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An important problem faced when dealing with imperfect information in fusion processes the uncer-
tainty regarding values of the membership degrees to be employed in fuzzy modeling. In this scenario,
one can apply interval-valued (iv) fuzzy sets, in which the membership degrees are represented by
intervals. A recurrent issue is the situation in which the quality of information carried by the intervals,
expressed by their widths, suffers degradation during the fusion process. So, the main objective of this
paper is to develop a general framework to construct iv-fusion functions whose outputs conserve the
information quality of the operated intervals. To achieve that, first, extend important concepts such
as width-limiting functions and width-limited iv-functions to the n-dimensional context. Then, we
present a characterization for any subclass of increasing fusion function by their set of properties,
followed by the interval extension of such characterization to obtain classes of width-limited
iv-fusion functions. We show that our methodology is general enough to retrieve several classes of
iv-aggregation functions from the literature. Two approaches for constructing width-limited iv-fusion
functions are also presented, which enables the application of different subclasses of width-limited
iv-fusion functions in fusion/aggregation processes with imperfect information. Finally, we present
a case study on a classification problem. Specifically, we use IVTURS, a state-of-the-art iv-fuzzy rule-
based classification system, and a particular subclass of width-limited iv-fusion functions
(n-dimensional width-limited iv-overlap functions), showing that the control of the information quality
through width limitation significantly enhances the accuracy of the classifier.

© 2022 Elsevier B.V. All rights reserved.
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1. Introduction as fuzzy conjunction operators, while t-conorms [4] and group-
ing functions [6] can be applied as fuzzy disjunction operators.
For that reason, aggregation functions have been widely used
in several theoretical and applied fields [2,7]. In particular, we
have worked with n-dimensional overlap functions [8], which
constitute a subclass of aggregation functions that do not require
associativity and have been successfully applied in the reasoning
method of fuzzy rule-based classification systems (FRBCSs) [9,10].

When facing problems with imperfect information [11,12],
there may be uncertainty regarding the values of the membership
degrees or even in the definition of the membership functions
to be used in a fuzzy modeling [13,14]. Uncertainty can be mod-
eled by different means for different purposes, such as through

Fusion functions are useful operators that combine several
numerical values into a single representative one [1]. The most
important class of fusion functions is that of aggregation func-
tions [2] (or, more generally, pre-aggregation functions [3]),
which are especially suitable to model fuzzy logic operations. For
example, t-norms [4] and overlap functions [5] can be applied
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extended soft sets [15], fuzzy rough sets [16], Dempster-Shafer

evidence theory and its generalizations [17-20], to name a few.
In particular, a viable and popular solution to model uncer-

tainty is the adoption of interval-valued fuzzy sets (IVFSs) [21,22],
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in which the membership degrees are represented by intervals.
In this context, the width of the assigned intervals are intrinsi-
cally related with the uncertainty/ignorance with respect to the
modeling of the fuzzy sets [23,24]. IVFSs have been successfully
applied in many different fields, such as image processing [25],
game theory [26], multicriteria decision making [27], pest con-
trol [28], irrigation systems [29], collaborative clustering [30] and
classification [31]. We point out that the modeling of linguistic
labels via IVFSs in FRBCSs gave birth to interval-valued rule-
based classification systems (IV-FRBCSs) [32-34], in which the
aggregation process is a key component for the success of the
classifier. Both FRBCSs and IV-FRBCSs have the advantageous as-
pect of being based on a set of linguistic rules, which makes them
highly interpretable classification systems, while still achieving
accurate results [32,35].

To accomplish aggregation processes with interval data, dif-
ferent aggregation functions had to be extended to the interval
context [36]. Since then, several classes of iv-aggregation were
introduced, such as interval-valued t-norms and t-conorms [24],
iv-overlap and grouping functions [37,38] and general iv-overlap
and grouping functions [39,40]. In most cases, a particular class
of iv-aggregation function is defined by extending the definition
of a given class of aggregation function based on the concept of
best interval representation [23]. That is, the interval output of
the iv-aggregation function is defined by the application of the
original aggregation function to the endpoints of the input inter-
vals. Besides being intuitive and theoretically sound, extending
aggregation functions to the interval context through the best
interval representation has other benefits: the computation is
generally easy, as one only deals with the endpoints of the input
intervals, and correctness is guaranteed, since the output interval
contains the exact unknown aggregated value [41].

Nevertheless, there are some drawbacks when applying iv-
aggregation functions defined in this manner in practical prob-
lems. First, monotonicity is usually evaluated with respect to the
product order [42], which also considers only the endpoints of
the intervals when comparing them. However, the product order
is not a total order, meaning that one may have intervals that are
not comparable, a hindrance that has to be avoided in problems
such as decision making and classification [43]. To tackle this
drawback, Bustince et al. [43] introduced the concept of admis-
sible orders, that is, total orders that refine the product order,
and that can be constructed by a pair of aggregation functions.
Since then, many works using admissible orders have appeared
in the literature [44-46]. In the context of aggregation of interval
data, Bustince et al. [47] presented a construction method for
iv-aggregation functions that are increasing with respect to a
given admissible order. In the same context, Asmus et al. [33]
introduced the concept of n-dimensional admissibly ordered iv-
overlap functions, which are n-dimensional iv-overlap functions
that are increasing with respect to an admissible order, showing
good results when applied in IV-FRBCSs.

Another drawback in a practical sense is that, due to some
applications constraints concerning the quality of the informa-
tion [48,49] required for the interval result, the interval output of
iv-aggregation functions based on the best interval representation
may be larger than a desirable threshold. In this case, the interval
result is guaranteed to be correct, however, it may carry no
meaningful information about the real value it is approximating.

In an initial study to address this problem, Bustince et al. [47]
introduced the concept of width-preserving functions, that is,
iv-functions that, under some conditions, can provide outputs
with the same width of all the inputs. However, the concept of
width preservation only takes into account the very specific case
where all the interval inputs have the same width. Then, more
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recently, Asmus et al. [50] introduced the concept of interval
width limitation, where the width of the output of a bivariate
iv-function is limited by a function applied to the widths of its
inputs. Nevertheless, such theoretical approach for conserving
the interval information quality in fusion processes was not con-
sidered in any applied problem, which means that there is a
challenge yet to be addressed in a practical sense.

Motivated by the discussion above, this paper brings a novel
and general methodology to deal with the problem of guarantee-
ing the information quality by controlling the width of interval
outputs that are generated when applying the so called iv-fusion
functions (in particular, iv-aggregation functions). Then, the main
theoretical objective of this paper is to provide a general frame-
work for n-dimensional width-limited interval-valued (w-iv) fu-
sion functions, which enables the definition and construction
methods for different subclasses of w-iv-aggregation functions,
capable of retrieving known definitions of iv-aggregation func-
tions from the literature and suitable to be applied on different
practical problems in which the information quality has to be
controlled. To accomplish this goal, we have the following specific
objectives:

1. To extend the concepts of width-limited w-iv-fusion functions
and width-limiting fusion functions to the n-dimensional
context (Section 3);

2. To present a characterization of any class of increasing fusion
function through a set of properties (Section 4);

3. To define classes of w-iv-fusion functions based on an in-
creasing fusion function, the interval extension of its set
of properties and a pair of partial orders (Section 4);

4. To present two general approaches to provide construction
methods for w-iv-fusion functions, one based on repre-
sentable interval functions and other on admissibly or-
dered interval functions, discussing examples (Section 5).

On the application side, we show the beneficial effects of
this type of information quality control in classification problems
(Section 6). Specifically, we apply the new framework in IVTURS,
which is a state-of-the-art IV-FRBCS. For that, we develop a new
interval-valued fuzzy reasoning method, in which the informa-
tion quality is controlled by w-iv-fusion functions, in particular,
n-dimensional w-iv-overlap functions. We analyze the effect of
the interval width control on the performance of the classifier,
since the construction methods allow one to determine the con-
trol level by means of a hyper-parameter. Finally, we conduct an
experimental study where we compare the results of the orig-
inal IVTURS classifier versus the best performing configurations
of our new approach in order to clearly observe the obtained
improvement, regardless of the chosen construction method to
obtain w-iv-fusion functions.

Additionally, Section 2 presents some necessary preliminary
concepts, and the main conclusions are drawn in Section 7, which
completes the organization of the paper.

2. Preliminaries

In this section, we recall some basic concepts on aggregation
functions, interval mathematics and iv-aggregation functions.
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2.1. Aggregation functions

Denote X = (x1,...,X;) € [0,1]". Any F : [0, 1]" — [0, 1] is
called a fusion function [1].

Definition 1 ([51]). A function N : [0,1] — [0, 1] is a fuzzy
negation if, for all x,y € [0, 1]: (N1) N(0) = 1 and N(1) = 0;
(N2) If x < y then N(y) < N(x). If (involutive property) (N3)
N(N(x)) = x, then N is a strong fuzzy negation.

Example 1. The Zadeh negation given, for all x € [0, 1], by
Nz(x) = 1 — x, is a strong fuzzy negation.

Definition 2. Let H be the set of annihilator elements of a fusion
function F : [0, 1]® — [0, 1]. F is said to be a strict fusion function
is if it is strictly increasing on ([0, 1] — H)".

Definition 3 ([51]). Given a strong fuzzy negation N : [0, 1] —
[0, 1] and a fusion function F : [0, 1]" — [0, 1], then the fusion
function F¥ : [0, 1]* — [0, 1] defined, for all X € [0, 1]", by
FN(X) = N(F(N(x1), ..., N(xy))), it the N-dual of F.

When it is clear by the context, the Nz-dual function (dual
with respect to the Zadeh negation) of F will be just called dual
of F, and will be denoted by F¢.

A particularly important class of fusion function is that of
aggregation functions [2], defined as follows.

Definition 4 ([2]). An aggregation function is any fusion function
A : [0,1]" — [0, 1] respecting: (A1) A is increasing; (A2)
A(0,...,0)=0and A(1,...,1)=1.

An aggregation function A that is strictly increasing in ([0, 1]—
H)", with H being the set of annihilator elements of F, is said to
be a strict aggregation function.

Definition 5 ([52]). An aggregation function A : [0, 1]" — [0, 1]
is called ultramodular if, for all X, ¥, € € [0, 1]", such that y 4+ € €
[0, 1]" and X < y: A(X + €) — ARX) < A(Y + €) — A).

Here we extend the concept of (a, b)-ultramodular binary
function [50] for the n-dimensional context:

Definition 6. Consider a € [0, 1]". An aggregation function
A: [0, 1]" — [0, 1] is called a-ultramodular if, for all X, € € [0, 1]"
and X+ €,a — € € [0, 1]%, it holds that:

AR+ ¢€) — AX) < A(a) — A(@ — €). (1)

When @ = (1,..., 1), from Eq. (1) and condition (A2) from
Definition 4, we have that A(x + €) — A(X) < A%(€), where A? is
the dual of A. In this case, A is said to be 1-ultramodular.

The next result is an extension to the n-dimensional context
of Prop. 3.1 from the work of Asmus et al. [50]:

Proposition 1. Let A : [0,1]" —_ [0, 1] be an ultramodular
aggregation function. Then, A is an (1)-ultramodular aggregation
function, but the converse may not hold.

There are many classes of aggregation functions defined in the
literature. Here we highlight some of them that are going to be
of importance on this work.

Definition 7 ([10]). A fusion function On : [0, 1]" — [0, 1] is
an n-dimensional overlap function if, for all X € [0, 1]": (On1)
On is symmetric; (0n2) On(X) = 0 < [[_,x; = 0; (On3)
onx) =1 & H?:lxi = 1; (On4) On is increasing; (On5) On
is continuous.
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A 2-dimensional overlap function is just called overlap func-
tion [5].

Definition 8 ([8]). A fusion function Gn : [0, 1]® — [0, 1] is said to
be an n-dimensional grouping function if, for all X € [0, 1]": (Gn1)
Gn is symmetric; (Gn2) Gn(X) =0 < x; =0forallie {1,...,n};
(Gn3) Gn(X) = 1 < there exists i € {1, ..., n} such that x; = 1;
(Gn4) Gn is increasing; (Gn5) Gn is continuous.

By duality, one can obtain n-dimensional grouping functions
from n-dimensional overlap functions, and vice-versa.

Example 2. (a) The arithmetic mean AI\,{I : [0,11" — [0, 1],
defined, for all X € [0, 1]", by AM(X) = # is an aggregation
function that is strict (with H = ¢J) and 1-ultramodular;

(b) The geometric mean: GM : [0, 1]" — [0, 1], given, for all

X € [0, 1]", by

1_[ Xi, (2)
i=1

is a strict (with H = {0}) n-dimensional overlap function;
(c) OnB : [0, 11" — [0, 1], given, for all X € [0, 1]", by

onB(x) = | (] [x)- (minfxs, ..., x}), 3)
i=1

is a strict (with H = {0}) n-dimensional overlap function;
(d) OnT : [0, 1]" — [0, 1], given, for all X € [0, 1], by

n
- (2% — 13 +1
OnT(x) = _ 4
®=]1 5 4)
i=1
is an n-dimensional overlap function that is also an 1-ultra-
modular aggregation function, but it is not an ultramodular ag-
gregation function.

(e) The functions GnB, GnT : [0, 1]" — [0, 1] such that GnB =
OnB? and GnT = OnT¢, are n-dimensional grouping functions.

2.2. Interval mathematics and admissible orders

Denote by L([0, 1]) the set of closed subintervals of the unit
interval [0, 1] and X = (Xi,...,X;) € L([0, 1])". For any X =
[x1, x2] € L([0, 1]), the left and right projections of X are denoted,
respectively, by X = x; and X = X. The width of X is denoted
w(X), which is given by w(X) =X — X.

We call by interval-valued (iv) fusion function any interval-
valued function IF : ([0, 1])" — L([0, 1]) that merges n intervals
from L([0, 1]) into a single interval in L([O, 1]).

Definition 9 ([47]). An iv-fusion function IF : L([0, 1])* —
L([0, 1]) is called width-preserving (or w-preserving, for simplic-
ity) if, for any X_e L([0, 1])" such that w(X;) = --- = w(X;), it
holds that w(IF(X)) = w(X1).

An iv-fusion function IF : L([0, 1])" — L([0, 1]) is said to
be increasing with respect to a partial order < on L([0, 1]) (or,
simply, <-increasing) if, for all X,Y e L([0, 1])", the following
condition holds:

Xi<Yiforallie({l,...,n} = IFX) < IF(Y).

Definition 10 (/50]). Let IF : L([0, 1])" — L([O, 1]) be an iv-
fusion function and <;, <, be two partial order relations on
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L([0, 1]). Then, IF is said_to be (<1, <j)-increasing if the following
condition holds, for all X, Y € L([0, 1])":
Xi<iYiforallie{1,...,n)} = IF(X) <, IF(Y).

When an iv-fusion function IF : L([0, 1])" — L([0, 1]) is
(=, <)-increasing, we denote it simply as <-increasing, for any
partial order relation < on L([0, 1]).

The product order [42], denoted by <p,, is a partial order
relation, defined, for all X, Y € L([0, 1]), by:
X<mY&X<YAX<Y.

Let f,g : [0,1]" — [0, 1] be two fusion functions such that
f < g. Then, the iv-fusion function f, g : L([0, 1])" — L([0, 1]) is
given by: f, g(X) = [f(X1, ..., Xa), 8(X1, ..., Xn)].

Definition 11 ([24]). Let IF : L([0, 1])* — L([0, 1]) be a <p--
increasing iv-fusion function. Then, IF is said to be representable
if there exist increasing fusion functions f,g : [0, 1]" — [0, 1]
suchthatf <gandIF =f, g.

f and g are called the representatives of IF. When IF = f/,\f, we
denote simply as f. In this case, IF is said to be the best interval
representation (BIR) of f [24].

The next interval operations, defined for all X, Y € L([0, 1]),
are used in this paper: [42,53]

Sum:X+Y=[X+Y,X+Y], withX +Y < 1;

Product:X - Y =[X-Y,X-Y];

Generalized Hukuhara Division: for Y # 0, X <p; Y:

X +n Y = [min{X/Y, X/Y}, max{X/Y,X/Y}]. (5)

Here, we recall the concept of admissible orders.

Definition 12 ([43]). Let (L([0, 1]), <sp) be a partially ordered set.
The order <,p is an admissible order if, for all X, Y € L([0, 1]): (i)
<ap is a total order on (L([0, 1]), <ap); (ii)) X <p; Y = X <ap Y.

Thus, an order <sp on L([0, 1]) is said to be admissible if it
is a total order that refines the product order <p. [43]. Since
every admissible order <,p refines <p,, it is immediate that every
<gap-increasing function is also <p-increasing.

Example 3. Here are some examples of admissible orders: (i)
The lexicographical orders <j.; and <., corresponding, respec-
tively, to the first and second coordinates are given by:

X< & X<YVX=YAX<Y)
X< YoX<YVX=YAX<Y)
(ii) The order of Xu and Yager <yy [54], given by:
Xfny©K+)?<X+?OI‘
X+X=Y+Yand X—-X<Y-Y)
(iii) The order <jq [33], given by:
X<pY&eX+X<Y+Yor (6)
X+X=Y+Yand Y —-Y <X —X).

Observe that the order <jq is based on the order of Xu and Yager,
but takes into consideration the information quality [48] when
comparing the intervals.

Next, we recall the definition of the admissible order <, 4:

Definition 13 ([43]). For «, 8 € [0, 1] such that « # B, the
relation <, g is defined, for all X, Y € L([0, 1]), by

X <ap ¥ & KX, X) < Ky(Y,Y) or
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(Kol ()7(7 )?) =K, (X7 ?) and K/ff ()7(7 )?) = Kﬁ (Zs ?))7

where K,, Kz : [0, 11> — [0, 1] are aggregation functions defined,
for all x, y € [0, 1], respectively, by

Ko(x,y) =x+a-(y =x); Kg(x,y) =x+p-(y —x). (7)

Remark 1. The order <, g can recover other known admissible
orders, by an appropriate choice of « and . For example, (i) The
lexicographical orders <j.x; and <[, are recovered, respectively,
by <1 and <j; (ii) The orders <xy and <j, are recovered,
respectively, by <51 and <gs .

Whenever we apply the mapping K, on the endpoints of an
interval X € [0, 1], we denote K, (X, X) simply as K, (X).

Lemma 1 ([43]). For any o, 8 € [0, 1], « # B, it holds that: (i)
.B > o ==¢ =01, (”) ,B < o ==¢==q,0-

2.3. Interval-valued fusion functions

Definition 14 ([55]). IN : L([0, 1]) — L([0, 1]) is called an iv-fuzzy
negation if it is <p.-decreasing, (IN1) IN([1, 1]) = [0, 0] and (IN2)
IN([0, 0]) = [1, 1]. If INUN(X)) = X, for all X € L([0, 1]), then IN
is said to be involutive.

Definition 15 ([56]). IR : L([0, 1])> — L([0, 1]) is an iv-restricted
equivalence function (IV-REF) with respect to an iv-fuzzy nega-
tion IN, if, for all X, Y, Z € L([0, 1]): (IR1) IR is commutative; (IR2)
IRX,Y)=[1,11 & X =Y; (IR3) IRX, Y) = [0,0] <& X = [0, 0]
and Y = [1,1],or X = [1,1] and Y = [0,0]; (IR4) IR(X,Y) =
IR(IN(X), IN(Y)); (IR5) X <pr Y <pr Z = IR(X,Y) >p IR(X, 2Z),
IR(Y,Z) >p: IR(X, Z).

Definition 16 ([39]). An iv-fusion function IA : L([0, 1])" —
L([0, 1]) is called an iv-aggregation function if: (IA1) IA is <p-
increasing; (IA2) IA([0, 0], ...,[0,0]) = [0, 0] and IA([1, 1], ...,
[1,1]) =[1,1].

Definition 17 ([47]). Consider ¢ € [0, 1] and « € [0, 1]. Then, the
maximal possible width of an interval Z € L([0, 1]) is denoted by
d,(c), such that K,(Z) = c. Also, define, for any X € L([0, 1]),
w(X)
ho(X) = ———, (8)
do(Ka(X))

where we set 3 = 1.

Proposition 2 ([47]). For all « € [0, 1] and X € L([0, 1]), one has
that

(9)

dy(Ky(X)) = min { KaX). L(X)} :

o 1—«

where we set % =1, forallr € [0, 1].

Theorem 1 ([47]). Let «, 8 € [0, 1] be such that « # pB. Let
A, Ay @ [0,1]" — [0, 1] be two aggregation functions where A,
is strictly increasing. Then IF* : L([0, 1])" — L([0, 1]) defined, for
all X € I([0, 1])", by:

IF$ o(X) =R

Ko(R) = A1(Ka(X1), . . ., Ka(Xn)),

where = Aa(R) = Ay(Ae(X1), . ..\ Aa(Xn)),

is an <, g-increasing iv-aggregation function.

Corollary 1 ([50)). Let « € (0, 1], B € [0, 1] be such that « # B. Let
On : [0, 1]" — [0, 1] be a strict n-dimensional overlap function and
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A be an aggregation function. Then IFg, , : L([0, 1])" — L([O, 1])
defined, for all X € L([0, 1])", by:

IFg, A(X) =R

Ko(R) = On(Ky(X1), - . ., Ku(Xn)),

where{ ra(R) = Ahe(X1), . . .y Ae(Xn)),

is an <, g-increasing iv-aggregation function.

Definition 18 (/39]). An iv-fusion function IOn : L([0, 1])" —
L([0, 1]) is called an n-dimensional iv-overlap function if, for all
X € I([0, 1])": (I0n1) IOn is symmetric; (I0n2) IOn(X) = [0, 0] &
]_[;‘:1 X; = [0,0]; (IoOn3) IOn(X) = [1,1] & ]_[?=1X,- = [1,1];
(I0n4) IOn is <p,-increasing; (IOn5) IOn is Moore continuous [42].

For n = 2, IOn is just called iv-overlap function [37,38].

Definition 19 (/33]). An iv-fusion function AOn : L([0, 1])" —
L([0, 1]) is called an n-dimensional admissibly ordered iv-overlap
function for an admissible order <up (<ap-overlap function) if it
respects the conditions (I0On1), (I0ON2) and (I0On3) of Definition 18,
and (AOn4) AOn is <gp-increasing.

Although the construction method presented in Corollary 1
is based on an n-dimensional overlap function, the constructed
function is not necessarily an <, g-overlap function. It is not
trivial to obtain such type of function, so we present here a new
result, which is an adaptation of Corollary 1 with that purpose,
as <, g-overlap functions are featured throughout our theoretical
and practical developments:

Theorem 2. Consider a strict n-dimensional overlap function On :
[0, 1]" — [0, 1], an increasing and symmetric fusion function B :
[0,1]" — [0,1] and @ € (0,1),8 € [0, 1], such that, « # B.
AOng : L([0, 11)* — L([O, 1]) defined by:

AORS(X) =R

Ky(R) = On(Ky(X1), - . ., Ko(Xn)),

where : Aa(R) = B (X1), - - -, Aa(Xn)),s

for all Xe L([0, 11)", is an <, g-overlap function.

Proof. See Appendix A. O

The following result is immediate from Definition 17 and
Theorem 2.

Corollary 2. et o € (0,1), 8 € [0, 1] be such that, « # B. Let
On : [0,1]" — [0, 1] be a strict n-dimensional overlap function,
B: [0, 1]" — [0, 1] be an increasing and symmetric fusion function
and AOng : L([0, 1])" — L([0, 1]) be an iv-aggregation function
constructed as in Theorem 2. Then, for all X € L([0, 1])", we have
that

w(AOng(X)) = (10)
BOha(X1), - - - ha(Xn) - (Ko (AORS(X))).

3. Width-limited iv-fusion functions

Here, we extend for the n-dimensional context the main re-
sults on width-limitation presented by Asmus et al. [50], as these
concepts are going to be thoroughly featured on our present
theoretical developments and are also required in the practical
application presented in Section 6.

Definition 20 ([50]). Consider an iv-fusion function IF : L([0, 1])"
— L([0, 1]) and B : [0, 1]" — [0, 1]. IF is said to be width-limited
by B if w(IF(X)) < B(w(X1), ..., w(Xy)), for all X € L([0, 1])". B is
called a width-limiting function of IF.
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Denote F={F:[0,1]" — [0, 1]|Fis a fusion function} and
ZF={IF:L([0, 1]))"—L([0, 1])|IF is an iv-fusion function}. Next
theorem shows how to obtain the least width-limiting function
for a given iv-fusion function:

Theorem 3 ([50]). The mapping £ :
IF e ZF and € € [0, 11", by

L(IF)(€)= sup
u1€[0, 1 — €]

IF — F defined, for all

{wUF([uq, uq + €11, . . ., [Un, Un + 1))}

u;€[0, 1 — €,]

provides the least width-limiting function £(IF) : [0, 1]" — [0, 1]
for IF.

Denote A={A:[0, 1]"—[0, 1]|Ais an aggregation function},
TA = {IA: L([0, 1])" — L([0, 1]) | IA is the best interval
representation of an aggregation functionA € A}.

Then, an approach similar to that one considered in Theorem 3
can be used to obtain the least width-liming aggregation function
for a given representable iv-aggregation function.

Theorem 4 ([50]). The mapping £ :
IAeZAand € € [0, 11", by

IA — F defined, for all

L(IA) €)= (11)
sup {wUA([uq, ur + €], . . ., [Un, tn + €]))}
uy €[0,1—¢]
u, € [01 — &

provides the least width-limiting function £(IA) : [0, 1]" — [0, 1]
for IA. Moreover, £(IA) is an aggregation function.

Now, let us present a characterization for the least width-
limiting function of the best interval representation (BIR) of an
1-ultramodular aggregation function, or the BIR of its dual:

Theorem 5 ([50]). Let A : [0,1]" — [0, 1] be an aggregation
function, A : [0,1]" — [0, 1] be the dual of A, £(A), £(A?) :
[0, 1]" — [0, 1] be the least width-limiting functions for A and
A, respectively. Then, £(A) = £(A?) = A” if and only if A is an
1-ultramodular aggregation function.

In the context of Theorem 5, as A and Ad are representable iv-
aggregation functions, then their least width-limiting function A%
is an aggregation function, as stated by Theorem 4. Observe that
the function A does not need to be ultramodular.

Example 4. (a) Every iv-fusion function IF : L([0, 1])" — L([0, 1])
is width-limited by the function B : [0, 1]" — [0, 1] given by
B(X) = 1, for all X € [0, 1]".

(b) The n-dimensional iv-overlap function IOnP, defined, for all
X € L[0,1])", by IOnP(X) = T[]L,X: is width-limited by
the probabilistic sum, given by BX) = 1 — ]_[:7:]1 — x;, for
all X € [0, 1]". This holds because the IOn, is the BIR of the
product, which is an ultramodular aggregation function, and the
probabilistic sum is the dual of the product.

(c)Similar to the last case, the BIR of the n-dimensional over-
lap function OnT, defined in Eq. (4), denoted by OnT, is width-
limited by B = OnT¢, since OnT is an 1-ultramodular aggregation
function.

Remark 2. Observe that a width-limited function (Definition 20)
differs from a width-preserving function (Definition 9), since one
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can only guarantee the uncertainty control in width-preserving
functions when all the inputs have the same width. On the
other hand, some width-limited functions can guarantee the un-
certainty control accordingly to some width-limiting function B
and still not be considered width-preserving as by Definition 9.
So, width-limitation is a more suitable (and flexible) concept
to indicate the potential uncertainty on the outputs of a given
interval-valued function than width-preservation.

4. A framework for width-limited iv-fusion functions

The goal of this section is to present a way to obtain different
classes of aggregation functions that have their outputs’ widths
limited by some arbitrary width-limiting function. In the work
by Asmus et al. [50], for instance, width-limited interval-valued
overlap functions were introduced based on such notion. Here,
we recall their definition:

Definition 21 ([50]). Let B : [0, 1]*> — [0, 1] be a commutative
and increasing function and <;, <, be two partial order relations
on L([0, 1]). Then, the mapping IOw : L([0, 11> — L([0, 1]) is
said to be a width-limited interval-valued overlap function (w-
iv-overlap function) with respect to the tuple (<1, <3, B), if the
following conditions hold for all X,Y e L([0, 1]): (I0w1) IOw
is commutative; (IOw2) IOw(X,Y) = [0,0] & X -Y = [0,0];
(Iow3) Iow(X,Y) = [1,1] & X -Y = [1,1]; (IOow4) IOw is
(<1, <p)-increasing; (I0W5) IOw is width-limited by B.

Notice that Definition 21 is quite similar to Definition 18 for
n = 2. In fact, conditions (IOn1), (IOn2) and (IOn3), for n = 2,
are the same as (IOw1), (IOwW2) and (I0w3). That is, both classes
of iv-fusion functions share the same properties except for (i)
monotonicity, (ii) continuity and (iii) width-limitation. Further-
more, it is easy to observe that those properties that they share,
commutativity and boundaries conditions, are interval counter-
parts of properties (On1), (On2) and (On3) of n-dimensional
overlap functions (Definition 7). In a sense, one can say that n-
dimensional overlap functions are the core functions in which
both Definitions 18 and 21 derive from. So, one could obtain
analogous definitions for width-limited interval-valued aggrega-
tion functions based on other core aggregation functions, if the
properties of those core functions can be extended to the interval
context.

For that, inspired by the approach of directional increasing
fusion functions developed by Bustince et al. [57], first we present
a characterization of any subclass F of increasing n-dimensional
fusion functions through a set of properties P such that: (i)
includes boundary conditions for any F € F and (ii) possibly
includes some other constraints not related to the monotonicity.
Such subclass of fusion functions is given by:

F ={F:[0,1]" — [0, 1]| F is increasing (12)
and satisfies all the properties in Px}.

Remark 3. In this paper, we work with the usual definition of
monotonicity, however, our characterization is not restricted by
this specific definition, meaning that other kinds of monotonicity
could be considered, such as weak monotonicity [58], directional
monotonicity [59], ordered directionally monotonicity [60] or
strengthened ordered directionally monotonicity [61].

Example 5. Based on Eq. (12), the class of aggregation functions
A is given by A = {A [0,1]" — [0, 1]|A is increasing
and satisfies all the properties in P4}, where P,4={A(0,...,0)=
0,A(1,...,1) = 1}. Analogously, any subclass of aggregation
functions can be denoted in this manner. For example, the class
of n-dimensional overlap functions On can be defined by: On =
{On : [0,1]" — [0, 1]|Onis increasing and satisfies all the
properties in Po,}, where Pp, = {(On1), (On2), (On3), (On5)}.
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Now, given the set P of properties of a fusion function F € F,
denote by IPr the set of interval extensions of the properties
in Px. Usually, there are more than one way to extend a given
property of a function to the interval context, so IPx varies
accordingly to how one extends such properties.

Finally, consider the function B € B, where a B is a subclass of
increasing fusion functions (with its corresponding set of proper-
ties Pz) and let <7, <, be partial orders on L([0, 1]). Then, denote
the class of width-limited interval-valued fusion functions (w-iv-

fusion functions) for the tuple (<4, <3, B) by I}‘W‘ilﬂ, which is
then given by: o
Fuwl _, = (13)

{IF : L([0, 1))" — L([O, 1])|IF is (<1, <j)-increasing,
width-limited by Band satisfies the properties inIP~}.

Example 6. Consider the class of aggregation functions .4, with
its respective set of properties P4 (as shown in Example 5). Also,
consider an increasing fusion function B [0,1]" — [0, 1]
and let <q, <, be partial orders on L([0, 1]). Then, based on
Eq. (13), ZAw? _ is the class of width-limited interval-valued
aggregation functions (w-iv-aggregation functions) for the tuple
(<1, =2, B), given by:

IAw';’52 = (14)
{IA : L([0, 1]))" — L([O, 1])|IAis (<1, <;)-increasing,
width-limited by Band satisfies the properties inIP 4}

where IP4 is an interval extension of P4, given by IP4, =
{IA([o0, 01, ...,[0,0]) = [0,0], IA([1J 11, ..., [1, l])ﬁ: [1, 1]}
Observe that if <;=<,=<p, and B(x) = 1, for all x € [0, 1]",
then IAw’ilK2 is the class of iv-aggregation functions defined
in Definition 16. Similarly, other subclasses of iv-aggregation
functions can be retrieved by Eq. (13), depending on the set of
properties IPx. For example, take IP = IPy,, where IPy, is
the interval extension of the set Pp, (see Example 5): IPp, =
{(Ion1), (I0n2), (I0n3), (I0On5)}, and B(X) = 1, for all X € [0, 1]™.
Then, ZOnw? , given by

zonwt, = (15)

{IOn : L([0, 1])" — L([0, 1])|IOnis <p, -increasing,
width-limited by Band satisfies the properties in IPo,},

is the class of n-dimensional iv-overlap functions (Definition 18).

Remark 4. The representation of w-iv-fusion functions by
Eq. (13) is general enough so that different iv-aggregation func-
tions defined in the literature may be retrieved, such as interval-
valued t-norms and t-conorms [24], general interval-valued
overlap functions [39], general interval-valued grouping functions
[40], among others, by restricting to the case where <;=<,=<p,
and B(x) = 1, for all X € [0, 1]". However, those functions
clearly have no limitation regarding their output widths and may
not be applicable in problems where admissible orders must be
considered.

Example 7. Consider a function B € B, where B3 is the subclass of
increasing fusion functions, such that Pz = {simmetry}, and two

partial orders <;, <, on L([0, 1]). Then, I(’)nw'i1 -, is the class

of width-limited n-dimensional interval-valued 6v’er?1ap functions
(w-iv-overlap functions) for the tuple (<;, <5, B), given by:

I(an’;SZ = {IOnw : ([0, 1])" — L([0, 1])| (16)
I0nw is (<1, <y)-increasing, width-limited by B
and satisfies the properties in [Py, },

where [P,y = {(IOn1), (I0ONn2), (I0n3)}.
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Observe that when n = 2, I(’)nu)’i1_<2 is the class of w-iv-
overlap functions as shown in Definition 21. In other case, when
<1=<3=<44, With o, B € [0, 1], such that & # S, and B(X) = 1,
forallX € [0, 1]", then, also by Eq. (16), I(’)nwia 5 is the class of n-
dimensional admissibly ordered interval-valued overlap function
as presented in Definition 19.

Then, one can see that classes of iv-fusion functions that may
not be <p,-increasing can also be retrieved by Eq. (13).

Remark 5. It is noteworthy that the continuity (On5) was not
extended to the interval context, so was not considered in IP,,,.
Neither Definition 19 nor Definition 21 has continuity as a con-
dition, as its interval extension it is not fully developed in the
context of admissible orders. This is not a drawback, since the
continuity requirement was added to the definition of overlap
functions just because it was introduced firstly to be applied in
image processing [5]. Actually, it is well known that the con-
tinuity can be disregarded in several applications, which is the
case, for example, when overlap functions are applied in classi-
fication problems [33,39,62,63]. Nevertheless, if one is defining
a class of width-limited <p.-increasing fusion functions, than
the continuity can be extended to the interval-context by the
Moore-continuity [42], as in Example 6, when defining the class
of n-dimensional iv-overlap functions.

Remark 6. The associativity property was proved to be difficult
to maintain in iv-fusion functions that have controlled width-
limitation (see the construction methods in Section 5), so we
do not include it when defining a set IP». We point out that
this is not a drawback of our approach, in the sense that we
explain below. Observe that, for several applications (e.g., clas-
sification), it is necessary to consider n-dimensional inputs for
the aggregation process. That is why the associativity property
has been considered an important requirement for extending bi-
variate aggregation functions to the n-dimensional context in a
very direct way, which is the case, for example, of t-norms and
t-conorms [51]. However, it is well known that possibly non-
associative bi-variate functions (e.g., overlap/grouping functions)
can be extended to the n-dimensional context in many ways
(e.g., n-dimensional overlap/grouping functions and general over-
lap/grouping functions). Also, one can find in the literature sev-
eral possibly non-associative aggregation functions which can be
used as alternatives to t-norms/t-conorms, such as t-seminorms
or semi-copulas [64], weak t-norms [65], pseudo-t-norms [66],
semi-uninorms [67], MICA operators [68], and micanorms [69].

Remark 7. In general, there are no restrictions regarding the
width-limiting function B, or its set of properties Pz, when defin-
ing a class IJ—‘WEL<2 by Eq. (13). But, to construct some examples
of w-iv-fusion functions of the class IJ-‘W*L]K2 respecting the
properties of IPr, it may be necessary that Pz shares some prop-
erties with Px. That is the reason for which we required that
B to be symmetric in Example 7, a shared property with On.
This relation between the core function F and the width-limiting
function B becomes clear in the construction methods presented
in Section 5.

5. Construction methods

With the concepts of width-limited functions and least width-
limiting functions, by Theorem 3, one can expect the maximum
amount of uncertainty on the outputs of a given iv-fusion func-
tion. However, in order to control such uncertainty to an arbitrary
degree (given by a chosen width-limiting function B), one can
apply the developed theory to obtain some construction methods
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for width-limited iv-fusion functions. This is the main goal of this
section.

In the following, we present a key concept to be applied in the
construction methods for w-iv-fusion functions:

Definition 22. Consider a fusion function B : [0, 1]" — [0, 1] and
let IF : L([O, 1])" — L([0, 1]) be an iv-fusion function. Then, the
function mys g : L([0, 1])" — [0, 1], defined for all X € L([O, 1])"
by:

- -

mypp(X) = min{w(IF(X)), Bw(X1), ..., w(Xn))},
is called the maximal width threshold for the pair (IF, B).

5.1. Construction method based on representable iv-fusion functions
(CMR)

The main idea of the Construction Method based on Repre-
sentable iv-fusion functions (CMR) is to reduce the output’s width
of a representable iv-fusion function when it surpasses the limit
imposed by a width-limiting fusion function B. The outputs of the
constructed function are given by the maximal threshold for the
pair (F, B), where F is the best interval representation (BIR) of
a strict fusion function F. The reduction of the output occurs in
the direction of a point of the interval, accordingly to a chosen
value of « € [0, 1]. For example, if « = 0.5, then the output is
“narrowed” towards the medium point of the interval obtained
through the BIR.

The formalization of this concept is presented in the following
three theorems, each one with some specificity regarding the
chosen strict fusion function F and its respective restriction on
the choice of admissible order that is suitable for the construction
method.

Theorem 6. Consider an increasing fusion function B : [0, 1]" —

[0, 1], a strict fusion function F : [0, 1]" — [0, 1] with h = 0 as its

annihilator element, a € (0, 1] and B € [0, o). Then, the iv-fusion

function IFwg : L([0, 1])" — L([0, 11) defined, for all X e L([O, 1])",

by

IFw§(X) = [Ko(FX)) — a - mz 5(X), (17)
Ko(F(X)) + (1 — o) - mg g(X)],

is a width-limited fusion function for the tuple (<p;, <q4 g, B).
Proof. See Appendix B. O

Theorem 7. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strict fusion function F : [0, 1]" — [0, 1] with h = 1 as its
annihilator element a € [0, 1) and B € («, 1]. Then, the iv-fusion
function IFwg : L([0, 11)" — L([0, 11) defined, for all X € L([0, 1])",
by

is a width-limited fusion function for the tuple (<p;, <4, B).

Proof. Analogous to the proof of Theorem 6. O

The following theorem follows from Theorems 6 and 7.

Theorem 8. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strictly increasing fusion function F : [0, 1]" — [0, 1] and
o, € [0,1] with « # p. Then, tile iv-fusion function IFwg :
L([0, 11)" — L([0, 1]) defined, for all X € L([0, 1])", by

IFwg(X) = [Ko(F(X)) — a - mz 5(X),
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Ko (F(X)) + (1 — ) - mz 5(X)],

is a width-limited fusion function for the tuple (<p;, <4 g, B).

One can impose certain conditions on the functions B and F,

reflected on the sets Pz and P, respectively, in order to obtain
specific subclasses of fusion functions. In the following, con-
sider the class of w-iv-aggregation functions IAw<Pr <up given
by Eq. (14), in Example 6.
Theorem 9. Consider an increasing function B : [0, 1]" — [0, 1],
a strict aggregation function A : [0, 1]" — [0, 1] with h = 0 as its
annihilator element, « € (0, 1] and B € [0, &). Then, the iv-fusion
function IAwg : ([0, 1])" — L([0, 1]) defined, for all X e L([0, 1])",
by

1AW (X) = [Ka(AX)) — e - mj 5(X).
Ka(AX)) + (1 = &) - mj (X)),

is a width-limited aggregation function for (<p;, <ag, B).

Proof. From the proof of Theorem 6, IAwg is well defined, (<p;
, <a,p)-increasing and width-limited by B. We prove that: (i)

1Awg ([0, 0], .. ., [0, O])=[O0, 0], (ii) IAwg([1, 1], ..., [1, 1])=[1, 1].
(i) From (A2), one has that ,/4\([0, 0],...,[0,0]) = [0, 0]. Then:
w(A([0,0],...,[0,0]))=0= m@\B([O, 0], ...,[0,0].

So, IAw%([0, 01, .. ., [0, 0]) = A([0, 0], ... ., [0, 0]) = [0, 0].
(ii) Also, from (A2), one has that A([1, 1],...,[1,1]) = [1,1].
Then: w(A([1, 1],...,[1,1])) = 0 = mAB([l 11, [1,1]). So
Awg([1, 1], ..., [1, 1])—A([1 11, ..., [1,1])=[1,1]. O

Theorem 10. Consider an increasing function B : [0, 1]" — [0, 1],
a strict aggregation function A : [0, 1]" — [0, 1] with h = 1 as its
annihilator element, a € [0, 1) and B € («, 1]. Then, the iv-fusion
function IAwg : L([0, 1])" — L([0, 1]) defined, for all X € L([0, 1])",
by
1Aw(X) = [Ku(AX)) — o - m (X),

Ko(AX)) + (1 = @) - mg (X)),

is a width-limited aggregation function for (<p;, <4 g, B).

Proof. Analogous to the proof of Theorem 9. O

The next theorem follows from Theorems 9 and 10:

Theorem 11. Consider an increasing function B : [0, 1]" —
[0, 1], an aggregation function A : [0, 1]" — [0, 1] that is strictly
increasing on [0, 11", and «, B € [0, 1] with « # B. Then, the
lV -fusion functlon IAwg @ L([0, 1])" — L([0, 1]) defined, for all
Xe L([o, 17)",
1AW (X) = [Ku(AX)) — o - m3,5(X),

Ko(AX)) + (1 —a) - mz p(X)1,
is a w-iv-aggregation function for the tuple (<p;, <o p, B).
Example 8. Consider B = min, A = AM (arithmetic mean), « =
0.5 and B = 0 (admissible order <q ). Then, the iv-fusion functlon
IAMwg,. + L([0, 11)* — L([O, 1]) defined, for allX e L([o, 11)",
IAMwmm(X) = [Ku(AM(X)) — @ - Mgz min(X),

Kot( ( )) + (1 - Ol) : mAM,min(X)]v

is a w-iv-aggregation function for the tuple (<p;, <jo, min).
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Remark 8. It is noteworthy that, by Theorem 5, AM (BIR of
the arithmetic mean) is width-limited by AM, as AM is an 1-
ultramodular aggregation function and AM = AM¢Y. However, if
one must control the output’s width by a width-limiting function
B such that B < AM (which is the case for B = min), then the
construction method shown in Theorem 11 may be employed,
with the result presented in Example 8.

Analogously, one can construct w-iv-fusion functions that
are interval extensions of specific types of aggregation func-
tions. For instance, consider the class of w-iv-overlap functions
I(’)nw<P <up given by Eq. (15), in Example 7.

Theorem 12. Consider a symmetric and increasing function B :
[0,1]" — [0, 1], a strict n-dimensional overlap function On
[0,1]" — [0,1], « € (0,1) and B € [0, «). Then, the iv-
Lusion function I0nwg L([0, 1)" — L([0O, 1]) defined, for all
X € L([0, 11)", by

10nwé(X) = [K4(On(X)) — o - mg; 5(X), (18)
Ko(On(X)) + (1 — ) - mgz 5(X)1,

is a width-limited overlap function for (<pr, <a,g, B).

Proof. From the proof of Theorem 6, it is immediate that IOnwg
is well defined, (<pr, <q p)-increasing and width-limited by B. It
remains to be proven that IOnwjg has the properties of the set
IPoy = {(I0n1), (I0n2) and (I0n3)}:

(IOn1) It is immediate, since On and B are both symmetric.

(IOn2) (=) Take X e L([0, 1])", such that IOan( ) = [0, 0].
Then, we have the following cases:
(1) mg; 5(X) = w(On(X)):

From Egs. (7) and (18), it follows that:
[Ka(0n(X)) — cw(On(X)),

Ko(On(X)) + (1 — a)w(On(X))] = [0, 0]
= [0n(X1, .. ., Xa) + aw(On(X)) — aw(On(X)),

on(Xs, . .., Xx) + aw(0n(X)) + w(On(X)) —

aw(0n(X))] = [0, 0]

= [On(X1, ..., Xa),

on(Xs, ..., Xa) + w(On(X)) = [0, 0]
= [0n(X1,...,Xa), 0 (xi,...,?n)] = [0, 0]
= On(X) =[0,0] & ]_[x, = [0, 0], by (On2).

i=1

(2) mg,, (X) = Bw(X1), .. ., w(Xa)):

From Eqgs. (7) and (1 ) it holds that:
[K,(0n(X)) — Bw(X1). . .. w(X,)) (19)

Ko (0n(X)) + (1 — a)B(w(X1), . . ., w(Xy))]=I0, 0]
= —aB(w(Xq), ..., wXy)) =

(1 —a)B(w(Xy), - w(Xn))

= B(w(X1), ..., w(X )) =

—~

= [Ka@o?)), ( on(X))] =
= K,(0n(X)) =
= On(X) = [0, 01, since o # 0

[0, 0], by Eq. (19)

& l_[x,- = [0, 0], by (On2).
i=1
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(<) Consider X e L([0, 11)", such that [T_,Xi = [0,0]
Then, it is immediate that On(X) = [0,0] and mg; 3(X) = O.
Furthermore, from Eq. (18):

10nwE(X) = [K4([0, 0]) — « - 0, K, ([0, 0]) +

(1—a)-0] = [0,0].

(I0n3) (=) Take X € L([0, 1])"
We have the following cases:

(1) mg; 5(X) = w(0n(X))
From Egs. (7) and (18), it follows that:
[K+(0n(X)) — arw(On(X)).
Ko(On(X)) + (1 — a)tw(0n(X))] = [1, 1]
= [0n(X1, ..., Xa) + aw(On(X)) — aw(On(X)),
0(X,Y) + aw(0(X, Y)) + w(O(X, Y))
—aw(0n(X))] = [1, 1]

, such that IOnwg(X,Y) = [1, 1].

X )Hw(On(X)I=[1, 1]

= [On(X, ..., Xn
X))l = [1,1]

= [On(X1, ey

Xa), On(Xy, . ...,
Xn), On(ﬁ..

= on(X) =1, 1]@]_[)(,_[1 1], by (On3).
i=1

(2) Mg (X) = Bw(X1). . .., w(Xy)
From Egs. (7) and (18), it holds that:
[Ko(On(X)) — aB(w(X1), . . ., w(Xa)), Ko (ON(X)) (20)
+ (1 — a)B(w(X1), ..., w(Xy))]=[1, 1]
= —aB(w(X1), ..., wXy)) =
(1 —a)B(w(Xq), ..., wXy))
B(w(Xq),...,wX,;))=0 (21)
= [1@(6502)), Ko(0n(X))] = [1, 11, by Eq. (20)
Ko(On(X)) = 1
=>On( ) =11, 1], since o # 1

& ]_[x,- =[1, 1], by (On3).
i=1

(<) Consider Xe

—

is immediate that On(
from Eq. (18): IOnwj(X) = [K.
[1,1]. O

€ L([0, 1])" such that [T, X; = [1, 1]. Then, it
X) =1, 1] and mg; z(X) = 0. Furthermore,
«([1, 1])—a-0, Ko ([1, 1])(1—)-0] =

Remark 9. In Theorem 12, we have that « # 1, which is not
necessary in Theorems 6 and 9. This is to ensure that IOnwg
respects condition (IOn3). Furthermore, B must be symmetric for
I0nwy to respect condition (I0n1). These restrictions on B and
o may vary accordingly to the class of aggregation function on
which the construction method is based.

Here, we present an example of applying CMR based on the
n-dimensional overlap function OnB, given in Eq. (3), which is a
function that produces good results when applied in classification
problems, as shown in Section 6.

Example 9. Consider B = max, On = OnB, given in Eq. (3),
a = 0.5 and B = 0 (admissible order <jq ). Then, by Theorem 12,
the iv-fusion function IOnwOnB max - L([0, 11" — L([0, 1]) defined,

forall X e L([o, 1])",
10nwe=03 (X) = (22)

OnB,max
[I(a=0_5(OnB(X)) -05- m(ﬁ,max(x)’
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-

Ka =0. S(OnB( )) + 0.5- mOnB max(x)]
is a w-iv-overlap function for the tuple (<p;, <ig, max).

(a) Let n = 2, X; = [0.2,0.8] and X, = [0.5, 1]. So, we have that
w(X1) = 0.6, w(X3) = 0.5 and max{w(X;), w(X3)} = 0.6. Also, it
holds that:

OnB(X) = [0nB(0.2, 0.5), 0nB(0.8, 1)] = [0.1414, 0.8].
Observe that
w(0OnB(X)) = 0.6586 > 0.6 = max{w(X;), w(X>)},

meaning that OnB is not width-limited by max.
However, from Eq. (22), one has that:

10nwe=05 (X)

OnB,max
= [Ka—o5(0nB(X)) — 0.5 - Mezzp max(X).
Ka—o.5(0NB(X)) + 0.5 - Mg max(X)]
= [Ky—05([0.1414, 0.8]) — 0.5 - min{w(OnB(X)),
max{w(X1), w(X2)}}, Ku=0.5([0.1414, 0.8])
+0.5 - min{w(0nB(X)), max{w(X;), w(X2)}}]
— [0.4707 — 0.5 - min{0.6586, 0.6}, 0.4707
+0.5 - min{0.6586, 0.6}] = [0.1707, 0.7707].

So, w(Ionwg=3 (X)) = 0.6 < max{w(X;), w(Xy)}, which is
expected from a function that is width-limited by max.

One can visualize the way that the method works by taking
the interval [0.1414, 0.8] (output of the BIR) and “narrowing” it
in the direction of its K, point. In this case, as « = 0.5, its the

midpoint (0.4707). This can be verified, since:

Ko—o5(0nB(X)) = Ky—05([0.1414, 0.8]) = 0.4707
=Ky—05([0.1707, 0.7707])=Ky—o s (I0nwe=23 _ (X)).

OnB, max

If we consider « = 0.99, then the narrowing of the interval
[0.1414, 0.8] would occur towards the value 0.7934, near its right
endpoint. In this case, IOnw%-%% (X) = [0.1994, 0.7994].

OnB,max
(b) Take X; = [0.6,0.9] and X, = [0.8, 0.8], then, w(X;) = 0.3,

w(X3) = 0 and max{w(X1), w(X»)} = 0.3. In this case,

OnB(X) = [0nB(0.6, 0.8), 0nB(0.9, 0.8)] = [0.5367, 0.759].

So, w(OnB(X)) = 0.2223 < 0.3 = max{w(X;), w(X,)}. Also, from
Eq. (22):

[0nw?=03_ (X)

OnB,max
= [Ku=o.5(0nB(X)) — 0.5 - Mgy an(X),

Kamo.5(ONMB(X)) + 0.5 - Mg (X1
= [Ky—05([0.5367, 0.759]) — 0.5 - min{w(OnB),

max{w(X1), w(Xz)}}, Keeo5([0.5367, 0.759])

40.5 - min{w(0nB), max{w(X;), w(Xx)}}]
= [0.6479 — 0.5 - 0.2223, 0.6479 + 0.5 - 0.2223]
= [0.5367, 0.759].
Observe that, although OnB is not width-limited by max, in this
case, the width of the output does not exceed the limit imposed
by the chosen width-limiting function (max). That is why, by

applying the construction method as by Eq. (22), it follows that
10nwe=03  (X) = [0.5367, 0.759] = OnB(X).

OnB, max

In Table 1, we show the results obtained for IOnwgnB’B()q(),
given in Example 9, by different choices of & and width-limiting
function B. In this table, it is possible to compare the results
obtained by CMR with the ones given by the BIR. Also, one can
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Table 1
Ex. of CMR, comparing with the BIR.
CMR Best interval representation
X1 =1[0.2,0.8]
X, =[0.5,1] 1onwd3; . (X) = [0.1707, 0.7707] OnB(X) = [0.1414, 0.8]
B = max
a=0.5
X1 =1[0.2,0.8]
Xy =[0.5,1] IOnprnB max( ) = [0.1994, 0.7994] OnB(X) = [0.1414, 0.8]
B = max
o =0.99
X; =[0.2,0.8]
X, =105, 1] onwg>, . (X) = [0.2207, 0.7207] OnB(X) = [0.1414, 0.8]
B = min
a=0.5
X1 =1[0.2,0.8]
X, =[0.5,1] [10nwplY 1 (X) = [0.2984, 0.7984] OnB(X) = [0.1414, 0.8]
B = min
o =0.99

observe that, in every case shown in Table 1, IOnwgnB.B(f() -
OnB(X).

By extending n-dimensional grouping functions to the
interval context in a similar manner as done in Example 7 with
n-dimensional overlap functions, one can obtain the class
of n-dimensional w-iv-grouping functions, denoted by
TGnw? Zap’ As n-dimensional grouping functions are the dual
of n- dlmensmnal overlap functions, the following result is imme-

diate from Theorems 10 and 12.

Theorem 13. Consider a symmetric and increasing function B :
[0, 1]" — [0, 1], a strict n-dimensional grouping function Gn :

[0,1]" — [0,1], « € (0,1) and B € («, 1]. Then, the iv-
fus:on functlon IOan ([0, 1])" — L([O, 1]) defined, for all
X e L([0, 1])",

man( ) = [Ku(On(X)) — & - mgz, p(X). (23)

(K,
Ko (0n(X)) + (1 = @) - mg (X)),
is n-dimensional w-iv-grouping function for (<p;, <a g, B).

Example 10. Consider B = AM (arithmetic mean), Gn = Gn,
(probabilistic sum), « = 0.5 and 8 = 1 (admissible order <yy).

Then, the iv- fu510r1 function IGPw min - L([0, 11" — L([O, 1])
defined, for all X e L(fo, 1),
IGPw,(X) = [K,(Gny(X)) — am@,AM()?),

Ka(Grp(X)) + (1 — o)mez ay (X1, (24)

is a w-iv-grouping function for the tuple (<p;, <xy, AM).

Regardless of the core fusion function F employed on CMR, the
following result holds:

Proposition 3. Let [Fwj : L([0, 1])* — L([0, 1]) be a w-iv-fusion
function for the tuple (<pr, <a g, B) obtained through Theorem 6,
Theorem 7 or Theorem 8, with the respective choices of a, B € [0, 1]
such that o # p. Then, for any X € I([0, 1])" one has that
IFwg(X) S F(X).

Remark 10. Proposition 3 ensures that any w-iv-fusion function
obtained through the CMR never generates outputs outside of the
interval output of the BIR of the base fusion function F.

10

5.2. A construction method based on admissibly ordered iv-fusion
functions (CMA)

This method follows a similar approach as CMR, by applying
the maximal threshold to limit the outputs’ widths of the con-
structed function around a K, point. The main difference is that,
instead of being based on representable iv-fusion functions, it is
based on <, g-increasing fusion functions.

Theorem 14. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strict fusion function F : [0, 1]" — [0, 1] with h = 0 as
its annihilator element, o € (0, 1], B € [0, 1] such that « # B, and
an <g g- mcreasmg iv-fusion function IF* : L([0, 1])" — L([O, 1]),
such that K, (IF“)(X) F(Ky(X1), ..., Ko (X)), for allX e L([0, 1])".
Then, the iv- fusion functzon IFwyg : L([0, 1])" — L([O, 1]) defined,
for all X € L([o, 1),

IFw$(X) = [Ky(IF*(X)) — & - mype p(X),
Ko (IF(X)) 4 (1 — @) - mype (X)],

is a width-limited fusion function for (<4 p, <a.g, B).

Proof. See Appendix C. O

Theorem 15. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strict fusion function F : [0, 1]" — [0, 1] with h = 1 as
its annihilator element, @ € [0, 1), 8 € [0, 1] such that « # 8, and
an < - mcreasmg iv-fusion function IF* : L([0, 1])" — L([O, 1]),
such that K, (IF"‘)(X) F(Ky(X1), ..., Ku(Xp)), for allX e L([o, 1])".
Then, the iv- fusion functlon IFwg @ L([0, 1])" — L([O, 1]) defined,
for al X e L(fo, 1",

IFw$(X) = [Ky(IF*(X)) — & - mype p(X),
Ko (IF(X)) 4 (1 — @) - mype (X)],

is a width-limited fusion function for (<4 g, <a.g, B).

Proof. Analogous to the proof of Theorem 14. O

The next theorem follows from Theorems 14 and 15.

Theorem 16. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strictly increasing fusion function F : [0, 1]" — [0, 1],
a, B € [0, 1] such that o # B, and an <, g-increasing iv- fuston
function IF* L(fo, 11" — _L([0, 1]), such that K, (IF")(X)
F(Ky(X1), ..., Ku(Xy)), for all X € L([O, 1])". Then, the iv- fusion
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function IFwy : L([0, 1])" — L([0, 1]) defined, for allX e L([o, 11)",

by
IFw§(X) = [Ku(IF*(X)) — @ - mype 5(X),
Ko(IF*(X)) + (1 — &) - mype 5(X)],
is a width-limited fusion function for (<4 g, <a., B).

Similarly as done with CMR, one can obtain w-iv-aggregation
functions as follows:

Theorem 17. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strict aggregation function A : [0, 1]" — [0, 1] with h =0
as its annihilator element, @ € (0, 1], 8 € [0, 1] such that o # B,
and an <, g-increasing iv- -aggregation function IA* : L([O, 1])”ﬁ
L([0, 1]), such that K, (IA)(X) = A(Ky(X1), ..., Ku(Xp)), for all X €
L([0, 1])". Then, the iv- -fusion function IAwg : L([O, m" — L([0, 1])
defined, for all X € L([0, 1])", by

1AW (X) = [Ka(IA*(X)) = o - mype p(X),
K, (IA%(X)) + (1 — o) - mya (X1,
is a w-iv-aggregation function for the tuple (<, g, <a,p, B).
Proof. From the proof of Theorem 16, it is immediate that I[Awy is

well defined, <, g-increasing and width-limited by B. It remains
to be proven that: (i) JAwg([0,0],...,[0,0]) = [0, 0] and (ii)

Awg([1, 1], ..., [1,1]) = [1, 1].

(i) By (IA2), one has that IA([0,0],...,[0,0]) = [O,0]. Then
w(IA([0,0],...,[0,0])) = 0 = muep([0,0],...,[0,0]). So
1Awg ([0, 0], ..., [0, 0]) = IA*([0, O], ..., [0, 0]) = [0, O].

(ii) By (IA2), IA*([1,1],...,[1,1]) = [1,1]. So, we have that
w(lA*([1,1],...,[1,1])) = = mpep([1,1],...,[1,1]), and

IAWE([1, 1], ..., [1, 1D=IA%([1,1], ..., [1,1]) = [1,1]. O

Theorem 18. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strict aggregation function A : [0, 11" — [0, 1] with h =1
as its annihilator element, @ € [0, 1), 8 € [0, 1] such that o # B,
and an <, g-increasing iv-aggregation function IA* : L([0, 1])"
L([0, 1]), such that
K, (IA%)(X) = AK,(X1), . ...,
for all X e L([0, 1])". Then, the iv-fusion functlon 1Awg :
— L([0, 1]) defined, for all X e L([o, 1]),
Awg(X) = [K (A*(X)) — & - mype p(X),

Ko (IA*(X)) + (1 — &) - mype p(X)],

is a w-iv-aggregation function for the tuple (<4 g, <a.p, B).

Ko (Xn)),
L(fo, 17)*

Proof. Analogous to the proof of Theorem 17. O

The next theorem follows from Theorems 17 and 18:

Theorem 19. Consider an increasing fusion function B : [0, 1]" —
[0, 1], a strictly increasing aggregation function A : [0, 1]" —
[0,1], «, B € [0,1] such that o # B, and an <, g-increasing
zv aggregation function IA% L([o, 11" —_ L([0, 1]), such that

K (IA*)(X) = A(Ky(X1), ..., Ko(Xp)), for all X € L([0, 1])". Then,
Ehe iv-fusion function IAwg : ([0, 1])" — L([O, 1]) defined, for all
X e L([0, 1])", b

TAwE(X) = [K, (1A“<X))—a-m,Aa,B(>?),
Ko (IA(X)) 4 (1 — @) - myae g(X)],

is a w-iv-aggregation function for the tuple (<, g, <a., B).

11
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Width-limited functions based on a specific class of aggre-
gation functions can also be constructed. In the following, we
present the construction method for w-iv-overlap functions:

Theorem 20. Consider an increasing and symmetric fusion function
B : [0, 1]" — [0, 1], a strict n-dimensional overlap function On :
[0,1]" — [0,1], « € (0,1), B € [0,1] with « # B, and an

<a.p- overlap function IOn* L([fo, 11" — QL([O, 1]), such that
K, (IOn)(X) = On(Ky(Xy), ..., Ky(Xy)), for all X € L([0, 1])". Then,
the iv-fusion function IOan - [([0, 11)" — L([0, 1]) defined, for all
X e L([0, 1])", by

10nwi(X) = [K,(I0n%(X)) — & - Myone p(X),
Ko (I0n*(X)) + (1 — ) - myone p(X)],

is a w-iv-overlap function for the tuple (<48, <q,, B).

Proof. From the proof of Theorem 19, it is immediate that IOnwg
is well defined, (<pr, <« g)-increasing and width-limited by B. It
remains to be proven that IOnwj has the properties of the set
IPow = {(I0N1), (I0N2), (ION3)}:

(IOn1) It is immediate, since On and B are both symmetric.

(IOn2) (=) Take X e L([0, 1])" and suppose that IOnwg()?)
[0, 0]. Then, we have that

I(a(IOnwg‘()?))zKa([O, 0])=0=0n(K,(X1), - . ., Ko(Xn)),

since o € (0, 1). Thus, by condition (0On2), K,(X;) = O for some
i €{0,...,n}, and, therefore, [T, Xi = [0,0];
(«) Consider X € L([0, 1])" such that [T._, X; = [0, 0. So,

Ky(Xi) - ... Ku(Xn) = 0, since « € (0, 1). Then, by (On2), one has
that

K, (I0nwg (X)) = 0n(Ky(X1), . . ., Ko(Xn)) = 0,

meaning that IOan( )=[0, 0];

(I0n3) (= )TakeX € L([0, 1])" such that IOan( ) =[1, 1]. Then,
one has that

K (10nw(X))=Ka([1, 1])=

By (0On3), K, (Xq) - ... -
[Ty X = 111

= )C0n51derX € L([0, 1])" such that 1‘[1."=1x,» = [1, 1]. So,
Ky(Xq)-...-Ky(Xy) = 1, since a € (0, 1). Then, by (On3), one has
that

1=0n(Ky(X1), . . ., Ko(Xn)).

K,(X,) = 1, since o € (0, 1), meaning that

(IOan(X)) on(Ky(X1), - . ., Ku(Xn))=1,

meaning that IOan( )=1[1,1]. O

Example 11. Consider the <;q-overlap function AOng ..., given
by Theorem 2 for B = max, On = OnB given by Eq. (3), « = 0.5
and B = 0 (admissible order <io). Then, the iv-fusion function
10nwg,p nayx + L(LO, 1" — L([0, 1]) defined, for allX e L([O, 1])",
by

IonwgnB,max(X) =
[Ka(AO"gnB,max(X)) - amAOngnBymaX,max(X)a
K (Aongng, max(X)) + (1« )mAOngnBymax,max(X)] s

is a w-iv-overlap function for the tuple (<jq, <jo, max).

Let us consider the same cases as in Example 9, but now
applying CMA. So, take n = 2, X; = [0.2,0.8] and X, = [0.5, 1],
meaning that max{w(X;), w(X2)} = 0.6. Also, from Theorem 2, it

(25)
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holds that:

= OnB(K,(X1), Ku(X2)),
) = max{A,(X1), Ao (X2)},

«(X2) given by Definition 17. So, we have that:

Ka (AongnB max)

= Ae(AONE 5 1) - MiN {a

1- Kﬂl(AongnB,max)
1-«

= max{A4([0.2, 0.8]), A([0.5, 1])} -
OnB(K,([0.2, 0.8]), K,([0.5, 1]))
{ 0.5 ’
1 — OnB(K,([0.2, 0.8]), K,
1-0.5
ax{ w([0.2,0.8]) w([0.5, 1]) } .
do(Ko([0.2,0.8]))" da(Ky([0.5, 11))
n { 0OnB(0.5,0.75) 1— 0nB(0.5,0.75)

} by Eq. (10)

«([0.5, 1]))} by Eq. (26)

)

} by Eq. (8)

= max

} by Eq. (9)

0.6 0.5
1705

So, it follows that:
W(AONS, 5 nax(X)) = 0.866 > 0.6 = max{w(X;),

= max

} -min {0.866, 1.134} = 0.866.

w(X2)},

meaning that AOng ; .. is not width-limited by max. By applying
CMA, from Eq. (25), one has that:
[onwi=0>

OnB,max (X )

[Kct OS(AononB max( )) 0.5- mAOnOB

Ka=0.5(A0N 5 1 (X))+0.5 - on,lgnB,max,max(i)]
= [0nB(0.5, 0.75) — 0.5 - min{0.866, 0.6},
0nB(0.5, 0.75) + 0.5 - min{0.866, 0.6}]
= [0.433 -0.5-0.6,0.433 + 0.5-0.6]
= [0.133, 0.733].

So, w(IOnwgrjg?ﬁax(i)) = 0.6 < max{w(X;), w(X2)}, which is

expected from a function that is width-limited by max.
For a similar reason as observed in Example 9, whenever one
has that w(AOng,p .x(X)) < max{w(X1), w(Xz)}, for some X €

L([0, 1])" and o € (0, 1], then the output already respects the
width control dictated by max, and, in this case, IOnwg, .. (X) =

AongnB,max(X )

-

max(X)s

Some values obtained by both IOnwg,, B(f( ) and AOngnB,B()? )
(from Example 11) can be seen on Table 2, By varying the value of
« and the chosen width-limiting function B. One can observe that,
in Table 2, every result obtained by CMA (IOnwg (X)) is con-
tained on the interval given by the corresporlding <«,p-overlap
function without width-limitation (AOng,; 5(X)). Also, different
from the BIR, AOng,, p varies accordingly to the chosen «. Finally,
it is noteworthy that, in both Example 11 and Table 2, we applied
the same function B for both I0nwg, 5 B(X) and AOng,; 5(X), but

12

Knowledge-Based Systems 258 (2022) 109963

this is not a requirement. We decided to keep both iv-functions
based on the same B for simplicity.

At this point, it is clear that other classes of w-iv-aggregation
functions can be obtained through CMA, by the appropriate
choices of a strict aggregation function A, a width-limiting func-
tion B, @, B and an <, g-increasing iv-aggregation function IA*.

5.3. Applications to practical problems

When applying either of the construction methods of width-
limited iv-fusion functions in practical problems, the domain
expert has to make some key choices, as explained bellow:

1. The choice of fusion function F: usually, when extending a
fusion/aggregation process modeled by a fusion function F to the
interval context, one can maintain the same fusion function F as
the core of the construction method to be employed. For exam-
ple, it was shown by Asmus et al. [33] that the n-dimensional
overlap functions GM and OnB, defined in Eqgs. (2) and (3), respec-
tively, are well fitted to be employed in classification problems.
Thus, it is natural that those functions are chosen to be the core
of some w-iv-fusion functions to be applied in IV-FRBCSs with
width-limitation (see Section 6);

2. The choice of «: It is entirely determined by the admissible
order <, g that is indicated for the application. The choice of
the interval order depends on how the intervals are obtained
or interpreted [43,45,47]. To keep the same example, Asmus
et al. [33] showed that the admissible order <jy (@ = 0.5, 8 = 0),
defined in Eq. (6), is a suitable choice for IV-FRBCSs.

3. The choice of the width-limiting function B: it depends on how
much the length of the output interval’s width has to be con-
trolled to conserve the information quality of the interval inputs,
since the larger the width of the interval output, the lesser is
the information quality carried by it [48]. This level of control
to be determined may not be obvious, but there are ways to
test/compare different configurations of the same construction
method by taking into account different width-limiting func-
tions, as we show in the application in a classification problem,
presented in Section 6.

6. Application to classification problems

To showcase the applicability of our developments in practical
problems, in this section we apply interval operators of specific
subclasses of w-iv-fusion functions in the IVTURS IV-FRBCS. In
the work by Asmus et al. [33], it was shown that n-dimensional
overlap functions (and interval-valued functions based on them)
are recommended to be applied in this type of problem. Fur-
thermore, the best performing methods on that paper are based
on n-dimensional <, g-increasing iv-overlap functions that are
width-limited by the minimum, that is, the outputs’ widths are
lesser or equal than the widths of the inputs. So, the class of
n-dimensional w-iv-overlap functions as defined in Example 5
seems a natural choice to provide functions for this application.

In the following, first we recall some key concepts regarding
IV-FRBCSs. After that, we present the experimental framework,
followed by the analysis of the results.

6.1. IV-FRBCSs

A classification problem is composed by P training examples
?(;, = (Xp1, ..., X%m),p € {1,..., P} where xp; is the value of the
ith variable of the pth example. Each example belongs to one of
M classes in C={Cy, ..., Cy}. The goal of the learned classifier is
to identify the class of new testing examples.
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Table 2
CMA, comparing with <, g-overlap functions.
CMA <q,p-overlap function
X, =[0.2,0.8]
X;=1[05,1] 10nwd . (X) = [0.13,0.73] Aong>, . (X)=10,0.87]
B = max
a =05
X; =10.2,0.8]
X; =[0.5,1] 10nw3Y - (X) =1[0.19,0.79] A0NS% (X = [0,0.80]
B = max
o =0.99
X; =[0.2,0.8]
X, =[0.5,1] 10nws2, . (X) =1[0.18, 0.68] A0S, -+ (X) = [0.17, 0.69]
B = min
a=05
X; =[0.2,0.8]
X; =10.5,1] 10nwpl% . (X) = [0.29, 0.79] A0Ond% . (X) =1[0.19, 0.80]
B = min
a=1

One of the most frequently applied techniques to deal with
classification problems are the FRBCSs. They can achieve accurate
results by using highly interpretable models, since the fuzzy rules
are expressed by linguistic labels [35]. The structure of the fuzzy
rules is given by:

RuleR; : Ifx; isAj; and ... and x, is Aj, (27)
then Class = Cj with RW,
where R; is the label of the jth rule, x = (x4,...,x,) is an n-

dimensional example vector, A;; is the fuzzy set modeling the
linguistic term of the jth rule in the ith antecedent, ¢ € C is a
class label, and RW; € [0, 1] is the rule weight [70]. In particular,
the rule weight is computed by the fuzzy confidence value (or
certainty factor), as follows:
precj’ AI(XP)

Zgzl Af(xp)
where Aj(x,) is the matching degree of the pattern x, with the
antecedent part of the fuzzy rule R;, given by
Aj(xp) = C(Ajl(xpl)» cees Ajn(xpn)),

where ¢ is an n-dimensional conjunction operator andj € {1, ...,
L}

RW; (28)

(29)

A FRBCS becomes an IV-FRBCS when some of the linguistic
labels (or all of them) are modeled using IVFSs. This means that
the fuzzy reasoning method must work with intervals instead of
numbers, being called an iv-fuzzy reasoning method (IV-FRM), to
take into account the interval widths (uncertainty) throughout
the whole inference process [71] (see Section 6.2). As a novelty
for this kind of classifier, we apply width-limited functions to
control the information quality of the interval operations that
occur on the IV-FRM, and analyze if such width control improves
the performance of the system.

6.2. New iv-fuzzy reasoning method

For the following experimentation, we apply our new theoret-
ical concepts in the IVTURS algorithm, which is a state of the art
IV-FRBCS (an in-depth look at each step of the IVTURS algorithm
can be seen in the work by Sanz et al. [72]). Here, we recall the
steps of its learning process:

(1) The building of an IV-FRBCS, by the following procedures:
(a) To generate an initial FRBCS by applying the two first
stages of FARC-HD [73], a technique that is based on the Apriori
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algorithm [74] to build fuzzy rules (Eq. (28)) in its first learn-
ing stage. In those fuzzy rules, the product t-norm is usually
applied as the conjunction operator ¢ in Eq. (29). However, as
shown by Asmus et at. [33], one can benefit from replacing
the product t-norm by other n-dimensional overlap functions
On, such as the Geometric Mean and the n-dimensional OnB-
overlap, given by Eqgs. (2) and (3), respectively. This allows for
the chosen n-dimensional overlap functions to be considered as
the core functions for the construction of the n-dimensional w-
iv-overlap functions to be used in the IV-FRM (described in the
sequence). Thus, the function On impacts the learning process of
the fuzzy rules, which means that if On is not the product, then
the obtained fuzzy rules would not necessarily be the same than
those obtained by the original IVTURS.

(b) To define IVFSs to model the linguistic labels of the learned
FRBCS;

(c) To generate initial IV-REFs for each variable of the problem.

(2) The application of an optimization approach, so that:

(a) It learns the best values of the IV-REFs’ parameters;

(b) It applies a rule selection process to decrease the system'’s
complexity.

After creating the interval-valued fuzzy rules that compose the
system, we define the new mechanism for classifying examples,
as follows.

Let X5 = (Xp1,....Xpn) be a new example to be classified, L
be the number of rules in the rule base and M be the number
of classes of the problem. The new IV-FRM is defined by the
following steps:

(1) Interval matching degree: It expresses activation strength the
rules’ antecedents for each x,. The similarity between the inter-
val membership degrees (of each variable of the pattern to the
corresponding IVFS) and the ideal membership degree [1, 1] is
computed by an IV-REF IR and, then, we use an interval-valued
fusion function Fo : L([0, 1])" — L([0, 1]), forj € {1,...,L} to
combine their results as follows:

Aj(xp)=Fo (IR (Aj1(xp1), [1, 11) , .. ., IR (Ajn(xpn), [1, 11)) ,

with Fp being an n-dimensional w-iv-overlap function based on
the n-dimensional overlap function On (applied as the conjunc-
tion operator when generating the initial FRBCS) and an in-
creasing and symmetric width-limiting function B, which will
determine how much information quality control we desire on
the IV-FRM.

(2) Interval association degree: For the respective class of each rule,
the interval matching degree is weighted with the corresponding
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iv-rule weight IRW* e ([0, 1]), through an iv-fusion function
Fp : L([O, 11" — L([0O, 1]), as follows:

bf = Fp (A(xp), IRW/") , (30)

with k 1,....M, j 1,...,L and Fp being an interval-
valued product operation, applied with the same criteria for
width-limitation as the one for F.

The rule weight is defined by the interval-valued confidence
value [75], given by:

»
IRW; = Z Aj(xp) +n ZAj(Xp),
1

XpeQ p=

with +p being defined as in Eq. (5).

(3) Interval pattern classification soundness degree for all classes: All
interval association degrees of each class (obtained in Step (2))
with upper bounds that are greater than 0 are aggregated by an
interval-valued aggregation function IA:

Ve=1A(bfj=1,....Landbf > 0),
withk=1,..., M.

(4) Classification: A decision function F is applied over the interval
pattern classification soundness degrees for all classes, as follows:

F(Y1,...,Yn) :argkmax Ye) .

1,...M

In this final step of the IV-FRM, the system selects the great-
est interval soundness degree, which is done by comparing the
resulting intervals through an admissible order (in order to avoid
a stalemate). As discussed by Asmus et al. [33], the order <jq
(order of Xu-Yager based on the quality of information, or <, g
with « = 0.5 and 8 = 0) is a suitable option for this type of
classification problem, so we opted for this admissible order in
our experiment.

6.3. Experimental framework

The general goal of our experiment is to analyze the classifica-
tion performance of our new methodology, by testing and com-
paring different configurations of the proposed IV-FRM, some of
which allow controlling the information quality. To that end, we
apply different n-dimensional w-iv-overlap functions obtained
by either the construction method based on representable fu-
sion functions (CMR) or the construction method based on <, g-
increasing fusion functions (CMA).

To conduct our experiment, we have selected 31 real-world
data-sets from the KEEL repository [76], which are publicly avail-
able on the webpage (http://www.keel.es/dataset.php). Table 3
summarizes the properties of the considered data-sets, present-
ing, for each data-set, the numbers of attributes (Atts.), examples
(Ex.), and classes (Class.). To improve the learning process effi-
ciency, the magic, page-blocks, penbased, ring, satimage, shuttle,
and twonorm data-sets have been stratified sampled at 10%. Also,
missing values from bands, cleaveland and wisconsin data-sets
have been removed before our experiments.

We apply a 5-fold cross-validation model, by dividing each data-
set in 5 random partitions. Four of them (80%) are combined to
train the system and the remaining one (20%) is reserved for
testing. This process is executed 5 times, changing the testing
partition in each iteration. The accuracy rate (percentage of well
classified examples) is used to measure the system’s performance.

We follow the recommendation provided by Sanz et al. [72]
for the set-up of the IVTURS classifier, with the modifications
explained in Section 6.2. Then, we analyze the classification per-
formance by comparing different configurations based on the
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function Fp applied on Step (1) of the IV-FRM, which is deter-
mined by both the corresponding On used on the learning process
of the fuzzy rules and the weighting operation (Fp) used in the
Step (2) of the IV-FRM, as shown in Table 4. The selected n-
dimensional overlap functions (On) to be used as the core of Fy
were based on the best performing operations for this kind of
classifier [33], namely, GM and OnB (Egs. (2) and (3), respec-
tively), as well as the product (OnP), since it is the operation used
on the original IVTURS.

From Table 4, it can be seen that there are nine methods to be
tested and compared, belonging to three groups:

(i) REP: Fy is obtained by the BIR of On (ﬁ);

(ii) CONR: Fy is obtained by CMR, via Theorem 12 (I0nwg, 5);

(iii) CONA: Fo is obtained by CMA, via Theorem 20 (AOnwyg, p)-

In each group, we have three methods, and each one of them
is based on one of the three n-dimensional overlap functions that
were selected for this study (OnP, OnB and GM). For instance, in
group REP, we have REP-Prod, REP-GM and REP-OnB. In summary,
from the nine considered methods, the six from groups CONR and
CONA are based on our new developed concepts that allow for
an arbitrary level of width limitation, while the three from group
REP are instances of the new IV-FRM that coincide with methods
that were developed on a previous work [33] and have no width
control.

When Fy is given by an n-dimensional w-iv-overlap function
(all the approaches derived for the CONR and CONA groups), we
check the effect of the width-limitation by comparing the results
of the classifier when varying the width-limiting function B, given
by:

B (w(x1), ..., w(X,)) = min{w(xq), ..., w(x,)}+
p(max{w(xq), ..., wx,)} — min{w(xy), ..., w(x,)}),

(31)

with p € [0, 1]. Specifically, we test each configuration with five
possible values for p: p = 0 (B = min); p = 0.25; p = 0.5;
p = 0.75; p 1 (B = max). In this manner, the parameter
p indicates the amount of width control that we are imposing
on the system. When p = 0, the output’s width is limited by
the minimum of the inputs’ widths, representing the most strict
width limitation. Conversely, when p = 1, the output’s width is
limited by the maximum of the inputs’ widths, representing the
less width control.

To detect if there are statistical differences in performance
among the methods in a selected group, first, we use the aligned
Friedman ranks test [77], reporting the obtained ranks of each
method (the less the rank, the better). The best ranking method
of such group is compared with the others through a Holm’s
post-hoc test [78]. When the goal is to provide a pairwise com-
parison, we apply a Wilcoxon Signed-Ranks test [79]. Garcia
et al. [80] showed that this selection of statistical tests is highly
recommended to be used in machine learning.

6.4. Discussion of the results

In Table 5 we present results in testing (average of the ac-
curacy rate obtained in the 31 datasets) for all the possible
configurations of the new method, one in each row (the same
ones as shown in Table 4). All approaches based on the construc-
tion methods CONR and CONA allow the control of the interval
widths by means of the hyper-parameter p, whose results are
shown in columns. On the other hand, approaches belonging
to the REP group do not allow such control and, therefore, we
present their results in a single column as they are not affected
by the hyper-parameter p. For each p, we highlight in bold face
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Table 3
Summary of the employed datasets.
Source: KEEL, 2011.
id Data-set Atts. Ex. Class.
app appendicitis 7 106 2
bal balance 4 625 3
ban banana 2 5300 2
bds bands 19 365 2
bup bupa 6 345 2
clv cleveland 13 297 5
con contraceptive 9 1473 3
eco ecoli 7 336 8
gla glass 9 214 7
hab haberman 3 306 2
hay hayes-hoth 4 160 3
ion ionosphere 33 351 2
iri iris 4 150 3
led led7digit 7 500 10
mag magic 10 19020 2
new newthyroid 5 215 3
pag pageblocks 10 5472 5
pen penbased 16 10992 10
pho phoneme 5 5404 2
pim pima 8 768 2
rin ring 20 7400 2
sah saheart 9 462 2
sat satimage 36 6435 7
shu shuttle 9 58000 7
spe spectfheart 44 267 2
tit titanic 3 2201 2
two twonorm 20 7400 2
veh vehicle 18 846 4
win wine 13 178 3
wis wisconsin 9 683 2
yea yeast 8 1484 10
Table 4
Configuration schemes for the used classifiers.
Classifier identifier On Fo Fp
REP-Prod OnP 0np = OnP 0np = OnP
REP-OnB OnB [0nB = OnB [Onp = OnP
REP-Gm GM IGM = GM I0np = OnP
CONR-Prod OonP 10nwg, p 10nwg, p
CONR-OnB OnB 10nwg, 5 10nwg, p g
CONR-Gm GM 10nwgy, & 10nwg,p
CONA-Prod OnP AOnwg,p g AOnwg,p
CONA-OnB OnB AOnwg p AOnwgp
CONA-Gm GM AOnwgy, » AOnwg,p g
Table 5
Results in testing for the different methods.
Method
REP-Prod 79.56
REP-OnB 79.83
REP-Gm 79.75
p=0 p =0.25 p =05 p =0.75 p=1
CONR-Prod 79.82 79.62 79.58 79.61 79.20
CONR-OnB 80.11 79.76 79.79 79.87 79.76
CONR-Gm 79.65 79.90 79.71 79.71 79.95
CONA-Prod 79.54 79.48 79.46 79.43 79.60
CONA-OnB 80.06 80.00 80.02 80.09 79.87
CONA-Gm 79.91 79.94 79.94 79.91 80.04

the best result, that is, the configuration of the classifier that
produced the greatest global mean. The detailed results for all the
datasets (in all the partitions), with every possible combination,
can be queried on https://github.com/tiagoasmus/testingResults-
w-iv-overlaps.

By observing Table 5, we see that the methods from group
REP are not able to obtain better averaged behaviors than those

highlighted in the second part of the table, that is, the best con-
figurations of the methods that allow one to control de output’s
interval width. Moreover, most of the highlighted results come
from the group CONA, with the exception of one method that
is from group CONR (CONR-OnB with p = 0), which is also
the method with the best global mean. Therefore, we can affirm
that methods from groups CONR and CONA produce good results,
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Table 6

Average rankings of the algorithms (Aligned Friedman) - Comparing levels of width control p.
Method p=0 p=0.25 p=0.5 p=0.75 p=1
CONR-Prod 60.61 (—) 77.87 (0.390) 72 (0.390) 77.76 (0.390) 101.76 (0.001)*
CONR-OnB 61.31 (—) 84.81 (0.118) 81.40 (0.156) 75.34 (0.218) 87.15 (0.094)*
CONR-GM 86.58 (0.383) 70.47 (0.800) 80.18 (0.539) 85.19 (0.383) 67.58 (—)
CONA-Prod 73.02 (0.583) 80.19 (0.477) 83.97 (0.394) 86.07 (0.362) 66.76 (—)
CONA-OnB 80.16 (1.000) 78.42 (1.000) 76.79 (1.000) 7224 (-) 82.39 (1.000)
CONA-GM 81.65 (0.529) 78.36 (0.529) 79.69 (0.529) 84.08 (0.469) 66.23 (—)

Table 7

Average rankings of the algorithms (Aligned Friedman) - Comparison by groups.
Method Rank (APV) Method Rank (APV) Method Rank (APV)
REP-Prod 50.61 (0.500) CONR-Prod° 49.44 (0.628) CONA-Prod! 57.31 (0.029%)
REP-OnB 42.73 (-) CONR-OnB? 42.53 (—) CONA-OnB%7> 40.55 (—)
REP-GM 47.66 (0.500) CONR-GM' 49.03 (0.628) CONA-GM! 43.15 (0.705)

possibly due to the control of the interval widths in the interval
operations. In particular, the method CONA-OnB achieves a very
robust performance for every considered level of width limitation.

Next, we study the effect of the level of width control per-
formed in each method (the different values of p). To do it,
we compare the five possible values of p for each method, by
applying the aligned Friedman'’s test. The obtained ranks, as well
as the Adjusted P-Values (APVs, presented in brackets) obtained
by the Holm'’s post hoc test are shown in Table 6, where we have
highlighted in bold-face the best rank (the less one) and we have
stressed with an asterisk (*) those cases where there are statistical
differences (using @ = 0.1) in favor to the p associated to the less
rank. Looking at Table 6, one can observe that the benefit from a
more rigid width control depends on the applied interval-valued
function:

(a) For the group CONR, two algorithms with a more strict
width control produced better results (CONR-Prod and CONR-
OnB, both with p = 0 as the control method). In both cases, there
are significant differences from the control method (p = 0, strong
width-limitation), and the algorithm with p = 1 (least considered
width-limitation);

(b) Considering the group CONA, the method CONA-Prod ap-
pear to perform better with a less aggressive width limitation
(control method has p = 1). Confirming the previous observation,
CONA-OnB achieved good results for every considered level of
width control, as indicated by the same APV = 1 obtained for
each of its configurations when compared to the control method
(p = 0.75);

(c) Independently of the employed Construction method, the
algorithms that are based on the geometric mean also seem more
accurate with less strict width control, as the control methods
have p = 1 for both CONR-GM and CONA-GM.

Next, we apply three Aligned Friedman and Holm's tests, one
for each group (REP, CONR and CONA), to compare the best
performing algorithms from each group. In the case of the group
REP, we test the three considered methods as they do not depend
on the values of p. For the groups CONR and CONA, we compare
the control methods we obtained from Table 6. We indicate the
value of p of each method as a superindex, when necessary. For
example, the method CONR-Prod with p = 0 is denoted by CON-
PROD®. The results of these tests are shown in Table 7, with
the best ranking method in each group highlighted in bold-face
and methods that present significant difference from the control
method are marked with an asterisk (*).

Observing Table 7, it is clear that the methods based on the
n-dimensional overlap function OnB have good performance, as
they are the control methods in each of the groups (REP, CONR
and CONA). Next, we statistically compare those three best per-
forming methods in another aligned test, whose obtained results
are presented on Table 8. From Table 8, we see that the method
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Table 8
Average rankings of the algorithms (Aligned
Friedman) - Comparing construction methods.

Method Rank (APV)
REP-OnB 55.87 (0.069%)
CONR-OnB? 43,77 (0.724)
CONA-OnB%75 41.36 (—)
Table 9
Pairwise comparisons via Wilcoxon test.
Comparison R R~ p-value
IVTURS vs REP-OnB 181.5 3145 0.214
IVTURS vs CONR-OnB° 1315 364.5 0.024*
IVTURS vs CONA-OnB%7> 125.5 3705 0.018*

CONA-OnB®7> is the best option, although CONR-OnB° also per-
forms well. The method REP-OnB, does not achieve the same
level of performance of the other two compared methods, being
significantly less accurate than the control method. As those three
methods are all based on the same core n-dimensional overlap
function (OnB), which is used throughout all the components of
those algorithms, the main difference between them lies on the
construction of the interval-valued operations that take place in
the IV-FRM, which may or may not control the widths of the
outputs of such operations. Thus, we can conclude that control-
ling the width of the intervals, which implies having intervals
with better information quality, is beneficial for the system’s
performance.

Finally, to further analyze the benefits of the new proposed
methods, we carry out three pairwise comparisons between the
best performing method from each group with the original con-
figuration of the IVTURS algorithm (REP-Prod), through the
Wilcoxon test. These results can be seen on Table 9, with the
results with significant differences marked with an asterisk (*).
Analyzing Table 9, it is clear that the configurations of both CONR-
OnB? and CONA-OnB%”> improve significantly the performance
of the IVTURS algorithm, whereas the method REP-OnB does not
improve the accuracy of IVTURS in the same manner.

To illustrate the superiority in performance of CONR-OnB® and
CONA-OnB%7> when compared to IVTURS, firstly, Fig. 1 shows
the difference in accuracy between CONR-OnB° and IVTURS on
each dataset (as denoted on Table 3). The positive values (orange
bars) indicate that CONR-OnB® was more accurate on a dataset,
while the negative values (blue bars) indicate that IVTURS was
more accurate on a dataset. Analogously, Fig. 2 illustrate the
pairwise comparison between IVTURS and CONA-OnB°7>. Thus,
the superior performance of both CONR-OnB® and CONA-OnB%”>
over IVTURS can be visualized by the predominance of orange
bars on Figs. 1 and 2.
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Fig. 1. Difference in accuracies between IVTURS and CONR-OnB°.
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Fig. 2. Difference in accuracies between IVTURS and CONA-OnB%7>.

Therefore, we can conclude that the exchange from the prod-
uct to the n-dimensional overlap OnB is not the sole reason for the
better performance of CONR-OnB® and CONA-OnB’7?, indicating
that these new methods benefit from a certain amount of width
limitation.

7. Conclusion

When aggregating interval data through iv-aggregation func-
tions, usually by means of the BIR, one may face the problem of
dealing with interval outputs with large widths and, thus, low
information quality. With the motivation to tackle this sort of
challenge, in this paper, we presented a general framework to
define and construct different subclasses of w-iv-fusion functions,
allowing for the control of the interval output widths provided
by interval aggregation operations that occur in practical prob-
lems, such as in IV-FRBCSs. From that, we have the following
contributions:

1. The development of the concept of width-limitation, with the
extension to the n-dimensional context of width-limited iv-fusion
functions and width-limiting fusion functions;

2. The characterization of increasing fusion functions through a
set of properties, a form of representation that facilitates the
definition of interval-valued counterparts of such functions;

3. The definition of classes of w-iv-fusion functions based on an
increasing fusion function, the interval extension of its set of
properties and a pair of partial orders. This general methodol-
ogy is capable of retrieving known definitions of iv-aggregation
functions from the literature while also providing a flexible way
to obtain iv-fusion functions with a desirable amount of width-
limitation;

4. Two approaches to provide construction methods for w-iv-
fusion functions, one based on the representable interval func-
tions (CMR) and another based on admissibly ordered interval
functions (CMA), where the interval outputs are “narrowed” in
the direction of a K, point and whose widths to not surpass a
given threshold.
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One of the key aspects of the developed framework and the
presented construction methods is their flexibility, derived from
the different possible choices of fusion functions, interval or-
ders and width-limiting functions. This flexibility translates into
potential applicability, as one can define a particular class of w-
iv-fusion function accordingly to the constraints/requirements of
a given practical problem. This aspect was highlighted in our
case study, where we developed and applied a new IV-FRM
for IV-FRBCSs, in which the information quality is controlled
by n-dimensional w-iv-overlap functions, whose class is defined
through our general framework. From our experimentation and
subsequent statistical analysis, we can draw the following con-
clusions:

1. Configurations of the classifier based on n-dimensional w-iv-
overlap functions constructed via either CMR or CMA have good
classification accuracy, in general;

2. Although the amount of width control that benefits the per-
formance of the system varies for each choice of w-iv-fusion
function, this information can be retrieved by defining the width-
limiting function through a parameter (p). In this manner, we
can compare different values of p for each algorithm and pos-
sibly determine how much the widths of the outputs have to be
constrained;

3. Configurations of the classifier based on the n-dimensional
overlap function OnB produce the best results. Among those con-
figurations, the one based on the CMA method have a significantly
higher classification accuracy than the one based on the BIR
of OnB. Particularly, CMA-OnB produces good results for every
considered level of width limitation, presenting itself as a very
stable method,;

4. The two best performing methods, one based on CMR and
other based on CMA, significantly enhances the classification
accuracy of the state-of-the-art IVTURS algorithm, showing that
both construction method approaches are suitable to provide w-
iv-fusion functions to be applied in classification problems, which
can benefit from the width control provided by such methods.

From these conclusions, we can state that the new IV-FRM,
which is based on w-iv-fusion functions constructed via the pro-
posed framework, is recommended to be considered as a key
part of IV-FRBCSs where the information quality carried by the
operated intervals is taken into account and kept under control
throughout the inference process.

In future works we intend to apply our general framework
to define and construct w-iv-fusion functions to be employed in
aggregation processes with uncertainty (e.g., sensor data fusion),
as in techniques for multicriteria decision making [27] and image
processing [25].
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Appendix A. Proof of Theorem 2

Proof. Consider a symmetric aggregation function B : [0, 1]" —
[0, 1], a strict n-dimensional overlap function On : [0, 1]" —
[0, 1] and let & € (0, 1) and B € [0, 1] such that o # B. Observe
that AOny is well defined. In fact, considering that AOng(X) =R,
one has that w(R) = On(Ay(Xy), ..., Aa(Xn)) - due(Kx(R)), R =
Ky(R) — @ - w(R) and R = K,(R) + (1 — «) - w(R). Now, let us
verify if JAOng respects all conditions from Definition 19.

(I0n1) Immediate, since On and B are both symmetric;

(I0n2) (=) Take Xe L([0, 1])" and suppose that AOng‘()?) =R=
[0, 0]. Then, we have that

Ky(R) = Ku([0, 0]) = 0 = On(K,(X1), - . ., Ku(Xn)),

since « € (0, 1). Thus, by condition (On2), K,(X;) = 0 for some
i€ ({1,...,n}, and, therefore, [T, X; = [0, O];

(«<) Consider X: € L([0, 1])" such that [T, X = [0,0]. So,

K, (X1) - - Ky(X,) = 0, since @ € (0, 1). Then, by (02), one
has that K,(R) = On(K(X1),...,Ks(Xy)) = 0, meaning that
AOn%(X) =R = [0, 0];

(I0n3) (=) Take X € L([0, 1])" such that AOn%(X) = R = [1, 1].
Then, one has that

Ka(R) = Ko([1, 1]) = 1 = On(Ky(X4), . . ., Ka(Xn)).
By (0n3), K,(X1) - ... - Ky(Xy) = 1, since « € (0, 1), meaning that
[T X = [1, 1;

(&) Consider X € L([0, 1])" such that []_,X; = [1,1]. So,
K,(Xy) - - Ky(X,) = 1, since @ € (0, 1). Then, by (i) and (03),
one has that K,(R) = On(K,(X1), ..., Ku(X;)) = 1, meaning that
AOng(X)=R=[1,1];

(AOn4) Consider Z € L([0, 1]), )?, Y e L([0, 1])", such that there
exist k € {1,...,n} for which Xi <,p Yy and X; = Y; = Z
forall i € {1,...,n} — {k}. So, it holds that X; <, Y; for all
i e {1,...,n}. By Lemma 1, one can consider 8 = Oor 8 = 1.
Here, we present the proof for 8 = 0. .

If K (Z) = 0, then we have that K, (AOng(X))
K, (AOng(Y)), which means that AOnB( ) = [0,0] =
since @ # 0. Then, AOnB( ) <a.p AOnB(Y)

If K,(Z) # 0, then we have the following cases:

(a) K, (Xk) < Ky(Yy): Since On is strict, one has that I<a(AOng()?)) <
K, (AOn%(Y)). Therefore,
K, (AOnZ(X)) < K, (AOnZ(Y))

= AONY(X) <45 AONE(Y).

=0

(b) Ku(X) = Kq(Yi) and Kg(Xe) < Kp(Yi): Then, X, < Yie < Vi <
Xy, meaning that w(Xy) > w(Yy) and, therefore, by Definition 17,
Aa(Xi) > Ag(Yg). So,

K,(AONZ(X)) = On(Ky(Z), . ... Ku(X). - . .. Ku(Z))
= On(Ky(2), ..., Ka(Ya), ..., Ko(2))

= K,(AOng(Y)), and

Kg—o(AON%(X))
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= K,(AO ng()?))—aw(AOnB( X)) by Definition 13
= K,(AOnZ(X)) —

B(ko(Z). - halXe), 1+ %a(Z))da (Ko (AOTS(X)))
< K, (AOR%(Y)) —

WB(halZ), - oy Ma(Yi) - - 2a(Z))de(Ko(AONE(Y)))

= Kﬂ:()(AOTlB(Y)),
since B is increasing. Therefore, AOng‘()?) <a. AOng(f/).

(€) Ko (Xi) = Ko (Vi) and Ky (Xi) = Kg(Yi): In this case, X =Y, so, it
is immediate that AOnB()?) <a. AOnB(f/) So, for every scenario
when = 0 it holds that if X <ap Y;, foralli e {1,...,n},
then AOnB( ) <ap AOnB( ). The proof for § = 1 is obtamed
analogously. O

Appendix B. Proof of Theorem 6

Proof. Consider an increasing fusion function B : [0, 1]" — [0, 1],
a strict fusion function F : [0, 1]" — [0, 1] with h = 0 as its
annihilator element and take & € (0, 1], 8 € [0, &). Observe that,

for all X eL([O )"
(i) Ko (IFwg (X)) = K (F(X));
(i) Kp(IFw (X))=Ko (F(X))—amz y(X)+Bmz 5(X);

(iii) w(IFwB(X)) = m;’B(X) = min{w(F(X)), Blw(X1), ..., w(Xy))}.

So, it is immediate that IFwy is well defined ang, Igy (iii), that is
width-limited by B. Now, consider Z € L([0, 1]), X, Y € L([O, 1]),
such that there exists k € {1,...,n} for which X, <p Yy and
Xi=Y,=Zforallie{l,...,n}— {k}. So, it holds that X; <p Y;
foralli € {1,...,n}. As 8 < «, by Lemma 1, one can consider
B = 0. Thus:

o~ >

(B.1)
(B.2)

Now, we have the following possibilities regarding mg, B( ) and

mg. B(Y) that affects the values of IFwB(ﬁ) and IFwB(Y) respec-
tlvely

(1) mf’B(i) = w(A(*)) and mFAB(Y) = w(’l?(?)) In this case,
we have IFw$(X) = F(X) <p F(Y) = IFw§(Y), meaning that
IFw%(X) <O,,31F «(Y).
(2) mFB( ) = B(w ( ) w(Xe), ..., w(Z)) and mf,BO?) =
B(w(Z), . w(Ye), . w(Z )): It follows that
IFwB( )= [K (’F‘(*))—aB( 2), s WX, - w(2)),

Ko (F(X))+(1—a)B(w (Z),m,w(Xk),-.-,w(Z))], and
IFwg(Y )i[ LF(Y)) = aBw(Z), ..., w(Yi), . .., w(Z)),

K (F(Y))+ (1 — a)B(w(Z), ..., w(Ye), ..., w(Z))].

Now, let us verify all the cases in which X;, <p, Y} holds:

(@) Xk = Y and X = Yj: We have that X, = Y, meaning that
IFwi(X) = IFwl(Y) = IFw§(X) <qp IFwg(Y).

(b) X, = Y and Xk < Yt When Z # h = 0, it holds that

Ka(’F\()?)) < K (F(Y)) since F is strictly increasing on (0, 1]" and
a € (0, 1]. So, it follows that

Ky (IFwi (X)) < Ky(IFwg(Y)) = IFwl(X) <q.p IFwg(Y).
IfZ=h=0andZ # h =0, one has that

FX) = [0.FZ. ... X.... 2)]
(Y)=[0,F(Z, ..., Y% ..., Z)].
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Since X, < Yi and F is strict, then

Ka(IFw§(X)) = Ku(F(X))

< Ko(F(Y))

= 1<C,(1ng(x?))

= IFwg(X) <ap IFWE(Y).
IfZ=h=0andZ =h =0, then
F(X) = IFwi(X) = [0, 0] = IFwg(Y) = F(Y).

So, we have that Ing‘()?) sa,LIFuﬁ(Y,Z), for all Xg, Yy, Z €
L([0, 1]), such that Xi = Y and Xi < Y.

(c) Xk < Yk and X = Yk When Z # h = 0 and o # 1, we have
that K, (F (X)) < K, (F(Y)) So, it holds that

Ko (IFw (X)) <Ky (IFw (V)= IFw (X)<q s IFwl(Y).

When takmg Z # h=0and o = 1, we have that K,(IFwg ()?))
K, (IFwB(Y)) K. Moreover, from Egs. (C.1) and (C.2):

Kp(IFwg(X)) = K — Bw(Z), ..., w(Xy), ..., w(Z))
Ks(IFwi(Y)) = K — Bw(Z), ..., w(Yy), ..., w(Z)).

As X < Yy and Xi = Yi, we have that w(Yx) < w(X,), and, since
B is increasing,

B(w(Z), ..., w(Yg),...,w(Z)) <Bw(Z), ..., wX), ..., wZ)).
So:
Kg(IFwg(X)) = K — Bw(Z), ..., w(Xy), ..., w(Z))
< K —Bw(@),...,wYe), ..., wZ))
= Kg(IFwg(Y)). Then:
Ko(IFw§ (X)) = Ko (Ifwg(Y))

and Ky(IFwg(X)) < Kg(IFwg(Y))
= IFwi(X) <a.p IFwg(Y).
If Z = h =0, one has that

FX) = [0,FZ,.... X, ..., 2)],
FY)=1[0,FZ,....Ye....2).

(leg(f’)) and, analogously
O and ¢ = 1, we have that

Since X; = Y, then K, (IFwg(X)) =
to the previous case, when Z # h

Ko(IFw§(X)) = Ko(IFw(¥))
and 1<,;(1ng( )) < Kg IFwB( Y))
= Fwi(X) < Y).

(
So, we have that IFwB( ) Zap IFwB(Y), for all Xy, Yy, Z €
L([0, 1]), such that X; < Y and Xy = Y.

) X < YandX < Y: When Z # h = 0, it holds that
Ky (F(X)) < K, ( ( )). So, we have that

Ko (IFwg(X)) <Ko (IFw (Y )= IFw(X) <. pIFw(X).
IfZ=h=0andZ # h =0, one has that

=a.8 IFwB

FX) = [0,F(Z,.... X, ..., 2)],
FX)=1[0,FZ,....Ye....2)
Since Xy < Y, and F is strict, then
Ko (IFw§(X)) = Ku(F(X))

< Ka(F(X))

= K (IFwg(Y))
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= IFwl(X) <gp IFWE(Y).
IfZ=Z7Z=h=0, then
F(X) = IFwg(X) = [0, 0] =

So, we have that IFwg(X) <. IFwg(Y), for all X, Y, Z €
L([0, 1]), such that X; < Y, and X; < Y. Thus, we conclude that,
for all X, Y, Z € L([0, 1]), when

mg (X, Z) = Bw(Z), ..., w(X), ...
mgp(Y,Z) = B(w(Z), ..., w(Y), ...

o~

IFwl(Y) = F(Y).

, w(Z))
, w(Z)), then

Xi<pYifor alli € {1, ..., n}=I0w%(X)<, sI0wl(Y).

(3) mz5(X) = w(F(X)) and mz 4(X) = Bw(2), ..., w(Yy), ...,

w(Z)): It follows that

IFwg(X) = F(X) and
IFwl(YV)=[K(F(Y))—aB(w(Z), . . ., w(Ye). ..., w(Z)),
Ko(F(Y)) + (1 — )B(w(Z), ..., w(Ye), ..., wZ)).

Again, we analyze all the possibilities in which X <p, Y} holds.
The results are exactly the same as the ones presented on the
proof when mgp(X) = Bw(Z),..., w(Xk),...,w(Z)) and
mg B(f() B(w(Z), ..., w(Y), . w(Z)) with the exception of
the particular case when X < Yk, Xy = YoZ # h = 0 and
o = 1.In this case, we have that K, (IFw§(X)) = K, (IFw§(Y)) = K
Moreover, from Egs. (C.1) and (C.2): Kg(IFwg (X)) = K — w(F(X))

and I(,_«;(IFwB(q)) K — B(w(Z), ..., w(Y), ..., w(Z)).
As X < Yy and Xi = Y, we have that:
B(w(Z), ..., w(Yk), ..., w(Z))
=< w(F(Y))
=FZ ... Y....2)=F(Z ... .Yi....2)
<FZ ... X....0)=FZ ... X....2)
= w(F(X)),
since F is strictly increasing. So,
Ky (IFwi (X))
=F(Z,....X,....Z)— w(FX))
< FZ,.. Yk, o Z) = Bw(2), ..., w(Y), ..., w(Z))

= 1<5(1ng(3?)). Then:

K, (IFwg (X)) = K,(IFw%(Y))

and , Kz(IFwg (X)) < Kg(IFwi(Y))

= IFwi(X) <45 OWE(Y,Z).

Thus,_one can conclude that, for all Xy, Yy, Z € L([0, 1]), when

mz5(X) = w(F(X)) and mg 5(Y)=B(w(Z), ..., w(Yy), ..., w(Z)),
then
Xi<pYiforalli € {1, ..., n}=I0w%(X)<, sI0wl(Y).

(@) mpp(X) = Bw(2),...,w(X), ..., w(Z)) and mzy(Y) =
w(F(Y)): It follows that
IFwl (X)=[Ko(F(X))—aB(w(Z), ..., w(Xy), ..., w(Z)),
Ky (FX))+H(1=a)B(w(Z), . .., w(Xk), ..., w(Z))] and
IFwl(Y) = F(Y).

Once more, by analyzing every possibility in which X, <p, Y
holds, one may observe that the results are exactly the same as
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the ones presented previously, with the exception when X, < Y,
Xy = Yo Z # h = 0 and @ = 1. In this case, we have that

K, (IFw?(X)) = K, (IFwg(Y)). Moreover, from Egs. (C.1) and (C.2):
Kyg(IFw§ (X))
=F(Z,... . Xk, ....Z)—Bw(Z), ..., w(X), ..., w(Z)) and

Ke(IFwi(Y)) =F(Z,.... Y ....Z) — w(E(Y)).

As X < Yy and Xi = Yi, we have that w(Yx) < w(X,), and, since
B is increasing:

wF(Y)) < Bw@), ..., wYy), ..., wZ))

< B(w(Z), ..., wX), ..., w(Z)), So:

Ky(IFw§ (X))

=F(Z,.... X, ....Z) — w(FX))

< F(Z,. Yk, o Z)=Bw(2), ..., w(Yy), ..., w(Z))

= K,g(IFwB( ))- Then:

K, (IFwg(X)) = K, (Ing(?))
and Kg(IFwi(X)) < Kﬂ(szB(?))
= [Fwg(X) <a.p IFWl(Y).
Then, we have that Ing()?) <u.8 Iiwg(f/), for all Xy, Yy, Z €

L([0, 1]), such that X < Yk and Xi = Y.
Thus, one conclude that, for all X, Yy, Z € L([0, 1]), when

mz y(X) = Bw(Z), ..., w(X), ..., w(Z)
mF,B(?) = w(F(Y)), then
Vie{l,....n}:  Xi<pYi=IFwl(X)<q plFwi(Y).

As verified for all possible scenarios, it holds that IFwg is (<p
, <a,p)-increasing, for all « € (0,1] and B € [0, @), which
completes the proof that I[Fwy is a w-iv-fusion function for the
tuple (SPr, Sa,ﬂa B) g

Appendix C. Proof of Theorem 14

Proof. Consider an increasing fusion function B : [0, 1]" — [0, 1],
a strict fusion function F : [0, 1]" — [0, 1] with h = 0 as its
annihilator element, & € (0, 1], 8 € [0, 1] such that @ # B, and
an <qp 1ncreasmg fusion function IF* : L([O, 1])’1 — L([0, 1])
such that K, (IF)(X) = = F(Ky(X1), ..., Ko(Xp)), for all X e L([O, 1])".
Observe that, for allX € L([O 1])” (1) K, (IFwB( ) = (IF"‘(X))
(ii) Kﬂ(Ing‘(X)) ("‘w(x)) —a- mlF“_,.B(X) + B - mype p(X); (iii)

w(Fwg(X)) = m,FaAVB(X) = min{w(IF*(X)), B(w(X1), ..., w(Xy))}.
So, it is immediate that IFwj is well defined and, by (iii), that is
width-limited by B. .

Now, consider Z € L([0, 1]), X, Y € L([0, 1])", such that there
exist k € {1,...,n} for which Xi <,p Yr and X; Y, = Z
forall i € {1,...,n} — {k}. So, it holds that X; <, Y; for all
i € {1,...,n}. By Lemma 1, one can consider 8 = Oor 8 = 1.
First, we present the proof for 8 = 0. Thus:

Kp—o(IFwg (X)) = K, (IF*(X))—armyee 5(X) (C.1)
Kp—o(IFw§(Y)) = Ko(IF*(Y))—amype g(Y). (C2)
Next, if K,(Z) = 0, then K,(IFw§(X)) = K,(IF*(X)) = 0 =
Ky (IF*(Y)) = K (IFwB( )),yvhich means that IFwg(X) = IF*(X) =

[0,0] = IFO‘(Y)
IFwe(Y).
lf K,(Z) # 0, then we have the following cases:

(a) K,(Xx) < K,(Yy): Since F is strict, one has that:
Ko (IFw (X))

IFw§(Y), since @ # 0. Then, Ing‘()?) <a,8
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= K, (IF*(X)) <Ky (IF*(Y))=K,(IFwg(Y)). Thus:

K, (IFwl(X)) < K,(IFwg(Y))
= Fw§(X) <a.5 Fu§(Y).

-~

(b) K, (Xk) K (Yk) and Kﬂ(Xk) < Klg(yk) SIHCE K, (Xk) (a(Yk
then K, (Ing(X)) K, (IF¥(X)) = (IF“(Y)) K, (IFwB( )=
and, smce IF® is <, g-increasing, we have that Kg(IF*(X ))
Kﬁ(IF“( ). As B 0, then w(Xy) > w(Yy) and w(IF* ( ) _

w(IF¥(Y)). From Egs (C. 1) and (C.2), the values of Kg(IFwg(X))
and Kﬁ(IFwB( )) depend on the values of m”:oz’B()_é) and m":ayg(?
respectively. So, let us analyze each possibility regarding thos
maximal thresholds.

(1) myro 5(X) = w(IF*(X)) and mypa p(Y) = w(IF*(Y)): In this

v I/\K

vu

m

case, Ing(X)ﬁ IF"‘(X) IF*(Y) = IFwg(Y). _
(2) mype, B(X) = B( (Z), ..., wXe), - .., w(Z)) and myp« p(Y) =
B(w(Z), ..., w(Yg), ..., w(Z)): From Egs. (C.1) and (C.2):
1<,3(1ng()?)) =K —BwZ),...,wXy), ..., wZ))
< K —Bw(Z),...,wYy), ..., wZ)
= Ks(IFwi(Y)),
since B is increasing and w(Xy) > w(Yy). Thus,
IFwé(X) <q.p IFwi(Y).
(3) Mipe p(X) = w(IF*(X)) and mype (Y) = Bw(Z), . .., w(Y),
.., w(Z)): From Egs. (C.1) and (C.2):
Ky(IFwg(X)) = K — w(IF*(X))
< K —B(w(Z), ..., w(Yy),...,w(Z))
= Ky(IFwg(Y)),
since B(w(Z), ..., w(Ye), ..., w(Z)) < w(F*(Y)) < w(F*(X)).
Thus,
IFwl(X) <q.p IFwi(Y).

(4) mype (X) = Bw(Z), ..., w(Xe), . ..
w(IF*(Y)): Since w(Yy) < w(Xy), then

s w(Z))

w(IF(Y)) < Bw(Z), ..., w(Yy), ..., w(Z))
< B(w (2), o w(Xe)s - w(2)).
From Egs. (C.1) and (C.2):
Ky(IFw§ (X))
= K —Bw(Z),...,wX), ..., wZ)) < K — wlFY)),

meaning that szg(i) <a.p IFwB(Y) So, when K (Xk)
and Kg(Xx) < Kg(Yx), we have that I[Fwy (X) <a.,8 IFwB(Y)

(©)K,(Xk) = K,(Yy) and Kﬁ(X,S) = Kﬂ(Yk) In thls case, X = Y
so, it is immediate that IFwg(X) <qp IFwB( ). So, for every
scenario when g = O it holds that if Xi <4p Yiforalli e
{1,...,n}, then IFwB(X) <a. IFwB(Y)

The proof for 8 = 1 is obtained analogously.

Thus, as verified for all possible scenarios, it holds that IFwg

is (Za,p, <a,p)-increasing, for all « € (0, 1] and B € [0, 1], which
completes the proof that IFwy is a w-iv-fusion function for the
tuple (<48, <a,,B). O

Ko (Yi)
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