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Abstract

This paper introduces the theoretical framework for a generalization of Cf, f,-integrals, a family of Choquet-like integrals
used successfully in the aggregation process of the fuzzy reasoning mechanisms of fuzzy rule based classification systems. The
proposed generalization, called by gCF, f,-integrals, is based on the so-called pseudo pre-aggregation function pairs (Fy, F2),
which are pairs of fusion functions satisfying a minimal set of requirements in order to guarantee that the gCr, , -integrals to be
either an aggregation function or just an ordered directionally increasing function satisfying the appropriate boundary conditions.
We propose a dimension reduction of the input space, in order to deal with repeated elements in the input, avoiding ambiguities
in the definition of gCf, f,-integrals. We study several properties of gC f, ,-integrals, considering different constraints for the
functions F and F,, and state under which conditions gC , f,-integrals present or not averaging behaviors. Several examples
of gCp, p,-integrals are presented, considering different pseudo pre-aggregation function pairs, defined on, e.g., t-norms, overlap
functions, copulas that are neither t-norms nor overlap functions and other functions that are not even pre-aggregation functions.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

In 2016, Lucca et al. [1] introduced the notion of pre-aggregation function (PAF), which fulfills the boundary
conditions as any aggregation function, but, instead of being an increasing function, it is just directional increas-
ing [2]. That is, it increases along some specific ray (direction). Furthermore, the authors presented some methods
to produce PAFs [3,4]. One of them is by generalizing the Choquet integral [5] replacing the product operator by a
t-norm, obtaining, under some constraints, idempotent and averaging PAFs. This approach was used in Fuzzy Rule-
Based Classification System (FRBCS) [6], presenting excellent results, when the Hamacher t-norm [7] is used for the
generalization, overcoming the Choquet integral and classical averaging operators in classification systems.

Those excellent results motivated us to explore a more general method for constructing PAFs based on the Choquet
integral. For that, instead of using just a t-norm, we replace the product operator by a fusion function F that is left
0-absorbent (i.e., F(0,x) =0, for all x € [0, 1]), obtaining the Cr-integrals [8]. Cr-integrals are pre-aggregation
functions, which, under certain conditions, may be idempotent and/or averaging functions. This allowed to analyze
sub-families of C r-integrals having or not the averaging behavior, showing that a Cr-integral does not need to be an
averaging function when used in FRBCSs, since the non-averaging obtained more accurate results than the averaging
ones.

In the same line of this research, Lucca et al. [9] investigated another kind of Choquet integral that leads to ag-
gregation functions, instead of just PAFs. For that, the product operation of the standard Choquet integral was first
distributed and, then, replaced by a copula [10], obtaining the CC-integrals, which happen to be averaging aggrega-
tion functions [11,12,14]. This approach presented excellent results in classification, in particular, when the minimun
t-norm was the considered copula, in which case it was called CMin-integral [13]. See also the application in [37].

Recently, Luca et al. [15] developed the concept of Cpr, r,-integral, which is a specific generalization of CC-
integrals, based on two possibly different fusion functions F; and F> (instead of a copula C) satisfying some
appropriate conditions, obtaining non-averaging Choquet-like integrals that were successfully used in the aggrega-
tion process of the fuzzy reasoning mechanisms of fuzzy rule based classification systems. Their performance was
proved to be statistically equivalent to FURIA [16].

The general aim of this paper is to generalize the concept of Cr, r,-integrals, obtaining the so-called gCpr, f, -
integrals, presenting a solid theoretical framework that gives the basis for applications. We shall define the
gCF, F,-integrals by distributing the product operation of the Choquet integral and, then, generalizing the two in-
stances of the product operation by a pair of fusion functions (F7, F>). For that, we face two main problems:

e Which properties/constraints should be imposed on (Fi, F>) in order to guarantee a well defined concept, sat-
isfying the boundary conditions and some kind of increasingness (increasingness, directional increasingness
or ordered directional (OD) increasing)? This leads us to the concept of pseudo pre-aggregation function pair
(F1, F»), that is, a pair of fusion functions satisfying some kind of boundary conditions, directional increasing-
ness and Fj-dominance property.

e How can we deal with the problem of repeated elements in the input, which may cause ambiguity in the results
(that is, the same input may produce different results when we change the order of the elements)? To solve this
problem, we propose to collapse those repeated elements into one representant of the class, and to proceed to a
problem dimension reduction.

Then, the specific objectives of this paper are stated as:

1. To introduce the notion of pseudo pre-aggregation function pair (F1, F>);

2. To define a problem dimension reduction;

3. Using dimension reduction, to introduce the notion of Choquet-like integral based on pseudo pre-aggregation
function pairs, called gCF, r, -integrals;

4. To show under which conditions gCF, r,-integrals based on pseudo pre-aggregation function pairs (Fy, F) are
(pre) aggregation functions;

5. To show under which conditions gCF, r,-integrals based on pseudo pre-aggregation function pairs (Fp, F>) are
ordered directional increasing functions [17] and satisfy the desirable boundary conditions;

6. To study when gCr, ,-integrals are averaging [18];
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7. To analyze several types of pseudo pre-aggregation function pairs (Fp, F>), built from t-norms [7], over-
lap functions [19-22], copulas, and other functions that are not even PAFs, showing examples of different
8Cr, F,-integrals.

The paper is organized as follows. In Section 2, we present the basic concepts required to understand the paper.
In Section 3, we introduce the concept of pseudo pre-aggregation pairs and analyze several properties. The con-
cept of gCF, ,-integrals is introduced in Section 4, where we also define the dimension reduction. In Section 5, we
discuss when gCF, ,-integrals are (pre) aggregation functions, and the related properties. Section 6 studies when
gCF, F,-integrals are not (pre) aggregation functions, but OD monotone functions. Section 7 is the Conclusion.

2. Preliminaries
In this paper, we call any n-ary function F : [0, 1]* — [0, 1] by a fusion function.

Definition 2.1. [23,24] A function A : [0, 1]* — [0, 1] is an aggregation function whenever the following conditions
hold:

(A1) Ais increasing1 in each argument: for each i € {1, ..., n}, if x; <y, then
A, ooy Xpy) SAMXL, ooy X2, Yy Xig 1y -+ -5 Xn);
(A2) A satisfies the boundary conditions: (i) A0, ...,0) =0 and (ii) A(1,..., 1) =1.
An aggregation function A : [0, 1]* — [0, 1] is said to be idempotent if and only if:
(D) Vxe[0,1]: A(x,...,x) =x, and
it is said to be averaging if and only if:
(AV) Y(x1,...,x,) €[0, 17" :min{x1, ..., x,} < A(x1, ..., x,) <max{xy,..., x,}.

Observe that, since aggregation functions are increasing, the idempotent and averaging behaviors are equivalent in
the context of aggregation functions.

Definition 2.2. [10] A bivariate function C : [0, 1]> — [0, 1] is a copula if it satisfies the following conditions, for all
x,x',y,y €[0,1] withx <x"and y <y’

(CD) Clx,y)+C,y)=Cx,y)+C(',y);
(C2) C(x,0)=C(0,x)=0;
(C3) Cx,)=C(1,x)=x.

Definition 2.3. [2] Let # = (r1, ..., ) be a real n-dimensional vector, ¥ # 0= ,...,0). A function F : [0, 1]" —
[0, 1] is said to be F-increasing if for all X = (xi,...,x,) € [0, 1]" and for all ¢ > O such that X + ¢ = (x| +
Cri, ..., x, +cry) €0, 17" it holds

F(X 4+ cr) > F(X).

Similarly, one defines an #-decreasing function.

Definition 2.4. [1,4] A function PA : [0, 1]" — [0, 1] is said to be an n-ary pre-aggregation function (PAF) if the
following conditions hold:

1 For an increasing (decreasing) function we do not mean a strictly increasing (decreasing) function.
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(PA1) Directional Increasingness: there exists 7 = (rq, ..., r,) € [0, 1], 7 ;é such that P A is F-increasing;
(PA2) Boundary conditions: (i) PA(0,...,0) =0 and (11) PA(,...,1)=1.

If F is a pre-aggregation function with respect to a vector 7 we just say that F is an 7-pre-aggregation function.

Another important concept used in this paper is the one of ordered directional (OD) monotonicity, introduced
in [17]. Observe that, when one considers directional monotonicity, the direction along which monotonicity is re-
quired is the same for all X € [0, 1]”. On the contrary, OD monotone functions are functions that allow monotonicity
along different directions depending on the ordinal size of the coordinates of each input X € [0, 1]". First, we take a
permutation o : {1,...,n} — {1, ..., n} to reorder the input X € [0, 1]" in a decreasing order, obtaining )?J, e [0, 1]".
Then, a fusion function F : [0, 1]* — [0, 1] is OD F-increasing, for a real vector 7 = (r1, ..., 1), with 7 # 0, whenever
F(X) is less than or equal to the values of F when applied to

()?U —1—67)071 =X+ 07071, (D

under the assumption that X, and X, + c7 are comonotone (i.e., either they increase or decrease at the same time).

Deﬁyition 2.5.[17] Consider a function F : [0, 1]* — [0; 1] and let ¥ = (r1, ..., r,) be a real n-dimensional vector,
7 # 0. F is said to be ordered directionally (OD) 7-increasing if, for each X € [0, 1]*, any permutation o : {1, ...,n} —
{1,...,n} with x5(1) > ... > X5(), and ¢ > O such that 1 > x5 (1) +cr1 > ... > Xg(n) + cry, it holds that

FG+cf, 1) > F(),

where 7, -1 = (Fg=1(1y» - . - » Fo=1(y)- Similarly, one defines an ordered directionally (OD) 7-decreasing function.
In what follows, denote N = {1, ...,n}, forn > 0.

Definition 2.6. [5,25] A function m : 2Y — [0, 1] is said to be a fuzzy measure if, for all X, Y C N, the following
conditions hold:

(m1) Increasingness: if X C Y, then m(X) <m(Y);
(m2) Boundary conditions: m(#) =0 and m(N) = 1.

Definition 2.7. [5] The discrete Choquet integral with respect to a fuzzy measure m is the function &, : [0, 1]* —
[0, 1], defined, for all of X = (x1, ..., x,) € [0, 1]", by:

n

Ca®) =Y (xe) —xi-n) m(Aw), (2)
i=1
where (x(1y, ..., X(s) is an increasing permutation on the input ¥, that is, 0 < x(1) < ... < x(»), where x) = 0 and
Ay ={@@), ..., (n)} is the subset of indices corresponding to the n — i + 1 largest components of x.

Whenever one distribute the product operation in Equation (2), we obtain the Choquet Integral in its expanded
form:

n
Cn@ =D (xiy - m(Aw) —xi-1) - m (A@)))- 3)
i=1
Substituting the product operation in Equation (2) by a copula C, Lucca et al. [9] introduced the CC-integrals,
which are averaging aggregation functions (see also [26]):

Definition 2.8. Let m : 2 — [0, 1] be a fuzzy measure and C : [0, 11?2 = [0, 1] be a bivariate copula. The Choquet-
like copula-based integral with respect to m is defined as a function 6‘% : [0, 17" — [0, 1], given, for all x € [0, 1]",
by
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n

CL@ =) (C(xim(Ap)) — C (xi-1), m(A@))). €
i=1
where (x(1), ..., X()) is an increasing permutation on the input x, that is, 0 < x(1y) < ... < x(y), with the convention
that xy) =0, and Ay = {(i), ..., (n)} is the subset of indices of n — i + 1 largest components of x.

Another integral that is related to fuzzy measure is the Sugeno Integral:

Definition 2.9. The discrete Sugeno integral with respect to a fuzzy measure m is the function Sy, : [0, 1]* — [0, 1],
defined, for all of X = (x1, ..., x,) € [0, 1]", by:

Sm(X) = r;lé;( {min {x¢), m(Aq)}}, ©)

where (x(1), ..., X(»)) is an increasing permutation on the input ¥, that is, 0 < x(1) < ... < x(), Ag) = {(0), ..., (n)}
is the subset of indices corresponding to the n — i + 1 largest components of X.

3. Pseudo pre-aggregation function pairs (Fy, F>)

In this section, we introduce the concept of pseudo pre-aggregation function pair and study some properties. In the
following, consider N ={1, ..., n}.

Definition 3.1. Consider two bivariate functions Fy, F» : [0, 11> — [0, 1]. The pair (Fy, F») is said to be a pseudo
pre-aggregation function pair whenever the following conditions hold, for all y € [0, 1]:

(DI) Directional Increasingness: Fj is (1, 0)-increasing, that is, it is increasing in the first coordinate;
(BC0) Boundary Conditions for 0:
@i F1(0,y)=F2(0,y) and
(i) £1(0,1)=0;
(BC1) Boundary Condition for 1: Fi(1,1) =1;
(DM) Fi-Dominance (or, equivalently, F,-Subordination): F| > F;.

Remark 3.1. Observe that, for any pseudo pre-aggregation function pair (Fp, F3), by (i) and (ii), it holds that
F>(0,1)=0.

We present in Table 1 examples of functions F : [0, 11> = [0, 1] satisfying (DI), (BCO0)(ii) and (BC1). Those
functions are, then, candidates to be combined in order to build pseudo pre-aggregation function pairs. In Table 2, we
present an analysis of the Dominance property (DM), taking into account the functions presented in Table 1, all of
them obviously satisfying (BCO)(i). In this table, considering that functions F| and F» are represented, respectively,
in the lines and columns of the table, the pairs marked with “yes” satisfy (DM) or the Fj-dominance (equivalently,
the F>-subordination). Thus, those pairs are pseudo pre-aggregation function pairs. The pairs marked with “no” are
not pseudo pre-aggregation function pairs since they do not satisfy (DM).

Example 3.1. According Tables | and 2, examples of pseudo pre-aggregation function pairs are: (Tp, Tt.), (Ty, Oy),
(Tm, Fna), (Tup,CrF), (OB, Fum), (Fepc,CL), (Tp, Fppc) (see Example 5.2), (Frp, Fyp) (see Example 5.3),
(Fppc, Fppc) (see Example 5.4), (Ty, Ty ) (see Example 5.5).

Remark 3.2. Whenever (F1, F>) is a pseudo pre-aggregation function pair then, for any F3 : [0, 11?2 — [0, 1] such that
F>, < F3 < Fy, we have that (F1, F3) is also a pseudo pre-aggregation function pair. In particular, (F1, F7) is a pseudo

pre-aggregation function pair.

Definition 3.2. A pseudo pre-aggregation function pair (Fi, F3) is pairwise increasing if, for all x, y1, y» € [0, 1] and
h > 0 such that x 4+ & € [0, 1], the following condition holds:

(PD) If y, <y then Fi(x,y1) — Fa(x,y2) < Fi(x +h,y1) — Fa(x + h, y2).
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Table 1

F; [0, 1]2 — [0, 1], i =1, 2, satisfying (DI), (BCO)(ii), (BC1), for building pseudo pre-aggregation

function pairs.

(I) T-norms [7]

Definition Name/Reference
Ty (x, y) =min{x, y} Minimum
Tp(x,y)=xy Algebraic Product
Tt (x, y) =max{0,x +y — 1} Lukasiewicz
T, = fr=y=0"" yimacher Product
Hp(x,y)= x+§y; 5 otherwise amacher Produc
x ify=1

Tppx,y)y=1y ifx=1
0 otherwise

Drastic Product

(II) Overlap functions [19-21,27]

Definition

Name/Reference

Op(x,y) =min{x,/y, yv/x}
Omm (x,y) =min{x, y} max{x?, y?}
Oq(x,y)=xy(l+a(l —x)(1-y)),
ae[—1,0[U]0,1]
Opiy(x,y) = %M
GM(x,y) = /xy
HM(x,y)=
0 if x=00ry=0
% otherwise

Ty

S(x,y)=sin <%(xy)‘lT>

[19, Theorem 8], Cuadras—Augé family of copulas [28]
[29, Ex. 3.1.())], [30, Ex. 4], [31, Ex. 3.1]

[10, Appendix A (A.2.1)], [37],
Farlie-Gumbel-Morgenstern copula family

[10, Ap. A (A.8.7)], [9, Table 1]

Geometric Mean [32, Ex. 1]

Harmonic Mean [32, Ex. 1]

Sine [32, Ex. 1]

(IIT) Copulas that are neither t-norms nor overlap functions [10]

Definition

Name/Reference

Crx,y) =xy +x%y(1 —x)(1 - y)
Cr (x,y) = max{min{x, %},x +y—1}

[7, Ex. 9.5 (v)], [9, Table 1]
[10, Ap. A (A.5.3a)], [9, Table 1]

(IV) Aggregation functions other than (I)—(III)

Definition

Name/Reference

AVG(x,y) =5
Frs(x, y) =min{ X0y /i)

Fgr(x,y) =,/ w

Arithmetic Mean

Fgpc(x,y) =xy? [23, Ex. 1.80]
(V) (1, 0)-Pre-Aggregation functions
Definition Name/Reference
X ifx<y
F, )= . .
NAG ) { min{%,y} otherwise
Fyap(x,y)=
0 ifx=0
e if0<x<y
min{%,y} otherwise
ox ifx <y
F, ) =
a(x, ) { max{ax,y} otherwise ’
O<a<l1
(VI) Non Pre-Aggregation functions
Definition Name/Reference

Frp(x,y) =max{l -y, x}
Frp(x,y)=1—y+xy

49
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Table 2
Analysis of the property (DM) for different candidates to pseudo pre-aggregation function pairs (Fp, F>), satisfying (BCO0)(i), constructed from
Table 1.

Tp Ty Tv Tpp Tgp O Omym O« Opiv GM HM S Fps Cr Cp FgrL Fppc Fna Fu Fna2 AVG Fiy Frp
Tp yes no yes yes no no yes Nno no no no no no no no no yes no no no no no no
Tm yes yes yes yes yes yes yes yes yes no no no no yes yes no  yes yes no no no no no
Ty, no no yes yes no no no no no no no no no no no no  no no no no no no no
Tpp mno no no yes no no no no no no no no no no no no  no no no no no no no
Typ yes no yes yes yes 1no yes yes no no no no no yes no no - yes no no no no no no
Op yes no yes yes no yes yes yes no no no no no no no no yes no no no no no no
Onppy MO NO NO yes no Nno yes Nno no no no no no no no no yes no no no no no no
Oqy yes no yes yes no no yes yes no no no no no no no no yes no no no no no no
Opjy Yyes no yes yes no yes yes yes yes no no Nno Nno Nno no no yes no no no no no no
GM yes yes yes yes yes yes yes yes yes yes yes No yes Yyes yes no  yes yes no no no no no
HM yes yes yes yes yes yes yes yes yes NO yes NO Nno yes yes no  yes yes 1no no no no no
S yes yes yes yes yes yes yes yes yes yes yes Yyes yes yes yes yes yes yes yes yes yes yes yes
Frs yes no yes yes no yes yes yes no no no no yes no no no - yes no no no no no no
Cr yes no yes yes no no yes Nno no no no no no yes no no yes no no no no no no
Cr no no yes yes no no no no no no no no no no yes no yes no no no no no no
Fgp yes yes yes yes yes yes yes yes yes yes yes NO yes yes yes yes yes yes yes no no no no
Fppc mo no no yes no no no no no no no no no no yes no - yes no no no no no no
Fyo nO no no yes no no no no no no no no no no yes no  no yes no no no no no
Fa no no no Yyes no no no no no no no no no no yes no no no yeés no no no no
Fya2 MmO no no yes no no no no no no no no no no yes no  no yes no yes no no no
AVG yes yes yes yes yes yes yes yes yes yes yes no yes yes yes no  yes yes yes yes yes no  no
Frp yes yes yes yes yes yes yes yes yes 1NOo No No no yes yes no  yes yes yes no no yes no
Frp yes yes yes yes yes yes yes yes yes no no no no yes yes no yes yes yes no no yes yes

Proposition 3.1. Let (F1, F2) be a pseudo pre-aggregation function pair. If F> is (1,0)-decreasing, then the pair

(F1, F») satisfies (PI).

Proof. Since Fj is (1, 0)-increasing, then, for any 4 > 0 and x, y1, y2 € [0, 1] such that x 4+ & € [0, 1], it holds that
Fi(x +h, y1) = Fi(x, y1). On the other hand, since F; is (1, 0)-decreasing, then, for any 4 > 0 and x, y;, y» € [0, 1]
such that x + & € [0, 1], it holds that —F>(x 4+ h, y2) > —F>(x, y2). Thus, one has that F{(x, y;) — Fa(x, y2) <
Fi(x +h,y1) — F2(x + h, y2).

0O

Proposition 3.2. Let F : [0, O]2 — [0, 1] be a (1, 0)-increasing function such that F(1,1) =1 and, for all y € [0, 1],

F(0,y)=0.If F is 2-increasing (i.e., F satisfies (C1)), then the following statements hold:

(1) The pair (F,kF), for any k €10, 1], is a pseudo pre-aggregation function pair satisfying (PI).
(i) For any increasing 1-Lipschitz function f : [0, 1] — [0, 1], such that f(x) < x, the pair (F, f(F)) is a pseudo
pre-aggregation function pair satisfying (PI).

Proof. One has that:

(i) It is immediate that (F, kK F) satisfies (DI), (BCO0), (BC1) and (DM). Thus, (F, kF) is a pseudo pre-aggregation
function pair. From (C1), it is immediate that (F, k F') satisfies (PI).

(ii) It follows from (i).

Corollary 3.1. For a copula C, (C, C) is a pseudo pre-aggregation function pair satisfying (PI).

d

Proof. It follows from Proposition 3.2 (i), taking F = C and k = 1, since it is immediate that any copula C is
(1, 0)-increasing and satisfies (C1).

O
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Remark 3.3. Observe that (PI) is a generalization of the 2-increasing property (C1). In fact, for any fusion function F,
(F, F) satisfies (PI) if and only if F satisfies (C1). Note also that the class of functions F such that (F, F) is a pseudo
pre-aggregation function pair satisfying (PI) is a convex class.

Remark 3.4. For any function F such that (F, F) is a pseudo-aggregation function pair satisfying (PI) and for
any increasing functions f, g : [0, 1] — [0, 1] such that f(0) =0 and f(1) = g(1) = 1, the pair (G, G), where
G :[0,1]> — [0, 1] is given by

Glx,y)=F(f(x),g(), (6)
is a pseudo-aggregation function pair satisfying (PI). So, for example, for F(x,y) = xy (that is, F is the product
copula), f(x) =x2 and g(x) = yTH, we have that
X2+ 1)

2

and (G, G) is a pseudo-aggregation pair satisfying (PI). Considering again Equation (6) and the product copula F, it
is possible to observe that the same happens for the aggregation functions

G(x,y)

G'(x,y) = Fgpc(x,y) = xy* for f(x) =x and g(x) = y*,

/ 1 1
G'(x,y)=FgL= %forf(x):\/)_candg(x): %

both from Table 1, where (G’, G’) and (G”, G”) are pseudo-aggregation function pairs satisfying (PI).
4. Constructing Choquet-like integrals based on pseudo pre-aggregation function pairs (Fy, F3)

In this section, we introduce a method for constructing Choquet-like integrals defined by combining the discrete
Choquet integral in its expanded form (Equation (3)) with pseudo pre-aggregation function pairs (F1, F»), just replac-
ing the product operation in Equation (3) by (F1, F2). Such Choquet-like integrals, which generalize the concept of
CF, r,-integrals introduced in [15], are called gCF, r, -integrals.

Consider N = {1, ..., n}, where n is the dimension of the input vectors X, that is, X = (x1, ..., x,,) € [0, 1]". First,
in order to handle repetitive elements in any input X, which would lead to an ambiguous definition, we proceed to a
dimension reduction of such X, from # to k, such that k < n is the cardinality of the set {x1, ..., x,} composed by the

components of the vector X.
For that, we introduce the following auxiliary definition:

Definition 4.1. The dimension reduction function is defined by the function R : [0, 1]* — UZ: 1[0, 11%, given, for all
input X = (x1, ..., x,) €[0, 1]*, by:

R(x1,....,x)) =y =(1,..., k), (7N
such that:

(R1) k=|{x1,...,x,}| is the cardinality of the set {x{, ..., x,},
(R2) y1 <...<y,and
R3I) {xi, ... xn}={y1, -5 yi)-

Note that the function R is well defined, and if it is the case that some components of an input X are repeated, then
those repeated elements collapse into one single value. Also, in the case that all components of an input X are the
same, then they all collapse into a single value y; = x.

Then, denote, for each X € [0, 1]" and foreach j € K = {1, ..., k}:

BR@) ={i e N |x; =y;}. ®)

Observe that, for every X € [0, 1]7, it holds that U’;zl B]R (X))=N.
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Definition 4.2. Let Fi, F» : [0, 11> = [0, 1] be a pair of functions such that F; > F> (i.e., F; dominates F;) and Fj is
(1, 0)-increasing. Let m : 2N 5 [0,1] be a fuzzy measure and R : [0, 1]" — U;_, [0, 11¥ be the dimension reduction
function given in Definition 4.1. The generalized CF, ,-integral based on (F7, F2) with respect to m is defined as a
function gQZSnF"FZ) : [0, 11" — [0, 1], given, for all X € [0, 1]*, by

k
€@ =min{ 1Y F (v.m (UL BE®)) = B (-1 m (Voo BR®)) ©)
j=1
with the convention that yg =0 and B ]R is as defined in Equation (8).

Proposition 4.1. Under the conditions of Definition 4.2, gd,f]’FZ) is well defined, for any pair Fy, F> : [0, 11> — [0, 1]
and fuzzy measure m.

Proof. It is immediate that, for all X, ¥’ € [0, 1]", whenever g@' 12 (%) £ g€ {172 (3/) then X # ¥’. Now, consider

R and B]R as defined in equations (7) and (8), respectively. Then, since F is (1, 0)-increasing and F| > F>, one has
that:

Fy (y,,', m (U’,‘,:,-B,’f(i))) - F (yj_l, m (U';:jBff()?)))
= Fi (v m (U5 BE®)) = F1 (-1 m (Vs BR D))
> 0.
Therefore, it holds that g&4 %) (¥) > 0, for all ¥ € [0, 1]". On the other hand, it is immediate that g€ (%) < 1,

for all ¥ € [0, 1]". Thus, g€ is well defined. O

Lemma 4.1. Consider R and B]R as defined in equations (7) and (8), respectively. Then, for all X = (x,...,x) €
[0, 1717, it holds that k =1, R(X) = x and Bfe(y_c') =N.

Proof. Itis immediate that the cardinality of any {x, ..., x} is k = 1. It follows that R(X) = x, since {x, ..., x} = {y1}
implies that y; = x. Also, one has that BIR()?) ={ieN|xi=y1=x}={1,...,n}=N. O

Proposition 4.2. Under the conditions of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pseudo pre-
aggregation function pair (Fy, F»), if F1(x, 1) = x, for all x € [0, 1], then gQ,(a,f"Fz) is idempotent.

Proof. Consider R and BJR as defined in equations (7) and (8), respectively. Then, one has that:

g€ (¢ 3y = min{l, Fi(y1. m(BR(@))) — F» (0, m(BlR()?)))} by Eq. (9)
=min{l, Fi(x,m(N) — F2(0,m(N)} by Lemma 4.1
—min{1, Fi (x, 1) — F>(0, 1)}
=x by (BC0). O

Proposition 4.3. Under the conditions of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pair of functions

Fi, F>: 10,112 = [0, 1], if F2(0,1) =0 and Fy(x, 1) > x, for all x € [0, 1], then g€{™ > min.

Proof. Consider R and Bf as defined in equations (7) and (8), respectively. Since Fy > F», for all X € [0, 1]*, one
has that: '

gCIT I (¥) =ming 1, Fi(y1, m(U_; BR(¥))) — Fa(yo, m(Uy_; BF (¥))) +
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k
2 R Uy BIG)) = Fa(yj-1. mU_ B (7))
Jj=2

> min {1, Fi(y;, m(N)) — F2(yo, m(N))} by (DM)

=min {1, F1(y1,1) — F>(0, 1)}

> min{l, y; — 0}

=

=minx. O

Ql(fl,Fz)

Observe that, although we have stated sufficient conditions to have g > min, we do have such conditions for

gdf 1.F2) < max. In general, a gCF, ,-integral is neither an aggregation function nor averaging. In the next section,
we discuss such concepts for gCr, ,-integrals.

5. gCr, r,-integrals as (pre) aggregation functions

In this section, we show that a gCr, r, -integral is an aggregation function whenever F; = F> = F and (F, F)isa
pre-aggregation function pair satisfying an additional condition, namely, the pairwise increasingness property (PI). We
also show the necessary and sufficient condition to have averaging gC rr-integrals (like C C-integrals). Additionally,
we show that, whenever one has a gCrp-integral that is an aggregation function, then the gCr(,r)-integral, for
w € [0, 1], is a pre-aggregation function that is (1, ..., 1)-increasing (or weakly increasing [33]).

Proposition 5.1. Under the conditions of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pseudo pre-
aggregation function pair (F1, F»), ngf‘f 1.F2) satisfies the boundary conditions (A2).

Proof. Consider R and B ]R as defined in equations (7) and (8). If 0= ©,...,0) €[0,1]", then k = 1 and it follows
that:

g€ 1:72) () = min [ 1, F1 (0, m(BR(0)) — F»(0, m(BlR(()))] by Eq. (9)
=min {1, F1(0,m(N) — F>(0,m(N)} by Lemma 4.1
=min{l, F1(0,1) — F>(0, 1)}
=0 by (BCO).

Consider 1 = (1,...,1) €0, 1]". Then k = 1 and one has that:

g€ F1F) (1) = min { 1, Fi(1, m(BR(1))) — F»(0, m(BlR(I)))} by Eq. (9)
=min{l, Fi(1,m(N) — F>(1,m(N)} by Lemma 4.1
=min{1, Fi(1, 1) — F»(0, 1)
=1 by (BC1), (BCO) O

Lemma 5.1. Let m : 2V — [0, 1] be a fuzzy measure and Fy, Fy : [0, 17> [0,1] a pair of functions satisfying the
conditions of Definition 4.2. Then

gg:gl,F2)(5c') < g¢§,f"F2)(Z),

for every X = (x1,...,x,),Z2 = (21, ..., 2n) € [0, 11" such that x(ny < z(n) and x; = z;, for all i € {(1), ..., (n — 1)},
where (X(1y, . .., X(n)) is any increasing permutation of X.
Proof. Consider ¥ = (x1,...,%,),2 = (21, ..., 2,) € [0, 1]" such that X(n) <2 and x; =z;, forall i € {(1), ...,

(n — 1)}. Then, according to equations (7) and (8), for each X € [0, 1], we have that:

(i) RGE)= (y1,..., ) suchthat {x1,...,x,} ={y1,..., yx}, withk <n,and y; <... < yi;
(ii) B]’.e()_c'):{iEN|x,~:yj},forjeK:{l,...,k};
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(iii) RGZ) = (hi,...,hy)suchthat {z1,...,zp} ={h1,..., hy}, withw <n,and h| < ... < hy;
(iv) Bf(Z):{ieN|z,-=hj},forjeW={1,...,w}.

Observe that either w =k or w =k + 1, and h; = y;, foreachi =1, ..., w — 1. Then, one has the following cases:

k=w: In this case it holds that y; = h| < ... < Y—1 = hy—1 < Yk < hy = Z(z) and BJR()?) = B/R(Z), forall j e
K = W. Since F; is (1, 0)-increasing, it follows that:

k—1
gCl (%) = min{ Ly (F1 (vj. m(US_ BR(E)) = Fa(yj1.m(Us_; BF (i))))
j=1

+F1 (yk, m(BE (%)) — F2(yk—1, m(BE (i)))}

k—1

< min{ 1LY (F1 (yj m(Up_; BR())) = Fa(yj—1, m(Uy_; BY (i))))
j=1

+F1 (hy, m(B (1)) — Fz(yk—l,m(B;f(f)))}

w—1
= min{ LY (Fithy, mUs_ BEGY) = Bl m(Uy BRG)))
j=1

+Fy (hy, m(BX(2))) — F2(hy—1, m(BR (2)))}

=geil 1)),

w =k + 1: In this case it holds that x(;) = X(1—1) = Z(—1), Y1 =h1 < ... < yk =hy_1 < hy, BJR()?) = Bf(Z), for
all j <k—1,BR (@) =BF&) —{(n)} and BR(@) = {(n)} (thatis, BR_,(Z) U BR(Z) = BF(X)). Since F
is (1, 0)-increasing, it follows that:

k—1
Q€U (7) = min{ LY (FiGg mUs_ BE @) = Fa(j-1.mUs_ BRG))))
j=1

+F1 (yk, m(BE (%)) — Fa(yk—1, m(BF @))}
k—1
= min{ LY (F1 (vj m(Us_; BR())) = Fa(yj—1, m(Uy_; BY @))))
j=1
+Fi(k, m(BE_ @) UBR@Z) - F(—1, m(BE_,G) U BE (z)»}
w—2
< min{ Ly (Fl (hj, m(Ub_; BR@)) — Fa(hj1, m(Us_; Bf <2))>))

j=1
+Fi(hy—1,m(BE_ @) UBRE))) — Fa(hy—2, m(BR_,2) U BRZ))))

+F(hy, m(BE @) — Fa(hy-1, m(B;f(Z)))}

=ge ). o
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Theorem 5.1. Let F : [0, 11> — [0, 1] such that (F, F) is a pair of functions satisfying the conditions of Definition 4.2.
The pair (F, F) satisfies (PI) if and only ingZf,f’F) is increasing for each fuzzy measure m : 2N — [0, 1].

Proof. (=) Suppose that (F, F) satisfies (PI) and consider X = (x1, ..., X/—1, Xs, Xr41...,X,) € [0, 1]", with ¢ €
{1,...,n}. By convention, given X € [0, 1]", we state that xo = x() =0and x,, 11 = x(z4+1) = 1. We have the following
cases:

(i) Vi e N:i#t— x; # x;. In this case, considering equations (7) and (8), for each X € [0, 1], one has that:
® R(X)=(Y1,.o ey Vi1, I = Xt, Vit1s .-, yk) (Withl € K ={1,...,k}, k <n, yo=0 and y;4 = 1) such that
{-xla--'7-x1715xl5xl‘+17"-7xn}Z{yly'-~’ylflvyl=~xl‘7yl+la-"yk} and V<. <VI-1 <Y =X <)YiI+1 <
coo < Vi
° B]R()_é) ={ieN|x; =y}, for j e K={1,...,k}. Inparticular, one has that BZR()_C') ={t}.
Now, consider the following cases:

(ia) Suppose that there exists 7 € [0, 1]", with X < Z, such that 7 = (2] = X1, ...,2—1 = X1—1, %> Zr4] =
Xitls -2t =Xxp) €[0, 11" with yy < ... <y 1<y =x <z <y41 <...<y.Ift=1o0rt=n then
define 7 = (z,22,...,22) € [0,1]" or Z = (21, ..., 2Zn—1,2) € [0, 1]*, respectively. In this case, considering

equations (7) and (8), one has that:

e RAD=(h1=y1,....hi_1=yi—1, hi =z, his1 = Yi41, ..., hy = yi), with w =k < n, where h; = y; <
ce<hii=ya<yi=xi<hi=z <hp1=y4+1 <... <hy =y

° B]R(Z)={i EN|zi=hj}={ieN|x =yj}=BjR()?),forj e W=K={1,...,w=k}. In particular,
one has that BX(Z) = {t} = BF (%¥).

Since the pair (F, F) satisfies (PI) and by Lemma 5.1, it follows that:

g (x)

-1

=min {1, (F(y,-, m(Up_ BR () — F(yj—1, m(Us_ BY o?)))) + F(y, m(Up B (X))
j=I1

— F(y—1, m(U_ B G))) + F (g1, m(Us_y  BE()) — F(yr, m(Us_y B (X))

M~

+ 2 (FOmUs_ BE @) = FOj1mUs_ BRG))

2

+

j=l
-1

=min{ 1,3 (Fyj,mUs_ BRG) — F(yj-1mUs_ BRG) ) + F(x, mUs_ BRG)
j=1

— F(y—1, m(Us BRGO)) + F (i, m(Us B (3)) — F (i, m(Uy_y BR ()

k
+ 3 (FOymUs_ BRE) = FOj-1mUs_ BRG)))
j=l+2

-1
<min{1,>" (F(h j»m(US_BR(2) — Fa(hj1, m(Us_; BY (Z»)) + F(zr, m(Us_, BR (2)))
j=1

— F(u—1,m(Uy_ B @) + F (b1, m(Uy_y 4 B (2)) — F 2, m(Uy_; B (2)))

+ 3 (FOymUy_ BEG)) = F(hj1.mUs_ BRG))
j=l+2

=geP ),
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since m(Up —i41 p R(%) = m(Up i+l p R(7)) < m(Uk_lBR(x)) = m(U BII,?(Z)), and, by (PI), it holds that

F e, m(Up BR () — F(x, m(Us | BR(X)) < F(z m(Us_ BR(2)) — F (20, m(US_;, BR ).

Now, consider that n > 2 and Z € [0, 1]", with X < Z, such that Z = (2] = X1, ..., 21 = Xt—1, 21> Zyt1 =
Xitly -2t =xp) €0, 11" with y < ... <y 1 <y=x<zr=y41 <...<y.Ift =1o0rt=n then
define 7 = (z,22,...,22) € [0,1]" or Z = (21, ..., 2n—1,2) € [0, 11", respectively. In this case, considering

equations (7) and (8), one has that:

e R=M1=y1,.... -1 =yi-1, i =2 = yiv1, hiv1 = Y142, .., hw = yi), with w =k — 1 < n, where
h=y<...<h 1=y 1<y=x<h=z=yq1 <hi1=y42<...<hy=Yy.

. B]R(z)z{zezvu,_h )

Observe that, since i; = z; = y;41, with [ € W, then it holds that:

o Vjew-j<1—>3f(z)=Bf(z).

o | Bf@ |=IBf, ()| +1.

eVjeW:j>1— B]R(Z) = B_]IR+1(}).

o |US_ BR()) I=IUY_BR®)) |

Since the pair (F, F) satisfies (PI) and by Lemma 5.1, it follows that:

gCFH ()

-1

=min{ 1, Z (F(yj, m(Us_; BR())) — F(yj1.m(U_; Bﬁ(f))))
j=1

+ F (3, m(Uy BR () — F(yi—1, m(Uy_ BR (%))
+ F(rp, mUs_ BRE)) — F(yr,m(Us_ BR ()
+ F (g, m(Uy 0 BR (X)) — F (i1, m(Up_y 1, BR ()

+ Z (FOj mUs_ BRG) = Fyj-1mUs_ BRG)))

Jj=I+3

—~
|

1

LY (FOym(Us_ BREG)) = Fyjor,mUs_ BRG))
j=1

I
2.
=

+ F (o, m(Uy L BR(9)) — F (i1, m(Us_ BR ()
+ F(yr, mUy_y BR(E)) — F (i, m(Uy_y BR ()
+ F (g2, Uy o BR (8)) = F (41, (U 5 By (X))

+ Z (FOj mUs_ BRE)) = Fj-1mUs_ BEG))

Jj=I+3

~

-1
LY (Fhy = yjomUy_ BR@) = F(hjo1 = yjm1. m(Up_ BR G)))
j=1
+ F(hi =2 = yre1, MU BF @) — F(lu—1 = yi-1, m(Us_; B (2)))
+ F(hip1 = yipa.m(UY_y  BR@)) = F(h =2 =y, m(U_,, BR )

IA

+ Z (F . m(Uy_ BEG)) = Fhj-1.mUs_ BEG))

Jj=I+2
=5 M@,



(ic)

(id)

G.P. Dimuro et al. / Fuzzy Sets and Systems 378 (2020) 44—67 57

since Uy BR(X) € US_ BR (X) =UY_ BR(2), and, then, by (PD), it holds that

F (o, m(Us_ BN (%)) — F O, m(Us_ BR(E)))

p=Il+
< F(hy =2z = yrp1, m(Us_ BR@)) — F(yr1, m(Us_ BR(9)).
Now consider / € {1,...,k—3},and Z = (21 = X1, ..., Zr—1 = X1—1, 21> 21 = Xy 21, - . ., Xp) € [0, 1]", such
that ¥ <z, with yj < ... <y 1 <y =X < V41 <...<2r <...<y;.Ift =1ort=n then define 7 =
(z,22,...,z0) €[0,11" or Z = (21, ..., 20—1,2) € [0, 11", respectively. In this case, considering equations
(7) and (8), one has that:
e R@D=(ht,....hi_1,hy =z, 1, ..., hy), with w <n, where h1 < ... <hj_1 <h =z <hjy1 <
< hy and {x; = z1,..., X—1 = Z—1,2 Xt41 = Ztls-eesZn = X} = {h1, o —1, =z,
hist, ... hyl.
o B’;:{i |zi=hj},forje W={1,...,w}.
Considerr € {2,...,w—1 —1}. Suppose that y; =x; < Y41 <... < yk—r < Zt < Yk—r4+2. Then, by (ia) and

(ib), it follows that:
g€ (7)) < gl (5)) <. < g5, )) < g1 3),

where, fori=1,....,n—7r =1, 5 = (X1, ..., Xr—1» Vidis Xt41s -+ Xn).

Suppose the same conditions of case (ic), but for 7 = (71 = X1, ..., 2Zr—1 = Xr—1, Zt» L1 = Xr41s-+., Xp) €

[0, 1]?, such that z; = y;, for some y; > y;y1,thatis, y1 < ... <x =y <y41<...<z =y; <...< Y.

In this case, considering equations (7) and (8), one has that:

L] R(Z) = (/’l1 = Y1, ...,/’ll_l = yj_l,hl =2t = yjahl+1 = Yj+1, ...,hw), with w < k, where h1 <...<
hi—y <hp =z < hip1 < ... <hy and (X1 =21, ..., X—1 = Z—1, 2, Xt41 = Ze4ls -5 2n = Xn} =
{h], ey hl—lyhl :Zt,hl.H, .. .hw}.

o Bj%:{i |zi=hj},forje W={1,...,w}.

Considerr € {2, ..., w—1I1—1}.Suppose that yy =x; < yj+1 < ... < Yk—r <2t =k —r+1 < yg_r42. Then,

considering (ib), the proof is analogous to (ic).

(i) 3i e N,i #1¢, s.t. x; = x;. In this case, we have the same subcases (ia)—(id), and the proofs are analogous.

(<) We prove the contrapositive. Suppose that the pair (F, F') does not satisfy (PI). Then, there exist a, b, c,d €

[0, 1] such thata <b,c <d and F(a,d) — F(a,c) > F(b,d) — F(b,c). Observe thata # 1 and c # 1. Let m : 2N
[0, 1] be such that m({n — 1,n — 2}) =d and m({n — 1})ﬁ= c. Then, for x =(0,...,0,a,1) and 2= (0,...,0,b, 1),
we have that k = 3 and X < Z. Consider y = (0, a, 1) and h = (0, b, 1). Then, one has that:

g€ (%) = min { 1, F(0,m(U)_ BR(¥))) = F(0, m(Us_ BR (X)) + F(a, m(U, _, BX (X))

Therefore, g

—F(0,m(U}_, BN (%)) + F(1,m(Bf (¥))) — F (a, m(Bff <5c'>))}

=min{l, Fla,m{n —2,n—1})) — FO,m({n —2,n — 1})) + F(1, m({n — 1}))
—F(a,m(fn — 1}))}

=min{l, F(a,d) — F(0,d)+ F(1,c) — F(a, c)}

>min{l, F(b,d) — F(0,d) + F(1,¢) — F(b, ¢)}

=min{l, F(b,m({n —2,n —1})) — F(O,m({n —2,n — 1})) + F(1, m({n — 1}))
—F(b,m({n — 1}))}

= min {1, FO, m(U}_ BRE)) = FO, mUs_ BRG)) + F (b, m(U}_, BF @)

—F (0, (U}, BF(9))) + F(1,m(Bf (¥))) — F (b, m(Bf (i)))}
=g " @).

df ) is not increasing for each fuzzy measure m: 2V — [0,1]. O
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Corollary 5.1. Under the conditions of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pseudo pre-

F)

aggregation function pair (F, F) satisfying (PI), gCg "7 is an aggregation function.

Proof. It follows from Proposition 5.1 and Theorem 5.1. O

Observe that if for some pseudo pre-aggregation function pair (F, F)) and fuzzy measure m we can have that
gQﬁ,(If ) is not increasing (and, thus, it is not an aggregation function) then (F, F') does not satisfy (PI). Nevertheless,

(F.F) would not be an aggregation function.

this does not mean that, for some other fuzzy measure m’, g@m,

Example 5.1. Let F : [0, 11> — [0, 1] be the function defined by
0 if x=0vVv y=0;
F(x,y)= % if 0<x<y;
X otherwise.
Clearly, F is (1, 0)-increasing, F'(0, 1) =0 and F (1, 1), and therefore (F, F) is a pseudo pre-aggregation pair (in fact,
F is an aggregation function). But, (¥, F) does not satisfy (PI). In fact, one has that

F(0.3,0.7) — F(0.3,0.5)=05—04=0.1>0=1—1=F(1,0.7) — F(1,0.5).

Hence, by Theorem 5.1, for some fuzzy measure m, g@l(qf ) is not increasing. In particular, by the proof of this

Theorem, g@f,f F) is not increasing for any fuzzy measure m such that 1 > m({n —2,n — 1}) > m({n — 1}). However,
for the fuzzy measure m} : 2N [0, 1], defined by:

x) 1 ifX=N;
m =
+ 0 otherwise,
one has that g@ffiF) : [0, 11" — [0, 1] is the aggregation function, defined, for all X = (xy, ..., x,) € [0, 1]", by:
ng(FvF)()'c’): 0' if min{x,...,x,} =0
L mim{x"i"x"}H otherwise.

Notice that Theorem 5.1 requires that a pseudo pre-aggregation function pair (F1, F>), with F1 = F», to satisfy (PI)

in order to guarantee that gQﬁl(nFl’ ) i increasing. The following example shows that there exist pseudo pre-aggregation

function pairs (Fy, F2), with F| # F,, satisfying (PI) such that nganl‘ ) i not increasing.

Example 5.2. Consider the pseudo pre-aggregation function pair (Tp, Fppc), where Tp is the product t-norm and
Fppc is an aggregation function (which is neither a t-norm, overlap function nor a copula), as defined in Tables |
and 2. Observe that Tp dominates Fppc. Moreover, this pair satisfies (PI). In fact, for all x, y;, y € [0, 1] and 2 > 0
such that x 4+ & € [0, 1], if y < y1, it holds that:

Tp(x +h,y1) — Fppc(x +h, y2) = (x + h)y1 — (x + h)y3 by Table |
=xy1 —xy3 +h(yi = 3)
=Tp(x,y1) — Fgpc(x,y2) + h(y; — y3) by Table |
> Tp(x, y1) — Fppc(x, y2),
since h(y; — y%) > 0. However, nggP’FBPC) is not increasing. In fact, consider ¥ = (0.6, 0.4,0.6,0.5,0.4,0.6,0.7)
and Z = (0.6,0.4,0.6,0.6,0.4,0.6,0.7), that is, X < Z. Then, k =4 and w = 3, and:

e R(¥)=1(0.4,0.5,0.6,0.7) and R(Z) = (0.4,0.6,0.7);
e BR(X)=1{2,5}, BR(X)={4}, BR(¥) ={1,3, 6} and B (X) = {7}
e BR(Z)=1{2,5}, BR(Z)={1,3,4,6} and B (X) ={7}.
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Suppose that the fuzzy measure m : N s [0, 1] is such that: m({1,2,3,4,5,6,7}) =1, m({1,3,4,6,7}) = 0.8,
m({1,3,6,7}) =0.5 and m({7}) = 0.2. Then one has that:

4
g€ o (&) = min § 1,3 (T (v m(U B ) = Fppc (1. m(Us_ BE )
j=1
={1, Tp(0.4,m({1,2,3,4,5,6,7})) — Fgpc(0,m({1,2,3,4,5,6,7}))
+Tp (0.5, m({1,3,4,6,7})) — Fgpc (0.4, m({1,3,4,6,7}))
+Tp(0.6,m({1,3,6,7}) — Fzpc (0.5, m({1,3,6,7}))
+Tp(0.7, m({7})) — Fppc(0.6, m({7}))}
=min{1,04-1—-0-(1)>+0.5-0.8—0.4-(0.8)2+0.6-0.5—0.5-(0.5>+0,7-0.2
—0.6-(0.2)%}
=0.835

and

3
g€ For0 @) =min { 1,3 (To(yj, mUy_; BR@)) = Fpc (i1, m(Us_ BRG))
j=1

={1,Tp(0.4,m({1,2,3,4,5,6,7})) — Fppc(0,m({1,2,3,4,5,6,7}))

+Tp(0.6,m({1,3,4,6,7})) — Fppc(0.4,m({1,3,4,6,7}))

+Tp (0.7, (7)) = Fppc (0.6, m({7T}))
—min{1,0.4-1—0-(1)24+0.6-0.8—0.4-(0.8)2+0,7-0.2— 0.6 - (0.2)%}
=0.74.

Thus, g&17 F5rc) () > geIr-F5rc) z) and geTP-F5PC) ig not an aggregation function, since it is not increasing.

Now we present an example of a pseudo pre-aggregation function pair (F, F) satisfying (PI) (then, fulfilling all
. . . . (F,
the requirements of Theorem 5.1), thus generating an aggregation function g€y,

Example 5.3. Consider the pseudo pre-aggregation function pair (F7p, Fyp), where Fp is not even a pre-aggregation
function, as defined in Tables | and 2. This pair satisfies (PI). In fact, for all x, y;, y2 € [0, 1] and # > O such that
x +h €[0, 1], if yo < yy, it holds that:

Frp(x+h,y1) = Frp(x +h,y2) =1 =y + (x +h)y1 — (1 = y2 4+ (x + h)y2) by Table |
= =yr+xy)— 0 =y2+xy2)+h(y1 — y2)
= Frp(x,y1) — Frp(x, y2) + h(y1 — y2) by Table |
> Frp(x,y1) — Fip(x, y2),

QgIP,TIP)

since A(y; — y2) > 0. Thus, from Corollary 5.1, g is an aggregation function, for any fuzzy measure m :

2N 10, 1].

Corollary 5.2. Under the conditions of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pseudo pre-
aggregation function pair (F, F) satisfying (PI), gQanF ) is an averaging aggregation function if and only if
F(x,1)=x, forall x € [0, 1].

Proof. It follows from Corollary 5.1 and Proposition 4.2. O
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Example 5.4. Consider the pseudo pre-aggregation function pair (Fppc, Fppc), where Fgpc is an aggregation func-
tion (which is neither a t-norm, overlap function nor a copula), as defined in Tables | and 2. This pair satisfies (PI). In
fact, for all x, y1, y2 € [0, 1] and & > O such that x + & € [0, 1], then, whenever y, < yi, it holds that:

Fgpc(x +h.y1) = Fepc(x +h, y2) = (x + )y — (x + h)y3 by Table |
=xy} —xy3 +h(3} — ¥3)
= Fppc(x,y1) — Fgpc(x,y2) +h(y] — y3) by Table |
> Fppc(x,y1) — Fppc(x, y2),

since h(y1 — y2) > 0. Therefore, since Fgpc(x, 1) = x, then, from Corollary 5.2, it follows that gQ(FBPC FBre) g an
averaging aggregation function, for any fuzzy measure m : 2V — [0, 1].

Corollary 5.3. Under the conditions of Definition 4.2, for any fuzzy measure m : 2V — [0, 1] and copula C, gQ‘:Sf )
is an averaging aggregation function.

Proof. It follows from Corollary 5.2 and Corollary 3.1. O

Remark 5.1. Considering equations (4) and (9), by an easy calculation it is possible to check that, whenever F; =
F, = C, for a copula C, for all X € [0, 1]?, one has that:

gQ:t(f»C)(}):min ],ZC(yj,m<U];:jB§()?)>) _C<Yj—1’m<UI;7 JBP OC)))

>~

n
=Y Clxpm(Ap)) = C (x¢-1. m(A@)) (10)
i=1

=L,
which is, in fact, the C C-Integral used in classification problems in [9]. In [34, Theorem 1], Mesiar and Stupnanovéa
showed that the CC-Integral is a C-based universal integral I, IC, for a fuzzy measure m and copula C. Additionally,
from [34, Corollary 2], for any fuzzy measure m : 2N [0, 1] and copula C : [0, 11? — [0, 1], one has that gC(C 0
is an OMA? operator and vice-versa.

Remark 5.2. Observe that, by Remark 5.2, whenever F; = F, = C, for a copula C, it is not necessary to make the
dimension reduction to deal with duplicated elements.

Example 5.5. Consider the pseudo pre-aggregation pair (737, Tyr), where Ty is the minimum t-norm. Then, for any
fuzzy measure m : 2V — [0, 1], g(’igM M) §s an averaging aggregation function, since (Tys, Tyy) satisfies PI and

Ty (x, 1) = x. Moreover, by [34, Corollary 1], gQigM ) §s a Sugeno Integral [36]. Observe that, by Remark 5.2,
since F1 = F, = Ty, we do not need to worry about the duplicated components in the input X, so that we can just

consider that K = N in Definition 4.1. In fact, consider X € [0, 1]* and let (X1, - - ., X(n)) be an increasing permutation
on the input X, and A¢) = {(i), ..., (n)} be the subset of indices of the n — i + 1 largest components of X. It follows
that:

g@gM’TM) ()?) = min 1, Zmin {X(i), m (A(,‘))} — min {X(,‘_l), m (A(i))}
i=1

X(i) = X(—1) if x4 <m(Ap)
=min § 1, Z m(Ap) —xi-n  ifxp >m(Ag) A xi-n <m(Ap)
0 otherwise.

2 An aggregation function A = [0, 1]" — [0, 1] is an Ordered Modular Average (OMA) operator if it is commutative, idempotent, and comono-
tone modular [35].
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Suppose that for some k € {1, ..., n}, it holds that x) > m (A ), but x—1) <m (A)). Then it holds that:

n | X —xi-n if i) <m(A@))
g@gM’TM) ()-5) = min l, Z m (A(,')) —X@G-1) ifX(i) >m (A(i)) AN X@i—1) <m (A(i))
=110 otherwise.

=min{1, (x1) —x0) + (x@) —x1) + ... + &x-1) — *¢x—2) + M (A@)) — x¢e—1))
+0+...+0}
—_——
n—k
=min {1, m (Ag)]
=m(Ag)

Otherwise, one has the following possibilities:

(i) Forall k € {1,...,n}, it holds that x() <m (A(k)). In this case, one has that:

N ECREE if xi) <m (A@))
g@gM’TM)(f) = min 1, Z m(A(l-)) —X@i-1) ifX(i) > m(A(,-)) N X(@i—1) < m(A(,-))
=110 otherwise.

=min {1, (xq) —x©) + - .. + &@) — X@—1))
= min {1, X(n)}
=X(n)

(ii) Forall k € {1,...,n} such that x( > m (A ) it holds that x(k—1) > m (A ). In this case, one has that:

R ECEEE) if x) <m (Ag))
gQgM’TM)()?) = min 1, Z m(A(i)) — X@Gi-1) ifX(,') > m(A(,')) VAN X(@i-1) < m(A(,'))
i=L 10 otherwise.

= min{ L (xay — x@©) + @) —x@) + ...+ (xp—1) — X(k—2))
+0+...+0}
—_——
n—k+1

=min{l,x(k_1)}
= X(k—1)-
Then, it follows that:
m(A(k)) ifdkefl,...,n}:xq) > m(A(k)) A Xg—1) < m(A(k))
g€l Tn) 3y = 1 x(,) ifVke(l,....,n}  xp <m(Aw)
X(k—1) if Vk € {1, ey n} Xk >m (A(k)) /\)C(k_1) >m (A(k))

= r_nrﬁx {min {xg), m(A@)}}

=

where Sy, is the Sugeno integral. Observe that Cr,, 7,,-integral is the C Min-integral analyzed in [13].

Q:gl’FZ)

Finally, we show this interesting example of a g thatis (1,..., 1)-increasing (or weakly increasing).
—_——

n times

61
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Example 5.6. Consider F| = Tp, the product t-norm, and F, = wTp, for w € [0, 1]. Observe that, for w = 1,

gQ:gP wTP) is the standard Choquet Integral. Take n = 2, X = (x1, x2) and a fuzzy measure m : 2¥ — [0, 1] such

that m({1}) = a and m({2}) = b, a, b €]0, 1[. Then, we have that:
min{l, (1 — wb)x; + bxy} ifx; <x;
Q€T (3 1) = | ifxi=x=x
min{1, ax; + (1 —wa)xy} ifx; > xy
which may be not an aggregation function whenever w # 1. In fact, take x; = 0.9, x; =0.94,a =b =0.5, w =0.1.
Then one has that
g@{IP-017r) (0 9,0.94) = min{1, (1 — 0.1-0.5) - 0.9 + 0.5 - 0.94} = min{1, 1.325} = 1.
Now, consider x; = xp = 0.95. In this case, one has that gQi(TP’O'lTP)(O.94, 0.94) = 0.94, which shows that
gC,qP 01T i not increasing. Now, observe that ng(T” wIp) g (1,..., 1)-increasing. One has the following cases:

n times

(i) If x; < xp then, for all ¢ > 0 such that x; + ¢, xp + ¢ € [0, 1] it holds that x| + ¢ < x3 4+ ¢ and
g€IPwTP) (x4 ¢ xy +¢) =min{l, (1 — wh)(x1 + ¢) + b(xz + )} > min({1, (1 — wh)x| + bx,}
= g€ TP (xy, xy).
(i) If x; = xp = x then, for all ¢ > 0 such that x + ¢ € [0, 1] it holds that x; + ¢ = x» + ¢ = x + ¢ and
gQgP’WTP)(xl +ce,xmpte)=x+c>x= gCgP’wTP)(xl,xz).
(iii) If x; > x, then, for all ¢ > 0 such that x; + ¢, xp + ¢ € [0, 1] it holds that x; + ¢ > x> + ¢ and

g€IPwTP) (x4 ¢ xy +¢) = min{l, a(x] + ¢) + (1 — wa)(x2 + ¢)} > min{1, ax; + (I — wa)xa}

= g€ TP (x), x3).
Example 5.6 is justified by the following result:

Theorem 5.2. Under the condition of Definition 4.2, for any fuzzy measure m : 2N — [0, 1] and pseudo pre-
aggregation function pair (F, F) satisfying (PI), and for any w € [0, 1], gG(F v s a pre-aggregation function
that is weakly increasing.

Proof. By Proposition 5.1, g(‘lﬁ,ﬁF WE) satisfies the boundary conditions. It remains to prove the weak monotonicity of
g@,ﬁf’“’”. To show this, observe first that, for any X = (x1, ..., x,) € [0, 1]" and ¢ > O such that (x; +c, ..., x, +¢) €
[0, 17", the sets BJR (X) and B ]R (X + ¢) coincide. Then, based on Theorem 5.1, it follows that:

k
Y (Fyj+emUs_ BRGE +0) — F(yj-1+ e, m(Us_ BRE +0)))
j=1
k
zZ F(yj, m(Us_; BR($) = F(yj—1,m(Us_; BR ().

Then, one has that:

Z(F(y, +em(Us_ BR(GE 4 0) — F(yj, m(Us_ BR ()
j=1
k
> (F(yjo1+e.m(Us_ BE(E + ) — Fyj—1.m(Us_; BF(¥)))) = 0,
s
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since F'is (1, 0)-increasing. Consequently, for any w € [0, 1] it follows

k
Y (Flyj+e.m(US_BRE +0) — F(yj, m(Us_; BR )
j=1

k
>w Yy (F(yj-1+e,mUs_BRE +0) = F(yj-1,m(Us_ BR))),
j=1

and thus

k
Y (Fyj+emU_ BRGE+0) —wF(yj1 +e.mUs_BRG +0))
j=1

k
> (F(yj, m(Uy_ B () — wF (yj—1, m(Us_ BX(¥)))).
j=1

Hence, evidently, it follows that
gCIH (3 4 0) = geFw P (3),

that is, ng,(nF‘wF) is weakly increasing. O
6. gCF,F,-integrals as OD monotone functions

In the previous section, we presented the requirements for gCr, r, -integrals to be aggregation functions, showing
that there exist pseudo pre-aggregation function pairs that do not fulfill such requirements, and, therefore, the cor-
responding gCF, ,-integrals are not aggregation functions. However, under some constraints, gCr, r,-integrals are
OD increasing functions satisfying (A2), presenting, thus, some desirable conditions to play the role of “aggregation
operators” in applications (see, for example, [15]). In this section we prove such properties of gCr, r, -integrals.

First, notice that, in order to study the directional increasingness feature of our integrals, it is necessary to com-
patibilize the dimension reduction process,ﬁwhich should be performed in both input X = (x1, ..., x,) € [0, 1]" and
direction vector 7 = (r1, ..., ;) € R, ¥ # 0, reducing both vectors to the same dimension k < n. It is easy to see that
this compatible dimension reduction is possible if it holds that:

Vi,le{l,...,n}i<l:xij=x;=ri=r Vr=0. (11D

Example 6.1. There are different vectors 7 € R” that satisfy (11) for all x € [0, 1]". For example, consider the vectors
(w,...,w) and (w,0,...,0), with w # 0. However, the vector (w, 0,0, w’, 0), with w, w’ # 0 does not satisfy (11)
for some X € [0, 1]". Take, for example, X = (0.2, 0.3,0.5,0.5, 0.6). Observe that x3 = x4 = 0.5 but r3 # r4 and
ra=w #0.

It follows that:

Proposition 6.1. Let RY be the set of non null vectors ¥ € R" satisfying (11), for a given X € [0, 1]". Then, for each
xelo, 17", FER; ifand only if F = (w,0,...,0) e R" or F = (w, ..., w) € R", with w # 0.

Proof. (=) Suppose that 7 € R%, for all X=(x1,...,xp) €[0,11", and ¥ = (wy, ..., wy), with ¥ # 0, such that there
existi, j € {1,...,n} with w; # w; and there exists & € {2, ..., n} with wj, # 0. Then, take ¥ = (x1,...,x,) € [0, 11"
such that x; = x; = x. Since x; = x; then, by (11), considering that w; # wj, it holds that w; = 0. Now, since
xj = xj, then, by (11), considering that wj # 0, then w; = wy,, which is a contradiction with w; = 0. Then, one
concludes that either w; = wj, foralli, j € {1,...,n},orw, =0, forall h € {2, ..., n}. (&) It is immediate. O

The dimension reduction of such direction vectors 7 can be done as follows:
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Definition 6.1. Let R : [0,1]" — U;_,[0, 17¥ be the dimension reduction function, as defined in Equation (7).
The associated direction-dimension reduction function is defined as the function Sg : {(w,...,w) € R" | w #
0} U{(w,0,...,00 e R" | w #0} > U ({(w, ..., w) eRF|w#0}U{(w,0,...,0) e R¥ | w+#0}), given by:

Sg((w,0,...,0)) = (w,0,...,0)
—_—

k—1
Sr((w, ..., w)) =(w,...,w), (12)
———
k
where k = |{x1, ..., x,}| is cardinality of the set {x1, ..., x,}, for any input X € [0, 1]" of R.

Then we have the following results:

Lemma 6.1. Consider ¥ = (w, 0, ...,0) € R", w #0. Let R and Sg be as defined in equations (7) and (12), respec-
tively, and denote Sr((w,0,...,0)) = (w,0,...,0) =(s1,...,8,). Letog : {1,...,k} = {1, ..., k} be a permutation
in decreasing order defined, forall j € K ={1,...,k}, as

ok(j)=k—j+1), (13)
(ie, ox(1)=(k), ok (2)=(k—=1), ..., ok (k) = (1)). Then, for all ¢ > 0 such that ys; )+ cw € [0, 1], if

1> Yor (1) €W > Yor2) > - > Yog (k) (14)

then, for any 7 =y + €Sty where Sl = (sogl(l), ..

Yk +cwand z(jy =y;, forall j € {l,...,k—1}.

.,Sogl(k)), it holds that z(jy = yj + csk—j+1, that is, zg) =

Proof. For all X € [0, 1]" and respective y € [0, 1], since y; < ... < Yk, then Yo (1) = Yn > -+ > Yor (k) = Y1-
Considering 7 = (w, 0, ..., 0) € R", with w # 0, and its respective § = (w, 0, ...,0) € Rk, suppose that, for all ¢ > 0
the inequality (14) holds (i.e., 550,( and jz'g,( + ¢5 are comonotone, and either they increase or decrease at the same
time). Then, for any 7 = y + C§0E1 , Where 551?1 = (sg; 1y e sg; (k))’ as the same as in Equation (1), it holds that

Zox =+ CEGF Yox = Yox + €5, and, thus, by the inequality (14), it holds that

1> Zog (1) = Yor (1) T CS1 > ... > Zog (k) = Yog (k) + CSk,

that is,

1= Zog (1) = Yog (1) + €W > Zog ) = Yog () > - -+ > Zog (k) = Yo (k)-

This means that zy4 (k) = Yog k) + cw and, for all j € {1, ...,k — 1}, Zog (j) = Yog(j)- From Equation (13), it holds
that:

k) = ZJEIJK(]() = ya,;'a,((k) + CSUI;I(k) = Yk) +cs1=yr +cw
and, forall j € {1,...,k— 1},
2N =26 ok () = Yoo () T ol () = Vi) T CSk—jtl = Yj + CSk—jr1 =Y

where (-) : {1,...,k} — {1, ..., k} is a permutation in an increasing order with z(1) < ... <zg). O

Theorem 6.1. Let m : 2V — [0, 1] be a fuzzy measure and Fy, F> : [0, 11?2 = [0, 1] be fusion functions satisfying the
conditions of Definition 4.2. Consider ¥ = (w, 0, ...,0) € R", with w > 0. Then ngg"FZ) is OD F-increasing.

Proof. Let R, BJR and Sk be as defined in equations (7), (8) and (12), respectively. Let oy : {1,...,n} = {1,...,n}
be any permutation such that, for all x € [0, 1]", with

Xony(1) = oo = Xoy(n)s (15)
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and for all ¢ > 0, such that 1 > x4\ (1) +cw > Xgy(2) = ... = Xgy (n), Where ?671 = (V(T—l(l), e I’(T—l(n)) € R". Clearly,
N N N

one can consider the permutation in the decreasing order oy : {1,...,n} — {1, ..., n} defined in terms of the per-

mutation in the increasing order () : {1,...,n} — {l,....,n} asoy(1) = (n), o) = — 1), ..., on(n) = (1),

that is, on(j) = (n — j + 1), with j € {1, ...,n}. Then, one has that x(1) < ... < X@u), Xoy(1) = ... = Xgyn) and

;UN_' =(0,...,0,w).

Due to the dimension reduction, for each ¥ € [0, 11", consider its respective ¥ = (y1,..., yx) € [0, 17¥ and
s=W,0,...,0) R¥, obtained from 7. Let ok :{l,...,k} = {1, ..., k} be the permutation such that {xs 1), ...,
Xoym)} = WYox () -+ Yor ()} and Yop(1) > ... > Yor (k). Observe that, after the dimension reduction, for any
y € [0, 17% with respect to a ¥ € [0, 1]" satisfying (15), and, for all ¢ > 0, it holds that 1 > y,, (1) + cw > Yo (2) >
o> Yoy (k), With EUEI = (Salzl(l), R SUEI(]C)) =(@,...,0,w) e RX.

Clearly, when considering ox defined in terms of the permutation in the increasing order () : {1,...,k} —
{1,...,k}, we have that ox (1) = (k), ok (2) = (k — 1), ..., oxg (k) = (1), that is, og(j) = (k — j + 1), with
Jj €{1,...,k}. Then, one has that yq) = y1 <... < yk) = yr and Yox(1) > ... > Yog (k). Then, from Lemma 6.1,
it follows that:

g @ o) = min[ 1, Fi(y + cw, m(BE (X)) — Fa(ye—1. m(B (%))
k—1
L3 F (o (G BE®)) B (3o (U;ng;;@))}
j=1
> min{ 1, Fi (e, m(BE(X))) — Fa (i1, m(Bf (¥)))

+ S A <yj, m (u’;,:jBﬁ()?))) B <yj_1 m (u’;,:jB[’f(i)))}
=1
e,

since Fi is (1, 0)-increasing. Thus, g@f,f"FZ) isOD (w,O0, ..., 0)-increasing, for w > 0. O

Corollary 6.1. Let m : 2V — [0, 1] be a fuzzy measure and (Fy, F») be a pseudo pre-aggregation function pair, under
the conditions of Definition 4.2. Consider ¥ = (w, 0, ...,0) € R", with w > 0. Then €% is an OD F-increasing
function satisfying the boundary conditions (A2).

Proof. It follows from Proposition 5.1 and Theorem 6.1. O
7. Conclusion

In this paper, we introduced the gCp, ,-integrals, either (pre) aggregation or OD monotone functions based
on pseudo pre-aggregation pairs for the generalization of Cr, r,-integrals. We have stated under which conditions
gCF, F,-integrals are (averaging) aggregation, pre-aggregation or OD pre-aggregation functions. In summary, the main
features of gCF, ,-integrals in relation to our previous approaches related to the generalizations of the Choquet inte-
gral are:

1. The pseudo pre-aggregation pairs (F, F) used for building gCr, r,-integrals satisfy a few number of constraint,
less than, for example a pair of copulas (C, C) of the CC-integrals [9], and we still have an (pre) aggregation
function or, at least, an OD monotone function satisfying boundary conditions;

2. The obtained (pre) aggregation or OD monotone function need not to be neither averaging nor idempotent to
present excellent results in classification (see [15,37]).
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Recall that the Choquet integral is 1-Lipschitz (with respect to Li-norm), and its stability under possible noise in
aggregated data is guaranteed. Similarly, based on Remark 5.1, one can show that (C, C)-based integrals (where C is
a copula) are 1-Lipschitz. This need not be more true for (F, F')-based integrals characterized in Corollary 5.2, and
thus a deeper study of stability in this case (in dependence of some other properties of F) is an important topic for
the further study. As another topic for future work, we will study our generalizations in an interval-valued context,
following the approach in [38—40].
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