4258

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 68, 2020
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Independent Vector Analysis
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Zbynék Koldovsky

Abstract—Independent Vector Analysis (IVA) is a method for
joint Blind Source Separation of multiple datasets with wide area
of applications including audio source separation, biomedical data
analysis, etc. In this paper, identification conditions and Cramér-
Rao Lower Bound (CRLB) on the achievable accuracy are derived
for the complex-valued case involving circular and non-circular
signals and correlated and uncorrelated datasets. The identification
conditions describe when independent sources can be separated
from their linear mixture in the statistically consistent manner. The
CRLB shows how non-Gaussianty, non-circularity of sources and
statistical dependence between datasets influence the attainable
separation accuracy. Examples presented in the experimental part
confirm the validity of the CRLB. Also, they show certain gap be-
tween the attainable accuracy and performance of state-of-the-art
algorithms, especially, in case of highly non-circular signals. Hence,
there is a room for possible improvements.

Index Terms—Blind source separation,
signal processing, Cramér-Rao lower bound,
component/vector analysis, non-circular sources.

complex-valued
independent

I. INTRODUCTION

NDEPENDENT Vector Analysis (IVA) [1] is a blind source
I separation (BSS) method of jointly separating multiple signal
data sets into independent components. It is a generalization
of Independent Component Analysis (ICA) where only one
mixture of scalar independent sources is separated [2]. The idea
behind IVA is that in a simultaneous decomposition of multiple
datasets, signals (components) in different data sets (mixtures)
are expected to be statistically dependent, which is the main idea
behind a joint multiset data analysis.
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Traditional methods of BSS rely on signal non-
Gaussianity, non-stationarity, and/or spectral diversity (sample
dependence) [3]. More recently, [4] considers complex-valued
sources and their non-circularity as another feature that helps to
separate the sources. Thanks to the assumed non-circularity, it
is possible to separate Gaussian-distributed sources that cannot
be separated otherwise. This paper generalizes results of [4] to
the IVA model without the sample dependence.

Multiple data sets with dependence among them need to be
jointly processed in many applications [5]. The most common
example is the separation of convolutive signal mixtures in the
frequency domain, where one frequency bin corresponds to
one data set [1], [6]-[8]. Also medical data, such as functional
magnetic resonance imaging (fMRI) and electroencephalogram
(EEG) data are typically collected from multiple subjects or un-
der different measurement conditions, and analysed jointly [5],
[9], [10]. Another example is processing of video sequences
in multiple bands [11] and use of IVA for EEG signal en-
hancement [12]. Complex-valued processing is natural in ap-
plications such as fMRI processing. Such data is natively com-
plex and there are advantages for processing it in the complex
domain [13], [14]. Also, frequency domain representation is
commonly used in the solution of the convolutive problem as
well as in processing of signals such as EEG. In addition, in
many cases, noncircularity needs to be accounted for, e.g., in the
processing of fMRI, radar, and certain communications data [5],
[15]. Another practical example showing how non-circularity
helps to separate sources is polarization sunglasses [16]. Direct
sun-light is represented by circularly polarized (non-polarized)
electro magnetic waves. After areflection, the light becomes par-
tially polarized. The polarization sunglasses allow to filter out (at
least partially) the unwanted noncircular waves - the reflections.

Many methods for ICA and IVA have been proposed in
the literature; a review can be found in [5]. When evaluating
performances of the algorithms, a comparison with theoretical
and algorithm-independent performance bounds is very useful.
Cramér-Rao lower bound (CRLB), already studied for ICA and
IVA in [17]-[24], provides a lower bound on the separation accu-
racy. The CRLB for extraction of one Source Component Vector
(SCV) from IVA mixture where all but one SCVs are Gaussian
have been derived in [25]. Recently, the CRLB for complex-
valued ICA considering three types of signal diversities, that is,
non-Gaussianity, non-whiteness and non-circularity, has been
derived in [4]. For IVA, similar study has been provided in [21],
however, only for the real-valued case. It means that the bound
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has not been yet computed for the complex-valued IVA, which
is not a trivial extension of the problem in the real domain. One
goal of the paper is to show how non-circularity of the sources
can contribute to a better separation performance. Indeed, non-
circularity does not have a counterpart in the real domain.

Besides the lower bound on separation accuracy, there is a
question whether two (or more) sources are separable in the
sense of statistical consistency (no matter how accurately). This
poses the problem of finding the identifiability conditions, which
can be studied through the CRLB, because the CRLB exists only
if the identification conditions are met. This is influenced by
all types of signal diversities, including non-circularity in the
complex-valued problems. The identification conditions were
analyzed in [4] for ICA and in [21] for the real-valued IVA.

The contribution of this paper resides in the full analysis
of the complex-valued IVA problem. This includes the in-
duced Cramér-Rao Lower Bound (I-CRLB) for the achievable
interference-to-signal ratio (ISR) of the separated signals and
the identifibility conditions. The analysis embodies non-circular
signals as well as possible nonzero correlations between signals
from different data sets. We show how non-circularity and cor-
relatedness can influence the identifiability of signals mixtures
that would not be identifiable without these signal features.

The paper is organized as follows. The mixing model is
introduced in Section II. The Fisher Information Matrix (FIM)
and the CRLB are calculated in Section III. Section IV studies
the identification conditions. Section V deals with a special case
of uncorrelated mixtures. Numerical examples are presented in
Section VI, while the conclusions of Section VII summarize the
paper results.

II. PROBLEM STATEMENT
A. Mathematical Notations

Throughout the paper, plain, bold lowercase and bold cap-
ital letters denote, respectively, scalars, vectors and matrices.
Symbols (-)7, (-)# and (-)* denote, respectively, transposition,
conjugate transpose and complex conjugate. The Matlab con-
vention for matrix/vector concatenation and indexing will be
used, e.g., [1; g] = [1, g7]7, and (A);. is the jth row of A.

The notation x | y means that the random vector variables x
and y are statistically independent. The symbol 2 stands for the
imaginary unit. The Kronecker and Hadamard (element-wise)
product are denoted by ® and ©, respectively. The operator
of vectorization vec(A) denotes an M N x 1 vector stack-
ing the columns of A € CM*N, Let av = [vg...., ] be
a vector listing a subset of rows in A, where 0 < M, < M,
and Eq = [eq,,...,€q,, | € RM=*M ‘where e; is the ith
column of the identity matrix, be a corresponding indexing
matrix. Then, E, A selects the rows in A indicated by .
Next, define vecy (A) &f vec(EqA). The symbol 4., ,, is the
Kronecker delta, i.e., 6,,,, = 0 for m # n, and 6, , = 1 for
m = n.Let x be acomplex-valued multivariate random variable
of zero mean. Its covariance matrix will be denoted by Ry =
E[xx] and pseudo-covariance matrix by Q, = E[xxT]. The
augmented covariance matrix of x is defined as R, = E[xx'],
where x = [x; x*]. Let M(0, R) denotes a multivariate complex
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Gaussian distribution with zero mean and augmented covariance
matrix R. This covers both circular and non-circular Gaussian
variables.

B. Mixing Model

Let the kth mixture (data set), k = 1, ..., K, where K is the
number of mixtures, be described by

k k k
x" = A"s", (1)
where s € C? is the vector of independent complex-valued
source signals (scalar random variables), A¥ € C%*? is the
unknown non-singular mixing matrix, and x* € C% is the vector
of the observed signals. The sources s” are assumed to have zero
means.

Let NV i.i.d. samples of the observed signals be available. The
data model for the nth sample is thus given by

xF(n) = AFsk(n), @)

where k =1,...,K and n =1,..., N. By defining the aug-
mented matrices X, A and S, we can describe the entire data
as

Al 0 0 St
=10 . 0 s (3)
0 0 AK Sk

Xl

XK
where SF € C*N | = 1,..., K, is the matrix of origi-
nal sources with elements (S¥); ; = sF(j), i=1,...,d; j =
1...,N.The data matrix X* represents the mixtures. The joint
IVA mixing model can be written as X = AS.

We define the jth Source Component Vector (SCV) s; as
sj(n) = [s}(n);...;s(n)]" € CK, j=1,...,d. The goal is
to estimate mutually independent SCVs. A special case of the
IVA problem where the elements of the vector components are
uncorrelated is studied in [26]. Separation of vector components
with internal correlations can be based on second-order statistics
only; see, e.g., [27]-[30]. In this paper, we admit correlated as
well as uncorrelated elements of the SCVs.

The problem to separate the original independent vector com-
ponents is equivalent with the problem of estimating the block
diagonal de-mixing matrix W such that its kth block, denoted
by W¥_satisfies WFAF = G* = DFP*, where D” and P* is
a diagonal and a permutation matrix, respectively. The vector
involving the free parameters could be then defined as

6= [vec(Wl);...;vec(WK)] . 4)

In general, the separation of each mixture is possible up to the
scale and order of the original signals. Since the identification
conditions and the I-CRLB do not depend on scale or permu-
tation, we can fix those ambiguities and treat them as known,
without any loss in generality. We can assume unpermuted SCVs
are scaled to unit variance. Deriving the CRLB with different
scaling and permutation would yield the same resulting I-CRLB.

III. LOWER BOUND FOR ISR

According to the scaling ambiguity of the ICA/IVA problem,
all signals of interest can be assumed to have unit variance with-
out any loss of generality. Consider an Interference-to-Signal
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Ratio (ISR) matrix of kth mixture with elements

ISRF

m,n

=B[|G,.]. )

where G¥ = W*A¥, m,n,=1,...d. The element ISR’fnm
represents the variance of the contribution of nth source to the
mth estimated source in the kth mixture (it is nonzero in general
due to imperfect separation).

A. Egquivariance Property

In the following, we exploit a transformation rule saying
that the FIM of ¢, denoted as 7, and the FIM of a linearly
transformed version @ = K, where K is a non-singular matrix,
are related through [31]

jg - K71J4PK7H~ (6)

Let J1 and ¢y = vec(I) stand for the FIM and the parameter
vector, respectively, derived for a case when A = 1. Then, 6 =
(WT @ 1)y = vec(W) is a parameter vector of the true de-
mixing matrix. Thus, according to (6) with K = W7 @1 =
AT ®1, it holds that

Jo = (AT D) (A* @1). (7

When computing the lower bound for ISR, the Induced Cramér-
Rao Lower Bound (I-CRLB), the parameter vector is Og =
vec(G) = (AT @ I)vec(W) = (AT ®1)0. (In some other
papers, the bound is called the Cramér-Rao-Induced Bound,
CRIB, [19].) Similarly, using (6), it also holds that

Ja=(W'aD)Je(W ol), ®)
which, together with (7), results in
Ja = J1. )

Due to the invariance of the I-CRLB with respect to G = WA,
the global demixing-mixing matrix, we need to only consider
A =1, i.e.,the CRLB of G depends only on the statistics of the
sources [32].

From (9) it follows that the lower bound for ISR does not
depend on the mixing matrix. Hence, the I-CRLB can be calcu-
lated without any loss of generality by considering the special
case that A = I. This property is related to the equivariance of
the (J)BSS determined mixing model (1); see, e.g., [2], [32].

The I-CRLB thus provides an algorithm-independent lower
bound for achievable separation accuracy. A comparison of the
ISR achieved by a given algorithm with the bound shows us its
performance, and only statistically efficient algorithms attain the
bound.

B. Cramér-Rao Lower Bound

In the following, we will use the CRLB definition for
complex-valued parameters estimation problems from [4], [31],
[33]. Let @ defined in (4) be the parameter vector, and 8 =
[@; 07]. For any unbiased estimator of 8, it holds that

cov (8) = J'(8) = CRLB(0), (10)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 68, 2020

where C > D means that C — D is positive semi-definite, and
J(8) is the FIM defined, in a block structure, as

F P oL [oc\"
J(0)=<P* F) =E[39 <80) ] (an
where

H T
00" \ 00 00" \ 06
L = L£(0]x) stands for the log-likelihood function derived from

a statistical model. The derivatives with respect to " are defined
according to the Wirtinger calculus; see, e.g., [20], [30].

12)

C. Statistical Model

The fundamental assumption of IVA (as well as of ICA) is
that s, so, . . ., 84 are mutually independent, so their joint pdf is
a product of the marginal pdfs, ps(s) = Hle s, (si). The pdf
of s; is not further factorized into products of marginals, which
is the way how the dependence within the SCVs is taken into
account.

From the probability density transformation theorem,! it fol-
lows that the joint pdf of one sample of the observation vector
x is [4], [20]

d
p(x16) = |det(W)[* T ] ps.(si), (13)
i=1
wheres; = [s};...;sK],i = 1,...,d, denotes the ith separated

SCV. Since det(W) = H,If:l det(W*), the log-likelihood
function is given by

K d
£(68]x) = " log | det(WH)]? + 3" log p, (s,).

k=1 i=1

(14)

Now, the derivatives in (11) and (12) with respect to the
elements of W* corresponding to the mth row and the nth
column are, after some computations shown in Appendix A,
equal to

oL ~ Olog | det(WH)|? d 0log ps, (s;)
BWE L OWE ) 2 (W)
= (Wi ™) = x50, (15)
where
ok = ul(s) = ~2108Pe (30) (16)

k*
0s;

is the score function of the ith SCV. Now, by considering the
special case A = I, the derivative simplifies to

oL

oWE, an

k* k
= 6"’” — S, ’wm'

!t is worth pointing out to the square of the determinant in (13) due to the fact
that the complex-valued problem is considered; this is a frequently overlooked
fact in the signal processing literature.
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Dependencies between elements of SCVs are described by
the following expressions, where k, [ are indices of the mixture
and m is the index of the SCV,

r = Elgn o, ], (18)
&' = Elninl, (19)
on' = Elspsy, ] (20)
whl = E[sk sl 1, (21)
Mt = Elhsh, vh s, (22)
Bt = Elgnsn, vhsh, |- (23)
In addition, the following notation is used for brevity
vEk = forv € {k, & w,n, B}, (24)
U,k,’;k = aiﬁl. (25)

D. Fisher Information Matrix

To compute the FIM, we substitute (17) into the definition
(12). The details of the derivation are in Appendix B. There
exists a permutation of parameters such that the corresponding
F and P are block diagonal. The ordering of the parameters is

0= [Wiy,...., Wi, Wi, ..., WK, ..
Wiag W5 Wi WE W W
Wit Wit o Wi, Wi ]

Then,

F(N O), and P(B 0), (26)
0 H 0 G

where N is a block diagonal matrix with d blocks N;, ¢ =
1,....d, of size K x K, with elements given by (N;);; =
nf’l —1, for k,l=1,..., K. H can be handled as a block
diagonal matrix with d(d — 1)/2blocks, H; ;,of size 2K x 2 K
each of which read

q _ (TR, 0
b 0 FJ@RZ ’

fori=1,...d, j =1+ 1,...,d. The elements of I; are given
by (T = nk’l and the elements of the covariance matrix R ;
are (Rj), = o Mk, 1=1,...,K.Next, Bis ablock diagonal
matrix with d blocks B;, i = 1,...,d, of size K x K, with
elements given by (B, = 57 —1 fork,i=1,...,K. G
is as a block matrix with d(d — 1)/2 blocks, G; ;, of size 2K x
2 K that are given by

G . — Ei@ﬂj I
I Ix E;0Q)’

27)

(28)

fori =1,...d, j =i+ 1,...,d, where the elements of {2; are
given by (), = w;c’l, the elements of E; are (E;);; = §f’l,

kil=1,... K.
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E. I-CRLB

According to the CRLB (10), defined as J ', and using
the equivariance property in (9), the I-CRLB, i.e., the lower

bound for the ISR, is determined through the sub-block of 7 -1
corresponding to F' in (11). The permuted matrices F and P
can be used for the computation with similar results up to the
permutation of rows and columns, thus,

CRLB(O) = (F — P(F*) 'P*) ! (29)

Since F and P are block diagonal having two blocks on the
main diagonal, (29) has the same structure. The first block of
the CRLB(@), corresponding to N and B, is given by d blocks
D, ofsize K x K,©=1,...,d, such that

1

D, = (N; - B;(N;) 'B})~ (30)

The second block of the CRLB(8), corresponding to H and G in
(26), follows the block structures (27) and (28), and, therefore,
it is block diagonal having d(d — 1)/2 blocks, denoted M ;, of
size 2K x 2 K that are given by

z,j:(HiJ_GzJ( ) 1G7] ) 17 31
where i =1,...d, j=1+1,...,d. M, ; has similar block
structure as H; ; and of G ;, that is, it consists of four blocks of
size K x K, however, it is not possible to compute the inverse
matrix in (31) analytically. In general, the lower bound for ISR
(5) is given by

™M,

ISR,

ZISR > tr (

fori,j =1,...d,i # j, where (M; ;)1,1 denotes the upper left-
corner block of M, ; of size K x K.

M)y (32)

IV. IDENTIFICATION CONDITIONS

Whenever the FIM is rank deficient, the inverse of the FIM, the
CRLB, does not exist, which points to the fact that the achievable
variance of the estimation of the model parameters is infinite.
Therefore, in this case, the IVA model as a whole cannot be iden-
tified, however subspaces that correspond to the non-singular
portion can still be identified, see Section VI in [31]. These
are identified as a-SCV components, subset of rows in an SCV
independent of the other rows in the same SCV [5]. We use
this fact in order to determine the identification conditions, that
is, conditions under which the CRLB exists and is finite [4]. It
has been already known that the determined mixtures of i.i.d.
sources (1) are blindly separable when none two of them are
Gaussian with proportional covariance matrices. This condition
holds both for ICA [2] as well as for IVA [21].

The identification conditions for the complex-valued ICA
were derived in [4], which also consider signals that may not
be i.i.d. In the case of i.i.d signals, as we have in this paper, the
result of [4] can be formulated as follows.

Lemma 1: Sources s,, and s,, cannot be identified if and only
if they are both Gaussian with

Wm = exp(z@)wn, (33)
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where w,, = E[s2 ], 0 € R, m # n.

From the Lemma 1, it follows that two Gaussian sources
with |w,y,| = |wy| cannot be identified which translates to the
requirement that the circularity coefficients of all Gaussian
sources must be distinct to satisfy the identification conditions
in the complex-valued ICA problem [30], [33]-[35].

To start discussing the identification conditions for the
complex-valued IVA, we need to introduce notation similar to
the one used in [21], which allows us to denote a particular subset
of elements in an SCV: Let & = {a, ..., ak_ } beaset of K,
indices where 0 < K, < K. Let the complementing subset of
ain{l,..., K} be denoted by a®.

Definition 1: A given SCV s, is said to have an -
Gaussian component if and only if vecq (S, ) Lvecqe (s, ), and
veca(sn) ~ N(0,R,,,), where R, , denotes the augmented
covariance matrix of vecq (s,,) (or the covariance matrix in the
real valued case).

In other words, according to Definition 1, the nth SCV has
an a-Gaussian component iff there exists a subset of a rows in
the SCV that is independent of all other rows in the same SCV
and that the given subset has a multivariate Gaussian distribution
with the augmented covariance matrix R,, .

For comparison, in the case of real-valued IVA, there is
Lemma 2, proved in [21], that gives the identification conditions.

Lemma 2: The real-valued IVA model cannot be identified
if 3 # () and 3 m # n such that s, and s,, have a-Gaussian
components and R,,,.. = DR,,.o D, where D is a square diag-
onal matrix with positive elements on its diagonal.

To determine the identification conditions for the complex-
valued IVA, we use the block structure of the FIM (11). The
FIM is regular (model is identifiable) if and only if all blocks of
the FIM are regular. The FIM for the (i, j)th block is given as

Hi; Gi;
k7i7j - ( 7.] *7‘7>
H;

G;;

where H; ; and G; ; are defined in (27) and (28), respectively.

When all elements in the ith and jth SCVs are dependent,
then (34) is not block diagonal. However, if the elements can be
partitioned in two groups such that the elements in one group
are independent of the other group, then (34) is a block matrix
with one block per group. The following theorem gives the
identification conditions for complex-valued IVA.

Theorem 1: The sources cannot be identified if 3 v # @) and
3m # nsuch that s,,, and s,, have a-Gaussian components and

(35)
(36)

(34)

R = DR;,,D",
Qi;a = Dﬂj;aDa
where D is a complex-valued diagonal matrix with nonzero

entries on the diagonal, and R;.o, £2;; are blocks of the aug-
mented covariance matrix given by

Qi;a

R, )

Ri'a
Ei;a = ( '
Remark 1: Following Theorem 1, any non-Gaussian SCVs

37
., (37
can always be identified.
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Proof: Let SCVs s, and s,, have a-Gaussian components,
and there is an a # (). The selected block of the FIM is given
by

‘7’i7j;a = cov ([Vi,j;a; V?,j;a; Vj,i;a; V;,i;a]) ’ (38)
where V; ;. and Vf’j;a are 2K, x 1 vectors given by
OL(x; W) s!
X: S;.
i,j;00 — - —i 5 3
Vi ( 8§§~‘;a ) 6w;" j (39
oL W)\ Os:
e = ( (X; )> — (40)
e 8§i;a awiJ
where w; ; = [wilyj, e ,wffj], 1,7 =1,...,d, is the estimated

parameter vector, i.e., the vector stacking (7,j)th elements
of the de-mixing matrices W*, k = 1,..., K. When the a-
component s;., has complex Gaussian pdfs with an augmented

covariance matrix
R o Ri;a Qi;a
=0 T Q* R* ’
[He" ;00

then, using the equivariance property, see Appendix C, we get

(41)

_ diag(s}.,) O
V’i;j;a = §Z:aEi;£ ( g(() 7 ) 0) ) (4‘2)
0 0
Viia= st RpE : 43
1,];¢x === o (0 diag(sj;a),> ( )

The FIM (38) is singular <= (3A1, Az # 0) s.t.
VijiaAl + Vi oAl + Viiade + Vi oA =0, (44)
which after using (42) and (43) translates to
SiaRiadiagA)s)q + 8/ R hdiag(A)s] o = 0, (45)

s RL diag()\;{)gj;a +§fadiag(ﬁ)R71 Sja =0, (46)

2= =—j;x

s (R;}Xdiag()\;{) + diag(&)ﬂ;}x) Sie =0, (47)

2

which holds for V' s;.o,8;.o> ©,j = 1,...,d. Therefore, the

middle term in (47) is zero. Consequently,

R, = —diag(A]) 'Riodiaghe).  (48)
Thus, the blocks of Ej;a in (41) read
Rio = —diag(A}) 'Rj.adiag(Xs), 49)
R;, = —diag(A;) 'R} diag(A}), (50)
Qia = —diag(A]) 'Qjadiag(A’), (51)
Qo= — diag()\l)_lﬂ;‘.;adiag()\g). (52)

If there are A1 and A5 such that (49)—(52) hold, the identification
conditions are violated.

Let ¥ and ¢* denote absolute value and phase of \,,, m =
1,2, respectively, i.e., \* = n¥ exp (1¢%), m = 1, 2. Since the
diagonal elements of R;., Vi =1,...,d, are positive and

real-valued, (49) holds only when —Z—% > 0 and ¢F = ¢F, for
1
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k=1,..., K.Inaddition, the covariance matrix R;. has to be
Hermitian, i.e., ﬁ = )5 thus, % =%, k € a. Inserting into
(49) and (51), respectively, leads to
R« = DR, D", (53)
ﬂi;a = Dﬂj;aDv (54)

where D is a diagonal matrix with a diagonal elements equal to
di. = i exp(eCk), Mk, G € R. The proof is done. [ |

The identification conditions in Theorem 1 show how the
three diversities non-Gaussianity, non-circularity, and depen-
dence influence the separability of data. In contrast to the
real-valued IVA, the complex-valued SCVs with proportional
covariance matrices (35) can still be separable provided that
their pseudo-covariance matrices are not proportional each to
the other. This can happen only for non-circular SCVs, because
circular SCVs have zero pseudo-covariance matrices (which are
trivially proportional).

Note that the condition given by (53) is obviously satisfied
in ICA, since the covariance matrices in (53) are replaced by
variances. If two sources have the same circularity, then also (54)
is satisfied and such sources cannot be identified. By contrast,
in IVA only sources with proportional covariance and pseudo-
covariance matrices do not meet the identification conditions.

V. UNCORRELATED ELEMENTS OF THE SCV

A special case of IVA is when the elements in SCVs are
dependent but uncorrelated, so only higher-order dependencies
among them may exist; this was the original statistical model
considered in [26] where IVA is deployed for the frequency-
domain separation of convolutive mixtures of audio signals. The
signals from different frequency bins tend to be uncorrelated, so
the signal model is useful here.

For this special case, the computation of the CRLB is sig-
nificantly simplified, because now the uncorrelatedness means
that

ot

=0k 5k, (55)
k1l

m (56)

The sub-blocks of F in (26) are then as follows: N is a block
diagonal matrix with d blocks N;,7 = 1,...,d, of size K x K,
with elements given by (N;);,; = nf’l —1,fork,l=1...K,

H is a block diagonal matrix with K (d — 1)d/2 blocks of size

2 x 2 that read
T kO .
(2%] bl
0 KO}

fork=1,...,Kandi=1,...d, j=1+1,...,d. The sub-
blocks of P in (26) are as follows: B is a block diagonal matrix
with d blocks B;, i = 1,...,d, of size K x K, with elements
given by (B;)r, = AP —1, for k,l=1...K; G is a block
diagonal matrix with K (d — 1)d/2 blocks of size 2 x 2 that

read
Gr _ (w1
i,j k, k* |
1 gjwi

wt = wf,l(SkJ.

(57)

(58)
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k=1,...,Kandi=1,...,d,j=1+1,...,d. Hence, both
matrices, H and G, are block diagonal with 2 x 2 blocks when
the elements in SCVs are uncorrelated.

A. I-CRLB for Uncorrelated Elements

Now, since F and P are block diagonal matrices with a similar
structure, (29) is a block diagonal matrix. Its first d blocks D;
of size K x K,1=1,...,d, are given by

D, = (N, - B;(N;)'B}) ', (59)

where the elements of N; and B, are (N;);; = nf’l — 1 and
(By)rs = B! — 1. The other Kd(d — 1)/2 blocks are given
by

-1
k k k k \-1~k *
M;; = (Hm‘ - Gi;(H; )Gy )

N L N
o i K n;? K K,;‘." (60)
- _€f*w§° _ ghwk’ ok k|2 |wk 2 1 ’
nf fi? J /{’7? /-ci.“

fork=1,...,Kandi=1,...d,j=14i+1,...,d.
The lower bound for ISR corresponds to
ISR}, = E [(G};)?] > (M} ); ] (61)

Thus, after calculation of the inverse in (60) and some further
simplifications, the [-CRLB for the kth mixture says that

ki (riRS — 1) — w5IEF?|wh|?

ISRF. > : (62)
" uf; =1 ’
where
ug; = (kiel —1)% = ()5 PIwf 1P — (55)2 165 1P w]|?

+ |eFekwE Wk — 12
(63)

It can be easily verified that when the SCV elements are
independent, the bound (62) is equal to that one in [20] ((30)
on page 4) for the complex-valued ICA. Following inequalities
hold for ¥, n¥, o¥ and w}:

ke > 1R, wE > 1, (64)

5| > |wk|, oF > Wk (65)

In the special case where the jth signal is circular, which
implies that w; = £; = 0, (62) simplifies to
ki

ISRy, >

7%%? — (66)
It is worth noting that the noncircularity of the ith signal did not
vanish in this case; it influences the value of /ii?.

The following Lemma 3 provides an insight how the depen-
dence between the elements of SCVs affects the bound.

Lemma 3: Letp(s',s™", ..., s% s5") = p(s,s*) denote the
joint pdf of s',...,s*, and py(s*,s*") be the marginal pdf
of ¥, k=1,..., K. Let xfy,, = E[|0logps(s)/ds""|?] and
Kioa = E[|01log pi(s¥)/0s%|?]. Then, ki, > #fo4, and the

Authorized licensed use limited to: UTIA. Downloaded on August 10,2020 at 07:58:43 UTC from IEEE Xplore. Restrictions apply.



4264

equality holds when s” is independent of the other random
variables, or, equivalently, when

k* 1 1% k—1% _k+1

p(st, s, ..., s , S ,...,sK*).
(67)

p(S7S*) = Pk(Ska S

Proof: See Appendix D.

The bound (66) is a monotonously decreasing function of mf,
since li? > 1. The Lemma 3 implies that the lower bound for
IVA is lower or equal to that one for ICA.

In the special case of Gaussian uncorrelated sources, our
analysis confirms an expected result that the sources cannot be
separated unless they have different circularity [4].

VI. NUMERICAL SIMULATIONS

The examples in this section illustrate how dependence and
non-circularity affect the separation accuracy. Let K = 2 mix-
tures consist of d = 2 SCVs.

A. Gaussian SCVs

In first example, both SCVs are drawn from a Gaussian
distribution with density

-1
plx) = 7 exp —le<R Q) x$. 68

QF R*

The SCVs are scaled to unit variance, which means that diagonal
elements of R and R* are set to one. The first SCV is assumed
to be circular, which is provided by 2 = Q" = 0. Elements of
this SCV are uncorrelated (thus, also independent in this case).
The other SCV is generated with varying circularity and mutual
dependence of elements. The circularity is varied through

1 ¢
Q=7R=7< "),
c 1

where v € [0, 1) (v = 0 implies circularity). The dependence is
controlled by ¢ € [0, 1), where ¢ is an off-diagonal element of
R (¢ = 0 implies uncorrelatedness). Owing to the circularity of
one SCV, the bound (32) simplifies to

(69)

-1

-1
ISR> (IoT—- (I0R) )1,17 (70)
where I' is defined in (27). Since it holds that
k 0 _1
IoT = ,IoR) =1, (71)
0 k
where
- : 2)
AT CEEE,
the resulting bound reads
1— 2 1— 2
ISR > (I—-c)A =79 73)

I=(1=e)(1=9%)
Fig. 1 shows the comparison of CRLBs with ISR achieved
by the second-order (Gaussian) Independent Vector Analysis
(IVA-G) algorithm [36]. The average ISR is computed over
1000 trials for varying values of circularity coefficient v and
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o o IVA-G,c=0 | |
o |VA-G, c=0.3
+ IVA-G, c=0.6
— onl —CRLB,c=0 | |
e 20 —CRLB, ¢=0.3
= —CRLB, ¢=0.6
oc
2
40+ ,
-60 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
circularity coefficient ~
Fig. 1. Achieved ISR and CRLBs for K = 2 mixtures, d = 2 SCVs, N =

5000 i.i.d. samples and varying circularity.

correlation parameter c. The CRLB is given by the right-hand
side of (73) for selected values of c as the function of ~. The
bound goes to infinity if and only if both c and y approach zero.
This means that Gaussian sources can be separated when other
diversities (noncircularity and correlatedness) are taken into
account. These results corroborate the identification conditions
derived in Sec. IV saying that SCVs cannot be identified if they
have proportional covariance and pseudo-covariance matrices,
which holds only if v = 0 and ¢ = 0. As observed in the figure,
the performance of IVA-G follows the bound closely providing
support for its efficient nature [27] except in the region where the
signals are maximally improper/noncircular. As noted in [30],
for this case, which is also called “rectilinear,” many algorithms
developed for noncircular signals are known to fail and hence
might require special attention. We note that this is also the case
for IVA-G.

B. Generalized Gaussian SCVs

In the second example, also the non-Gaussianity is taken into
account. The elements of the first SCV are independent circular
Gaussian. The second SCV is generated as

% _H T\ _ 1 ¢ T 7
Y Y c 1) \y
where x,y are drawn from the complex Generalized Gaussian

Distribution (GGD) with a shape parameter «v. The pdf of a GGD
variable is [37]

(74)

1 a
px,x*) = - €XP (— [/\ (ya? 4 ya*? — me*)} ), (75)
where 7 is the circularity coefficient and

11 T2/

242 -11(1/a)

(76)
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-10 T
--=--CRLB ¢=0, y=0

\ x IVA-CMGGD c=0, 4=0
[ --=--CRLB ¢=0.2, v=0
i \ % IVA-CMGGD ¢=0.2, y=0

’ ——CRLB ¢=0, 4=0.3 i
O IVA-CMGGD c=0, v=0.3

——CRLB ¢=0.2, v=0.3
O IVA-CMGGD ¢=0.2, v=0.3

05 07 1 1.5 4
parameter a

Fig. 2. Achieved ISR and CRLBs for K = 2 mixtures, d = 2 SCVs, N =
5000 i.i.d. samples and varying shape parameter cv.

is selected to scale x to unit variance. As shown in [20], it holds
that

a’I'(2/a)
(1=*)2(1/a)
Thus, after some computations, the resulting bound (70) is given
by

kieen = Bl[(2)”] = 77

1
R = (i1 + B3 o) keep — 17
where hl,j = (H71>1’j,j =1,2.

Fig. 2 shows the comparison of CRLBs with empirical ISR
achieved by the IVA by Complex Multivariate GGD (IVA-
CMGGD) algorithm proposed in [38], [39]. The average ISR is
computed over 100 trials for varying values of the circularity co-
efficient , the correlation parameter ¢, and the shape parameter
«. The CRLB is given by the right-hand side of (78) for selected
values of ¢ and ~ as a function of . The results show how all
types of diversity are used to increase the separation accuracy.
The gap between the achieved ISR and related CRLB indicates
limitations of the algorithm, especially for greater values of ¢
and «. Sources cannot be separated if « =1 and v =c =0,
which corresponds to the case of independent mixtures of cir-
cular Gaussian sources. This is in accord with identifications
conditions derived in Sec. IV.

(78)

VII. CONCLUSION

Different types of diversity discussed in this paper have been
shown to affect the separation accuracy and identification con-
ditions related to IVA. In particular, we have proved that, in
contrast to ICA, complex-valued IVA can benefit from statistical
dependence across mixtures and, in contrast to real-valued IVA,
it can benefit from the noncircularity of SCVs. We have deter-
mined the most general results of identifiability, which includes
the influence of noncircularity, non-Gaussianity (higher-order
statistics), and dependence across datasets in one model. In the
real-valued IVA, it was known that non-Gaussian SCVs can be
always separated while Gaussian SCVs cannot be separated if
their covariance matrices are proportional. Now, we have shown
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that, in the complex-valued IVA, Gaussian SCVs are separable
if their pseudo-covariance matrices are not proportional. The
numerical simulations support the theory and confirm that the
derived bound is a lower bound on achievable accuracy. A
possible extension is to also consider sample dependence as an
additional type of diversity, which brings the spectral diversity
of signals into the equation. This will be an exciting future
direction.

APPENDIX A
It holds in
dlog | det(W*)|?
O(WE, )
- 1 0 det(W*) (det(W*)*)
[ det(WH)[2 O(W5, )
B 1 O det(WF)*
o det(Wk)* 8(W7’§m)*

ky—1 awk* k *

=tr ((W ) (men)*) - (Am7n) )

where the last equality holds when the permutation and scaling

ambiguity is avoided, since then (W*)~1 = A*, The scaling

and permutation ambiguity do not affect the identification condi-

tions and the I-CRLB, thus, we can avoid them by assuming unit

variances and unpermuted separated signals. Then, the inverse
of the de-mixing matrix equals the mixing matrix.

(79)

APPENDIX B

The elements of matrices F' and P in (12) are given by

FO i = Bn ) ()Y = 6mndiy,  (80)
Pé?quy,)n)}(iyj) = E[wﬁl(Yﬁ)*ibf(%)*} — Om,n0i,;j- (81)

Hence, there are only following possible cases of nonzero values
of (80) and (81):

[ ] m:n:l:]

Fﬁ’fl,m),(m,m) = E[/wrkn(an)*(wfn)*yin] —1= 771]3{[ -1,

(82)
k,l . . ,
P(m,m),(m,m) = E[wfn(ykm) fn(yin) ] -1= 'rknl -1,
(83)
e m=i&n=j&m#n
k.l k.l _ kLl
(m,n),(m,n) — Km On s (84)
Py (mamy = Emon (85)

where K‘fr;l = E[wf;z,(/)fn*]’ O'nkJ = E[yzyln*] and gﬁll =
E[yp i), wit = Elyryh),
e m=j&n=i&km#n

el -~
F(nL,n),(n,nL) - 07 (86)
P](Cr’ri,,n),(n,m) = 5k»l' (87)
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If uncorrelated elements of the SCV are assumed, then (84)

and (85) are both zeros when k # [.

APPENDIX C
The equation (39)
T *
8£(x; W) a§i;a
Vi,j;a = * * )
98}, ow; ;
simplifies for Gaussian SCVs as follows:
OL(x; W) _
W = Ei;é@i;aa
0S}. o 0 WHx*
ow;;  Ow;; \ Wx
It holds that
9 Wx =0
Bw; j
and
Wxl* L 0
[ 9 _ :
Ow ; oy PR I
WHE %K 0 K

Thanks to the equivariance we can write X := s.

APPENDIX D

Lemma 3: It holds that k5, > KF 4.

Proof: We start by computing the following auxiliary

quantity:

2
0 (1o P55

k
kag = E =K e
MI Osk \ U TTE pilst, s1)

N2
2 Olog (Hszl pi(st, s ))
B Osk

K i it
610gp(s7s*) 3log (Hizl pi(s , S ))

— 2R E
© Osk Osk™

dlogp(s,s*) dlogpy(s*, s*")

(88)

(89)

(90)

oD

= Kiva + Klca — 2Re <E [ D5k sk
By unfolding the last term, we obtain

/ 1 Op(s,s) 1 Opr (¥, s*7)
cx p(s,s*)  Osk pr(sk, k) Osk”

_/ 1 8pk(sk,sk*)/ Op(s,s*)
C2 pk(Sk, Sk*) C2K-2

Osk™ Osk
_/ 1 Opr(s*,s%) ?
— Je2 pr(sk,s*) Osk

The proof is completed as 0 < ki = Kky — K-

p(s,s")dsds”
dsds”

ky k* _  k
ds"ds” = Kjca-

(1]

(2]

(3]

(4]

[5

—_

[6

[t}

(71
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