Risk-Sensitivity and Average Optimality in
Markov and Semi-Markov Reward Processes
Karel Sladky !

Abstract. This contribution is devoted to risk-sensitivity in long-run average opti-
mality of Markov and semi-Markov reward processes. Since the traditional average
optimality criteria cannot reflect the variability-risk features of the problem, we are
interested in more sophisticated approaches where the stream of rewards generated
by the Markov chain that is evaluated by an exponential utility function with a given
risk sensitivity coefficient. Recall that for the risk sensitivity coefficient equal to zero
(i.e. the so called risk-neutral case) we arrive at traditional optimality criteria, if the
risk sensitivity coefficient is close to zero the Taylor expansion enables to evaluate
variability of the generated total reward. Observe that the first moment of the total
reward corresponds to expectation of total reward and the second central moment to
the reward variance. In this note we present necessary and sufficient risk-sensitivity
and risk-neutral optimality conditions for long run risk-sensitive average optimality
criterion of unichain Markov and semi-Markov reward processes.
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1 Formulation and Notation

Consider a controlled semi-Markov reward process Y = {Y (t),t > 0} with finite state space Z = {1,2,..., N}
along with the embedded Markov chain X = {X,,,n = 0,1,...}. The development of the process Y (¢) over
time is the following: At time ¢ = 0 if Y'(0) = ¢ the decision maker selects decision from an infinite (compact)
set A; = [0, K;] C R of possible decisions (actions) in state ¢ € Z. Then state j is reached in the next transition
with a given probability p;;(a) after random time 7;;(a). Let F;;(a, 7) be a non-lattice distribution function rep-

resenting the conditional probability P(7;; < 7). We assume that for ¢ = 1,2, 0 < d f <t dFij(a, 1) <

oo hence also 0 < dEZ) = Z;\le Dij (a)dg)(a) < oo. Finally, one-stage transition reward ry; > 0 will be accrued

to transition from state 4 to state j, and reward rate 7;(a) per unit of time incurred in state ¢ is earned. We assume
that each p;;(a) and r;(a) is a continuous function of a € A;.

A (Markovian) policy controlling the semi-Markov process Y, say 7 = (f°, f1,...), is identified by a sequence
of decision vectors { f",n = 0,1,...} where f* € F = A; x ... x Ay foreveryn =0,1,2,...,and fJ* € A4,
is the decision (or action) taken at the nth transition if the embedded Markov chain X is in state i. Let 7 be a
sequence of decision vectors starting at the k-th transition, hence m = (f°, f1,... f¥=1 7%). Policy which selects
at all times the same decision rule, i.e. ™ ~ (f), is called stationary; P(f) is transition probability matrix with
elements p;;(f;). Stationary policy 7 is randomized if there exist decision vectors f W @ fm e Fand

on following policy 7 we select in state ¢ action f; @) with a given probability m (of course, /@(J ) > 0 with
Zjv_l m( 9 —1forallic 7). For details see e.g. [1, 9, 10].

Let &, be the cumulative reward obtained in the n first transitions of the considered embedded Markov chain
X. Since the process starts in state Xo, &, = Y1 rx, - NX5, Xpt1 T TXp,Xpoiy |- Similarly let &, ,,) be reserved
for the cumulative (random) reward, obtained from the mth up to the nth transition (obviously, &, = rx, nx,,x; +
TXo,X: + &(1,n), We tacitly assume that £, ,,) starts in state X1).

For the (random) reward earned up to time ¢, say £(t) we have £(t) UO ry(s)ds + Zk 0 TY(r) Y (s )}

with Y'(s), denoting the state of the system at time s, Y'(7, ) and Y(T,C ) the state just prior and after the kth
jump, N(t) the number of jumps up to time ¢, and R,;(f,t) := ETE(t) denote the expected total reward of the
semi-Markov process Y (¢) up to time ¢ given its initial state at time ¢ = 0 if policy m ~ (f) is followed.
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In this note, we assume that the stream of rewards generated by the Markov processes is evaluated by an
exponential utility function, say @”(-), i.e. a separable utility function with constant risk sensitivity v € R. For
more details see e.g. [2, 3, 4, 7, 14]. Then the utility assigned to the (random) outcome £ is given by

(D

7€) (sign v) exp(v€), if v #0, risk-sensitive case,
a =

13 fory=0 risk-neutral case.
Observe that exponential utility function @”(-) is separable, and multiplicative if the risk sensitivity v # 0 or
additive for v = 0. In particular, for u?(§) := exp(y€) we have u” (&1 + &) = u¥(&1) - u¥(&2) if v # 0 and
u¥ (€1 + &) = &1 + & fory = 0.

The certainty equivalent corresponding to &, say Z7(£), is given by
w'(Z7(€)) =E[a"(¢)] (the symbol E is reserved for expectation). (2)

From (1), (2) we can immediately conclude that

{ v In{E W (€}, ify#0

Z7(8) = @)

E[¢] fory=0.

Considering Markov decision process X, then if the process starts in state i, i.e. Xo = ¢ and policy 7 = (f™) is
followed, for the expectation of utility assigned to (cumulative) random reward &,, obtained in the n first transitions
we get by (1)

. sign v) ET exp(v€,,), if v # 0, risk-sensitive case
ET a7 (&) = ; : (¥en) . “4)
ETE, fory=0 risk-neutral case.
In what follows let
U (y,n) =BT (&), U (y,n) =ETexp(y6n), v](n):=ET (&) )

In this note we focus attention on risk-neutral and risk-sensitive optimality of so called unichain models, i.e.
when the underlying Markov chain contains a single class of recurrent state and present characterization of control
policies by discrepancy functions. Discrepancy functions were originally introduced in [8] for risk-neutral unichain
models, possible extension to multichain case can be found in [11, 12]. To this end we make

Assumption GA. There exists state ¢g € Z that is accessible from any state ¢ € Z for every f € F.

Obviously, if Assumption GA holds, then the resulting transition probability matrix P(f) is unichain for every
f € F (i.e. P(f) has no two disjoint closed sets).

2 Risk-Neutral Optimality in Unichain Semi-Markov Processes

At first we focus attention on the embedded Markov chains and slightly extend some results reported in [13]. To
this end, on introducing for arbitrary g, w; € R (4, € Z) and decision f € F, the discrepancy functions

@i (W, g% f) = di(fi) - 7(8) + rij — wi +wj —g°, @ij(w', g, f) = di(f;) — wi + w} — g (6)

for the random reward obtained, resp. time elapsed, up to the nth transition we have

n—1 n—1
&n = ng°+wS, —wS, Y Bx,.xpps (WS, 9% f) Tesp. M = ng'twl, —wk +> Gx,x, (W' ). (D)
k=0 k=0

Hence by (7) for the expectation of &, ETE,, =: v] (n), resp. of n,,, with ETn,, =: t7(n), we get

n—1

Uzﬂ(n) = ngc + wzc + E?{Z @Xk7Xk+1 (wcvgc7 f) - wg{ﬂ}a ®)
k=0
n—1

t?(n) = ngt + wf + E:{Z @leXkJrl (wtvgtv f) - wg(n}' ©)

k=0



Now we show how to express average reward generated by the semi-Markov process Y (¢),¢ > 0 in terms of the
embedded Markov chain X,,. Considering policy = ~ (f), let

Gi(w, g% f) = > pi(f)@ig(w, g%, f) =Y pi (f)ldi(fi) - v (d) + ri — w§ +w§ — g%, (10)

jez jET
gi(w', g', ) = Zpij(fi)@i,j(wtagt )= szg fi)ld —w; +wj — ¢'] (1D
JET JET

It is well-known from the dynamic programming literature (cf. e.g. [1, 6, 9, 10]) that for every f € F and arbitrary
transition costs s;; = d;(f;)r(i) + rij, 4, j, € Z, there exist numbers g(f) and w;(f),7 € Z (unique up to additive
constant) such that

wz(f) (f)_d fz +sz] fz Tz] +w](f)}7 (’iEI), Le. (12)
jez

> pii(fi) @ig(w,g) =0 where o, ;(w,g) = d;(fi)r(i) + rij — wi(f) +w; (f) — g(f).

jez

In particular, for suitable selected w$(f), resp. w(f), we have

v (n) = ng®(f) +wi(f) = D _pis(f) - w§(f), 17 (n) =ng" +wf = py(f)-wi(f), where (13)
JEL JET
w§(f)+9°(f) = di(£:)r(0)+ Y pij (f:)[rij+wS(£)], resp. wi(f)+g"(f) = di(£)+Y_ pij (f)wi(f), (i €I).
< < (14)
After some manipulation we obtain from (13)
N (&) s
w;(f) Y (f) 2 pij (fi) ) (15)
and by subtracting (15) from (14) we get
(F) + D pii (Fi)w;(f) = di(fi)g(f)  where (16)
JjeET
() iy, ) ) ey () T
wilf) = wi () =i (1) - Gy o) =Gy Fl) =il v + > pij(firi.

JEL,j#i
On introducing matrix notations P(f) = [p;;(fi)], D(f) = diag [d;(f;)], (square matrices)
() =1[7()], w(f)=[w(f)], g(f)=19(f)] (column vectors) equation (16) can be written as

w(f) =7(f) + P(Nw(f) = D(fg(f) = 9(f) = D (NHr(f) + [DHNHP(f) = 1]-w(f)]. AT
Let
7(f) =D HF(f),  @(f) =D (Hrw(f),  P(f):=D"(f) - P(f) D(f)

Then for the elements of 7(f), @(f), P(f) we have

[d;(f5)]

[di(fi)]”
In particular, let us consider continuous-time Markov decision chain with transition intensities p;;(f;), where
> jer.jpi Mij(fi) = —pai(fi) and pi(f;) = —pai(f;) is the is the intensity of jumps from state i. Obviously,

this is a very special case of semi-Markov processes with transition probabilities p;;(f) = ’23(7(;)) and expected

Fi(f) = 7(0) + [di( f)] gy Big(fi) = pig (f2) Wi (f) = [di(f3)] " wilf).

holding time d;(f;) = ﬁ in state ¢. Then on replacing in (17) transition probabilities and expected holding
times by transition intensities for the average reward per unit of time of the considered continuous-time Markov
process we conclude that

g(f + Z,Uz] fl rij + ZM@] fz wzy(f) (18)
J#t

the standard equation for average reward of a continuous time Markov reward chain (cf. e.g. [6]).



3 Risk-Sensitive Optimality in Unichain Semi-Markov Processes

In this section we assume that the risk sensitivity coefficient v # 0 and the transition probability matrix P(f)
is unichain for every f € F, i.e. Assumption GA is fulfilled. We show how the discrepancy functions can be
employed for finding optimality conditions for risk-sensitive Markov and semi-Markov processes. These results
slightly extend some previous results reported in [12, 14, 15, 16, 17].

Similarly to the risk-neutral models, let for real g, w;’s (i € 7)

wij(w, g, f) == ri; +di(f) - [r(i) — g] + wj — w;, where w' = Hg%lwu w' = MAX wW;. (19)

Then if policy m = (f™) is followed we get by (5),(19) for the risk-sensitive case

n—1 n—1
¥ kgo[dxk(ka)'T(Xk)JrTXk,XkH] Y exp X (W9, f)—wx,,]

Ul (v,n)=ETe =e"i x ETe #=0 . (20)

Hence for a given 7 # 0 there exist numbers w, @ such that for any policy = = (f™)

n—1 n—1
W[EO Oy, X pq (W,9,f) 0] < U (v,n) ev[kgg PX X g1 (w,gmf)—w].

ETe
eYWwi

E7

2L

In what follows we show that under certain conditions it is possible to choose w;’s and g such that for stationary
policy m ~ (f) and any i € Z

3" i (f;) @l r @ (D] = (gD +w (] op ET oY #XkXppr (001 (22)
JET

Moreover, on introducing new variables

vi(f) = e’Y“’i(f)? p(f) == evg(f)7 ai;(f) = pij<f)67[rij+di(fi)T(i)] (23)

from (22) we arrive at the following set of equations

> a4 (f) vi(F) = p(HEE) wi(f). (i€ ) (24)

JjET

Observe that if all d;( f;)’s are equal to some constant, say d, then (24) is a well-known formula for finding spectral
radius (or so called Perron eigenvalue) of a nonnegative matrix, v;( f)’s are elements of the corresponding Perron
eigenvector (cf. [5]). In particular, if for the all ¢ € Z and f € F the values d;( f;)’s are equal to one the considered
semi-Markov reward process is reduced to a Markov reward chain and Eq.(24) to formulas for calculating ~y-risk
average reward/cost optimality equation of the Markov reward chain. Unfortunately, comparing with the risk-
neutral model, unichain property itself (cf. Assumption GA), cannot guarantee positivity of the Perron eigenvector;
however, Perron eigenvector is strictly positive if the respective matrix is irreducible.

In what follows we focus attention on finding stationary policies 7* ~ (f*), resp. @ ~ (f), such that for any
f e Fitholds p(f*) > p(f), resp. p(f) < p(f). We show that the policies 7* ~ (f*), resp. # ~ (f), can
be found by policy iterations. To specify the policy iteration algorithm, it will be convenient to use the following

matrix notation.?

On introducing the N x N matrices Q(f) = [¢;;(fi)] and (column) N-vector v(f) = [v;(f)] along with
diagonal N x N matrix B(f) = diag[p(f)!%1], from (24) we get

B(f)-v(f) =Q(f) -v(f) = v(f)=[BAHOIT" Q) v(f) (25)

Obviously, from (25) for the i-element of v( f) it holds v; (f) = p(f) =%\ . Zjvzl qi; (fi) - v (f).

If stationary policy m ~ (f) is followed, policy improvement routine can be used for finding an improved
decision in any state (such approach slightly extends policy iteration method reported in [7] for finding maximal
possible spectral radius of a family of controlled ergodic Markov reward chains).

’In vector inequalities a > b denotes that a; > b; for all elements of the vectors a, b, and a; > b; at least for one i,
but not for all ¢’s, and a@ > b if and only if and a; > b, for all i’s. Using matrix notations the symbol [ is reserved
for identity matrix, e denotes unit (column) vector.



a) Z;\;l gij (hi) - v;(f) > vi(f) if maximal p(f) is seeking, resp.,

b) Zjvzl ¢ij(hi) - v;(f) < v;(f) if minimal p(f) is seeking.

Repeating the above procedure we can generate a sequence of stationary policies with increasing, resp. decreasing,
sequence of the values p(f)’s converging to maximal, resp. minimal, value of p(f)’s.

To this end, since QB)(f) := [B( f)]_1 - Q(f) is an irreducible nonnegative matrix, let for some h € F
2(B)(h) be the left Perron eigenvector of QP)(h), i.e. 2(B)(h) - QB)(h) = pB)(h) - 2(B)(h). Since the matrix
QP () is irreducible, the vectors z(B)(h), v(f) are strictly positive, hence also their product z(Z)(h) x v(f) is
positive.

In particular, let
w(h, )= [QP () = QW] w(f), (k. f) = B(f) - [QP)(h) = Q(f)] - v(f)
be column N-vectors with elements 1; (h, f), resp. 1;(h, f). Then by (25) we can conclude that

QB (h) - v(h) — QP)(f) -v(f) = QP (h) - v(h) — QP (h) - v(f) + ¥(h, f)

and on premultiplying by z(#)(h) we can conclude that

[P () = p P (D] 2P () - v(f) = 2P (B) - (h, ).

Then ) (h, f) > 0 implies that p(B) (h) > p(B)(f), if 1(h, f) < 0 then pB)(h) < pB)(f).

Observe that if all d;(f)’s are equal to one (or at least to some constant number) the value p(f) in (25) is the Perron
eigenvalue (equal to the spectral radius) of the nonnegative matrix Q(f) = [g;;(f)]. To this end we can expect
that for not too much different elements of the diagonal matrix B(f) if 1(h, f) > 0, resp. ¥(h, f) < 0, then also

W(h, f) > 0, resp. (h, f) < 0.

Repeating the above improvements, we arrive at stationary policies 7* ~ (f*), resp. 7 ~ (f), such that

—rpea;un F) o401y = 3 g (fF NGy, () (26)
JET JeL

5‘%22%3 fi) | [ di(fi)] qu fz [ di(f) J(fz) 27
JET JeT

Moreover, from (26), (27), we get the following set of nonlinear equations

PR AT maXZpu ew[mﬁd (F)lr (D) —g(H)]+w; ()]
JjET
= V& (Dr(@)—a(f")] Zp ev[ﬁﬁ-w](f )l (i € 1)) (28)
JET
QL ; v[m+d (f)lr (D) —g(H)]+w; ()]
e ?Iél;_lzpu e
JET
— i)l —g(f)] Zp ev[m+w7(f)] (i € T) (29)
JjET

Egs. (28),(29) can be called the v-risk average reward/cost optimality equation for semi-Markov processes.

Similar results can be also formulated for the corresponding certainty equivalents, see (2), (3). To this end,
let ZT(y,m) := In U (~y, n) hence in virtue of (20), (21) we can conclude from Egs. (28),(29) that for & ~ (f),
m* ~ (f*) and any 7 = (")

n—1

Z[(v,n) =E] Z[dxk (fx)  m(Xk) +7x, X040 ] = Z%(fi) (NI4T 0 (f;) (30)
k=0 JET

ZT(y,n) < ZF(v,n) < ZF (7,n) 31)



Special case: continuous-time Markov chain.

Let us consider continuous-time Markov decision chain with transition intensities 1;;(f;), for i,j € Z, j # 1,
> jerjri i (fi) = —pii(fi) and p;(fi) = —pii(fi) is the intensity of jumps from state 7. Obviously, this is a

very special case of semi-Markov processes with transition probabilities p;;(f;) = ‘;j(i(f{)), for j—i, pii(fi) = 0
and expected holding time d;(f;) = ﬁ in state 7. Then by (22) for the considered continuous-time Markov

process after some manipulation we conclude that

Z 13 (f) e’Y[ﬁj"'mT(iH'wj(f)] = wi(f;) - ev[mg(f)-i-wz(f)]' (32)
JELj#i

Moreover, on introducing new variables (recall that d;(f;) = ﬁ)

5 (f) = evwi(f), plf) = evg(f)’ Ciij(f) — uij(f)e')’[rij"!‘di(fi)r(i)] (33)

from (32) we arrive at the following set of equations

ST @) u) = NS 5(f) (e D). (34)

JET,j#i
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