P P& ( ;.*P(P595$= ,&()-.& */&. N 2 I%&# *#& %() +*. 0;(5.?5)&

65)F*5#$4 A,B,C,D ⊆ N O

 !" ∅ ⊥⊥ B |C [P ]>

 !!" A ⊥⊥ B |C [P ] ⇔ B ⊥⊥ A |C [P ]>

 !!!" A ⊥⊥ BD |C [P ] ⇔ {A ⊥⊥ D |C [P ] & A ⊥⊥ B |DC [P ] }2

U*.&*/&.> 5+ P %() ( )$.5'$9= ;*)5$5/& 6&#)5$= $%&#

 !#" {A ⊥⊥ B |DC [P ] & A ⊥⊥ D |BC [P ] } ⇒ A ⊥⊥ BD |C [P ] .



 !  !"#$%%& %' ()!*+,-!. /%#0.1

"#$%&& '(%' % )*+$,#'# -#%+.,# P /0  N (%+ % 1+',*$'&23 4/+*'*5# )#0+*'2 *6 p(x) > 0 6/,

%&& x ∈  N 7 80 '(# 9#0#,%& $%+# 1+## :  7;7;3 % -#%+.,# P /5#, N (%+ % 4/+*'*5# )#0+*'2 *6

*' *+ -%,9*0%&&2 $/0'*0./.+ %0) % )/-*0%'*09 +2+'#- µi
< i ∈ N < /6 σ=>0*'# -#%+.,#+ #?*+'+

+.$( '(%' µ ≡
⊗

i∈N µi ≪ P 7

@(# 4,//6 /6 AB+#,5%'*/0  7C7 9*5#0 B#&/D *+ *0'#0'*/0%&&2 ,#+',*$'#) '/ '(# )*+$,#'# $%+#

+/ '(%' B#9*00#,+ $%0 .0)#,+'%0) *' 6.&&27 E ,#%)#, 6%-*&*%, D*'( $%&$.&.+ /6 )#0+*'*#+ $%0

-/)*62 '(# 4,//6 '/ $/5#, '(# -%,9*0%&&2 $/0'*0./.+ $%+# 1+## :  7;7;3< 4,/5*)#) '(%' (#F+(#

*+ 6%-*&*%, D*'( 4#$.&*%,*'*#+ /6 '(# %&-/+'=#5#,2D(#,# #G.%&*'2 /6 )#0+*'*#+7 H#5#,'(#&#++< *0

% 9#0#,%& $%+# /6 I8 *0 '#,-+ /6 σ=%&9#B,%+ 1+## :  7J7;3< )##4#, -#%+.,#='(#/,#'*$%& $/0+*)=

#,%'*/0+ %,# 0##)#) '/ )#,*5# '(# ,#+.&'K +## LMN< :E7NO7

2)%%'3 P# %++.-# '(# )*+$,#'# $%+# '(,/.9(/.' '(# 4,//67 @/ 5#,*62 1*3< D# .+# 1 7 3 %0)

,#%&*Q# '(%' *0 '(# $%+# /6 A = ∅ /0# (%+ #*'(#, A = ∅ = A× B /, {A 6= ∅ & A× B = B }7
@(# $/0)*'*/0 1**3 *+ #5*)#0'7 @/ 5#,*62 1***3< D# $/-B*0# 1 7;3 %0) 1 7J37 R/, '(# *-4&*$%'*/0

A ⊥⊥ BD |C ⇒ A ⊥⊥ D |C< D# .+# 1 7;3S '(# +.--%'*/0 /5#, B=$/0>9.,%'*/0+ *0 pC ·
pABDC = pAC ·pBDC 9*5#+ pC ·pADC = pAC ·pDC 7 E+ $/0$#,0+ A ⊥⊥ BD |C ⇒ A ⊥⊥ B |DC<

D# -.&'*4&2 '(# %B/5#=)#,*5#) #G.%&*'*#+ 1'(# &%''#, D*'( +D%44#) +*)#+3 '/ 9#'

pC · pABDC · pAC · pDC = pAC · pBDC · pC · pADC .

T#$%.+# $%0$#&*09 *+ 4/++*B&# (#,# 6/, 4/+*'*5# ABDC=$/0>9.,%'*/0+< /0# 9#'+

∀ pABDC > 0 pABDC · pDC = pADC · pBDC ,

D(*$( *+< B2 1 7J3< A ⊥⊥ B |DC7 @(# 4,//6 /6 '(# $/05#,+#< '(%' *+< '(# *-4&*$%'*/0

{A ⊥⊥ D |C & A ⊥⊥ B |DC } ⇒ A ⊥⊥ BD |C< *+ %0%&/9/.+7

@/ 5#,*62 {A ⊥⊥ B |DC & A ⊥⊥ D |BC } ⇒ A ⊥⊥ BD |C *0 1*53< D# .+# 1 7J3 6/, B/'(

I8 +'%'#-#0'+ %0) 9#' B2 $%0$#&*09 1B#$%.+# /6 pBDC > 03S

pADC · pBDC

pDC

= pABDC =
pABC · pBDC

pBC

⇒
pADC

pDC

=
pABC

pBC

.

I(//+# %0) >? % $/0>9.,%'*/0 b ∈  B %0) D,*'#

∀ [a, d, c] ∈  ADC pA|DC(a|d, c) =
pADC(a, d, c)

pDC(d, c)
=
pABC(a, b, c)

pBC(b, c)
,

D(*$( -#%0+ '(%' pA|DC )/#+ 0/' )#4#0) /0 d ∈  D7 T2 $/0)*'*/0 1 7N3< /0# (%+ A ⊥⊥
D |C [P ]7 T2 1***3< '(*+ '/9#'(#, D*'( A ⊥⊥ B |DC [P ] *-4&*#+ A ⊥⊥ BD |C [P ]7

H/'# '(%' '(# 4,/4#,'2 *0 AB+#,5%'*/0  7C7 1*53< $%&&#) ,"40)10-4,%"< 0##) 0/' B# 5%&*)

6/, % )*+$,#'# )*+',*B.'*/0 P D(*$( *+ 0/' +',*$'&2 4/+*'*5#7 80)##)< U?%-4&#  7J7J +(/D+ '(%'

/0# $%0 (%5# i ⊥⊥ j | k [P ] 6/, %&& )*+'*0$' i, j, k ∈ N < D(*&# i 6⊥⊥ j | ∅ [P ]K '(# &%''#, *-4&*#+

i 6⊥⊥ {j, k} | ∅ [P ]7 I(%4'#, J *0 '(*+ B//V %0%&2Q#+ '(# 5%&*)*'2 /6 '(# *0'#,+#$'*/0 4,/4#,'2

*0 -/,# )#'%*&+7

 !"#$%#&'%( ')*+, %#-',!*.'- "',')'/#/

 !"#$% &'()*)'()'+) #!()%, ,$-&,./&'0 -1) +!'(&-&!', 2&342&&&3 ."!# 56,)"7$-&!' 89:98 !++;"

$%,! !;-,&() !. ,-$-&,-&+,9 <1)") &, !') $")$ &' +!#*;-)" ,+&)'+) =1)") $ +!'+)*- $'$%!0!;,

-! -1) +!'+)*- !. *"!6$6&%&,-&+ >? 1$, 6))' ,-;(&)(9 ?- &, -1) -1)!"/ !.  !"#$%&'#" (#$#)#*!*@

=1&+1 &, $**"!A&#$-)%/ 8B /)$", !%()" -1$' *"!6$6&%&,-&+ ")$,!'&'09 <1) *"!6%)# -1)") &,

1!= -! )C+&)'-%/ !"0$'&D) ($-$ &' %$"0) ($-$ 6$'E, FGH9 I),)$"+1)", &' -1&, $")$ 6)+$#)

&'-)"),-)( &' ,*)+&$% +!'+)*-, !. .;'+-&!'$% $'( #;%-&47$%;)( ()*)'()'+&), 2&' ($-$6$,),3@



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

"#$%# &''(")* +#), +( -)*.%) +#) ,),(-/ *),&0*12 &0* +-$)* +( &3$(,&+$4) +#), 5678

9(-)(:)-2 +#)-) $1 & %(0%);+ (< )34)##)# 35'%$1&'5)# #)*)"#)"+6 =>9?@A 5BB72 "#$%# $1

%(,;')+)'/ &0&'(C(.1 +( ;-(D&D$'$1+$% EF &0* )3#$D$+1 1$,$'&- <(-,&' ;-(;)-+$)18

F0 +#$1 +#)(-/2 +#) )'),)0+1 (< N &-) %&'')* &%%/$45%)-2 &0* )&%# &++-$D.+) i ∈ N $1

&1%-$D)* & G0$+) =$0*$:$*.&'A 1&,;') 1;&%)  i (< ;(11$D') :&'.)18 H /)'&%$!"&' #&%&4&-) !1)/

N $1 1$,;'/ & 1)+ (< %(0GC.-&+$(01 (:)- N 8

I0) %&0 $0+-(*.%) 0&+.-&' (;)-&+$(01 "$+# -)'&+$(0&' *&+&D&1)12 1(,) (< "#$%# ")-)

&'-)&*/ ,)0+$(0)* $0 J  8K8 8 L$:)0 A ⊆ B ⊆ N &0* & -)'&+$(0&' *&+&D&1) D ⊆  B (:)- B2

+#) */!7)+%$!" (< D (0+( A $1 & -)'&+$(0&' *&+&D&1) (:)- A *)G0)* D/ DA := {bA : b ∈ D}8
M#) 1)%(0* $,;(-+&0+ (;)-&+$(0 $1 +#&+ (< & %(,D$0&+$(02 "#$%# $1 &0 &0&'(C.) (< +#)

(;)-&+$(0 (< %(0*$+$(0&' ;-(*.%+ <(- *$1%-)+) ;-(D&D$'$+/ ,)&1.-)1 <-(, ID1)-:&+$(0  868 8

N;)%$G%&''/2 C$:)0 & *$1O($0+ +-$;')+ 〈A,B|C〉 (:)- N &0* *&+&D&1)1 D
1 ⊆  AC 2 D

2 ⊆  BC

$+1 +!34$"&%$!" $1 & -)'&+$(0&' *&+&D&1) (:)- ABC *)G0)* &1 <(''("1P

D
1 ⊲⊳ D2 := { [a, b, c] ∈  ABC : [a, c] ∈ D

1 & [b, c] ∈ D
2 } .

M#)-) $1 &0 &0&'(C/ (< +#) EF %(0%);+P C$:)0 〈A,B|C〉 ∈ T (N) &0* & *&+&D&1) D (:)- N 2

") 1&/ +#&+ &0 )34)##)# 35'%$1&'5)# #)*)"#)"+6 =>9?@A 1+&+),)0+ A ⊥⊥ B |C [D] #('*1
$< DABC = DAC ⊲⊳ DBC 2 $0 "(-*12 $< +#) ;-(O)%+$(0 (< D (0+( ABC $1 +#) %(,D$0&+$(0 (<

$+1 ;-(O)%+$(01 (0+( AC &0* BC8

Q) ')&:) $+ +( +#) -)&*)- +( :)-$</ +#&+ +#) <(-,&' $0*);)0*)0%) ,(*)' $0*.%)* D/ D

1&+$1G)1 +#) %(0*$+$(01 =$AR=$$$A <-(, ID1)-:&+$(0  8B8 8

 !"!# $%&%'(%')&* +,-.* ,/ & 01 (%23)%32.

M#) &$, (< +#$1 1)%+$(0 $1 +( )3;'&$0 +#&+ <(-,&' $0*);)0*)0%) ,(*)'1 %&0 D) $0+)-;-)+)*

&1 %(,,(0 1+&+$1+$%&' ,(*)'18 S)%&'' +#&+ D/ & =,&+#),&+$%&'A -%&%$-%$+&' 3!#)' $1 ,)&0+ &

%'&11 (< ;-(D&D$'$+/ ,)&1.-)1 M (0 & ;-)1%-$D)* 1&,;') 1;&%)2 "#$%# $1 & ,)&1.-&D') 1;&%)

( ,X )8 F0 ,.'+$:&-$&+) 1+&+$1+$%&' &0&'/1$12 (0) .1.&''/ #&1 & 7!$"% -&3*') -*&+) ( N ,XN )
$0 +#) ;'&%) (< ( ,X )8

M/;$%&''/2 & 1+&+$1+$%&' ,(*)' M $1 & ;&-&,)+)-$4)* %'&11 (< ,)&1.-)1 &0* &'' (< +#), &-)

&D1('.+)'/ %(0+$0.(.1 "$+# -)1;)%+ +( 1(,) C$:)0 σRG0$+) ,)&1.-) µ (0 ( ,X )2 "#$%# $1 &

;-(*.%+ ,)&1.-) µ =
⊗

i∈N µi
$0 +#) %&1) (< ( N ,XN )8 >&%# ;-(D&D$'$+/ ,)&1.-) $0 M $1

+#)0 *)+)-,$0)* D/ $+1 *)01$+/ "$+# -)1;)%+ +( µ &0*2 T.$+) (<+)02 +#)/ &-) &11.,)* +( D)

,.+.&''/ &D1('.+)'/ %(0+$0.(.18 M#) ;&-&,)+)-1 .1.&''/ D)'(0C +( & %(0:)3 1.D1)+ Θ ⊆ R
n

<(- 1(,) n ≥ 18
H11.,) +#&+ & #$-%/$45%$!" 8/&3)9!/0 $1 1;)%$G)*2 +#&+ $12 & %('')%+$(0 Ψ (< ;-(D&D$'$+/

,)&1.-)1 (0 +#) 1&,;') 1;&%) $1 *)+)-,$0)* <-(, "#$%# +#) ;-(D&D$'$+/ ,)&1.-)1 $0 M

1#(.'* D) %#(1)08 U(- )3&,;')2 $0 +#) *$1%-)+) %&1)2 Ψ %(.'* D) +#) %'&11 (< &'' ,)&1.-)1

"$+# ;(1$+$:) *)01$+/2 "#$') $0 +#) %(0+$0.(.1 %&1) "$+#  i = R <(- i ∈ N 2 (0) %&0 #&:)

+#) %'&11 (< -)C.'&- L&.11$&0 *$1+-$D.+$(01 (0 R
N

$0 +#) ;'&%) (< Ψ8 M#)02 ):)-/ <(-,&'

$0*);)0*)0%) ,(*)' M⊆ T (N) (:)- N %&0 D) &1%-$D)* & %'&11 (< ;-(D&D$'$+/ ,)&1.-)1

M = {P ∈ Ψ : A ⊥⊥ B |C [P ] "#)0):)- 〈A,B|C〉 ∈ M} ,

"#$%# %&0 D) %&'')* +#) -%&%$-%$+&' 3!#)' !8  ( -%/5+%5/) C$:)0 D/ M8

M#$1 %(0%);+ C)0)-&'$4)1 +#) %'&11$% %(0%);+ (< & :/&*;$+&' 3!#)' 5VW2 KB78 F0*))*2 +#)

-)&*)- %&0 ')&-0 $0 J  8!8 +#&+ ):)-/ XL G (:)- N $0*.%)1 +#) %'&11 MG (< 9&-Y(:$&0

,)&1.-)1 (:)- N +#-(.C# & <(-,&' $0*);)0*)0%) ,(*)' MG $0*.%)* D/ G8 F0 C)0)-&'2

1+&+$1+$%&' ,(*)'1 (< EF 1+-.%+.-)1 &-) :)-/ %(,;'$%&+)*Z #("):)-2 C-&;#$%&' ,(*)'1 ;-(:$*)

& 1.D%'&11 (< 0$%) ,(*)'18
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 !" #$%&'()*+,-&./0 ()*+,-&./0 *1. /$+*)-&./

"#$ %&'(&%) *()+,))$* (% '#() )$+'(&% #-.$ /$$% (%)0(1$* /2 '#$ 1$)$-1+# &% )'&+#-)'(+ 345

/,' '#$2 1-'#$1 /$6&%7 '& '#$ -1$- &8 *()+1$'$ 9-'#$9-'(+): ;$-16 -%* ;-< =>?@ (%'1&*,+$*

'#$ 8&66&A(%7 +&%+$0' (%  B!C:

 !"#$%$&# '()('( D #,12%,"3 104,56)!*+%,# %70) N () - 8&19-6 (%*$0$%*$%+$ 9&*$6 M
&.$1 N )-'()82(%7 '#$ 8&66&A(%7 +&%*('(&%)E-F(&9)G

∅ ⊥⊥ B |C [M]  !"#"$%" &5

A ⊥⊥ B |C [M] ⇒ B ⊥⊥ A |C [M] '&(() !&5

A ⊥⊥ BD |C [M] ⇒ A ⊥⊥ B |DC [M] *)$+ ,-".-5

A ⊥⊥ BD |C [M] ⇒ A ⊥⊥ D |C [M] /)0.(1.'" ".-5

A ⊥⊥ D |C [M] & A ⊥⊥ B |DC [M] ⇒ A ⊥⊥ BD |C [M] 0.- !$0 ".-:

D *()H&(%' )$9(I71-0#&(* M A(66 /$ +-66$* - 6)!*+%,# J&.$1 NK (8 (' )-'()L$)

A ⊥⊥ B |DC [M] & A ⊥⊥ D |BC [M] ⇒ A ⊥⊥ BD |C [M] "- )!')0 ".-:

M(.$%M⊆ T (N)5 (') 104,56)!*+%,# -.%18)0 () '#$ )9-66$)' )$9(I71-0#&(* &.$1 N +&%'-(%(%7

M: "#$ 6)!*+%,# -.%18)0 %' M +-% /$ (%'1&*,+$* -%-6&7&,)62:

N$9(E71-0#&(* +6&),1$) -1$ A$66 *$L%$* /$+-,)$ )$' (%'$1)$+'(&% &8 )$9(E71-0#&(*) &.$1

N () - )$9(E71-0#&(* &.$1 N : "#$ 34 (906(+-'(&%) (% O$L%('(&%  :P: -1$ %&'#(%7 $6)$ /,'

*$'-(6$* +&%*('(&%) 81&9 Q/)$1.-'(&%  :>: 5 A#(+# /-)(+-662 )-2) '#-' $.$12 01&/-/(6()'(+ 34

)'1,+',1$ () - *()H&(%' )$9(I71-0#&(*5 -%* $.$% - 71-0#&(* (8 '#$ *()'1(/,'(&% #-) - 0&)('(.$

*$%)('2:

"#$1$ -1$ -1$-) *(R$1$%' 81&9 01&/-/(6('2 '#$&12 (% A#(+# )$9(I71-0#&(*) #-.$ &++,11$*:

S$ #-.$ )$$% (% '#$ )(*$I1$9-1T 81&9 U  :>: '#-' $.$12 1$6-'(&%-6 *-'-/-)$ +-% /$ -)+1(/$*

- *()H&(%' )$9(I71-0#&(*: "#$ ,%*(1$+'$* )$0-1-'(&% +1('$1(&% 81&9 U  :C: -66&A) &%$ '&

-)+1(/$ - 71-0#&(* '& $.$12 VM &.$1 N -%* '#$ )-9$ #&6*) 8&1 '#$ *(1$+'(&%-6 )$0-1-'(&%

+1('$1(&% 81&9 U  :!: : W$' ,) 7(.$ '#1$$ 9&1$ $F-906$)X '#$(1 .$1(L+-'(&% () 6$8' '& '#$ 1$-*$1:

* +,-.. &/ .01.!%.2 '-T$ T ⊆ P(N) ≡ {A : A ⊆ N} -%* *$L%$

A ⊥⊥ B |C [T ] := ∀ T ∈ T T ⊆ ABC ⇒ [T ⊆ AC &1 T ⊆ BC ]:

* #-%03-, +&#4$%$&#-, /0#+%$&#2 7(.$% - L%('$ H&(%' )-906$ )0-+$ 2N 5

'#() () - 8,%+'(&% κ : 2N → Z ),+# '#-' min {κ(x) : x ∈ 2N} = 0:
4%'1&*,+$ - 9-17(%-6 J8,%+'(&%K 8&1 -%2 A ⊆ N /2 '#$ 8&19,6-G

κA(y) := min {κ(y, z) : z ∈ 2N\A } 8&1 -%2 y ∈ 2A: O$L%$

A ⊥⊥ B |C [κ] := ∀x ∈ 2N

κC(xC) + κABC(xABC) = κAC(xAC) + κBC(xBC) .

Y&'$ '#-' '#() () - +&%+$0' '-T$% &.$1 81&9 =P @:

* .05!36&40,-3 /0#+%$&#2 '#() () - )$' 8,%+'(&% m : P(N)→ R ),+# '#-'

m(D ∪ E) +m(D ∩ E) ≥ m(D) +m(E) 8&1 -66 D,E ⊆ N : O$L%$

A ⊥⊥ B |C [m] := m(C) +m(ABC) = m(AC) +m(BC) .

Y&'$ '#-' )$9(I71-0#&(*) *$L%$* (% '#() A-2 +&(%+(*$ A('# 13)8-38)!. 104,56)!*+%,#1

9$%'(&%$* (% U  : Z: :
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0#-+/,%* & 3)")/&' -)4$53/&*6!$# #4%* N 6 7)/0) /+ & +%( #8 #*,%*%, (*/23%(+ A ⊥⊥ B |C #8

9-#( -%0%++&*/35 ,/+1#/-(: +';+%(+ #8 N 6 7)/0) +&(/+<%+ ()% 8#33#7/-. ()*%% 0#-,/(/#-+=

• B ⊆ C ⇒ A ⊥⊥ B |C6

• A ⊥⊥ B |C ⇔ B ⊥⊥ A |C6

• A ⊥⊥ B ∪D |C ⇔ {A ⊥⊥ D |C & A ⊥⊥ B |D ∪ C }>

? .%-%*&3 +%$/@.*&2)#/, /+ /-,'0%, ;5 & ,/+0*%(% 2*#;&;/3/(5 $%&+'*% P #4%* N ()*#'.)

()% 0#-,/(/#- 9 >A: 7)%*% -#-@,/+1#/-( (*/23%(+ &*% &33#7%,> B)%- A ⊥⊥ A |C [P ] $%&-+ ()&(

∀ pAC > 0 #-% )&+ pAC = pC 6 7)/0) 0#**%+2#-,+ (# 78"+%$!"&' #)*)"#)"+9 !7 A !" CC -#(%

()&( &- &D/#$&(/0 0)&*&0(%*/E&(/#- #8 2*#;&;/3/+(/0 8'-0(/#-&3 ,%2%-,%-05 +(*'0('*%+ 7&+

./4%- ;5 F&(GH IJKL> B)'+6 .%-%*&3 +%$/@.*&2)#/,+ &*% ;*#&,%* ()&- ,/+1#/-( +%$/@.*&2)#/,+

;%0&'+% ()%5 /-4#34% 8'-0(/#-&3 ,%2%-,%-05 *%3&(/#- $#,%3/-.>

M&7/, (##N &- %4%- $#*% .%-%*&3 2#/-( #8 4/%7 &-, /-(*#,'0%, &- &;+(*&0( 0#-0%2( #8

& +%2&*#/,C ;%3#7 7% ,%+0*/;% & +/$23/<0&(/#- #8 )/+ ,%<-/(/#- I JL>

 !"#$%$&# '()(*( O%( S ;% & 1#/-( +%$/@3&((/0%6 ()&( /+6 & 2&*(/&335 #*,%*%, +%( /- 7)/0)

%4%*5 (7# %3%$%-(+ a, b )&4% & +'2*%$'$ 9P & 1#/-:6 ,%-#(%, ;5 a ∨ b> ? +%( #8 #*,%*%,

(*/23%(+ a ⊥⊥ b | c #8 %3%$%-(+ #8 S 7/33 ;% 0&33%, & -)*&/!$# /8

• b ∨ c = c ⇒ a ⊥⊥ b | c6

• a ⊥⊥ b | c ⇔ b ⊥⊥ a | c6

• a ⊥⊥ b ∨ d | c ⇔ { a ⊥⊥ d | c & a ⊥⊥ b | d ∨ c }>

Q8 0#'*+%6 %4%*5 .%-%*&3 +%$/@.*&2)#/, #4%* N /+ & +%2&*#/, #- ()% 3&((/0% (P(N),⊆)>
?-#()%* 2*#$/-%-( %D&$23% *%R'/*%+ 8#* ()% *%&,%* (# ;% 8&$/3/&* 7/() $%&+'*% ()%#*5= ./4%-

& 2*#;&;/3/(5 $%&+'*% P #- & $%&+'*&;3% +2&0% ( ,X )6 3%( S ;% ()% +%( #8 &33 σ@&3.%;*&+

0#-(&/-%, /- X 6 #*,%*%, ;5 /-03'+/#-> B)%- ()% (%*-&*5 *%3&(/#- A ⊥⊥ B|C /-(*#,'0%, /-

S  >J>A /+ & +%2&*#/,>

 !"! #$%&%'()*+ )', ,-&.')'( (*./$%(0

B# *%2*%+%-( & 9,/+1#/-(: +%$/@.*&2)#/, #4%* N /- ()% $%$#*5 #8 & 0#$2'(%*6 #-% ,#%+ -#(

-%%, &33 |T (N)| = 4|N | ;/(+>

 !"#$%$&# '()(+( ? ,/+1#/-( (*/23%( 〈A,B|C〉 #4%* N 7/33 ;% 0&33%, %/$1$&' /8 %/()%* A = ∅
#* B = ∅C /( 7/33 ;% 0&33%, )')4)"%&/9 /8 |A| = 1 = |B|> B)% +5+(%$ #8 %3%$%-(&*5 (*/23%(+

#4%* N 7/33 ;% ,%-#(%, ;5 Tǫ(N)>

T3%&*356 ()% (*/4/&3 (*/23%(+ 0&- &37&5+ ;% %D03',%, 8*#$ 0#-+/,%*&(/#-+ ;%0&'+% ()%5 &*%

0#-(&/-%, /- &-5 +%$/@.*&2)#/,> Q- ()% #()%* )&-,6 ()% %3%$%-(&*5 (*/23%(+ &*% +';+(&-(/&3

;%0&'+% #8 ()% 8#33#7/-. 8&0(>

:;-)/1&%$!"  >U> < O%( M ;% & ,/+1#/-( +%$/@.*&2)#/, #4%* N > B)%-6 8#* %4%*5 ,/+1#/-(

(*/23%( 〈A,B|C〉 ∈ T (N)6 #-% )&+ A ⊥⊥ B |C [M] /V

∀ i ∈ A ∀ j ∈ B ∀K 7/() C ⊆ K ⊆ ABC \ {i, j} i ⊥⊥ j |K [M] . 9 > K:

W- 2&*(/0'3&*6 8#* (7# ,/+1#/-( +%$/@.*&2)#/,+ M1
&-, M2

#4%* N 6 #-% )&+ M1 ⊆ M2
/V

M1∩Tǫ(N) ⊆M2∩Tǫ(N)6 7)/0) /$23/%+ ()&( &-5 +%$/@.*&2)#/,M /+ '-/R'%35 ,%(%*$/-%,

;5 /(+ %3%$%-(&*5 (*&0% M∩ Tǫ(N)>
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"#$%&' () * #++,-./0.123 24 .56 -7,0/6 038 5690:23 0912;-)

2)%%'3 <56 36=6--1.> 24 ?()(!@ =03 A6 60-1+> 86/1B68 ,-13: .56 86=2;C2-1.123 038 D60E ,3123

C/2C6/.16- =2;A1368 D1.5 .56 ->;;6./> C/2C6/.>) "2/ .56 =23B6/-6 1;C+1=0.123F -,CC2-6

.50. 〈A,B|C〉 1- 32. ./1B10+ 038 ,-6 138,=.123 23 |AB|G .56 13-.03=6 |AB| = 2 1- 6B1863.)

H,CC2-13: |AB| > 2 61.56/ A 2/ B 1- 32. 0 -13:+6.23) ID13: .2 .56 ->;;6./> C/2C6/.>F 236

=03 J D1.52,. .56 +2-- 24 :636/0+1.> J =23-186/ |B| ≥ 2F =522-6 b ∈ B 038 C,. B′ = B \ {b})
K> .56 138,=.123 0--,;C.123F .56 =2381.123 ?()(!@ 1;C+16- A2.5 A ⊥⊥ B′ |C [M] 038 A ⊥⊥
b |B′C [M]) <5,-F .56 =23./0=.123 C/2C6/.> :1B6- A ⊥⊥ B |C [M])

I36 =03 0+-2 60-1+> -52D .50. N ⊆ Tǫ(N) 1- 0 ./0=6 24 0 -6;1L:/0C5218 1M .56 145506)4

=2381.123 i ⊥⊥ j |K [N ] ⇔ j ⊥⊥ i |K [N ] 038 .56 07-+!"80 C/2C6/.> i ⊥⊥ j | kL [N ] & i ⊥
⊥ k |L [N ] ⇔ i ⊥⊥ k | jL [N ] & i ⊥⊥ j |L [N ] 52+8) <5,-F .56 -6;1L:/0C5218 =+2-,/6 =03

A6 86-=/1A68 13 .6/;- 24 6+6;63.0/> ./1C+6.-) H13=6 |Tǫ(N)| = |N | · (|N | − 1) · 2|N |−2
1. 1-

632,:5 .2 50B6

(

|N |
2

)

· 2|N |−2
A1.- .2 /6C/6-63. 0 -6;1L:/0C5218 2B6/ N )

N0.OP QRST D0- 13.6/6-.68 13 .56 13./1=0=> 24 .56 -6;1L:/0C5218 1346/63=6 A6.D663 6+L

6;63.0/> U# -.0.6;63.- 038 -52D68 .50. .56 +63:.5 24 .56 86/1B0.123 -67,63=6 =03 A6

69C2363.10+ 13 |N |) V236.56+6--F .56/6 1- 03 0+.6/30.1B6 D0> .2 /6C/6-63. -6;1L:/0C5218- 13

.56 ;6;2/> 24 0 =2;C,.6/)

 !"#$%$&# '()(*( W6 -0> .50. 〈A,B|C〉 ∈ T (N) #%5,"!601 〈A′, B′|C ′〉 ∈ T (N) 14 A′ ⊆ AF

B′ ⊆ B 038 C ⊆ C ′ ⊆ ABC) <56 ./1C+6.- 13 0 -6;1L:/0C5218 D51=5 0/6 ;091;0+ D1.5

/6-C6=. .2 .51- C0/.10+ 2/86/ 23 T (N) 0/6 =0++68 #%5,"!"6)

#4 236 /6-./1=.- 236-6+4 .2 323L./1B10+ ./1C+6.- .563 6+6;63.0/> ./1C+6.- 13 0 ?X968@ -6;1L

:/0C5218 M 0/6 ;131;0+ D1.5 /6-C6=. .2 .56 82;1303=6 2/86/13:G .5,-F .56 82;1303. 038

6+6;63.0/> ./1C+6.- 0/6 -2;652D 2CC2-1.6 .2 60=5 2.56/) Y3 0+.6/30.1B6 D0> .2 /6C/6-63.

0 -6;1L:/0C5218 13 .56 ;6;2/> 24 0 =2;C,.6/ 1- A> 0 +1-. 24 1.- 323L./1B10+ ?->;;6./1Z68@

82;1303. ./1C+6.-)

I36 =03 0+-2 1;C+6;63. .56 -6;1L:/0C5218 038 :/0C5218 =+2-,/6- 13 .56-6 .6/;-F 0-

-52D3 A> K012+6..1F K,-036++2 038 [03.0::1 Q T) \2;1303. ./1C+6.- D6/6 0+-2 6;C+2>68 0-

03 ,-64,+ .22+ 13 QSST .2 -52D .50. .56 -6;1L:/0C5218 =+2-,/6 24 .D2 81-]213. ./1C+6.- 2B6/ N

1- 0+D0>- 0 C/2A0A1+1-.1= U# -./,=.,/6) <51- 40=. =03 A6 13.6/C/6.68 0- 0 /6-,+. 23 )0.!6,90

-%5*.060"011 24 -6;1L:/0C5218 1;C+1=0.123- 42/ C/2A0A1+1-.1= U# 1346/63=6 14 .56 13C,. +1-.

50- 0. ;2-.  1.6;- ?-66 ^ ()((@) H6;1_:/0C5218- 2B6/ 0 X968 -6. N =03 0+-2 A6 =+0--1X68

0==2/813: .2 .561/ 105,:8)!*+%,# -%5*.07,64F A> D51=5 D6 ;603 .56 ;131;0+ =0/8130+1.> 24

0 -6;1_:/0C5218 :636/0.2/ QS`T)

"2/ /6086/- 40;1+10/ D1.5 ?08B03=68@ C2+>568/0+ :62;6./>F D6 ;63.123 .D2 13.6/6-.13:

67,1B0+63. :62;6./1= 86X31.123-_13.6/C/6.0.123- 24 .56 =23=6C. 24 0 -6;1L:/0C5218F D51=5

D6/6 2M6/68 A> N2/.23 038 51- =2L0,.52/- QRaF RbT) K2.5 67,1B0+63. :62;6./1= 86X31.123-

=2;6 4/2; .56 -6;1L:/0C5218 86-=/1C.123 13 .6/;- 24 6+6;63.0/> ./1C+6.-)

<56 X/-. 67,1B0+63. 86X31.123 1- /6+0.68 .2 0 -C6=10+ C2+>.2C6F =0++68 0 *0)5;6%+0#)%"F

D51=5 D0- C/6B12,-+> 13./28,=68 A> H52,.c 13 (d(( Qe`T) <56 1860 1- .50. 0++ C6/;,.0.123-

2B6/ 0 -6. N = {1, 2, . . . , n} ≡ [n] 0/6 13.6/C/6.68 0- B6=.2/- 13 R
N

038 .561/ =23B69
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*0:*&; 37 '"%& <3$2'3<* 42 *$*6*+'(.2 '.%<$*'& 3=*. N , -"#&> N ⊆ Tǫ(N) %& %0*+'%?*0 1%'"

( &*' 37 :*36*'.%/ *0:*& 37 '"* <*.6#'3"*0.3+, -"* '13 (43=*56*+'%3+*0 /3+0%'%3+& 3+

N /"(.(/'*.%@%+: ( &*6%5:.(<"3%0 '"*+ "(=* (+ *$*:(+' :*36*'.%/ %+'*.<.*'('%3+, A=*.2

'1350%6*+&%3+($ 7(/* 37 '"* <*.6#'3"*0.3+ %& *%'"*. ( &B#(.* 3. ( .*:#$(. "*C(:3+, -"*

&266*'.2 /3+0%'%3+ /(+ 4* %+'*.<.*'*0 (& ( -34&/) &5$!6 .*B#%.%+: '"(' %7 ( :*36*'.%/ *0:*

37 ( &B#(.* 4*$3+:& '3 N '"*+ &3 03*& '"* 3<<3&%'* *0:*, -"* *C/"(+:* <.3<*.'2 /3..*&<3+0&

'3 ( 7)5&8!" &5$!6 > 1"%/" &(2& '"(' %7 ( <(%. 37 '3#/"%+: *0:*& 37 ( "*C(:3+ 4*$3+:& '3 N
'"*+ '"* &(6* "3$0& 73. '"* <(%. 37 *0:*& 3<<3&%'* '3 '"*6 %+ '"* "*C(:3+D &** E%:#.* !, ,

-"* &*/3+0 *B#%=($*+' 0*?+%'%3+ %& %+ '*.6& 37 8/36<$*'*; *!'97)#/&' :&"-> 1"%/" (.*

/*.'(%+ /3$$*/'%3+& 37 <3$2"*0.($ /3+*& /3=*.%+: R
N
, -"*.* %& ( <.36%+*+' <3$2"*0.($ 7(+

%+0#/*0 42 ( &<*/%($ *B#%=($*+/* 37 =*/'3.& %+ R
N
> 1"*.* u, v ∈ R

N
(.* *B#%=($*+' %7 ∀ i, j ∈

N 3+* "(& ui ≤ uj ⇔ vi ≤ vj , -"(' 7(+ %& /($$*0 '"* Sn;:&" 873. n = |N |; 42 F3.'3+ GHIJ 3.

</&$# &//&"8)6)"% 42 3'"*. (#'"3.&, K*6%5:.(<"3%0& (.* '"*+ %+ ( 3+*5'353+* /3..*&<3+0*+/*

1%'" <3$2"*0.($ 7(+& 1"%/" /3(.&*+ '"* <.36%+*+' Sn57(+,

 !" #$%&%'()*+ ,*)-./0)$ 01'0%-(2

L+ '"%& &*/'%3+ 1* %+'.30#/* 4(&%/ :.(<"%/($ /3+/*<'& '3 4* #&*0 %+ '"* 73$$31%+: '".**

&*/'%3+&, M*/($$ 7.36 N !, '"(' N %& ( :*+*.%/ &2643$ 73. ( ?+%'* +3+5*6<'2 %+0*C &*'

1"3&* *$*6*+'& /3..*&<3+0 '3 .(+036 =(.%(4$*& (+0 3//#. (& +30*& 37 :.(<"& %+ ( :.(<"%/($

/3+'*C',

O2 ( :.(<" !1)/ N 1* 1%$$ #+0*.&'(+0 ( :.(<" 1"%/" "(& N (& '"* &*' 37 "!#)-, P.(<"&

/3+&%0*.*0 %+ '"%& /"(<'*. "(=* +3 6#$'%<$* *0:*&D (+0 '"*.* (.* '13 <3&&%4$* '2<*& 37 '"*%.

*0:*&,

="#$/)+%)# )#8)- (.* #+3.0*.*0 <(%.& 37 0%&'%+/' +30*&> '"(' %&> '135*$*6*+' &#4&*'& 37

N , Q* 1%$$ 1.%'* i−− j '3 0*+3'* (+ #+0%.*/'*0 *0:* 4*'1**+ +30*& i (+0 j 7.36 N D (

<%/'3.%($ .*<.*&*+'('%3+ %& (+($3:3#&, R+ 4"#$/)+%)# 8/&*7 8SP; %& ( :.(<" 1"3&* *0:*& (.*

($$ #+0%.*/'*0D %7 i−− j %+ (+ #+0%.*/'*0 :.(<" G '"*+ 1* &(2 '"(' i (+0 j (.* ")$87<!/- %+

G, -"* &2643$ +*G(i) := {j ∈ N : i−− j %+ G} 1%$$ 0*+3'* '"* &*' 37 ($$ +*%:"43.& 37 i ∈ N
%+ G, R &*' 37 +30*& A ⊆ N %& +!6*')%) %+ (+ SP G %7 i−− j %+ G %& '.#* 73. ($$ 0%&'%+/'

i, j ∈ A, F(C%6($ /36<$*'* &*'& %+ G 1%'" .*&<*/' '3 '"* &*'5%+/$#&%3+ 3.0*.%+: (.* /($$*0

+'$34)- 37 G, R+ SP G 3=*. N %& +!6*')%) %7 N %& /36<$*'* %+ G,

>$/)+%)# )#8)- > ($&3 /($$*0 &//!?-> (.* 3.0*.*0 <(%.& 37 0%&'%+/' +30*&, Q* 1%$$ 1.%'*

i→ j '3 0*+3'* (+ (..31 7.36 +30* i '3 +30* j %+ N D &%6%$(.$2 %+ ?:#.*&, R #$/)+%)# 8/&*7

%& ( :.(<" 1"3&* *0:*& (.* ($$ (..31&, L7 i→ j %+ ( 0%.*/'*0 :.(<" G '"*+ 1* &(2 '"(' i %& (

*&/)"% 37 j %+ G 3.> 0#($$2> '"(' j %& ( +7$'# 37 i, -"* &2643$ <(G(j) := {i ∈ N : i→ j %+ G}
1%$$ 0*+3'* '"* &*' 37 ($$ <(.*+'& 37 j ∈ N %+ G,

P%=*+ ( :.(<" G 3=*. N 8*%'"*. 0%.*/'*0 3. #+0%.*/'*0; (+0 ( +3+5*6<'2 &*' 37 +30*&

T ⊆ N > '"* $"#4+)# -4<8/&*7 37 G 73. T > 0*+3'*0 42 GT > %& ( :.(<" 3=*. T 1%'" T#&' '"3&*

*0:*& %+ G 1"%/" .#+ 4*'1**+ +30*& 37 T ,

R ?&'0 %+ ( :.(<" G 3=*. N 8*%'"*. 0%.*/'*0 3. #+0%.*/'*0; %& ( &*B#*+/* 37 +30*&

i1, . . . , ik> k ≥ 1> &#/" '"(' *(/" /3+&*/#'%=* <(%. 37 +30*& %+ '"* &*B#*+/* %& (0T(/*+' 42 (+

*0:* %+ '"* :.(<" G, -"* *+05+30*& 37 '"* 1($) (.* i1 (+0 ikD %7 k ≥ 3 '"*+ '"* .*6(%+%+:

+30*& iℓ> 1 < ℓ < k> (.* $"%)/"&' "!#)-, -"* +#64*. 37 *0:*& %+ '"* 1($)> '"(' %&> k − 1>
%& /($$*0 '"* ')"8%7 37 '"* 1($), R 1($) %+ G %& /($$*0 ( *&%7 %7 i1, . . . , ik (.* 0%&'%+/'D %' %&

/($$*0 ( +9+') %7 k ≥ 4> i1 = ik (+0 i1, . . . , ik−1 (.* 0%&'%+/', L+ '"* /(&* 37 ( 0%.*/'*0 :.(<"

G> ( <('" 3. ( /2/$* %& /($$*0 #$/)+%)# %7 iℓ → iℓ+1 73. ℓ = 1, . . . , k − 1,
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!"#$%& '()* +,- ./0123.4 -5 6789:.;<.8 =:02>4(

? 89:.;<.8 =:02> G 94 ;033.8 !-2-.,- 95 9< ;-7<0974 7- 89:.;<.8 ;@;3.( A9:.;<.8 =:02>4

<>0< 0:. 0;@;39; 0:. ;-7B.7<9-7033@ ;033.8 #,)0-30# !-2-.,- 4)!*+1 CA?#4D( ? ,.33EF7-,7

.G69B03.7< ;>0:0;<.:9H0<9-7 -5 0 A?# 94 <>0< 9< 94 46;> 0 89:.;<.8 =:02> G ,>9;> 0819<4 07

.761.:0<9-7 -5 7-8.4 i1, . . . , i|N | ,>9;> 94 -%"1%"!"3 ,9<> <>. 89:.;<9-7 -5 0::-,4* <>0< 94I

95 iℓ → ik 97 G <>.7 ℓ < k(

?7 912-:<07< ;-7;.2< 94 <>0< -5 0 -+%)#!. C6789:.;<.8D =:02>( "< 94 07 $# G 46;> <>0<

.0;> ;@;3. 97 G -5 <>. 3.7=<> 0< 3.04< J >04 0 -+%)#I <>0< 94I 07 .8=. K.<,..7 7-8.4 97 <>.

;@;3. ,>9;> 94 7-< 07 .8=. 5-:197= <>. ;@;3.( ? ,.33EF7-,7 .G69B03.7< 8.L79<9-7 -5 0 ;>-:803

=:02> G 94 <>0< <>. ;39G6.4 -5 G ;07 K. -:8.:.8 97<- 0 4.G6.7;. C1, . . . , CmIm ≥ 1I 40<945@97=
<>. )5"","4 ,"30)10-3,%" *)%*0)32 * ∀ k ≥ 2 ./94<4 ℓ < k 46;> <>0< Ck ∩ (

⋃

r<k Cr) ⊆ Cℓ(

 !" #$%&'( )%')*%+,*- .'% /01,%*2+*1 3%$)4-

+>94 4.;<9-7 ;-7<0974 4-1. <>.-:.<9;03 :.463<4 ;-7;.:797= 6789:.;<.8 =:02>9;03 1-8.34I ;033.8

/!)&%6 "037%)&1 97 <>. ;-7<./< -5 2:-K0K9394<9; :.04-797= MJ N(

 !"! #$%&'$ (')*%+ ,)%,-)./ 0%) '1 2#

#9B.7 07 6789:.;<.8 =:02> G -B.: N 078 0 894O-97< <:923.< 〈A,B|C〉 ∈ T (N)I ,. 40@ <>0< A

078 B 0:. 10*!)!30# K@ C 97 G 078 ,:9<. A ⊥⊥ B |C [G] 95 .B.:@ ,03F 97 G 5:-1 0 7-8. 97 A

<- 0 7-8. 97 B ;-7<0974 0 7-8. 97 C( P5 ;-6:4.I <>94 94 .G69B03.7< <- 07 98.7<9;03 ;-789<9-7

,9<> 20<>4 97 230;. -5 ,03F4( ?7-<>.: 5-:1630<9-7 94 <>0< 05<.: <>. :.1-B03 -5 <>. 4.< -5

7-8.4 97 C C97;36897= <>. .8=.4 3.0897= <- <>-4. 7-8.4D <>.:. 94 7- 20<> K.<,..7 A 078 BQ

<>0< 94I 7- ;-77.;<.8 ;-12-7.7< -5 <>. 9786;.8 =:02> GN\C 1..<4 K-<> A 078 B(

+- 93364<:0<. <>. ;-7;.2< -5 C6789:.;<.8 =:02>9;03D 4.20:0<9-7I ;-7498.: <>. =:02>4 G 078

H 97 !9=6:. '()( R3.0:3@ A = {a} 078 B = {e} 0:. 7-< 4.20:0<.8 K@ C = {c} 97 G K.;064.

-5 <>. 20<> a−− b−− d−− eI ,>9;> 0B-984 C = {c}( S6< <>.@ 0:. 4.20:0<.8 K@ C = {c, d}I
,>9;> 1.074 <>0< a ⊥⊥ e | cd [G]( P7. ;07 034- .0493@ -K4.:B. <>0< a ⊥⊥ e | cd [H](

&B.:@ 6789:.;<.8 =:02> G -B.: N 9786;.4 0 5-:103 978.2.78.7;. 1-8.3 -B.: N K@ 1.074

-5 <>. 5"#,)0-30# 10*!)!3,%" ;:9<.:9-7

MG = { 〈A,B|C〉 ∈ T (N) : A ⊥⊥ B |C [G] } ,

,>9;> 022.0:4 <- K. 0 C894O-97<D =:02>-98( ? 2:-K0K939<@ 1.046:. P -B.: N ,9<>MG ⊆MP

94 <>.7 ;033.8 /!)&%6,!" ,9<> :.42.;< <- GQ 97 07 03<.:70<9B. <.:197-3-=@I P 40<94L.4 <>.

4.%$!. /!)&%6 *)%*0)32 :.30<9B. <- G*

 !" 95 A 078 B 0:. 4.20:0<.8 K@ C 97 G <>.7 A ⊥⊥ B |C [P ](



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

"#$ %&'(')&')*(+, 3"#$/)+%)# 4/&*5$+&' 6!#)' MG '#$- *.-&)&'& ./ 0(12.3)(- 4)&'1)56').-&

7)'# 1$&8$*' '. G9 :& $;8+()-$4 )- < =9>9 ? '#$ *+(&& MG *(- 5$ )-'$181$'$4 (& '#$ &'(')&')*(+

@.4$+ ./ '#$ AB &'16*'61$ C)3$- 5D MG9

: 81.5(5)+)'D @$(&61$ P .3$1 N )& *(++$4 *)/7)+%'8 .&/0!1$&" 7)'# 1$&8$*' '. G )/

MG = MP 9 "#$ $;)&'$-*$ ./ ( 4)&*1$'$ 8$1/$*'+D 0(12.3)(- @$(&61$ 7)'# 1$&8$*' '. (-D

C)3$- EF G 7(& &#.7- 5D F$)C$1 (-4 G$(1+ )- H=I? "#$.1$@==J9 B- 8(1')*6+(1? MG )& )-4$$4

( 81.5(5)+)&')* AB &'16*'61$ /.1 (-D EF G (-4 '#$ &'(')&')*(+ @.4$+ MG )& -.-K$@8'D %)-

'#$ *(&$ ./ -.-K4$C$-$1('$ &(@8+$ &8(*$&  i? i ∈ N,9 :-.'#$1 1$+('$4 1$&6+' &(D& '#(' /.1@(+

)-4$8$-4$-*$ @.4$+& )-46*$4 5D EF& *(- 5$ 4$&*1)5$4 )- (- (;).@(')* 7(D? '#(' )&? '#$D

(1$ *#(1(*'$1)L$4 )- '$1@& ./ M-)'$+D @(-D )@8+)*(').-& H>!J9

 !"!# $%&'( ')* +',-.,/0 1'-2%3 +-%+0-4,0/ 5%- ') 67

N$1)M*(').- 7#$'#$1 ( 81.5(5)+)'D @$(&61$ .3$1 N )& 0(12.3)(- 7)'# 1$&8$*' '. (- EF

.3$1 N *(- 5$ 4)O*6+' 5$*(6&$ ./ '#$ -6@5$1 ./ AB &'('$@$-'& '. 5$ '$&'$4? 7#)*# @(D 5$

3$1D #)C#9 P$3$1'#$+$&&? )- '#$ *(&$ ./ ( @$(&61$ 7)'# ( %&'1)*'+D, 8.&)')3$ 4$-&)'D *$1'()-

1$(&.-(5+$ &6O*)$-' *.-4)').-& $;)&'9

Q$ &(D '#(' ( 81.5(5)+)'D @$(&61$ P .3$1 N &(')&M$& '#$ '!+&'9*&$/:$-) .&/0!1 */!*)/%8

1$+(')3$ '. G )/

 !" /.1 (++ i ∈ N i ⊥⊥ N \ (i ∪ -$G(i)) | -$G(i) [P ]?

 #" /.1 (++ 4)&')-*' i, j ∈ N 7)'# ¬(i−− j )- G, i ⊥⊥ j |N \ {i, j} [P ]9

B' )& $(&D '. 3$1)/D? 6&)-C R5&$13(').- =9>9=%))),? '#(' %F,⇒%S,⇒%G,T #.7$3$1? $;(@8+$& (1$

(3()+(5+$ )- 7#)*# %G, 6⇒%S, 6⇒%F, /.1 4)&*1$'$ 4)&'1)56').-& H >J9

;<-)/1&%$!" =9U9== :&&6@$ '#(' ( 81.5(5)+)'D @$(&61$ P .3$1 N #(& ( &'1)*'+D 8.&)')3$

4$-&)'D9 "#$- .-$ #(& %F,⇔%S,⇔%G, /.1 P 9

2/!!7= "#$ 2$D /(*' )& '#$ 81.8$1'D &8$*)M$4 )- R5&$13(').- =9>9=%)3,? 7#)*# )@8+)$& '#('

'#$ AB &'16*'61$ )-46*$4 5D G )& ( C1(8#.)49 "#6&? )' )& $-.6C# '. &#.7 '#(' '#$ C1(8#.)4

*+.&61$ ./ '#$ &$' ./ '1)8+$'& ./ '#$ /.1@ 〈i, j|N \{i, j}〉 /.1 -.-K$4C$& i, j ∈ N ? ¬(i−− j )- G)?
*.-'()-& '#$ 7#.+$ /.1@(+ )-4$8$-4$-*$ @.4$+ MG9 "#)& .5&$13(').- )& +$/' '. '#$ 1$(4$1

(& (- $;$1*)&$9

R/ *.61&$? )' )& *+$(1 /1.@ '#$ 81$&$-'$4 81../ '#(' P -$$4 -.' -$*$&&(1)+D #(3$ ( &'1)*'+D

8.&)')3$ 4$-&)'DT )' )& &6O*)$-' /.1 '#$ AB &'16*'61$ )-46*$4 5D P '. 5$ ( C1(8#.)49 "#$1$ (1$

7$(2$1 *.-4)').-& H>VJ 7#)*# $-&61$ '#$ 3(+)4)'D ./ '#(' (&&$1').-9 ". )++6&'1('$ '#$ (5.3$K

@$-').-$4 *.-*$8'&? +$' 6& (C()- *.-&)4$1 '#$ EF& )- W)C61$ =9!9 "#$ 1$(4$1 *(- $(&)+D

*#$*2 '#(' '#$ /.++.7)-C +)&'& ./ )-4$8$-4$-*)$& (1$ '#$ 1$&8$*')3$ 1$X6)1$@$-'&9

%S, /.1 GY

a ⊥⊥ de | bc
b ⊥⊥ ce | ad
c ⊥⊥ b | ade
d ⊥⊥ a | bce
e ⊥⊥ ab | cd

%G, /.1 GY

a ⊥⊥ d | bce
a ⊥⊥ e | bcd
b ⊥⊥ c | ade
b ⊥⊥ e | acd

%S, /.1 HY

a ⊥⊥ cde | b
b ⊥⊥ de | ac
c ⊥⊥ ae | bd
d ⊥⊥ ab | ce
e ⊥⊥ abc | d

%G, /.1 HY

a ⊥⊥ c | bde
a ⊥⊥ d | bce
a ⊥⊥ e | bcd
b ⊥⊥ d | ace
b ⊥⊥ e | acd
c ⊥⊥ e | abd

"#6&? 5D R5&$13(').- =9U9=? '. *#$*2 7#$'#$1 ( 81.5(5)+)'D @$(&61$ P 7)'# ( &'1)*'+D 8.&)')3$

4$-&)'D &(')&M$& '#$ C+.5(+ 0(12.3 81.8$1'D 1$+(')3$ '. G? )' )& $-.6C# '. 3$1)/D '#(' /.61

AB &'('$@$-'& %G, /.1 G (1$ 3(+)4 7)'# 1$&8$*' '. P 9 :-(+.C.6&+D? (& *.-*$1-& H? M3$ AB

&'('$@$-'& )- %S, /.1 H (1$ $-.6C# '. 3$1)/D '#$ C+.5(+ 0(12.3 81.8$1'D 1$+(')3$ '. H9



 !  !"#$%%& %' ()!*+,-!. /%#0.1

"#$% $&'$ $&% ()*+,%-$%* 10*!)!2,%" -),20),%" .,#/ 0 12321 4'5 ' ,%5(6$ #. ' -%,$'+)

*%7%6#8/%)$ +) $&% $&%#,9 #. :',;#7 <%6*5= 4&+-& 5$%//%* .,#/ 5$'$+5$+-'6 8&95+-52 >&%

'($&#,5= 4&# &'* *%7%6#8%* $&+5 $&%#,9 +) $&% 1?3@5= ,%5$,+-$%* $&%+, '$$%)$+#) $# 5$,+-$69

8#5+$+7% *+5-,%$% 8,#A'A+6+$9 *+5$,+A($+#)52 B%7%,'6 $98%5 #. :',;#7 -#)*+$+#)5 4%,% 8,#8#5%*

+) C!@DE $&% #,+F+)'6 8'+,4+5% :',;#7 8,#8%,$9 4'5 5$,%)F$&%)%* $# $&% 6#-'6 ')* F6#A'6

7%,5+#)52 >&% ,%'*%, -') '5; 4&%$&%, #)% -') 8#55+A69 %7%) 5$,%)F$&%) $&% F6#A'6 :',;#7

8,#8%,$92 "#$% $&'$ +$ .#66#45 .,#/ $&% ,%5(6$ #) $&% %G+5$%)-% #. ' 8%,.%-$69 :',;#7+')

8#5+$+7% *+5-,%$% /%'5(,% C1?D $&'$ $&% F6#A'6 :',;#7 8,#8%,$9 -'))#$ A% 5$,%)F$&%)%*2

:#,%#7%,= +$ '65# #--(,5 $# A% $&% 5$,#)F%5$ 8#55+A6% :',;#7 8,#8%,$9 4+$&+) $&% .,'/%4#,;

#. ,%F(6', H'(55+') /%'5(,%52

 !"!# $%&'()*+%'*(, -)(-.)'/ 0() %, 12

>&%,% +5 ')#$&%, 5(I-+%)$ -#)*+$+#) .#, $&% F6#A'6 :',;#7 8,#8%,$9= 4&+-& *#%5 )#$ *%J

/')* .#, $&% *+5$,+A($+#) $# &'7% ' 8#5+$+7% *%)5+$92 B8%-+<-'669= 4% 5'9 $&'$ ' /',F+)'669

-#)$+)(#(5 /%'5(,% P #7%, N ,1 '!-2%),30# '--#,*+)F $# ') KH G #7%, N +. ' *#/+)'$+)F

595$%/ #. σJ<)+$% /%'5(,%5 µi
= i ∈ N = %G+5$5 5(-& $&'$= .#, $&% ,%58%-$+7% L#+)$ *%)5+$9 f =

#)% &'5

 !" $&%,% %G+5$5 8#$%)$+'65 ψC :  C → [0,∞)= C ∈ CG= 4+$&

f(x) =
∏

C∈CG

ψC(xC) for µJ'2%2 x ∈ XN ,

4&%,% CG *%)#$%5 $&% -#66%-$+#) #. -6+M(%5 #. G2

"#$% $&'$ #)% '64'95 &'5 NOP⇒NHPQ $&+5 #A5%,7'$+#) -') A% *%,+7%* .,#/ ,%8%'$%* '886+J

-'$+#) #. $&% .'-$ $&'$ $&% .'-$#,+R'$+#) -#)*+$+#) N12SP +5 ') %M(+7'6%)$ *%<)+$+#) #. TUQ 5%%

C S= V,#8#5+$+#) 1D2 W) $&% #$&%, &')*= %G'/86%5 #. *+5-,%$% /%'5(,%5 5&#4+)F NHP 6⇒NOP %GJ

+5$ CX1D2 "%7%,$&%6%55= $&% -#)*+$+#)5 ',% M(+$% #.$%) %M(+7'6%)$2 >&% .#66#4+)F ,%5(6$= 4&#5%

8,##. +5 #/+$$%*= +5 ;)#4) '5 $&%  !440)1.0567.,8%)# 2+0%)04= 5%% C != >&%#,%/X2?D2 U$ +5

' 7%,9 (5%.(6 #A5%,7'$+#) '5 *+5-(55%* +) T&'8$%, X #. $&+5 A##;2

9$10):!2,%" 1232 ; Y55(/% $&'$ ' 8,#A'A+6+$9 /%'5(,% P #7%, N &'5 ' 5$,+-$69 8#5+$+7%

*%)5+$92 >&%) #)% &'5 NOP⇔NHP .#, P 2

 !" #$%&'( )%')*%+,*- .'% /,%*0+*/ 1%$)2-

>&+5 5%-$+#) *%'65 4+$& *+,%-$%* '-9-6+- F,'8&+-'6 /#*%65= -'66%* <!501,!" "02=%)&1 +) $&%

-#)$%G$ #. 8,#A'A+6+5$+- ,%'5#)+)F C! D2

 !3! 4*).&'*(,%5 6.-%)%'*(, &)*'.)*%

U) $&% *+,%-$%* -'5%= 5%7%,'6 5%8','$+#) -,+$%,+' ',% '7'+6'A6% $# *%-+*% 4&%$&%, ' *+5L#+)$

$,+86%$ +5 ,%8,%5%)$%* +) ' F,'8&Q &#4%7%,= $&%5% '88',%)$69 *+Z%,%)$ -,+$%,+' ',% %M(+7'6%)$

4+$& %'-& #$&%,2 >&%9 ',% *%5-,+A%* +) $&+5 5(A5%-$+#)= $&,#(F&#($ 4&+-& 4% '55(/% $&'$

G +5 ' *+,%-$%* F,'8& #7%, N Q +)*%%*= $# +)$,#*(-% $&% -,+$%,+' +$ +5 )#$ 5(A5$')$+'6 4&%$&%,

G +5 '-9-6+- #, )#$2
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 !"#$%&!'(")#"* +"$!,"$(- $- !,"./ (' )#01/

829 :- -94;9 <.9= 4 -9;4.>=965;<4;? -204;49.5@ A;.92;.5@ 65; <41B-C <=.A= .- 9=2 -./012-9 5@2)

829 ρ : i1, . . . , ikC k ≥ 1C D2 4 <41B .@ G) E2 -4F 9=49 4 @5?2 iℓ .@ ρ 5AA:;- 4- 4 +!''$#)/ .@

ρ .6 .9 .- 4@ .@92;@41 @5?2 .@ ρ 4@? iℓ−1 → iℓ ← iℓ+1 .@ G) G9=2; 5AA:;;2@A2- 56 @5?2- .@

ρC .@A1:?.@> .9- 2@?H@5?2-C 4;2 A4112? "!"3+!''$#)/-) E2 -4F 9=49 ρ .- $"%)//4*%)# DF 4 -29 56

@5?2- C ⊆ N .6

,$!&," 4 @5?2 23.-9- <=.A= 5AA:;- 4- 4 "!"3+!''$#)/ .@ ρ 4@? 5)'!"6- %! CC

(" 4 @5?2 23.-9- <=.A= 5AA:;- 4- 4 +!''$#)/ .@ ρ 4@? $- !4%-$#) !7 C)

, <41B .@ G <=.A= .- @59 .@92;;:092? DF 4 -29 C ⊆ N <.11 D2 A4112? 7/)) 65; CC 5; I:-9 D;.2JF

C37/))) K=:-C ρ : i1, . . . , ikC k ≥ 1C .- CH6;22 0;5L.?2? 5@2 =4-C 65; 411 iℓC 1 ≤ ℓ ≤ k+

• .6 iℓ .- 4 @5@HA511.?2; @5?2 5AA:;;2@A2 .@ ρ 9=2@ iℓ 6∈ CC

• .6 iℓ .- 4 A511.?2; @5?2 5AA:;;2@A2 .@ ρ 9=2@ iℓ ∈ C)

$.L2@ 〈A,B|C〉 ∈ T (N)C <2 -4F 9=49 A 4@? B 4;2 #$/)+%$!"&''8 -)*&/&%)# DF C .@ G .6 2L2;F

9&'0 .@ G 6;5/ 4 @5?2 .@ A 95 4 @5?2 .@ B .- .@92;;:092? DF C 4@? <;.92 A ⊥⊥ B |C [G]
9=2@)

K=:-C 9=2 .@92;;:09.@> A5@?.9.5@ 65; @5@HA511.?2;- .- 9=2 -4/2 4- .@ 9=2 :@?.;2A92? A4-2

M-22 N ()O)(PC <=.12 9=2 A5@?.9.5@ 65; A511.?2;- .- A5/012921F A5@L2;-2) #9 41-5 65115<- 6;5/ 9=2

?2Q@.9.5@ 9=49 .6 4 <41B =4- 4 @5?2 <.9= 5AA:;;2@A2- 56 D59= 4 A511.?2; 4@? 4 @5@HA511.?2;

9=2@ .9 /:-9 D2 .@92;;:092? DF 4@F C ⊆ N )

R592 9=49C <=2@ 92-9.@> A ⊥⊥ B |C [G]C 5@2 =4- 95 A5@-.?2; 411 <41B- 6;5/ A 95 BC @59

I:-9 049=-) "5; 234/012C 9=2 5@1F 049= 6;5/ i ?5 j .@ 9=2 >;40= .@ ".>:;2 ()* .- i→ l ← j

4@? 9=.- 049= .- .@92;;:092? DF 9=2 -29 C = {k}) R2L2;9=212--C 4 <41B i → l → k ← l ← j

23.-9- .@ 9=2 >;40= <=.A= .- CH6;22)

, @49:;41 S:2-9.5@ 4;.-2- <=29=2; 9=2 <41BHD4-2? A;.92;.5@ .- ?2A.?4D12) T215< <2 ?2H

-A;.D2 4 0;504>49.5@ 41>5;.9=/ <=.A=C 65; >.L2@ ?.-I5.@9 -29- 56 @5?2- A 4@? CC Q@?- 9=2 -29

Ā 56 @5?2- 95 <=.A= 4 CH6;22 <41B 23.-9- 6;5/ 4 @5?2 .@ A) K=:-C .6 B .- ?.-I5.@9 <.9= Ā∪CC

9=2@ ?.;2A9.5@41 -204;49.5@ A ⊥⊥ B |C [G] =51?-C 59=2;<.-2 .9 ?52- @59) K=2 41>5;.9=/ A4@

D2 L.2<2? 4- 4 B.@? 56 /5?.QA49.5@ 56 9=2 ,&8)-35&'' 41>5;.9=/ U*OV DF W=4A=92;)

2-34!5 7.;2A92? >;40= G 5L2; N X A,C ⊆ N ?.-I5.@9 -29- 56 @5?2-)

647$0$#"8 /,!/ (' -(*,/+ U, V,W ⊆ N )

Y:9 U := AC V := ∅C W := ∅)
,001F 23=4:-9.L21F 9=2 65115<.@> 9=;22 0;504>49.5@ ;:12-+

9$: w ∈ U ∪W C w ← uC u 6∈ C ⇒ u ∈ U C
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a ∈ U

b ∈ A ∩ U c ∈ U

d ∈ C ∩W
e ∈ V

f ∈ V

 !!!"

 !"

 !"

 !!"

 !!"

"#$%&' ()*+ #,,-./01/234 35 /67 8038191/234 1,9302/6: 530 ;207</7; 90186.)

 !!" u ∈ U ∪ V = u→ v= v 6∈ C ⇒ v ∈ V =

 !!!" u ∈ U ∪ V = u→ w= w ∈ C ⇒ w ∈W )

#$%&$%' >-/ Ā := U ∪ V ?674 /67 1,9302/6: /70:241/7.)

@7 ,71A7 /3 /67 071;70 /3 A7025B /61/ /67 3-/8-/ 35 /67 1,9302/6: 2. 24;77; /67 .7/ Ā)

C62. 53,,3?. 503: /67 24/70807/1/234 35 /67 1-D2,210B .7/. 35 43;7.+

• U 2. /67 .7/ 35 43;7. u 24 N .-<6 /61/ 72/670 u ∈ A 30 /6707 7D2./. 1 CE5077 ?1,F 503:

A /3 u ?62<6 74;. GB 14 1003? 8324/249 %23 %' u=

• V 2. /67 .7/ 35 43;7. v 24 N .-<6 /61/ /6707 7D2./. 1 CE5077 ?1,F 503: A /3 v ?62<6

74;. GB 14 1003? 8324/249 ,"3% v=

• W 2. /67 .7/ 35 43;7. w 24 C .-<6 /61/ /6707 7D2./. 1 CE5077 ?1,F 503: A /3 .3:7

u ∈ 81G(w))

H4 7D1:8,7 35 188,2<1/234 35 /67 1,9302/6: 2. 24 "29-07 ()*+ 6707 ?7 ./10/ ?2/6 A = {b}
14; C = {d} 14; GB <34.7<-/2A7 188,2<1/234 35 I222J= I2J 14; I22J 97/ U = {a, b, c}= V = {e, f}
14; W = {d}) C6-.= Ā = U ∪ V = {a, b, c, e, f})

()*+&,-,%!./ 0-!%+-!./

H43/670 38/234 /3 .3,A7 /67 A702K<1/234 803G,7: 2. /3 :3;25B /67 <02/70234 .3 /61/ 34,B

81/6. 107 <34.2;707;) C62. ,71;. /3 1 /01;2/2341, ;207</2341, <02/70234= 35/74 1GG07A21/7; 1.

d410*!)!3,%" -),30),%"= ?62<6 ?1. 803:3/7; GB >710, 14; 62. <31-/630. LM N) C3 530:-,1/7

/62. <02/70234= 347 477;. 14 1;;2/2341, 901862<1, <34<78/+ 25 /6707 7D2./. 1 ;207</7; 81/6 24

G 503: 43;7 i ∈ N /3 43;7 j ∈ N /674 ?7 .1B /61/ i 2. 14 !"-013%) 35 j 24 G= 30= ;-1,,B=

/61/ j 2. 1 #01-0"#!"3 35 i 24 G) O3/7 /61/ 14B 43;7 2. 2/. 3?4 ;7.<74;14/)

$2A74 1 81/6 ρ : i1, . . . , ik= k ≥ 1= 24 G 14; C ⊆ N ?7 .1B /61/ ρ 2. !-3,50 530 C= G027PB

C4!-3,50 25= 530 1,, iℓ= 1 ≤ ℓ ≤ k+

• 25 iℓ 2. 1 434E<3,,2;70 24 ρ /674 iℓ 6∈ C=

• 25 iℓ 2. 1 <3,,2;70 24 ρ /674 iℓ 61. 1 ;7.<74;14/ 24 C)

H 81/6 ?62<6 2. 43/ 1</2A7 ?2/6 07.87</ /3 C 2. $.%-&0# $6 C) "241,,B= 〈A,B|C〉 ∈ T (N) 2.
07807.74/7; 24 G 1<<30;249 /3 /67 #410*!)!3,%" -),30),%"= 25 7A70B *!3+ 24 G 503: A /3 B 2.

G,3<F7; GB C)
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"#$%&' ()*+ #,,-./01/234 35 /67 d8.79101/234 :02/70234 530 ;207:/7; <0196.)

=3/7 /61/> 24 /67 :1.7 35 1 91/6> 14? 43;7 3::-0. 1/ @3./ 34:7 24 ρ 14; @-./ A7 72/670

1 :3,,2;70 30 1 4348:3,,2;70) B67 :34:79/ 35 1 C81:/2C7 91/6 34,? .,2<6/,? ;2D70. 503@ /61/

35 1 C85077 E1,F+ /6707 2. 1 E71F70 07G-207@74/ 24 /67 :1.7 35 :3,,2;70 43;7.) B3 2,,-./01/7

/67 199,2:1/234 35 d8.79101/234 :02/70234> :34.2;70 /67 <0196 24 "2<-07 ()*) #5 E7 /7./ 〈b, e|c〉
/674 E7 :14 3A.70C7 /61/ 14? 91/6 503@ b /3 e 72/670 <37. /603-<6 1 4348:3,,2;70 c ∈ C

14; 2. A,3:F7; /6707 30 2/ <37. /603-<6 1 :3,,2;70 f 14; 2. A,3:F7; /6707 HA7:1-.7 f 2. "!%

14 14:7./30 35 cI) #4 30;70 /3 .77 /61/ 〈b, e|f〉 2. 43/ 07907.74/7;> ,7/ -. :34.2;70 /67 91/6

b→ d← c← a→ e> E62:6 2. C81:/2C7 A7:1-.7 /67 34,? :3,,2;70 d 2. 14 14:7./30 35 f ∈ C)

 !"#$%&#'%!( )"%'*"%!(

B67 3!/&'$4&%$!" +/$%)/$!"> 903@3/7; A? J1-02/K74 14; 62. :381-/630. L M> NO> 2. 43/ ./012<6/8

530E10; 24 /67 .74.7 /61/ /67 <0196 2. @3;2P7; ;-024< /67 /7./) B62. :02/70234 2. A1.7; 34

/014.530@1/234 35 /67 ;207:/7; <0196 24/3 1 :70/124 %$ 14; /674 -.24< /67 -4;207:/7; .798

101/234 :02/70234) #/ 61. /6077 ./79.+

() 347 07@3C7. .3@7 43;7. 14; <7/. 14 24;-:7; .-A<0196 35 /67 302<241, <0196> E62:6 2.

07,7C14/ 530 /67 /7./7; /029,7/>

 ) /62. 24;-:7; .-A<0196 2. /014.530@7; /3 1 :70/124 %$ 3C70 /67 .1@7 .7/ 35 43;7.>

E62:6 2. Q 530 :70/124 071.34. Q :1,,7; /67 3!/&' 5/&*6>

R) P41,,? /67 -4;207:/7; .79101/234 :02/70234 503@ S ()!)( 2. 199,27; /3 /67 /7./7; /029,7/

14; /67 @301, <0196)

T7:1-.7 35 /67 P0./ ./79> /67 @301, <0196. 1..2<47; /3 ;2D7074/ /7./7; /029,7/. @1? A7 ;258

57074/) B3 530@-,1/7 /67 :02/70234> 347 1,.3 477;. 1;;2/2341, <01962:1, :34:79/.) U97:2P:1,,?>

14 $33!/&'$%7 24 G 2. 14 24;-:7; .-A<0196 35 G 35 /67 530@ i → k ← j) B67 3!/&' 5/&*6

35 1 ;207:/7; <0196 G 3C70 N 2. 14 %$ Gmor
3C70 /67 .1@7 .7/ 35 43;7. N .-:6 /61/ i−− j

24 Gmor
25

*%'+*" [i, j] 2. 14 7;<7 24 /67 302<241, <0196 G>

!" /6707 7V2./. 14 2@@301,2/? 24 G 35 /67 530@ i→ k ← j)

W7 .1? /61/ 1 /029,7/ 〈A,B|C〉 ∈ T (N) 2. 07907.74/7; 24 G 1::30;24< /3 /67 3!/&'$4&%$!"

+/$%)/$!" 25 A 1 B 107 .79101/7; A? C 24 /67 -4;207:/7; <0196 H = (G
 !G(ABC))

mor
> E6707

/67 .?@A3, 14G(ABC) ;743/7. /67 .7/ 35 &"+)-%!/- 35 43;7. 24 ABC H.77 /67 /7V/ 1A3-/

d8.79101/234I)
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"%$

&'()*+ ,-./ '001234#3567 68 39: ;64#05<#3567 =453:4567-

>6 5001234#3: 39: #??05=#3567 68 39: ;64#05<#3567 =453:4567@ =6725A:4 39: B4#?9 57 &5BC

14: ,-D- >6 3:23 〈b, e|ad〉@ E: F423 34#72864; 39: B4#?9 5736 39: 57A1=:A 21%B4#?9 864 39:

2:3 68 #7=:23642 68 76A:2 57 {a, b, d, e} 57 &5B14: ,-."#$ #7A 39:7 36 39: ;64#0 B4#?9 57

&5B14: ,-."%$- G: 6%2:4H: 39#3 :H:4I ?#39 846; b 36 e 57 39: ;64#0 B4#?9 B6:2 39461B9 a-

>912@ 〈b, e|ad〉 52 4:?4:2:73:A 57 39: B4#?9 #==64A57B 36 39: ;64#05<#3567 =453:4567- >:2357B

〈b, e|d〉 0:#A2 36 39: 2#;: ;64#0 B4#?9 57 &5B14: ,-."%$J %13@ 3952 35;:@ # ?#39 b−− c−− a−− e
:K5232 E95=9 #H65A2 39: 2:3 C = {d}- >952 5;?05:2 39#3 〈b, e|d〉 52 763 4:?4:2:73:A-

 !" #!$%& '(#$')

>9:4: 52 #7639:4 =453:4567 %#2:A 67 34#72864;#3567 68 39: B4#?9@ 57 E95=9 26;: :AB:2 #4:

4:;6H:A 5723:#A 68 #AA:A- >952 =453:4567 E#2 21BB:23:A %I L#22:I M NO #7A #026 57A:?:7C

A:730I %I P#4E5=9: 57 952 %66Q M,,O- >6 3:23 # 345?0:3 〈A,B|C〉 ∈ T (N) 39: 86006E57B 23:?2

#4: ;#A:/

,- 39: 57A1=:A 21%B4#?9 864 39: #7=:23642 68 76A:2 57 ABC 52 =672341=3:A "3952 52 5A:735=#0

E539 39: F423 23:? 68 39: ;64#05<#3567 =453:4567$@

 - 39: 21%B4#?9 52 ?417:A %I 39: 4:;6H#0 68 #446E2 613B657B 846; C@

R- 58 39:4: 52 76 ?#39 %:3E::7 A #7A B 57 39: 4:210357B A54:=3:A B4#?9 39:7 39: 345?0:3

52 4:?4:2:73:A #==64A57B 36 3952 =453:4567-

>6 5001234#3: 39: =453:4567@ 0:3 12 #B#57 =6725A:4 39: B4#?9 57 &5B14: ,-D #7A 3:23 〈b, e|d〉-
>9: F423 23:? 0:#A2 36 39: B4#?9 57 &5B14: ,-."#$@ #7A 76 #446E 52 4:;6H:A 846; 39#3 B4#?9

57 39: 2:=67A 23:?- S57=: 39:4: 52 # ?#39 %:3E::7 b #7A e 57 53@ 39: 345?0:3 52 763 4:?4:2:73:A-

T7 39: 639:4 9#7A@ E9:7 〈b, e|ad〉 52 3:23:A@ 39: B4#?9 57 &5B14: ,-."#$ 52 ?417:A 57 39:

2:=67A 23:? %I 39: 4:;6H#0 68 #446E2 a → c #7A a → e- >912@ e 52 #7 5260#3:A 76A: 57 39:

4:210357B B4#?9 #7A 39: 345?0:3 52 4:?4:2:73:A #==64A57B 36 3952 2?:=5#0 =453:4567-

*+,$-./")0" '1 &$%"0#$')./ 0%$#"%$.

>9: :U15H#0:7=: 68 dC2:?#4#3567 #7A ;64#05<#3567 =453:45# "57 39: =#2: 68 # PV($ E#2 296E7

57 M W@ X46?6253567 R- YO- >9: :U15H#0:7=: 68 39: 0#23 =453:4567 E539 dC2:?#4#3567 E#2 ?46H:A

57 M,,@ >9:64:;W-,O-

Z67:39:0:22@ #00 39: =453:45# #4: ;131#00I :U15H#0:73 :H:7 57 39: =#2: 68 # B:7:4#0 A54:=3:A

B4#?9- >912@ 39: 86006E57B 8#=3 52 0:83 36 39: 4:#A:4 #2 #7 :K:4=52:- V 9573 52 39#3 67: 296E2@

864 #7I 68 39: 394:: =453:45#@ # A54:=3:A B4#?9 G 6H:4 N #7A 〈A,B|C〉 ∈ T (N)@ 39#3 39:

345?0:3 52 "%2 )0*)010"20# 57 G #==64A57B 36 39: 4:2?:=35H: =453:4567 5[ 39:4: :K5232 # CC84::

E#0Q %:3E::7 A #7A B@ 39#3 52@ A 6⊥⊥ B |C [G]-

3$10)4!2,%" ,-!-,5 \:3 G %: # A54:=3:A B4#?9 6H:4 N #7A 〈A,B|C〉 ∈ T (N)- >9:7 A ⊥



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

⊥ B |C [G] "# 〈A,B|C〉 ∈ T (N) "$ %&'%&$&()&* "( G +,,-%*"(. )- +(/ -0 )1& )1%&& +2-3&4

5&()"-(&* '+)142+$&* ,%")&%"+6

 !"!# $%&'(% )(*+&, -*&-.*/0 1&* ( 23$

73&%/ *"%&,)&* +,/,8", .%+'1 G -3&% N "(*9,&$ + 0-%5+8 "(*&'&(*&(,& 5-*&8 -3&% N )1%-9.1

)1& #$/)+%$!"&' -)*&/&%$!" ,%")&%"-(

MG = { 〈A,B|C〉 ∈ T (N) : A ⊥⊥ B |C [G] } ,

:1",1 "$ + *"$;-"() .%+'1-"*6 < '%-2+2"8")/ 5&+$9%& P -3&% N :")1 MG ⊆ MP "$ ,+88&*

.&/0!1$&" :")1 %&$'&,) )- G +(* :& +8$- $+/ )1+) P $+)"$=&$ )1& #$/)+%)# 3'!4&' .&/0!1

*/!*)/%5 %&8+)"3& )- G>

 !"# "0 A +(* B +%& *"%&,)"-(+88/ $&'+%+)&* 2/ C "( G )1&( A ⊥⊥ B |C [P ]6

?1& $)+)"$)",+8 #$/)+%)# 3/&*6$+&' 7!#)' MG ,-($"$)$ -0 +88 @+%A-3"+( 5&+$9%&$ :")1 %&$'&,)

)- G6 ?1& ,8+$$ MG ,+( 2& "()&%'%&)&* +$ )1& $)+)"$)",+8 5-*&8 -0 )1& BC $)%9,)9%& ."3&( 2/

MG D$&& E F6G6 H6

< '%-2+2"8")/ 5&+$9%& P -3&% N "$ ,+88&* *)/8)+%'5 .&/0!1$&" :")1 %&$'&,) )- + I<J G

"0 MG = MP 6 ?1& &K"$)&(,& -0 + '&%0&,)8/ @+%A-3"+( 5&+$9%& :")1 %&$'&,) )- +(/ ."3&(

I<J :+$ $1-:( 2/ J&".&% +(* L&+%8 MFNO6

P-)& )1+) 0-%5+8 "(*&'&(*&(,& 5-*&8$ "(*9,&* 2/ I<J$ ,+((-) 2& *&$,%"2&* ,-5'8&)&8/

"( +( +K"-5+)", :+/6 ?1& %&+$-( "$ )1+) )1&$& 5-*&8$ +%& (-) ,8-$&* 9(*&% 5+%."(+8"Q+)"-(

-'&%+)"-(R $&& MSTU V&5+%A W6SO6

 !"!4 5&6(% )(*+&, -*&-.*/0 1&* ( 23$

C( )1& *"%&,)&* ,+$&U $&3&%+8 3+%"+)"-($ -0 2-)1 8-,+8 +(* '+"%:"$& @+%A-3 '%-'&%)"&$ &K"$)6

X(& ,+( *"$)"(.9"$1 2&):&&( -%*&%&* 3&%$"-($U :1&( +( &(95&%+)"-( -0 (-*&$ ,-($-(+()

:")1 )1& *"%&,)"-( -0 +%%-:$ "$ ."3&(U +(* )1& @+%A-3 '%-'&%)/ "$ %&8+)"3& )- ") -( )1&

-(& 1+(*U +(* 9(-%*&%&* 3&%$"-($ -( )1& -)1&% 1+(*R $&& MNU E S6WO6 C( )1"$ $&,)"-(U + 2+$",

9(-%*&%&* 3&%$"-( -0 )1& 8-,+8 @+%A-3 '%-'&%)/ "$ '%&$&()&*6

<( +9K"8"+%/ .%+'1",+8 ,-(,&') "$ (&&*&* )- 0-%598+)& )1"$ '%-'&%)/6 V&,+88 0%-5 E F6N6F

)1+) + (-*& j "$ + #)-+)"#&"% -0 + (-*& i "( G "0 + *"%&,)&* '+)1 &K"$)$ "( G 0%-5 i )- jR

*&(-)& )1& $&) -0 +88 *&$,&(*+()$ -0 (-*& i ∈ N "( G 2/ *$G(i)6 P-)& )1+) i ∈ *$G(i)6

< '%-2+2"8")/ 5&+$9%& P -3&% N $+)"$=&$ + #$/)+%)# '!+&' .&/0!1 */!*)/%5 %&8+)"3& )- +

I<J G -3&% G "0

 !$# 0-% +88 i ∈ N i ⊥⊥ N \ (*$G(i) ∪ '+G(i)) | '+G(i) [P ]6

94-)/1&%$!" F6N6 : Y-% +(/ '%-2+2"8")/ 5&+$9%& P -3&% N U DIJH⇔DIZH6

2/!!8: J"3&( +(/ &(95&%+)"-( i1, . . . , i|N | -0 (-*&$ :1",1 "$ ,-($-(+() :")1 )1& *"%&,)"-( -0

+%%-:$ GU ") :+$ $1-:( "( M[GO )1+)MG "$ )1& $&5"4.%+'1-"* ,8-$9%& -0 )1& 8"$) -0 )%"'8&)$ -0

)1& 0-%5 〈iℓ, {i1, . . . , iℓ−1} \ '+G(iℓ) | '+G(iℓ)〉U ℓ = 2, . . . , |N |6 \&(,&U MG ,+( 2& $1-:( )-

2& )1& $&5"4.%+'1-"* ,8-$9%& -0 )1& $&) -0 )%"'8&)$ -0 )1& 0-%5 〈i, N \ (*$G∪'+G(i)) | '+G(i)〉R
9$& X2$&%3+)"-( F6G6F6
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"#$%&' ()*+ #,,-./01/234 35 /67 834879/ 35 1 ,7:1,,; 07<70.2=,7 1003>)

 !"!# $%&'()*+%'*(, -)(-.)'/ 0() % 123

20-3)1,40 '!-5%),6!5,%" 2. 1 4787..10; 14? .-@8274/ 834?2/234 530 1 A10:241,,; 834/24-3-.

A71.-07 /3 =7 B10C3<214 >2/6 07.978/ /3 1 #,)0-50# !-7-.,- 8)!*+) #4 /67 81.7 35 1 ?2.807/7

A71.-07 P 3<70 N 2/ 61. /67 530A

 !"# p(x) =
∏

i∈N

pi| !
G
(i)(xi|x !

G
(i)) 530 7<70; x ∈ XN D

>6707 1 834<74/234 2. 18879/7? /61/ pA|C(a|c) = 0 >6747<70 pC(c) = 0 530 a ∈  AD c ∈  C D

A,C ⊆ N ?2.E324/)

F67 ?7G42/234 24 /67 81.7 35 1 A10:241,,; 834/24-3-. A71.-07 2. 141,3:3-.D =-/ 347 61.

/3 830078/,; 24/03?-87 /67 834?2/2341, ?74.2/27. 14? /67 7H-1/234 24 IJ"K 2. A714/ 24 /67 µL

1)7) .74.7D >6707 µ 2. 1 ?3A241/24: E324/ 903?-8/ A71.-07) M47 814 .63> /61/ IJ"K⇔IJ$K

/674N .77 OPQD F67307A(R)

S2487 /67 ./1/2./281, A3?7, MG 530 1 JT$ G 832482?7. >2/6 /67 8,1.. 35 078-0.2<7,;

518/302U1=,7 ?2./02=-/234.D /6707 2. 1 41/-01, *!)!9050),6!5,%" 35 /62. 8,1.. 24 /67 ?2.807/7

81.7N /67 7,7A74/10; 9101A7/70. 107 24/70907/7? 1. I/67 <1,-7. 35K 834?2/2341, 903=1=2,2/27.

OQVD W7AA1*)(R)

 !"!4 5%)6(7 .89*7%:.,&. 0() 123;

X7 .1; /61/ />3 JT$. G 14? H 3<70 N 107 /!)&%4 0:3,4!.0"5 25 /67; ?7G47 /67 .1A7

./1/2./281, A3?7,D /61/ 2.D MG = MH I.77 Y ()*)PKN 43/7 /61/ /62. 834879/ ?7974?. 34 /67

834.2?707? ?2./02=-/234 501A7>30C Ψ I.77 Y ()Z)PK)

T41,3:3-.,;D />3 JT$. G 14? H 3<70 N 107 ,"#0*0"#0"-0 0:3,4!.0"5 25 /67; 24?-87 /67

.1A7 530A1, 24?7974?7487 A3?7,+ MG = MH N /62. 43/234D 63>7<70D ?37. 43/ ?7974? 34

/67 834.2?707? ?2./02=-/234 501A7>30C) [,710,;D 24?7974?7487 7H-2<1,7487 2A9,27. B10C3<

7H-2<1,7487 14? /67 834<70.7 2. 1,.3 /0-7 903<2?7? /61/ /67 ?2./02=-/234 501A7>30C Ψ 2.

434L?7:74701/7 OQVD Y \)(R) "30 7]1A9,7D 24 /67 ?2.807/7 81.7D 434L?7:747018; A714. /61/D

530 14; i ∈ N D /67 24?2<2?-1, .1A9,7 .9187  i 61. 1/ ,71./ />3 7,7A74/.) F6-.D /67.7 />3

834879/. 35 7H-2<1,7487 530 JT$. /;9281,,; 832482?7)

F6707 83-,? =7 ?2^7074/ JT$. >6286 107 24?7974?7487 7H-2<1,74/ 14? 1 41/-01, /1.C

2. /3 861018/702U7 /67A :0196281,,;) T 8,1..28 861018/702U1/234 35 /62. C24? >1. A74/2347?

=; _70A1 14? `710, O\QR) M47 80-821, 834879/ 6707 2. /61/ 35 3"#0).7,"8 3"#,)0-50# 8)!*+

35 1 JT$ GD 81,,7? 1,/7041/2<7,; 1 1&0.05%" =; .3A7 1-/630. O(R+ 2/ 2. 14 %$ 3<70 N 24

>6286 14 7?:7 =7/>774 a 14? b 7]2./. 25 72/670 a → b 24 G 30 a ← b 24 G) F67 .7834?

.-=./14/21, 834879/ 2. /61/ 35 ,99%)!.,57+ 0781,, 503A Y ()*)( /61/ 2/ 2. 14 24?-87? .-=:0196

35 G 35 /67 530A i→ k ← j) F67 8,1..28 :0196281, 861018/702U1/234 .1;. /61/ />3 JT$. 107

24?7974?7487 7H-2<1,74/ 2^ /67; 61<7 /67 .1A7 .C7,7/34 14? 2AA301,2/27.)

a7<70/67,7..D /6707 2. 1,.3 14 24?2078/ 5)!"1'%)9!5,%"!. -+!)!-50),6!5,%" 35 7H-2<1,74/

JT$. 90393.7? =; [628C7024: O\RD >6286 35/74 199710. /3 =7 -.75-,) #/ 07<71,. 14 7,7A74/10;

:0196281, 39701/234 907.70<24: 24?7974?7487 7H-2<1,7487 35 :0196.) B307 .9782G81,,;D :2<74



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-  !

" #$% G &'() N * +( ,"- ./". "0 "))&+ a → b 10 G 1, ')3&''4 /)1)/-$5') 12 ./( 3)"4/

H &5."10(6 2)&7 G 5- )(48"9103 a → b 5- a ← b 10 H :"06 ;((4103 )(7"10103 "))&+,

<0.&<9/(6= 1, "8,& "9-9819* "06* 7&)(&'()* 106(4(06(09( (><1'"8(0. .& G? @( ,"- ./(0 H 1,

&5."10(6 2)&7 G 5- ')3&' &//!6 /)1)/-&'? A/( 2&88&+103 2"9. 1, .)<(?

75-)/1&%$!" !?B? 8 %1'(0 " #$% G &'() N +1./ "0 "))&+ a→ b* 1. 1, 8(3"88- )('(),158( 1C

4"G(b) = 4"G(a) ∪ {a}?

A/( 4)&&2 9"0 5( 2&<06 10 DE* F(77"!G? H&.(* /&+('()* ./". I/19;()103J, .()710&8&3-

1, 61C()(0.K /( ."8;, "5&<. " +!1)/)# )#3) 12 ./( 9&061.1&0 2)&7 L5,()'".1&0 !?B? /&86,? A&

188<,.)".( ./( 9&09(4. &2 " 8(3"88- )('(),158( "))&+ 9&0,16() ./( #$%, 10 M13<)( !?B? N&./

"))&+, 10 ./( 3)"4/ G1 ")( 8(3"88- )('(),158( 5(9"<,( ./( 4")(0. ,(. 2&) c 1, (74.- "06 ./(

&./() .+& 0&6(, /"'( c ", ./( &08- 4")(0. 0&6(? O2 &0( 7&61P(, ./( 3)"4/ 5- "66103 "0

"))&+ d → b :"06 ./( 0&6( d= ./(0 &0( 3(., ./( 3)"4/ G2 10 +/19/ ./( "))&+ c → b +188

"!% 5( 8(3"88- )('(),158(? A/1, 9"0 "3"10 5( 9/"03(6 5- "66103 " 2<)./() "))&+ d→ cK ./(0

./( "))&+ c→ b +188 5(9&7( 8(3"88- )('(),158( :10 G3=?

A/( 0(Q. &5,()'".1&0* ,/&+0 10 DR * F(77"S?RG* 3"./(), 5&./ 3)"4/19"8 9/")"9.()1T"U

.1&0,? I&061.1&0 :N= 1, ./( 98",,19 61)(9. 9/")"9.()1T".1&0* +/18( 9&061.1&0 :I= 1, " .)"0,2&)U

7".1&0"8 9/")"9.()1T".1&0?

75-)/1&%$!" !?B?S8 A/( 2&88&+103 ./)(( 9&061.1&0, ")( (><1'"8(0. 2&) "0- .+& 31'(0 #$%,

G "06 H &'() N K

 !" G "06 H ")( 106(4(06(09( (><1'"8(0. :./". 1,* MG =MH=*

 #" G "06 H /"'( ./( ,"7( ,;(8(.&0 "06 177&)"81.1(,*

 $" ./()( (Q1,., " ,(><(09( G = G1, . . . , Gm = H* m ≥ 1* &2 3)"4/, &'() N * ,<9/ ./".

Gi+1 1, &5."10(6 2)&7 Gi 5- " 8(3"8 "))&+ )('(),"8 2&) "88 i = 1, . . . ,m − 1? :A/(

3)"4/, 7<,. 5( #$%, ./(0?=

 !" #$%&'() *+ ,-*'.&/ 0'&1-)

A/( 98",, &2 +9!/#&' :"#$/)+%)# 3/&*9- :,(( V !?E 2&) ./( 6(P01.1&0= 48"-, " 9(0.)"8 )&8( 10

3)"4/19"8 7&6(8,? A/(,( 3)"4/, /"'( +16(8- 5((0 ,.<61(6 10 3)"4/U./(&)(.19"8 81.()".<)( "06

" 48(0.- &2 (><1'"8(0. 6(P01.1&0,W9/")"9.()1T".1&0, /"'( 5((0 10.)&6<9(6X ,((* 2&) (Q"748(*

DRS* V R?!G?

$ 9&77&0 "8.()0".1'( 0"7( 1, " 6(9&74&,"58( 3)"4/* +/19/ 1, )(8".(6 .& "0 (><1'U

"8(0. 6(P01.1&0 &2 " 9/&)6"8 3)"4/ 10 .()7, &2 6(9&74&,1.1&0,? Y4(91P9"88-* " 0&0U.)1'1"8

#)+!;*!-$%$!" &2 "0 Z% G &'() N 1, 6(P0(6 5- " 4"1) &2 ,(., S, T ⊆ N ,<9/ ./".

• S ∪ T = N * S \ T 6= ∅ 6= T \ S*

• S ∩ T 1, " 9&748(.( ,(. 10 G :,(( V !?E=*

• S \ T ⊥⊥ T \ S |S ∩ T [G] :,(( V !?[?!=?

A/(0 G 1, 6(9&74&,(6 10.& 1., 106<9(6 ,<53)"4/, GS "06 GT ? $0 Z% G 1, 9/&)6"8 1C 1.

1, #)+!;*!-&5')* +/19/ 7("0, ./". 1. 1, (1./() 9&748(.( &) 9"0 5( 0&0U.)1'1"88- 6(9&74&,(6

10.& 6(9&74&,"58( 3)"4/, :&'() ,7"88() ,(., &2 0&6(,=X ,(( DRS* \)&4&,1.1&0 R?]G?

A/( ,.".1,.19"8 7&6(8, ",9)15(6 .& 6(9&74&,"58( 3)"4/, (Q/151. (8(3"0. 4)&4().1(,? M&)

(Q"748(* "0 (Q48191. 98&,(6 2&)7 (Q4)(,,1&0 2&) ./( 7"Q17<7 81;(81/&&6 (,.17".( (Q1,.,X ,((



 !  !"#$%%& %' ()!*+,-!. /%#0.1

"!#$ % #&#&!'& ()*+* ,- ./ ./.01213- 41+530. 41+ 6)* 71,/6 8*/-,69 14 :./9 201;.009< =.+>1?,./

5*.-3+* @,6) +*-A*B6 61 . B)1+8.0 CD ,/ 6*+5- 14 6)* 5.+2,/.0 8*/-,6,*- 41+ ,6- B0,E3*-F -**

"GH$ %  &#&I'&

J/16)*+ +*0.6*8 *E3,?.0*/6 8*K/,6,1/ ,- 6)* *L,-6*/B* 14 . 23"-4,%" 4)00 14 ,6- B0,E3*-F -**

"M$ ()*1+*5#&N'& O3/B6,1/ 6+**- 6)*/ 41+5 . 5.6)*5.6,B.0 ;.-,- 41+ 5,-B*00./*13- *P*B6,?*

B15A36.6,1/.0 5*6)18- @),B) 1+,2,/.6* 4+15 6)* .%-!. -%5*34!4,%" 504+%# "!N'& Q15* 14

6)* B).A6*+- ,/ R.+6 SS 14 6)* )./8;11> 8,-B3-- 6)* B15A36.6,1/ 5*6)18-&

J/ ,/6*+*-6,/2 4.B6 ,003-6+.6,/2 6)* 5.6)*5.6,B.0 ;*.369 14 6)*-* 2+.A)- ,- .- 41001@-T

. 41+5.0 ,/8*A*/8*/B* 518*0 M ,- ,/83B*8 ;9 . B)1+8.0 2+.A) :;9 3/8,+*B6*8 -*A.+.6,1/<

,P ,6 ,- . 518*0 ,/83B*8 ;9 . B*+6.,/ CD :;9 3/8,+*B6*8 -*A.+.6,1/< ./8 ;9 . B*+6.,/ UJD

:;9 8,+*B6,1/.0 -*A.+.6,1/<& ()*+* ,- . K/,6* .L,15.6,V.6,1/ 14 -3B) 41+5.0 ,/8*A*/8*/B*

518*0- 413/8 ;9 8* W.5A1- "I#'&

 ! " #$%&'% ()* +&,$&'-./ 0.&1%

S/ 6),- -*B6,1/ @* 5*/6,1/ 6)* 5*6)18 14 -6+3B63+.0 ,5-*6-$ @),B) 1P*+- . 2*15*6+,B A1,/6

14 ?,*@ 1/ 6)* :8*-B+,A6,1/ 14< WS -6+3B63+*-&

 ! "! #$% &'(&%)* '+ , -*./&*/.,0 12-%*

J06)132) 2+.A)- 1P*+ ./ *0*2./6 ./8 ,/63,6,?* ,/6*+A+*6.6,1/ 14 -15* WS -6+3B63+*-$ 6)*9

.+* /16 .;0* 61 8*-B+,;* .00 A1--,;0* A+1;.;,0,-6,B WS -6+3B63+*-& (),- 516,?.6*- . A+1A1-.0

41+ . /1/X2+.A),B.0 5*6)18 14 6)*,+ 8*-B+,A6,1/ ;9 5*./- 14 ?*B61+-$ @)1-* B15A1/*/6- .+*

,/6*2*+- ,/8*L*8 ;9 -3;-*6- 14 N F -3B) ?*B61+- .+* B.00*8 ,51041&

J -6.+6,/2 A1,/6 ,- 6)* B1/B*A6 14 ./ 0.050"4!)6 ,5104 4+15 "GH$ % #&!&I'$ @),B) ,- . ?*B61+

,/ R
P(N)

*/B18,/2 6)* *0*5*/6.+9 WS -6.6*5*/6 i ⊥⊥ j |K B1++*-A1/8,/2 61 〈i, j|K〉 ∈ Tǫ(N)
:-** % I&G&I<& QA*B,KB.009$ @* A36

u〈i,j|K〉 := δijK + δK − δiK − δjK ,

@)*+* δA ∈ R
P(N)

8*/16*- 6)* V*+1X1/* ?*B61+ ,8*/6,K*+ 14 . -*6 A ⊆ N &

Y/* B./ B1/-,8*+ 6)* B1/* S(N) ,/ R
P(N)

14 /1/X/*2.6,?* 0,/*.+ B15;,/.6,1/- 14 *0*X

5*/6.+9 ,5-*6- 1?*+ N & 74)3-43)!. ,51041$ 3-*8 61 8*-B+,;* WS -6+3B63+*-$ B./ *E3,?.0*/609

;* ,/6+183B*8 .- ?*B61+- ,/ S(N) ∩ Z
P(N)

"!!'& ()*+* @.- ./ 1A*/ A+1;0*5 @)*6)*+ *?*+9

-6+3B63+.0 ,5-*6 ,- .0-1 . -%5$,"!4%),!. ,5104$ 6).6 ,-$ . B15;,/.6,1/ 14 *0*5*/6.+9 ,5-*6-

@,6) /1/X/*2.6,?* ,/6*2*+ B1*ZB,*/6-& (),- ,- ,/8**8 6+3* ,4 |N | ≤ 4 ;36 [*55*B>* *6 .0&

"!I' 2.?* ./ *L.5A0* 14 . -6+3B63+.0 ,5-*6 1?*+ N @,6) |N | = 5 @),B) ,- /16 . B15;,/.61+,.0

,5-*6&

()* /*L6 -6*A ,- 61 .-B+,;* . 41+5.0 ,/8*A*/8*/B* 518*0 1?*+ N 61 ./9 -6+3B63+.0 ,5-*6

u 1?*+ N & ()*+* ,- . B*+6.,/ 0,/*.+X.02*;+.,B B+,6*+,1/ 61 8*B,8*$ 41+ *.B) 〈A,B|C〉 ∈ T (N)$
@)*6)*+ A ⊥⊥ B |C [u] )108-F 6),- B+,6*+,1/ ,- 15,66*8 ,/ 6),- B).A6*+ ./8 B./ ;* 413/8

,/ "GH$ % #&#&I'& ()* B+,6*+,1/ B./ ;* ?,*@*8 .- ./ ./.0123* 14 -*A.+.6,1/ B+,6*+,. 3-*8 ,/

2+.A),B.0 8*-B+,A6,1/ 14 WS -6+3B63+*-& ()* 41+5.0 ,/8*A*/8*/B* 518*0-

Mu = { 〈A,B|C〉 ∈ T (N) : A ⊥⊥ B |C [u] } 41+ u ∈ S(N) ∩ Z
P(N)

.AA*.+ 61 ;* -*5,X2+.A)1,8-$ B.00*8 14)3-43)!. 105,89)!*+%,#1& \?*+9 -3B) -*5,X2+.A)1,8

,-$ ,/ 4.B6$ ,/83B*8 ;9 . B15;,/.61+,.0 ,5-*6$ @),B) 5*./- 6).6 1/* B./ 0,5,6 1/*-*04 61

B15;,/.61+,.0 ,5-*6-& ]1001@,/2 6)* ./.0129 @,6) 2+.A),B.0 518*0-$ 1/* B./ ,/6+183B*$ 41+



 !"#$%$!"&' ("#)*)"#)"+) &"# ,&-$+ .&/0!1 2/!*)/%$)-   

!"# $%&'(%'&!) *+$,% u- %., (/&&,$0/"1*"2 $%!%*$%*(!) +/1,) Mu /3.&/0!1$&" #$-%/$34%$!"- P

4*%. &,$0,(% %/ u $!%*$3#*"2 Mu ⊆MP 5 6/&,/7,&- *% 4!$ $./4" 89:- ;.,/&,+<5=> %.!%- 3/&

+!&2*"!))# (/"%*"'/'$ +,!$'&, P /7,& N %., 6!&?/7 0&/0,&%# 4*%. &,$0,(% %/ ! $%&'(%'&!)

*+$,% u *$ ,@'*7!),"% %/ ! (,&%!*" 3!(%/&*A!%*/" 0&/0,&%#- 4.*(. 2,",&!)*A,$ %., &,('&$*7,

3!(%/&*A!%*/" 3/& BCD$ +,"%*/",1 *" E =5F5<5

;., (&'(*!) &,$')% (/"(,&"*"2 $%&'(%'&!) *+$,%$ *$ %.!%- 3/& !"# 0&/G!G*)*%# +,!$'&, P

/7,& N 4*%. 5"$%) 64'%$$"7!6&%$!"- %.!% *$- 4*%. H"*%, &,)!%*7, ,"%&/0# /3 P 4*%. &,$0,(% %/

⊗

i∈N Pi- %., IJ $%&'(%'&, *"1'(,1 G# P *$ ! $%&'(%'&!) $,+*K2&!0./*1 89:- ;.,/&,+95L>5 J"

/%.,& 4/&1$- !"# $'(. 1*$%&*G'%*/" *$ *)/7)+%'8 .&/0!1$&" 4*%. &,$0,(% %/ $/+, (/+G*"!%/&*!)

*+$,% u- 4.*(. +,!"$ %.!% Mu = MP 5 M/%, %.!% !)) 1*$(&,%, +,!$'&,$ !"1 !)) &,2')!&

D!'$$*!" +,!$'&,$ /7,& N .!7, H"*%, +')%**"3/&+!%*/" 7!)',$5

N%&'(%'&!) $,+*K2&!0./*1$ !)$/ (/*"(*1, 4*%. $,+*K2&!0./*1$ !$(&*G,1 %/ $'0,&+/1')!&

3'"(%*/"$ +,"%*/",1 *" E =595 C &,+!&?- 4.*(. +!# *"%,&,$% ! &,!1,& 3!+*)*!& 4*%. !1K

7!"(,1 0/)#.,1&!) 2,/+,%&#- *$ %.!% /", (!" ,O%,"1 %., /G$,&7!%*/" !((/&1*"2 %/ 4.*(.

$,+*K2&!0./*1$ (/&&,$0/"1 %/ 0/)#.,1&!) 3!"$ (/!&$,"*"2 %., SnK3!" P$,, E =595=Q5 6/&%/"

8 :> !)$/ +,"%*/",1 %.!% ! $,+*K2&!0./*1 *$ $%&'(%'&!) *R %., (/&&,$0/"1*"2 0/)#.,1&!) 3!"

*$ ! "/&+!) 3!" /3 ! 0/)#%/0,5

 ! "!# $%&'(& )*+ &(,(-&(-.,/ /',+0-01

J+$,%$ (!" !)$/ G, !00)*,1 *" %., (/"%,O% /3 ),!&"*"2 S!#,$*!" ",%4/&? PSMQ $%&'(%'&,5

;.,&, *$ ! (,&%!*" $%!"1!&1 %&!"$)!%*/" /3 ! BCD G /7,& N *"%/ ! (/+G*"!%/&*!) *+$,% uG-

(!)),1 %., -%&"#&/# $6-)% P3/& GQ- 4.*(. .!$ %., 0&/0,&%# %.!% %., '$'!) (&*%,&*! 3/& ),!&"*"2

SM $%&'(%'&, G,(/+, !T", 3'"(%*/"$ PU $'+$ /3 )*",!& 3'"(%*/"$ 4*%. (/"$%!"%$Q /3 %.,

$%!"1!&1 *+$,% 8V=>5 ;.'$- %., ),!&"*"2 %!$? (!" G, %&!"$3/&+,1 *"%/ ! '$")&/ */!9/&66$"9

0&/G),+W ! +!%.,+!%*(!) %!$? *$ %.," %/ (.!&!(%,&*A, %., 1/+!*" *" %., 3/&+ /3 H"*%,)#

+!"# )*",!& *",@'!)*%*,$5

J% *$ $/+,%*+,$ !17!"%!2,/'$ *" (/+G*"!%/&*!) /0%*+*A!%*/" %/ 4/&? 4*%. A,&/K/", 7,(K

%/&$5 ;.,&,3/&,- $%!"1!&1 *+$,%$ 4,&, %&!"$3/&+,1 G# !" !T", *"7,&%*G), $,)3K%&!"$3/&+!%*/"

/3 Z
P(N)

*"%/ +:&/&+%)/$-%$+ $6-)%-- 4.*(. !&, A,&/K/", 7,(%/&$ 4*%. !" ,),2!"% 2&!0.*(!)

*"%,&0&,%!%*/" 8LX>- !"1 %.,$, 7,(%/&$ 4,&, !00)*,1 %/ ),!&"*"2 %., SM $%&'(%'&, G# %//)$ /3

*"%,2,& )*",!& 0&/2&!++*"2 8VX>5 ;.*$ !00&/!(. $,,+$ %/ G, 0!&%*(')!&)# $'*%!G), 3/& ),!&"K

*"2 1,(/+0/$!G), +/1,)$ 89Y>- *" 4.*(. (!$, %.,&, *$ ./0, %.!% %., (/&&,$0/"1*"2 0/)#%/0,
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