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Abstract - Making structured and reliable decisions on
relevant business problems often requires expert assistance. In
decisionmaking practice, experts are frequently required to pair-
wise compare elements to support the decision made. This pa-
per proposes a user-friendly negotiation procedure to establish
an effective feedback relation with experts to globally increase
the consistency of their pairwise comparisons judgments, where
necessary. To this aim, we develop a flexible tool, which makes
use of an algebraic consistency-improving algorithm and a sensi-
tivity analysis technique to identify which judgments contribute
most to inconsistency. The framework pursues friendliness for
the involved decision makers, as they are asked to reconsider
only a few a priori judgments, instead of rethinking the entire
set of previously elicited comparisons. A real-world case study
on risk assessment in industry is implemented to demonstrate
the practical applicability of the proposed approach.

1 Introduction and state of the art
Decision making permeates business dynamics and, in general,
human life. In real-world optimization processes, variables are
usually difficult to quantify, especially in complex decision-
making problems [1, 2]. Thus, decisions may be not simple,
being directly or indirectly connected to qualitative, subjective,
intangible elements so that, in practice, individuals and compa-
nies resort to Multi-Criteria Decision-Making (MCDM) meth-
ods to achieve effective solutions [3] for their problems.

Various MCDM methods rely on pairwise comparisons
elicited by one expert or a panel of decision makers [4]. Judg-
ments provided by experts are collected in so-called Pairwise
Comparison Matrices (PCMs). For instance, the Analytic Hi-
erarchy Process (AHP) [5], one of the most common MCDM
methods, gets priorities from pairwise comparisons of elements
via the Perron eigenvector of PCMs. To make decisions reli-
able and appropriate, pairwise comparisons are required to be
acceptably consistent. However, due to cognitive limitations,

humans are not fully consistent when eliciting judgments. It
goes without saying that the higher the number of elements to
be pairwise compared, the lower the probability for consistency
conditions to be met. Moreover, currently, since information
gathered from big databases and the Internet is also susceptible
to being handled through pairwise comparisons, the number of
elements taken into account can be huge (see [6, 7, 8], among
others). On the whole, one of the problems limiting the applica-
bility of pairwise comparisons to large-scale decision problems
is the so-called curse of dimensionality. This means that many
comparisons have to be issued or built from a body of infor-
mation. As a result, PCMs related to real decision-making
problems may suffer lack of consistency, and this may have a
negative impact on the quality of the final decisions. Consis-
tency is crucial in decision-making, since it would be unwise to
rely on randomly elicited judgments. When the consistency of
a PCM is not satisfactory, it is necessary to improve it [9].

Suitable mechanisms aimed at improving consistency can be
implemented and adapted to the problem under analysis [10], but
they require the alteration of one or more judgments previously
elicited by decision-makers. In any case, one has to consider
the fundamental importance of sharing any change with the de-
cision makers, since they may not agree with some changes. In
other words, it is necessary to carry out a negotiation process
capable to balance mathematical consistency enforcement with
the issued judgments reflecting the (expert) reality. It is clear as
decision-making itself is a complex process for various reasons.
Among them, the approach proposed in the present article deals
with subjectivity and negotiation. The ability to make a rational
use of subjective perceptions of experts is indeed crucial and, in
this context, fruitful feedback exchanges [11] ensure the facilita-
tion of discussion and deliberation even among group members
to share opinions and eventually agree on a final decision [12].

The main objective of this contribution consists in devel-
oping a framework that, using a sensitivity analysis of an in-
put inconsistent PCM, highlights which judgment(s) previously
expressed by the expert should be preferably modified to in-
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crease consistency, while keeping the matrix within an accept-
able threshold. This way, parsed suggestions for changes are
presented in turn, what is more friendly than going back to the
expert for an entire judgment reconsideration. After a concise
setting of the mathematical problem, we present the negotiation
process and apply it to solve a real industrial problem on risk
assessment for core work equipment.

2 The proposed approach
2.1 Problem setting
In AHP, pairwise comparisons are formally collected in a PCM
by asking to express (typically by using a 9-point scale [5]) judg-
ments of preference between pairs of elements. For a set of =
elements, a PCM is an = × = matrix, � = (08 9 ), whose (pos-
itive) entries have to adhere to the properties of homogeneity
(088 = 1) and reciprocity (0 98 = 1/08 9 ), 8, 9 = 1, . . . , =. The
problem for matrix � consists in producing a set of numerical
values F1, ..., F= expressing the importance of the = elements
under analysis. If the expert gives his/her judgments in a com-
pletely consistent way, the relations between weights F8 and
numerical values translating judgments 08 9 are simply given
by F8/F 9 = 08 9 (8, 9 = 1, ..., =), and the PCM � is said to be
consistent. For a consistent PCM, the Perron eigenvector (nor-
malized to one) gives the vector of weights [13] of the analysed
decision-making elements.

However, considering the limits of human reasoning, a cer-
tain degree of inconsistency is always expected. For a non
consistent PCM, one has to solve the eigenvector problem:

�w = _<0Gw, (1)

where _<0G is the principal eigenvalue of matrix �, providing
the vector of weights, w. The so-called Consistency Index

�� =
_<0G − =
= − 1

, (2)

is used as a common measure of inconsistency and is used to
calculate the Consistency Ratio:

�' =
��

'�
. (3)

Average consistencies ('� values) of randomly generated matri-
ces are given in [14]. Consistency is accepted if �' < 0.1, new
judgments should be elicited again otherwise.

As outlined above, the literature offers various methodolo-
gies aimed at improving consistency, mainly based on itera-
tive optimisation techniques. We herein use a direct, algebraic
method, the linearisation technique [15], to get the (fully) con-
sistent matrix �2 closest to a non-consistent PCM �. A simple
formula provides it [16] in terms of an algebraic projection ?=
of the (entry-wise) logarithm of �, ! (�):

?= (! (�)) =
1
=
[(! (�)*=) − (! (�)*=)) ], (4)

where *= = 1=1)= and 1= is the unit column vector. The (entry-
wise) exponential of this projection provides the sought matrix.

We underline as the closest consistent matrix is a synthetic
result thatmay not properly reflect the original opinions provided
by the involved expert(s). This is the reason why the process
of feedback exchange is fundamental at any time, to assure that
the obtained results are not far from the expert reality. In other
terms, the closest consistent matrix has to be evaluated by the
expert, who will have to adjust its entries where necessary, and
this process will be iterated until producing a final matrix with
acceptable consistency, representing a reasonable compromise
between synthetic consistency and expert judgment. A basic
procedure that presents the entire fully consistent matrix is pro-
vided in [17]. Next, we formally develop amore friendly process
that simplifies this modifying procedure.

2.2 Process description
Figure 1 presents a scheme of the conciliation process between
consistency and expert judgments. In this flowchart, trapezoids
represent inputs, rectangles correspond to procedures, rhom-
buses stand for if-else decisions and rounded figures for outputs.

Detailed explanations are now provided.

• Obtaining pairwise comparisons: the elicitation of pairwise
comparison judgments (upper left trapezoid) represents the
input of the process and initiates the diagram.

• Drawing up the input matrix: judgments of preference are col-
lected into the PCM by using, for instance, the scale proposed
in [5] (first upper left rectangle in Figure 1).

• Checking consistency: this step (second rectangle) uses equa-
tions (1), (2) and (3) to calculate �'.

• Establishing consistency acceptability: in this case (lower leg
of the rhombus), the PCM is validated; otherwise, a nego-
tiation process will be undertaken with the decision-maker,
including possible modifications to get a consistency ratio
within the acceptable consistency threshold (rhombus’s leg
‘No’). This process is described next.

The negotiation process is represented in Figure 2: for a
non acceptably consistent PCM (upper rhombus’s ’No’ leg), this
process consists of two main steps.
• calculation of sensitivity and closest fully consistent matrix.
It includes two calculations:

– obtaining the closest fully consistent matrix �2 by applying
the linearisation process, equation (4);

– calculating sensitivity values for the entries of � as de-
scribed in the next subsection. Note that just the " =
=×(=−1)

2 values over the main diagonal are considered.

• Implementation of the iterative procedure to get the adjusted
matrix, represented in Figure 3 and shortly described here.

– The process starts by ranking the entries of � according to
their impact on consistency.

– Next, an adjusted matrix � is built, all whose elements but
one correspond to the input matrix, this last element being
replaced by the element of �2 occupying the first position
in the sensitivity ranking.
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– It follows by calculating consistency again (central rhom-
bus in Figure 3); if matrix � is consistent the process stops
(‘Yes’ leg of that rhombus). If matrix � continues to be
inconsistent, the iteration consists in changing the element
corresponding to the element occupying the second posi-
tion in the sensitivity ranking with the corresponding value
in the closest consistent matrix.

– These previous steps, together with the updating of a con-
trol parameter, " , are repeated until consistency is assured.
Matrix � is the output of the process along with parameter
" , which is an indicator of the magnitude of the modifica-
tion made.

Figure 1. Conciliation of consistency and expert judgment

Figure 2. Process of "checking and adjusting consistency"

Figure 3. Adjusted matrix iterative procedure

The process to achieve the adjustedmatrix has been designed
to make the adjusted matrix as adherent as possible to the input
matrix, by changing as fewer as possible evaluations previously
given by the decision makers. The modified judgments will be
eventually proposed to the expert, who will be invited to agree
with the final evaluations. In case of disagreement (‘No’ leg
of lower rhombus in Figure 2), he/she will be asked to elicit
new evaluations, so that a new matrix may be drawn up. At the
point in which a decision maker has associated a final adjusted
consistent matrix, the process goes back to the central rounded
box of Figure 2, and then through the leg ’Yes’ of the lower right
rhombus in Figure 1 leads to its rounded central box, where the
matrix is accepted and the process stops after calculating the
sought vector of priorities.

2.3 Sensitivity analysis
The sensitivity method applied to rank the most “influencing”
judgments is presented next. Starting from an = × = PCM �,
the method consists in calculating a second matrix � giving
the partial derivatives of _<0G with respect to the entries of �,
thus identifying which entries are more sensible to increase con-
sistency. These partial derivatives are given by the following
formula (Section 1.1, [18]):

� = wv) − �2◦vw) , (5)

where: w represents the Perron eigenvector, associated with the
value of _<0G ; v represents the left Perron eigenvector of �, that
is the (right) Perron eigenvector of the transpose of �, also as-
sociated with _<0G , and normalized such that vw) = 1; ◦ is the
Hadamard (entry-wise) product. The Hadamard product oper-
ates on identically-shaped matrices and produces a third matrix
of the same dimensions, whose elements (8, 9) correspond to the
product of elements (8, 9) of the original two matrices.

The values corresponding to the partial derivatives allow to
rank the corresponding entries of matrix � and then knowwhich
one has higher influence on consistency. The case study pro-
posed in the next section demonstrates the applicability of the
presented algorithm and its effectiveness to solve real problems
in industry.

3 Case Study
The present case study is focused on the topic of work equipment
risk assessment for a manufacturing company operating in the
food industrial sector and located in the South of Italy.

Compliance of work equipment with safety requirements is
a crucial aspect that must be verified according to the existing
standards. In addition, the employer is required by law to carry
out an exhaustive assessment aimed at formally and quantita-
tively evaluating all the potential risks for employees working
with the equipment. Risk assessment has to thoroughly analyse,
for each working station, dangerous situations potentially occur-
ring during tasks execution. It is also necessary to highlight
which workers may be critically exposed to risks in the area
where a given equipment operates.
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Figure 4. Process for establishing different degrees of importance for main factors in work equipment risk assessment

With this regard, the company analysed in the present case
study applies a technique aligned with the standard [19] (and
subsequent amendments and additions) as a risk evaluation pro-
cedure. Three main factors are considered to quantitatively eval-
uate the global risk associated to each work equipment: material
("), environment (�), organisation ($). The first factor refers to
the risk related to physical work equipment and its use by work-
ers. The second factor considers the specific and potentially
risky features of the workplace where equipment (and conse-
quentially workers) operate. Lastly, the third factor is connected
to the ability of personnel tomaster risk occurrence, especially in
terms of expertise and work organisation. All these aspects are
important for risk assessment purposes, but it is clear that they
may have different influence on that process. This is the reason
why the management of the company has decided to upgrade
the process of risk assessment for some of its core system. The
objective of the proposed case study consists in supporting the
company by calculating the degrees of importance associated to
the three main risk factors (as shown in Figure 4) on the basis
of judgments of preference provided by a professional on work
equipment maintenance. In this way, the risk assessment will
be more precise, by considering the diverse contribution of the
three factors instead of assuming them as equally weighted. The
global risk is eventually sorted into proper classes (low, medium,
high risk) aimed at highlighting priorities of intervention in pre-
venting and/or reducing risk associated to work equipment.

Each risk factor is split into various sub-factors. In Table 1
we give and synthetically describe those most significant sub-
factors among ones considered of interest for the company.

TABLE 1. Factors and sub-factor for risk assessment
Factor Sub-factor Description
" "1 Dangerous events and potential injuries.

"2 Frequency and duration of exposition.
� �1 Workplace physical location.

�2 Lighting, microclimate, noise.
$ $1 Scarce personnel qualification.

$2 Poor workflow organisation.

The sub-factors have been pairwise compared by the in-
volved expert by using the Saaty scale [5], and the judgments of
preference are collected in a PCM, � (Table 2).

TABLE 2. Input PCM, �
� "1 "2 �1 �2 $1 $2
"1 1.00 1.00 1.00 2.00 3.00 5.00
"2 1.00 1.00 3.00 4.00 4.00 4.00
�1 1.00 0.33 1.00 0.50 1.00 1.00
�2 0.50 0.25 2.00 1.00 0.33 0.33
$1 0.33 0.25 1.00 3.00 1.00 2.00
$2 0.20 0.25 1.00 3.00 0.50 1.00

Matrix � (with _<0G = 6.7596) is not acceptably consistent
since �' = 12.15% > 10%; so, some judgments need adjust-
ment. The matrix of partial derivatives of _<0G with respect to
�’s entries, �, is calculated by (5) and provided in Table 3.

TABLE 3. Matrix � of partial derivatives of _<0G
� "1 "2 �1 �2 $1 $2
"1 0.00 −0.10 0.34 0.33 −0.46 −1.22
"2 0.10 0.00 0.09 0.10 −0.50 −0.13
�1 −0.34 −0.01 0.00 0.21 −0.07 0.03
�2 −0.08 −0.01 −0.82 0.00 0.07 0.13
$1 0.05 0.03 0.07 −0.67 0.00 −0.26
$2 0.05 0.01 −0.03 −1.13 0.06 0.00

Pairwise comparison corresponding to entry ("1, $2) in-
fluences consistency most, having associated the highest ab-
solute value, followed by comparison ($2, �2); then (�2, �1),
etc. Thus, consistency can be improved by approaching the
related comparison values towards the corresponding values of
the closest consistent matrix �2 . This matrix, calculated by (4),
is not herein presented for the sake of space. By just exchang-
ing ("1, $2) and ($2, �2) for the corresponding values in �2 ,
an acceptably consistent (�' = 7.78%) matrix � (Table 4) is
obtained. The process of negotiation started by suggesting to
replace his/her initial evaluations 5.00 for ("1, $2) and 3.00 for
($2, �2) with the values 2.71 and 1.18, respectively, obtained in
�2 . The expert approved these modifications, considering that
they do not significantly change the practical meaning of the
original assessment.

TABLE 4. Adjusted matrix � to be shared with the expert
� "1 "2 �1 �2 $1 $2 Weights
"1 1.00 1.00 1.00 2.00 3.00 2.71 23.34%
"2 1.00 1.00 3.00 4.00 4.00 4.00 33.61%
�1 1.00 0.33 1.00 0.50 1.00 1.00 11.20%
�2 0.50 0.25 2.00 1.00 0.33 0.85 9.87%
$1 0.33 0.25 1.00 3.00 1.00 2.00 13.49%
$2 0.37 0.25 1.00 1.18 0.50 1.00 8.49%

The last column of Table 4 shows the sought vector of
weights for the sub-factors, which we aggregate to get main fac-
tors’ weights: F" = 56.95%, F� = 21.07% andF$ = 21.98%.

This final outcome provides the company with various de-
grees of importance associated to the risk factors used for work
equipment risk assessment, while adhering as much as possible
to the preferences issued by a stakeholder with proven expe-
rience in the field. According to the expert’s opinions, the
"material" factor (") mostly influences the risk assessment pro-
cess for work equipment, followed by the "organization" ($) and
"environment" (�) factors, the last two ones having associated
approximately the same importance. Aspects related to work
equipment management, above all including safety and security,
have hence to be controlled with particular attention to pursue
effective risk minimization.
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4 Conclusions
This article proposes an iterative procedure to carry out an ef-
fective negotiation with experts involved in complex business
decision making processes. The objective consists in calculat-
ing priorities of elements (expressing their mutual importance)
by balancing the mathematical need of consistency of judgments
with adherence to reality. The proposed procedure is based on
a sensitivity analysis signalling those comparisons most "influ-
encing" to be used as drivers for consistency improvement. As
a result, the decision maker will not be asked to elicit a new
whole set of judgments, but just to reconsider a few preferences
to quickly reach the necessary consensus. The approach has
been applied to an industrial case study aimed at supporting the
process of risk assessment for work equipment management in
a real Italian company. An effective feedback relation has been
established with the expert towards an easy calculation of prior-
ities for the main elements of analysis. The negotiation process
can be applied to solve generic problems in any business field,
what confirms the flexibility of the proposed approach. Fu-
ture development of this research may regard the integration of
the negotiation process within work equipment maintenance to
optimise organisational aspects also in terms of scheduling.
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