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new integral extends the Lebesgue integral, and it is different from those well-known
decomposition integrals, such as the Choquet, concave, pan-, Shilkret integrals and PC-
integral. In the structure of a lattice on the class of decomposition integrals, the introduced
decomposition integral is between the Choquet integral and the concave integral, and also

gi{‘;vglrszsmon integral between the pan-integral and the concave integral, and it is a lower bound of PC-integral.
Choquet integral The coincidences among several well-known integrals and this new integral are also shown.
Concave integral © 2022 Elsevier Inc. All rights reserved.
Pan-integral

1. Introduction

The decomposition integral proposed by Even and Lehrer [5] provides a common framework for the concave integral, the
Choquet integral and the pan-integral, etc. As it is known, a decomposition integral is based on the system of collections
(also called as decomposition system). In general, two different decomposition systems induce different decomposition
integrals, but not necessarily. Recall three important decomposition integrals, the Choquet integral, the concave integral and
the pan-integral, they are based on all (maximal) finite chains of sets, arbitrary finite set systems and all finite partitions,
respectively. All these integrals extend the Lebesgue integral, i.e., for o-additive measures, each of them coincides with the
Lebesgue integral. For a general monotone measure, they are significantly different from each other.

These three integrals and the Shilkret integral form a diamond lattice, see Fig. 1. The concave integral is the top element
of this lattice and it can be strictly greater than the Choquet and pan-integrals simultaneously. From a lattice viewpoint, it
is of interest to find a new element locating between these three elements, i.e., find a new decomposition integral which is
smaller than the concave integral but greater than both the Choquet and pan-integrals.

The first step of this issue has been done by Stupnanova. In [23], she introduced a new type of decomposition inte-
gral, PC-integrals, based on the so-called PC-decomposition system in which the collection includes pairwise disjoint sets
and chains of sets. The PC-integral locates between the concave integral and the Choquet integral, and also between the
concave integral and the pan-integral. Since the PC-integral can be strictly greater than the Choquet and pan-integrals
simultaneously, it is also interesting to find a new element locating between the PC-integral, Choquet integral and pan-
integrals.
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In this paper, we propose a new type of decomposition integral, which is different from the above mentioned decompo-
sition integrals. A brief summarization of the idea for this integral is as follows:

Suppose that X is a finite set and let (X, .A, ) be a monotone measure space. For a given partition g of X, p =
{A1, As, ..., A} € P (where P is the class of all partitions of X), we take a maximal chain in each A;,i=1,2,....k
respectively. The union of these maximal chains constitutes a collection. Consider the set of all these collections, denoted by
Hf@)' i.e., a decomposition system related to the partition & and maximal chains. These decomposition systems {#¢

) peP
determine a family {IHE )(/L, 9} of decomposition integrals. Then the new type of decomposition integral, denoted by
.

e

I3 (@, -), is defined as the supremum of the family {IH(cm (m, )} of decomposition integrals. Such the decomposition
P 0

peP
integrals Iy (i, -), including the integrals I”fm (. ) € ’ﬁ) have some new characteristics. The first, they all extend
P

the Lebesgue integral, and for any o € P, pr) is a minimal element in the upper semilattice I consisting of Lebesgue
decomposition systems with the inclusion relation “C”. The second, if we consider the structure of a lattice on the class of
decomposition integrals, then, of all the decomposition integrals, the concave integral is the top and the Shilkret integral is
the bottom of this lattice (see Fig. 1). The PC-integral is a lower bound of the concave integral and, the newly introduced

integral Iy (u,-) is below the PC-integral, and is between the Choquet integral and the concave integral, and also between

the pan-integral and the concave integral (see Fig. 2).

The framework of this article is as follows: Section 2 collects some known results of decomposition integral, including
its definition and some basic properties of four specific decomposition integrals (namely, the concave, Choquet, pan- and
Shilkret integrals). Section 3 is devoted to investigating the Lebesgue decomposition system, including several illustrative
examples. Section 4, the main part of the paper, begins with a review of the PC-integral and then introduces a new type
of decomposition integral. Section 5 discusses the coincidences of this new integral and the concave, Choquet, pan- and PC-
integrals. In this discussion, the characteristics of monotone measures, such as subadditivity, supermodularity, (M)-property
and minimal atoms, play important roles. Finally, Section 6 ends this paper.

2. Preliminaries

Let X be a nonempty set and A a o-algebra of subsets of X, and w be a monotone measure on (X, .A), i.e.,
u: A — [0, +o0o] satisfies the following conditions: (1) ©(#) =0 and w(X) > 0; (2) u(Q) < w(R) whenever Q C R and
Q,ReA.

The set of all monotone measures on (X, .4) will be denoted by M and the class of all o-additive measures on (X, A)
will be denoted by M. Then My Cc M. F+ denotes the set of all finite .A-measurable functions f : X — [0, +oo[. For
Aec A, xa: X — {0,1} denotes its characteristic function, i.e., x4(x) =1 if and only if x € A.

Unless stated otherwise all the subsets mentioned are supposed to belong to A and all the considered monotone mea-
sures are supposed to be finite, i.e., for any u € M, pu(X) < oo.

From Even and Lehrer [5] (see also Lehrer [9]), and Mesiar and Stupfianovd [16], we recall some results related to
decomposition integrals. Their construction copies the idea of lower integral sums and it is based on a system # of finite
set systems from A\ {&} (called collections in [5]).

For a fixed measurable space (X, .A4), the set of all systems H of finite set systems from .4\ {&} will be denoted by X.

Let H € X be fixed. The mapping I3 : M x FT — [0, +00] given by

ImWfﬁww{Xﬁmmowmm,emi)mmsf} (21)
ic] i€]

where all constants a; > 0, is called a decomposition integral.
The Zie] a; x4; in formula (2.1) is called a H-sub-decomposition of f (with respect to collection {A;}ic; € H).
Depending on 7, several well-known nonlinear integrals can be constructed ([5,7,16]). We will adopt some notations
used in [7,13,16].

o Let Hsy = {{A}: A A\ {@}}. Then Iy, (1, f) is the Shilkret integral ([7,22]), i.e., for any (i, f) € M x F+,

Ipigy (1, f)=sup {t- w({f > t}) : t € [0, 00]}.

o Let Hpan be the set of all finite measurable partitions of X (also denoted by P, ie., Hpan = 75). Then I3, (4, f) is the
(+, -)-based pan-integral (see also [24]).
o Let Hep = {C :C is a finite chain in A\ {Q)}}. Then I3, (i, f) is the Choquet integral [1,2,21], i.e.,

[ee)

MMwﬂszMszmm

0
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o Let Hegy = {D : D is a finite subset in A \ {@}}. Then Iy, (i, f) is the concave integral introduced by Lehrer [8] (see
also [10]). Observe that there are also several other decomposition systems yielding the concave integral. For example,
when A is finite, this is the case of H = A\ {&}.

The Choquet integral is based on finite chains of sets, the pan-integral is related to finite partitions of X and the concave
integral to any finite set systems of measurable subsets of X.
For the convenience of discussion, the following symbols from [13] will be adopted: for any (i, f) € M x F*, denote

Shu(f) = IHsh (M? f)v Chu(f) = IHch (l’l’i f)- Pan/,b(f) = IHpan (M’ f) and Cavﬂ(f) = IHcaV (M? f)-
The basic properties of these types of integrals can be found in [2,5-8,10,14-16,24].

For any Hs, H¢ € X, it is easy to see that if Hs € H;, then

Iy (s ) < Iye (1, f)

for any (u, f) e M x FT.

We have further results. Let Hs, H; € X. H; is said to be a refinement of H; ([16], see also [11]), denoted by Hs < H;,
if for any Dq € H; there is Dy € H; such that Dy € D, Obviously, if Hs € H, then Hs < H;. The converse is not true. Let
Hs, He € X, then

Hs < He implies I3 (, f) < I3, (1, f)

for any (u, f) e M x F* ([16]).
Note that

Hsn C Hpan  Heav and Hsp C Hen S Heav,

then, for any (u, f) e M x F¥,

Sh, (f) <Pan,(f) A Chy,(f)

and

Pan, (f) v Ch, (f) < Cav,(f)

and, Pan,, (f) and Ch, (f) are incomparable.
For any (m, f) e Mg x FT,

Pang, (f) = Chy, (f) = Cavy (f) = Leby (f) (2.2)

where Leby,(f) denotes the Lebesgue integral of f on X with respect to o-additive measure m. The Shilkret integral does
not possess this property.
The following Hasse diagram represents the relationships among four types of decomposition integrals (Fig. 1).

IHcav (Cavﬂ)

I3, (Chy) 13,0 (Pany,)

IHSh (Shﬂ)
Fig. 1. Hasse diagram of four types of decomposition integrals.
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3. Lebesgue decomposition systems

In the rest of sections, we shall confine our discussion to finite spaces. If not stating explicitly, the set X is fixed to

X
(1,2,...,n} and the algebra A = 2X. In this case, X = 22* "\ \ (g}.
Consider the system I. C X given by

L2 {H eX: Vme Mg, Iy (m,-) is a Lebesgue integral on X},

where [ (-, -) is decomposition integral as defined in the formula (2.1).
A system H will be called a Lebesgue decomposition system if H € LL.
For any additive measure m : 2X — [0, +o0[,

Leby(f) =Y f()-m({i}) = _a;-m(Ej)
ieX jej
for any a; >0, Ej, j € J such that Zje] ajxe; = f.
In this paper, only Lebesgue integral acting on non-negative measurable functions is considered, as for real-valued func-

tions, it is then enough to consider their positive parts and the negative parts, respectively. This approach allows us to
define decomposition integrals on real functions, as it was considered, e.g., in [3,4].

From the equation (2.2), it can be seen that Hpan, Hcn, Heav € IL. However, Hgp, ¢ IL. Some more results on the extension
of the Lebesgue integral were presented in [11].

Example 3.1. (i) Let 7 = {{{1}, 2., {n}}} € X. Then for any (i, f) € M x F*,
(e, f)=Y_ f@) - p(fid)
ieX
and hence if m is an additive measure on 2%, then for any f € F,
I(m, f)=>" f(i)-m({i}) = Lebn(f).
ieX
Thus, # = {{(1}.(2)..... (n}} e L.
(if) Let H = {{A1, A2,..., Ax}} with {A1, Aa, ..., A} € P. Then for any (i, f) € M x FT,
I (1, f) = Xxj (inf £(0) - p(AD-
For k <n, i.e., {Aj}’;:l # {{i}}?:l, H={{A1.A2,.... Ax}} ¢ L. If k=n, then {Aj}l;.:1 = {{i}}?:], it goes back to the case
(i), H = {{{1},{2},...,{:1}}} eL.
(iii) Let H = {{{1}}, {{21}...., {{n}}} € X (n>2). Then for any (u, f) e M x F¥,

Iy (. f) = r}g{X{f(i) n({ih}.

For such a system H € X, Iy (m, f) = Leby,(f) only if m is a positive multiple of some Dirac measure on X. For other

m e Mq, I(m, f) # Leby(f), therefore H = {{{1}}, {21, {{n}}} ¢L.

Now we discuss the maximal element of (IL, ).
The following result has been shown in [11], we provide here an alternative proof.

Proposition 3.2. Let H € X. If there exists Hs € IL such that Hs < H, then H € L, and hence if Hs; € . and H; € X, then Hs U
H[ el.

Proof. Let f e F*. For any collection D = {Ej}jcj € H, if m € M, i.e, m is additive measure on 2% and > je) QjXE; <

f, then Zjej a;m(E;j) < Leby(f). Therefore for f € F*, Iy (m, f) < Leby(f). On the other hand, Hs; < H and H; € L,
therefore

Iy (m, f) = I3, (m, f) = Lebn(f).
Consequently, for any f € F*, Iy;(m, f) =Leby(f), ie, Hel. O
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Example 3.3. Consider Hpan, i.e., the set of all finite measurable partitions of X. Let H = {{{1}, {2},..., {n}}}, then H e L
and Hpgn 2 H. From Proposition 3.2, we have #H,qn € IL. Then for additive measure m, it holds Pany,(f) = e (M, ) =
Lebp (f).

Since H C Hcqy holds for any H € X, the following result is a consequence of Proposition 3.2.

Proposition 3.4. The (IL, C) is an upper semilattice with maximal element
W= {D - D is a finite subset in 2% \ {(2)}],

that is, H* = Hcay-

Consequently, the concave integral Iy, (i, f) introduced by Lehrer [8] is the greatest decomposition integral defined
on M x FT.

Now we discuss the minimal Lebesgue decomposition systems in (IL, ©).
Let ¢ = {A1, A2, ..., Ay} € P be given, where P is the class of all (finite measurable) partitions of X. Define

k
f@) = { UC’i - C; is a maximal chain in 2% \ {(#},i=1,2, ..., k}. (3.1)
i=1
Note: In the formula (3.1), each C; is required to be a maximal chain in 24 \ {8} just for the convenience of discussion.
In fact, if we consider arbitrary chains in each A;, then the results are the same. )
The following presents some properties of the decomposition systems HE@) (¢ € P) and the corresponding decomposi-
tion integrals IHfm (W, *).

k

o |H{, = 1_[( | A '), where | - | stands for the cardinality of a set.
i=1

o Let pn={(1).(2},.... ()}, then #HS, = {{(1).(2)..... (m)}}. and hence

n
Iy, (1. f)= 21 F@ - (i) (3.2)
i=
As shown in Example 3.1, if p is an additive measure on 2%, then IH(cp )(,u, -) is a Lebesgue integral on X. Therefore
pr”) el.
Note that for such pr) and any given u € M (not necessarily additive), the decomposition integral IH@ )(,u, 2
n on
determines a positive homogeneous and linear functional on F, i.e, for any f,ge F', a >0,

e, s [+ 8) = Inge (s )+ T (10, 8),

(n) (n)

and

Ly, (s af)= alye (1, .

o If o ={X}, then Hy,, is the family of all maximal chains in 2%\ {@). It is easy to see that | Hiixy | =n!and Hy, S
Hcn- But,

IHf{X)) (s ) = I, (e, ) =Chy(f),

C
and hence H({X)) clL.

Given p = {A1, Aa, ..., Ay} € P, then it is easy to see that for any (m, f) € Mg x F+,

Iy, (m, f)= ; F(@) - m({i}) = Lebp(f).

Proposition 3.5. For any g € P, ’Hfm is a Lebesgue decomposition system, i.e., Hfm e L.
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The following is a direct result from Propositions 3.2 and 3.5.

Proposition 3.6. Let H € X. If there exists some p € P such that H D Hf@)' then H e LL.

e converse of Proposition 3.6 is not true, ie., for a Lebesgue decomposition system H € IL, it may not contain any
Th v fP ition 3.6 i ie., fi Leb d iti Hel,i i
’pr) (¢ € P). This is illustrated by the following example.

Example 3.7. Let X ={1, 2,3} and
H= {210,230 (10,61, 0,231, {21, 81 (1.2.31) .
Then H € L. In fact, for any (m, f) € Mg x F*, if f(1) = minj<j<3{f (i)} then

FMWxp233+ Q) - fMxpy+(fFO = fM)xey = f

and
3
F) -m({1,2,3) + (f2) = fF() -m{2) + (FB) — fF(1)) -m({3}) = Z f@® -m({i}) =Leb(m, f),
i=1

i.e., I3y(m, f) = Leb(m, f). Other cases can be treated similarly. Therefore, € IL. However, there is no g € P such that

H2 ’pr)'

Let H € LL. It is said to be a minimal Lebesgue decomposition system (in IL), if there is no Lebesgue decomposition system

H' such that H' C H, i.e, HeL and for any D e H, H\ {D} ¢ L.

From the above discussions on prn), we can see that

oo = {11120}

is a minimal Lebesgue decomposition system. In general the following result holds.

Proposition 3.8. For every o € P, Hf&)) is a minimal Lebesgue decomposition system in IL.

Proof. Let p = {A1,A2, ..., Ay} € P. It suffices to show that if we take an arbitrary element U{f:lCi from H ), where for
each 1 <i <k, C; is a maximal chain in 24 \ {#}, then there will be the case that

Ipr)\{Ui'(:lci}(m’ f) # Lebm(f)

for some (m, f) e Mgy x F+.
For simplicity, suppose that A; ={1,2,...,[} and

Ci = [{1},{1,2},...,{1,2,...,1}}.

C1 is a maximal chain in 241\ {#}.
Define f € F* as

f) I—-i+1 if1<i<l,
1) =
0 otherwise.

Then for any m € Mg with m({i}) > 0 for all 1 <i <[, we have I?—Lf V(UK 1C_}(m, f) < Leby (f). In fact, for any maximal chain
) i=1+1
Cy =1 ’],E'z,...,El’}
in 241\ {#} which differs from C; and any nonnegative number Aq, %y, ...,A; such that Zi-:1 )Ling < f it must be that

ZL] )LiXE; < f. So, the finiteness of X implies that IHfm\(ULle}(m’ f) <Leby(f). O

In particular, by Propositions 3.5 and 3.6, for o, = {{1}, {2}, ..., {n}} and p = {X}, the related systems H,,) and Hy,
are all minimal Lebesgue decomposition system in L.
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Note 3.9. The system H defined as in Example 3.7 is also a minimal Lebesgue decomposition system in IL. But, for any

peP HAHNS,.

The following theorem provides a way to calculate decomposition integral IHf )(,u, 9.
.

Theorem 3.10. For any monotone measure ji : 2X — [0, +o0[ and any g = {A1, Az, ..., A} € P, we have

k
Ieg, (1 )= Chyy, (£ 1) (33)

i=1

forall f € F*, where i |4, is the restriction of ju to A; and f |4, is the restriction of f to A;.

Proof. For any o = {A1, A2, ..., A} € 75,

k
€)= { UC,~ : Cj is a maximal chain in 2% \ {0)}}.
i=1
Now let f be given and } ;. ajxg; be an arbitrary sub-decomposition of f, ie. } ;. ajxe; < f and {Ej}je; € H{,).

Then Y%, (ZEjEAi ajXE;) = je; ajXg; < f. On the other hand,

k

Y auEp=Y"( Y a;u(E))

jel i=1 E;CA;
and for every i=1,2,...,k,
Ch,mi (f | A; ) = Sup{ Z aju(Ej) - {Ej: EjCA;} is a maximal chain in A;, Z ajxe; < f- XA1}~
Eng,' EjCA,‘

Noting that } ;. ajxg; < f is equivalent to ZchAi ajxe; < f - xa; forevery i=1,2,... k. Therefore

g, (1 ) = sup { D GH(E) {Ejljes € Ml D ajXe, < f}
Je] jeJ

k
=Z sup Z aju(Ej) - {E;: EjCA;} is a maximal chain in A;, Z anEij-XAi}:|
i=1 Eng,' EjCA,‘

k

= ZChM\Ai (f lA; )
i=1

The proof is completed. O

A general version of Theorem 3.10 has been shown in [11]. For the sake of self-containedness, the above proof of
Theorem 3.10 is not omitted.

Observe that for any given p = {A1, A2, ..., Ak} € ’ﬁ, the decomposition system pr) is related to maximal chains in
24\ {#},i=1,2,...,k. Similar to the decomposition system pr), consider a family of decomposition systems which are

related to partitions in Aj,i=1,2,...,k.
Let o = {A1, A2, ..., A} € P be given. We define

k
{ UDi :D; is a partitionof A;,i=1,2,.. .,k}. (3.4)
i=1

P _
H(p) -

p

We present some properties of the decomposition systems ’H(m

(9 € P) and the integrals Ty (1)
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o For pn={{1}.{2)..... (n}}, then #}, = {{{1}, {2},...,{n}}}, and we have

Lp (s ) =1e (e, )= f0) - (i), (3.5)

i=1
and Iprn) | = 1. Obviously, if x is an additive measure on 2%, then Iy (u,-) is a Lebesgue integral on X, and hence
; (on)

p
H(&,n) el.

e Consider p = {X}, then HFX] = Hpan. Thus,
IH(PX) (W, ) = I3, (1, f) =Pany(f),

p
and hence H({X}) el.

For any e ={A1, A2,..., Ay} € P, evidently

p p _
Hipn S Mip) S Hxy = Hpan:

p
()

ie., ’Hfm) and Hﬁx}) are respectively minimal and maximal elements in family {# in the sense of standard set

p } R
() peP

c there is no similar property. In fact, prn) ¢ Hf{x}) (recall that IH?X)('“’ =

inclusion. However, for the family {H(p)}peﬁ"

IHch (l‘l‘v f) = Chﬂ(f))'
Similar to Proposition 3.5 and 3.6, we have the following results.
Proposition 3.11. (i) For any p € P, ’Hf 0) is a Lebesgue decomposition system, i.e., pr) e L.

(ii) If for some g € P such that H D pr), then H e LL.

The following is a special case of Theorem 2 in [11].

Theorem 3.12. For any monotone measure [ : 2X [0, +o0[ and any p ={A1, A2, ..., A} € 73, we have
k

L (1 f) = ;Panu\Ai (fla) (3.6)
forall feF+.

4. A new type of decomposition integral
4.1. PC-decomposition integrals

In the following we recall a decomposition system ¢y which was introduced by Stupfianova [23], defined as
Hipo 2 {D e X1V Es, Ec € D, such that Es 1 Ee € {0, Es. Ec} .

The system H(p) is called a PC-collection and the decomposition integral Iy, (i, f) with respect to Hpc) is called
PC-integral.
The following relations are obviously true for any g € P:

H&)) S Hpe) € Heav and HEK’) C Hpe) € Heav-
In particular,
H?{X}) = Hpan S H(pc) and Hf{x}) CHen S Hipeys

and from Proposition 3.6 (or Proposition 3.11), it is evident that H ) € IL. Therefore, the PC-integral extends the Lebesgue
integral.
From the above inclusion relations, for any (u, f) € M x Ft, it holds that

Pan, (f) v Ch,(f) < I?—l(pc) (u, f) <Cav,(f).
In Example 1 in [23] it was shown that there is some (i, f) € M x F* such that

Pan,, (f) v Chy (f) < I3, (1. ) < Cavy (f).
For the lattice structure of these integrals, see Fig. 2.
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4.2. The new integral

The following problem has attracted our interest:

Can we introduce an integral such that it is greater than both the Choquet integral and the pan integral, but smaller than PC-
integral?

To answer this question, let us begin by constructing a decomposition system 7—[;5 via the family {Hf
position systems.

) }&7675 of decom-

Definition 4.1. Let X be a finite set and P be the class of all partitions of X. The decomposition system H;s is defined as
the union of the family {#¢ }5/.7€75’ ie.,

()
c A Cc
H 2 (JH,)
peP

= {c eX:{A}, €P, {CNA;|CeC CNA;#7}isamaximal chain in A;, i = 1,2,...,k]. (41)
The following is a concrete example of 7—[;5
Example 4.2. Let X = {1, 2, 3}. Then

Hey = {{{1}, {21, 31, {1} {1, 2}, (33}, ({2}, {1, 2}, (3}), ({1}, {1, 3}, {2},

{31 (1.3}, {23}, {{2}. {2, 3}, {13}, {{3}. (2. 3}, {1}},
{1}, (1,2}, {1, 2, 3}}, ({1}, {1, 3}, {1, 2, 3}}, {{2}. {1. 2}, {1, 2, 3}},

{2}, (2.3}, {1, 2, 3}}, {{3}. {1, 3}, {1. 2, 3}}. {{3}. {2, 3}. {1, 2, 3}}}-

Definition 4.3. The decomposition system 7—[;5 induces a new type of decomposition integral Iy (-, -), which is given by
P
mgwfﬁﬂw{Xﬁmmnmm@eﬂgiymmsﬁ,
ic] ie]
where all constants a; > 0.
Since Hpan < 7—[;5 and ’Hf{x}) - H;s C H(pc), the decomposition integral IH% (-, -) has the following desired property

Pan,,(£) v Chyu(f) = Iy (1. ) = It (11, ).

Since for any g € P, pr) c 7-[;3, and HE@) e L, it follows from Proposition 3.6 that 7—[;5 el,ie, 7—[;5 is a Lebesgue
decomposition system, that is, the decomposition integral I3« (-, -) extends the Lebesgue integral.
P

The following theorem provides a way to calculate Ig.[;5 G, ).

Theorem 4.4. For any (i, f) € M x F*, we have

Bee, o )= \/ T, (. ) (42)
peP
k A
=max{ZChM|Ai(f ;) s = LA, ep}. (4.3)

i=1
Proof. Bearing in mind that for any p € P, HE@) - ’H;s. As a consequence, for any (u, f) € M x FT, it holds
17-%) (n, f) < IH% (i, f),
and hence IH% (w, > \/50675 IHfm u, ).
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On the other hand, let (i, f) € M x F* be given. For any H;s-sub-decomposition of f, 23-21 ajxe; (ie, ijl ajxe; <
f.aj >0, {Ej}j.:1 € 7{;3), there is some gy € P such that {E]-};:1 € Hfm), thus Zj‘:l ajxe; is also a ’pro)—sub_
decomposition of f. So

S N
{Zam(lsj) ) aixe; < FAE o eHG a2 0}

Jj=1 j=1
¢ t
= U { Zbk//«(Fk) : ZkaFk < [ (Fjey € My b > 0}’
peP k=1 k=1

Therefore,

N N
I?—[%(M’ ) :max{Zaj,u(Ej) : Zaj)(gj <f {Ej}j-zl EH%,GJ' ZO}
=1 j=1

= max Iye (K, f)
peP v

k
:max{ZChMAi (f | A; ) = {Ai}%{:] 675}

i=1

The proof is completed. O

For the fixed partition o, = {{1}, {2}, ..., {n}}, we have

L (s ) =Tye (o )= FO) - (i)

i=1
(see Eq. (3.5)), and hence

Boie, o ) 2 Iyge (o )= £ - ().

(n)
i=1

Being similar to Eq. (4.1), one may want to consider the following decomposition system
P A p
HP - U H(AO)'
eP

However, this is not a new decomposition system. In fact, for any g € P, pr) - fo}, then
HP, = H{ix) = Hpan and Ly, (. f) = Pany(f).

Thus, for any g € P, it holds
L (1. ) =Pany,(f) < I, (1, f) < Cavy,(f)

(see Fig. 2).

The following result indicates that the pan-integral Pan, () is a lower bound of I3 (u, -), see Fig. 2.
P

Proposition 4.5. Let X be finite space and (& € M be fixed. Then for all f € F*, we have

Pan, () < Iy, (1. f).

Proof. Given f € F'. Then there is a partition p = {A1, A2, ..., A} e P and a; >0,1<j<k with Z’;Zl ajxa; < f such
that

k
Pan,, (f) =) _aju(Aj).

j=1
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By the monotonicity of Choquet integral, we have

k k k
DAY =) Chyy, @) < Chyy, (Flay)
j=1

j=1 j=1
k

<max Y Chy, (fla) 9 ={A1 Ax .. A €P
j=1

= IH;)(IM .

The proof is completed. O
The following example shows that there is some (i, f) € M x F* such that

Paan(f) < IH;S(I“L’ f) < I'H(pc)(/j’s f)

and

Chu(f) < IH;s(/-’Lv f) < IH(pC)(Mv f)

Example 4.6. Let X = (1,2, 3}, A=2X. Define f(1)=2, f(2) =3, f3) = 4.
(i) Define a monotone measure i as follows:

3 if Al >2,
pAY=11 if [Al=1,
0 A=40.

Then

IH; (u, f)y=2p(1) +3u({(2,3) + n((3h =12,
Ch, (f)=2un({1,2,3}) + n({2,3}) + n({3h =10,
Pan, (f) =2pn({1}) +31({2,3}) = 11.

This shows that Chy,(f) < IH% (u, f) and Pan, (f) < IH%(V, .
(ii) Define a monotone measure v as follows:

4 if A=X,
v(A)={0 if A=0,
1 else.

Then
I, (v, f)=2v({1,2,3) + v({2}) +2v({3}) =11,
IH;S(V, H=2v({1,2,3}) +v({2,3) +v({3}) =10,
Pan, (f) = IH;)(U, £ =2v{1) +3v({2)) +4v({3) =9.
Therefore,

Panv(f) < I’H;S(/J’» f) < I'H(pc) (/jﬂ f)

We illustrate the relationships among the above several types of decomposition integrals by the following Hasse diagram
(they form a join semilattice, compare with Fig. 1).
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Iy, (Cavy)

I3, (Ch#«) I’Hpan (Pan,,)

=] =l,p =1,p
Hix) Hig — Hp

Iy

c
®)

I?—lsh (Shu) (@ 7& @n) IHf@n) = IH

p

(n)
Fig. 2. Hasse diagram of decomposition integrals.

5. The coincidences among several kinds of integrals

In this section, we discuss the coincidences among several types of decomposition integrals discussed in the above
sections.

Lehrer and Teper [10] showed that the Choquet integral coincides with the concave integral if and only if the monotone
measure p is supermodular. In [19] we showed that subadditivity of monotone measures is a sufficient condition that the
concave integrals coincide with the pan-integral. In [20] it is showed that the (M)-property of monotone measures (which
was proposed by Mesiar [13], as follows: for any P, Q € A with P C Q, there exists R € A such that R C P, ((R) = u(P)
and ©#(Q) = u(R) + 1(Q \ R)) is sufficient to the equivalence of the pan-integral and the Choquet integral.

From Proposition 2 in [10], Theorem 4.6 in [18] (see also Theorem 4.1 in [20]), Theorem 4.1 in [17], and Propositions 3.10
and 3.12, the following results are immediate.

Proposition 5.1. Let X be finite space and |1 € M be fixed. Then
(i) w is supermodular, i.e., forany P, Q € A, w(PU Q) + (P N Q) > u(P) + u(Q), ifand only if for all f € F,
Oy () =Ty (s £) = Tt (11 f) = Cavu(F);
(ii) w has (M)-property if and only if for all f € F¥,
Ch,(f) = Te, (1, f)=Pan,(f);
(iii) forall f € F¥,
Pan,, () = Iy (4. ) = I (1 ) = Cav, ()
if and only if the conditions (1) and (2) in Theorem 4.1 in [17] are satisfied.

Note: In [17] we introduced the concept of minimal atom of a monotone measure and used its characteristics to present
a necessary and sufficient condition that the concave integral coincides with the pan-integral (see Theorem 4.1 in [17]).
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From Corollary 4.7 in [17] (see also Theorem 9 in [19], Theorem 2 in [23]), if u is subadditive, i.e., for any A, B € A,
W(AUB) < u(A) + u(B), then for all f e F*, it holds

Pan, (f) = ’H;, (s ) =T (1, f) = Cavy(f).

Given a monotone measure space (X, A, u). A set A € A is called a minimal atom of monotone measure w if w(A) >0
and for every B € A and B C A holds either (1) w(B) =0, or (2) A= B (see [17]). When X is a finite space, for given
e M, X can be expressed as

X=EgUE{UEyU---UE,

where {E,-}if:1 is a family of pairwise disjoint minimal atoms of p contained in X and w(Eg) = 0. Then g =
{Eo.E1,Ez, ..., Ex} € P. Combining Proposition 4.6 in [12], Propositions 3.10 and 3.12, for all f € F*, the following re-
sult (which is a general version of Eq. (3.5)) holds:

k

(=l (e fH=)_ inf f()- u(En).

=
This implies Lpe, (. )= Yl inf £(0 - u(Ep.

From Theorem 5.3 in [18] and Proposition 5.1, we have the following result: for all f € F™,

Pan;, (f)=Ch,(f) = IH; (s F) =Ty (1, f) = Cavy ()

I
Hgbﬁa)

if and only if the following two conditions hold:

(1) 1 has (M)-property;
(2) u possesses the minimal atoms disjointness property, i.e., for every pair of minimal atoms T; and T, of u, T1 # T, implies
T1NTy,=40.

6. Conclusion

We have constructed a new type of decomposition integral, IH; (i, -), by using a family of decomposition integrals
{I;_%) (u, ')}peﬁ (Theorem 4.4). As we have seen, this integral is based on the decomposition systems ¢, related to par-
titions and maximal chains of sets, and it extends the Lebesgue integral. Each of the family of integrals also extends the
Lebesgue integral, not only that, every ”pr)(p € P) is a minimal Lebesgue decomposition system in (L, <) (Proposition 3.8).
In the structure of a lattice on the class of decomposition integrals, the introduced integral Iy;c (i, -) is lower bound of the
PC-integral and is between the concave integral and the Choquet integral, and also between the concave integral and the

pan-integral (see Fig. 2).
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