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In the article, integration of temporal functions in (possi-
bly non-UMD) Banach spaces with respect to (possibly non-
Gaussian) fractional processes from a finite sum of Wiener
chaoses is treated. The family of fractional processes that
is considered includes, for example, fractional Brownian mo-
tions of any Hurst parameter or, more generally, fractionally
filtered generalized Hermite processes. The class of Banach
spaces that is considered includes a large variety of the most
commonly used function spaces such as the Lebesgue spaces,
Sobolev spaces, or, more generally, the Besov and Lizorkin-
Triebel spaces. In the article, a characterization of the domains
of the Wiener integrals on both bounded and unbounded
intervals is given for both scalar and cylindrical fractional pro-
cesses. In general, the integrand takes values in the space of
~-radonifying operators from a certain homogeneous Sobolev-
Slobodeckii space into the considered Banach space. More-
over, an equivalent characterization in terms of a pointwise
kernel of the integrand is also given if the considered Banach
space is isomorphic with a subspace of a cartesian product of
mixed Lebesgue spaces. The results are subsequently applied
to stochastic convolution for which both necessary and suffi-
cient conditions for measurability and sufficient conditions for
continuity are found. As an application, space-time continu-
ity of the solution to a parabolic equation of order 2m with
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distributed noise of low time regularity is shown as well as
measurability of the solution to the heat equation with Neu-
mann boundary noise of higher regularity.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

In the present article, integration in Banach spaces with respect to fractional processes
from a finite sum of Wiener chaoses is treated. The class of fractional processes that is
considered consists of stochastic processes (z¢)iex (T C R an interval) that are centered
second-order stochastic processes for which the equality

o2

E 2524 = > (Is]*7 + 2" — |t — s[*7), 5teT, (1)
holds with some ¢ > 0 and H € (0,1). There are many processes that satisfy this
requirement. In fact, the covariance function of any second-order H-self-similar process
with stationary increments (H-sssi processes for short; see, e.g., [52,61]) must necessarily
be of the form (1) and in this spirit, the family of fractional Brownian motions (see, e.g.,
[23,40]) provides a prototypical example. On the other hand, there are many other non-
Gaussian processes that can be considered and we name, for example, the family of
Rosenblatt processes (see, e.g., [55,60]) or the more general family of fractionally filtered
generalized Hermite processes (see, e.g., [6]).

The integral of real-valued deterministic functions on an interval T C ¥ with respect
to real-valued fractional processes can be defined in a natural way and this construction
is standard for concrete cases of the driving process; see, e.g., [23,46,47] for the case of
fractional Brownian motions, [60,38] for the case of Rosenblatt and Hermite processes,
and [2,10,19] for the case of Volterra processes. In particular, the integral is initially de-
fined as the map i : 194 = 2; and extended by linearity to step functions. Subsequently,
it is shown that there is an It6-type isometry for such Stieltjes-type sums and that this
isometry can be used for the extension of the integral from step functions to a large
abstract (Hilbert) space of admissible integrands 2 (T). It is here where the covariance
structure of the driving process plays a fundamental role. Finally, one usually chooses
some subspace of the abstract space 2 (T) that is suitable for the problem at hand
and the Wiener integral is restricted to this space. For example, if the fractional Brow-
nian motion with Hurst parameter H is the integrator and T is a bounded interval, the
usual choice is the Lebesgue space L# (T) if H > 1/2 or the space of Holder continuous
functions €(T) for 0 > 12 — H if H < 1/2; see, e.g., [3].

To aid in this choice, it is desirable to understand the structure of the abstract space
of admissible integrands 2% (T'). In this direction, the first main result of the present
article is a complete characterization of this space for both bounded and unbounded
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intervals T'; namely, it is shown in Proposition 2.6 that the space 2 (T') coincides with
the homogeneous Sobolev-Slobodeckii space Wa—H2 (T'). Thus, the dependence of the
space 2" (T) on the parameter H is made explicit and it is readily seen that the value
H = 1/3 is critical in the following sense: If H < 1/2; the space of admissible integrands
contains only functions (and the characterization says which functions precisely) while
if H > 1/2, then this space is much larger and it contains distributions as well (and
again, the characterization says which distributions precisely). We note that while this
characterization is proved for the Wiener integral with respect to fractional Brownian
motions on bounded intervals in [32, Theorem 3.3] and the key identity for unbounded
intervals is given in [46, formula (3.4)], our result applies to a much broader class of
integrators and its proof is completely different from the proofs in these two papers.

As far as integration with respect to infinite-dimensional (or, more precisely, cylin-
drical) Wiener processes in Banach spaces is concerned, the topic has been the subject
of extensive research in the last couple of decades and the reader can find an excellent
overview with many references to the most prominent results in the survey article [64].
See also, e.g., [17,74] for some more recent results and see, e.g., [50] for an extension to
Lévy processes. On the other hand, the literature on integration in Banach spaces for
infinite-dimensional fractional processes is much more scarce and we refer to the papers
[14] and [31] for some results in this direction. In the present article, however, different
additional assumptions are put on the driving noise and on the considered Banach space
than those usually considered.

In particular, the fractional process is additionally assumed to live in a finite sum of
Wiener chaoses (of the largest order n); that is, it is assumed that the random variable
z¢ can be written as a finite sum of multiple Wiener-It6 integrals (of orders up to n)
with respect to some isonormal Gaussian process. This requirement allows to use the
second main result of the present paper; namely, that of the equivalence of the p-th and
g-th moments of linear combinations from a finite Wiener chaos with coefficients from a
normed linear space for every p, ¢ > 0; see Proposition 2.2. This result is a generalization
of the Kahane-Khinchine inequality, see, e.g., [22, Theorem 1.3.1], and it was announced
in [20, Proposition 2.1] where it is stated for p, ¢ > 1. We give the full proof of the general
claim in the present article.

The assumption on the fractional process is then complemented with an assumption
on the considered Banach space X. In particular, the Banach space X is assumed to have
the property that the second moment of a linear combination of elements from X with
coefficients from the finite sum of Wiener chaoses in which the noise lives is equivalent
to the second moment of a linear combination of the same elements but with different
coeflicients taken from the Wiener chaos. In particular, this property allows to pass from
non-Gaussian coefficients to Gaussian ones. Since it seems that this notion has not been
studied in the literature so far, we simply say that the Banach space is n-good.

Under these two assumptions, Wiener integration in the Banach space X is treated
and the third main result of the paper is given. In particular, it is shown in Theorem 3.21
that there is a sufficient condition for integrability in X that is formulated in terms of
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a y-radonifying norm of an operator associated with the integrand. If, additionally, the
Banach space X has the approximation property, then it is shown in Theorem 3.22 that
this sufficient condition is also necessary.

While it is clear that all the above mentioned examples of fractional processes live in
a finite sum of Wiener chaoses, it is a priori not at all clear that there are some useful
examples of Banach spaces that satisfy the above assumptions. In this direction, we prove
that if the Banach space X is isomorphic with a subspace of a product of mixed Lebesgue
spaces, then X is both n-good for every n € Ny and has the approximation property;
see Proposition 3.14. As a consequence, one can consider many of the commonly used
function spaces within our framework and we name, for example, the Lebesgue spaces
L?(D), Sobolev spaces W"P(D), Besov spaces B, (D), and the Lizorkin-Triebel spaces
F; (D) (here, D is either R, Ri, or a bounded ¥*°-domain in R% and p,q > 1, s € R,
and r > 0); see Corollary 3.15 for the precise statement. Note that while stochastic
integration is usually treated within the framework of UMD Banach spaces, see, e.g., [15]
and the references therein, the above mentioned examples also include some obviously
non-UMD spaces such as the space L'(R); see Remark 3.17. Moreover, to further aid
in applications, we show that if X has the above described structure (as an isomorphic
space with a subspace of a product of mixed Lebesgue spaces), then the sufficient and
necessary condition for integrability can be formulated in terms of pointwise (Green)
kernels; see Proposition 3.24.

The abstract integration results are then applied to the stochastic convolution integral
for which sufficient and necessary conditions for existence are found; see Proposition 4.1.
The focus is then on the special case in which the integrand takes the form S(-)® where
¢ ¢ £(U,X) and where S : [0,00) = Z(X) is a strongly continuous semigroup. In
this case, the necessary and sufficient condition for the existence of the convolution
integral can be simplified, see Corollary 4.3, and it is also shown that it already implies
the existence of a measurable version of the convolution integral, see Corollary 4.7. If,
additionally, the semigroup is analytic, sufficient conditions for existence of a continuous
version of the convolution integral are also given, see Proposition 4.11. For some related
results on stochastic convolutions in Banach spaces, we refer, for example, to [13,12,14,
20,70].

Finally, two examples are given. The first example concerns a stochastic parabolic
partial differential equation of order 2m, m € N, on a bounded €*-domain D C R?
with distributed space-time noise. Such equation is treated in [20] where the case of a
regular noise H > 1/2 is considered and where it is shown that if H > d/4m, then the
solution is a space-time continuous random field. In here, we use a similar method to
treat the case of a singular noise H < 1/2 and we show that even in this case, space-
time continuity of the solution occurs if H > 4/4m. More precisely, the formal parabolic
equation is formulated as a stochastic Cauchy problem in the space LP(D) for a suitable
choice of p > 2 and its solution is sought in the mild form, i.e. as a stochastic convolution
integral. Subsequently, time continuity of the convolution integral in the domain of a
fractional power of the differential operator is shown and since this space is a subspace of
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a certain Bessel potential space, the Sobolev embedding is used to prove continuity in the
spatial variable; see Proposition 5.5 for the precise statement of the result. We note that,
roughly speaking, the larger the parameter p is considered in this example, the better
regularity of the solution is obtained. For some other related results on stochastic partial
differential equations with distributed noise, we refer, for example, to [10,19,25,48,56]
and the references therein.

The second example concerns the stochastic heat equation on a bounded ¢*°-domain
D C R? of finite surface measure that is perturbed by space-time noise through the
boundary of the domain. In this example, it is assumed that H > 1/2. The equation
is again treated as a stochastic Cauchy problem in a suitable LP(D) space but in this
example, the situation is in a certain sense reversed when compared with the first example
- in here, it is desirable to choose the parameter p as small as possible. This becomes
apparent if one tries to apply [20, Corollary 3.1] to this situation - while similar conditions
are obtained, there is the barrier pH > 1 which comes from the use of Minkowski’s
inequality. To overcome this difficulty, we find a Green kernel for the integrand and
appeal to Proposition 3.24 instead. Consequently, we show that if H > d/2 — 1/2, then
it is possible to choose the parameter p € (1,2] so that measurability of the solution in
the space LP(D) occurs; see Proposition 5.14 for the precise statement of the result. For
some related results on stochastic partial differential equations with boundary noise, we
refer, for example, to [1,11,25,27,35,41,53] and the references therein.

Organization of the article. In Section 2, we recall some notions from Gaussian analy-
sis and prove the hypercontractivity result in Proposition 2.2. Subsequently, the notion
of fractional processes is formalized and some examples given. Wiener integration for
these processes is treated here as well and the characterization of the abstract space of
admissible integrands is proved in Proposition 2.6. In Section 3, Wiener integration for
cylindrical fractional processes is analyzed and the section is split into two subsections.
In Subsection 3.1, Wiener integrability for cylindrical processes in the scalar case is char-
acterized and in Subsection 3.2, Wiener integrability for cylindrical process in the vector
case is treated. In particular, while weak integrability is defined and characterized in Sub-
subsection 3.2.1, strong integrability is defined and characterized in Subsubsection 3.2.2.
It is also in the last mentioned Subsubsection 3.2.2, where n-good Banach spaces that
have the approximation property are considered. Section 4 is devoted to stochastic con-
volution, Section 5 contains the two examples of stochastic partial differential equations
to which our results are applied and some concluding remarks on the necessity of the
n-good property in our framework and possibility of extensions of the present integra-
tion theory to random integrands are given in Section 6. The results on homogeneous
fractional Sobolev spaces needed for our analysis are collected in Appendix A.

2. Preliminaries

In this section, some preliminaries from Gaussian analysis and fractional processes
are given. Throughout the paper, the following notation is used.
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Notation. The notation A < B means that there is a finite positive constant ¢ such that
A < ¢B. Similarly, A = B means that there are two finite positive constants ¢; and cy
such that ;A < B < ¢sA and A < B means that there is a finite positive constant c
such that A = ¢B. This notation is used whenever the precise values of the constants
are not important.

2.1. Equivalence of moments on a finite Wiener chaos

We begin with a general setting. Let V be a real separable Hilbert space and assume
that (Q,.#,P) is a probability space with a V-isonormal Gaussian process (W (v))yev
defined on it. It is assumed that the o-field % is generated by this isonormal Gaussian
process and augmented by P-zero sets. Denote by H,, the n'® Hermite polynomial that
is defined by

—1)" 2 d" x?
H,(x):= ( n') ez P (677), r€eR.

The n** Wiener chaos, denoted here by 7, is the closed linear subspace of the space
L?(Q) generated by the linear span {H,(W(v))|v € V,|jv|lv = 1}. For a thorough
analysis of these notions, we refer, for example, to the monograph [43] and the references
therein. An important feature of the spaces .77, is that their elements have equivalent
moments (cf., e.g., [42, Corollary 2.8.14] or [37, Proposition 3.1]). A generalization of this
property to random variables from a finite sum of Wiener chaoses with values in normed
linear spaces is central to the present paper and it is stated precisely in Proposition 2.2.
The result improves [20, Proposition 2.1].

Definition 2.1. In this paper, by a finite Wiener chaos we mean the space %" :=
@, for some n € No. We say that a stochastic process z : T — L?(Q), where
T C R is an interval, lives in a finite Wiener chaos if there exists a non-negative integer
n, such that z; € #®" for every t € T.

Proposition 2.2. Let p,q € (0,00) and n € Ny. Then there exists a finite positive constant
Cp,q,n such that the inequality

1 1
m q q m p r
E||> &z, < Cpgm [E|D &a;

j=1 j=1

B B

holds for every normed linear space B, m € N, {z;}j<m C B, and every {&;}j<m C
S

Proof. According to [22, Theorem 3.2.10 (i)] (in particular the reference to [22, Theorem
3.2.5]), there exist a finite positive constant C, 4, such that the inequality
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(E | X]I%)7 < Cpogn (E[IX]1%)7 2)

is satisfied for every normed linear space B, every 1 < p < ¢ < oo, and for every random
variable X from the linear span of

zeB, ae N, |lallo <n

z[[w(e)™
j=1

where {e;};en is an orthonormal basis of the Hilbert space V. Moreover, inequality (2)
holds also for every random variable X from the linear span of

zeB, aeNY, [la|s <n, VN

[T wig)™
j=1

Indeed, let €', €2, ... be elements of (span{e;,j € N})N and ¢ be an element of VN such
that for every j € N, QN — & as N — oo. Let

m o0 m oo
=N [[wEM  and X =Y a [[w

k=1  j=1 k=1 j=1
for some m € N, {x;,}7, C B, and {*}7,  N}¥ such that ||o*|px <n, k=1,...,m.
Now, for every j € N, there is the convergence W(§JN) — W(;) as N — oo in L™()
for every 1 < r < oo by Fernique’s theorem so that there is also the convergence

lim E|[ Xy — X[} =0
N —oc0

for every 1 < r < oo. This means that the L™(£2)-norms for 1 < r < oo are equivalent on
the linear span of

HW(fj)O‘j ae N laflp <n, £eVN

and therefore, the closure of this set in the space L™(£2) for any 1 < r < oo coincides with
2P, This follows, for example, by the remark on page 6 after [43, Theorem 1.1.1]. We
have thus proved that inequality (2) holds for every random variable X from the linear
span of

{:m]|a:€l’>’,77€<%”®”}.

To prove the claim for 0 < p < ¢ < oo, ¢ € (1,00), the trick in the remark that
follows [22, Theorem 3.2.2] is used. That is, the Cauchy-Schwarz inequality is applied to
HX||§Q||X||(1 ) t6 obtain the inequality
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11—«

1 o _p\ Lo —a a
EIX[%)7 < (EIX[5)? (E|X|F7)=7 < C; (E[[X|5)» (EIXII%)

q,2g—p,n

where « is defined by 2aq = p, from which the inequality

1

1 1ta— 1
EIXN5)7 < Cpagtypn(EIXIE)?

q,2q—p,n
follows. The case 0 < p < ¢ < 1 then follows by combining Jensen’s inequality and the
previous step as

1 1 —1+2 1
(E|IX[%)7 < (E[X][F)? < C ElX|z)?. O

2,4—p,n
Remark 2.3. We note that Proposition 2.2 also holds for 0 = p < ¢ < oo in the sense
that the linear span of {zn|z € B,n € #9"} when equipped with the topology of
convergence in probability is uniformly continuously embedded in itself when equipped
with the topology of convergence in the g-th mean. Indeed, it follows by using the Cauchy-
Schwarz inequality and Proposition 2.2 that there exists a finite positive constant Cy ,,
such that the inequality

1 1 1
E XI5 < [P(IX]s > R)? (E|X]F)? + R < Cyn [P(I XI5 > R)ZE | X% + R

is satisfied for every R > 0. Consequently, there is the following implication:

for some R>0 = (E|X|%)s <2iR. A

P([ Xz > R) <

1
402,

2.2. Fractional processes

Let ¥ be the real axis R, the interval [0, 00), or the interval [0, 7] for some 7 > 0. Let

z = (zt)tex be a stochastic process on (2, .#,P) that is centered, has finite variance,
and such that there is H € (0, 1), the so-called Hurst indez, for which the equality

E ZsZt = O—QRH(& t) (3)

is satisfied for every s,t € T with the function Ry (s,t) defined by

Rp(s,t) == 5 (IsP" + [t — |t = s*") (4)

| =

and o > 0 a constant. A process z that satisfies the above conditions is called an H -
fractional process in this article.

Remark 2.4. By formulas (3) and (4), we have that for an H-fractional process z the
equality
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E(z — 2,)% = |t — s[> 52

holds for every s,t € . Hence, without any further assumptions, the process z admits
a measurable version by [24, Theorem 2.6] because it is continuous in mean square and
therefore also in probability. If, moreover, H € (1/2,1), the process z also admits a version
with Holder continuous sample paths up to the order H —1/2 by Kolmogorov’s continuity
criterion; see, e.g., [7, Theorem 39.3]. However, if it is assumed that the process z lives
in a finite Wiener chaos, then it has a continuous version even in the singular case
H € (0,1/2]. More precisely, if z lives in a finite Wiener chaos %" for some n € Ny, we
have that the inequality

E(z —25)¢ < [E(zt — zS)Q]q =|t— 5|anq

holds for every ¢ > 0 and s,t € ¥ by Proposition 2.2 and it follows by the Kolmogorov
continuity criterion that z has a version with Holder continuous sample paths of every
order smaller that H, cf. [20, Remark 2.1]. A

Example 2.5. The class of fractional processes from a finite Wiener chaos that satisfy the
above conditions for the process z is quite rich and some examples are given here. Note
first that every H-self-similar process with stationary increments (H-sssi processes for
short) from a finite Wiener chaos can be considered. This follows, for example, by Lemma
7.2.1 of [52]. Clearly, the main examples are fractional Brownian motions; however there
are many other H-sssi processes from a finite Wiener chaos that have been considered
in the literature.

In order to name some other significant examples, let us first specify the general
setting. We assume that (€, &7, P) is a probability space with a Wiener process (W);cr
defined on it. Constructed in the usual manner, the first order Wiener-Ito integral is an
L?(R)-isonormal process defined on this probability space and it is assumed that this
process generates the o-field &/ and that &7 is augmented by P-null sets.

We can mention, for example, the family of the fractionally filtered generalized Hermite
processes, that is introduced and analyzed in [6]. This family includes, among others, the
processes zz"ﬁ that are defined by

/

k
zz"ﬁ(t) = C’a,g’k/ /kf(u) H(u —y;)fdu dW?S@k, t>0,
R* R j=1

where the kernel kf is given by

Je-wi-ul], 840,

kP (u) =
' 1(0.4(u), B =0,

k € N, and where the parameters o and 3 satisfy
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DN | =

k k
1< —a——~ -1 a— o
<-a-g <B<-a 5 <
The constant C,, 51 is a normalizing constant that ensures that E[z"?(1)]2 = 1 and the
integral f]{{k( AW is the Wiener-Ito multiple integral of order k; see, e.g., [43] or
[42]. It follows by [6, Theorem 3.27] that the process z?’ﬂ is an H-sssi process with the
parameter H that is given by

k
H=oa+p+5+1

and that belongs to the interval (0,1). Moreover, by its construction as a Wiener-Ito
multiple integral of a deterministic function, the process zg"ﬁ lives in the k' Wiener
chaos.

It should be noted that the above class includes some well-known stochastic pro-
cesses. In particular, the process z'f"ﬁ is the fractional Brownian motion with the Hurst

parameter H = a+ 8+ 3/2 € (0,1) for every o and (8 that satisfy

3 1
“l<—a—-S<B<-a-=
« 2<ﬂ o 2<

DN | =

This is because the fractional Brownian motion is the only H-sssi process in the first
Wiener chaos in the sense of finite-dimensional distributions, cf. [61, Proposition 1.1].
But already in the second Wiener chaos, there are infinitely many H-sssi processes; see
the paper [39] for the discussion of this phenomenon.

Another particular case of the above class is the family of the processes z?’o. These
processes are the much studied Hermite processes of order k with the Hurst parameter
H=oa+%+1€(121) for every o that satisfies

ek

2 2 2
Note that the family of Hermite processes also includes the family of Rosenblatt processes
that has received considerable attention in the last couple of years. See, for example,
[61, section 3.1] and the references contained therein for further properties of Hermite
processes. See also the seminal paper [60] for stochastic analysis of the Rosenblatt process.

O

2.3. Wiener integration for scalar fractional processes

The integral of deterministic functions with respect to a H-fractional process (z¢)ies
is defined in the sequel. The construction of the integral follows the approach used in
the case of fractional Brownian motions (and, more generally, Volterra processes, cf. e.g.
[2,19,10]) and somewhat embodies the idea that only the covariance structure of the



P. Coupek et al. / Journal of Functional Analysis 282 (2022) 109393 11

driving process z is needed since the integral is constructed as the limit of Stieltjes-type
sums in the space of square integrable random variables.

Let T' C ¥ be an interval and denote by &(T") the linear space of deterministic step
functions whose support is contained in the interval T'; that is, a function f € &(T)
satisfies the equality

F=YFfily, e (5)
j=1

with some n € N, some set {¢;};<, C T such that tp < #; < ... < t,, and a set
{fj}j<n C R. Note that such a function can be extended by zero outside of the interval
T and this is done without an explicit comment whenever needed. Now, for a step
function f € &(T) that is given by formula (5) set

lT(f) = Z fj(ztj - ztj—l) (6)

and consider the operator 47 : &(T) — L?*(R) that is defined by (A, ) (r) = f(r)
and by

o

= [l = s @0, H e 01,

D) =4 T
- [ fw =" taw He (12,1),
CH

The constant ¢y in the above definition is given by

rds—k %

=

Ch =:/ (14 5)fT = —
0

The reason for considering the operator J%}; is that the equality
Ry (s,t) = (Hi1o.s), #710,0) L2 (R)

is satisfied for every s,t € T Here, the indicator function 1y ;) is interpreted as —1[; q)
if 7 < 0. As a consequence, it follows that the equality

lir (HZ20) = o 1#5 72y (7)

is satisfied for every step function f € &(T'). Moreover, since the operator 7 is injective,
the bilinear form defined for f,g € &(T) by
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(f.9) o Ty = (e [, Hiig) 2 w)

is an inner product. By equality (7), the linear map 7 is an isometry between the space
&(T') endowed with the norm || - ||g# () and the linear span {ir(f), f € &(T)} that is
endowed with the norm || - [[z2(q). This isometry is now extended to a linear isometry
between the completion of &(T') with respect to || - [|g# (r), that is denoted by 2 (T)
in this paper, and the closure of span {ir(f), f € &(T)} in the norm || - |[z2(q). The
extension is again denoted by ir and it satisfies formula (7) for every f € 2% (T). Note
that this relationship reduces to the classical It6 isometry for the Wiener integral if z
is a Wiener process. The space 2 (T) is called the space of admissible integrands for
the process z. An element f of 2 (T) is said to be Wiener integrable on T with respect
to the process z and the square integrable random variable ir(f) is called its Wiener
integral with respect to z.

In the following result, a complete characterization of the space 2 (T) is given. This
result in the case when 7" is a bounded interval and z is a fractional Brownian motion is
proved in [32, Theorem 3.3] and the key identity for the case when T is an unbounded
interval is also given in [46, formula (4.3)]. The method of proof given here is however
different from the one given in [32].

Proposition 2.6. Let H € (0,1). Then there is the equality
9" (T) = Wi 12(T)
with the following equality between the morms

I gy = Cotll  llyy-rmap

where Cy, i 15 a finite positive constant. Here, Wz—H2 (T) is the homogeneous fractional
Sobolev space (see Definition A.1 for the case when T is the real axis and see Defini-
tion A.9 for the case when T is the positive real axis or a bounded interval).

Proof. For ¢ € (—1,1), define
he() := |71 (—o0,0) (%)

which will be understood as a distribution below. Note that if ¢ € (0,1), the Fourier
transform fzc of h. is given by

BC(x) = AC|$|C71 + chsgn(x)|x|671 (8)

where the constants A. and B, are given by

e

A, = \/%7 sin (%) I'l—e¢), B.:= \/%_ﬁ cos (7) NGRS
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If H = 1/2, the claim is clear. Assume therefore that H # 1/2 and let f € &(T). If
H € (0,1/2), set a := 1/2— H and note in this case the operator ¢} can be expressed as

1
ey Xy f = aha * f!
where * denotes convolution. Moreover, in this case, the chain of equalities

V2r V2r

a

1 . .
EHha * f'llLemy = lhaf'llL2®riC) = |zhafllL2r;C)

— R

ri+H PR
Z%H)Hﬂ? T fll e wic)

N[—=

holds by using Plancheler’s theorem and equality (8). On the other hand, if H € (1/2,1),
set b:=3/2 — H and note that in this case the operator J#}; can be expressed as

CHf%/I_}kf = hb * f
Moreover, in this case, the chain of equalities
I 1 1opgp
I sy = Vel ey =T (# = 5 ) el sy

holds by similar arguments as above. Consequently, it follows for any H € (0,1), H # 1/2,
that if Cy g is the constant defined by
o(1=3)
2

where the standard convention I'(z) :=T'(2 4+ 1)/z for z < 0, z ¢ Z, is used, there is the
chain of equalities

g
CU,H = —
CH

gy = ol A5 flram) = Conllzl> ™ flla@e) = Conllfllyy-no g,

U,HHf”W%—H,z(T)-
Since the set of step functions &(T') is dense in Wa—H2 (T), the claim follows. O
3. Wiener integration for cylindrical fractional processes

In this section, Wiener integration with respect to possibly infinite-dimensional frac-
tional processes is treated. Initially, the notion of a cylindrical fractional process is
defined.



14 P. Coupek et al. / Journal of Functional Analysis 282 (2022) 109393

Definition 3.1. Let (§2,.%,P) be a probability space. Let H € (0,1) and let U be a
separable Hilbert space. A U-cylindrical H-fractional process is a collection (Z;)ies of
bounded linear operators Z; : U — L?(Q) such that for every u € U, (Z;(u))ies is a
one-dimensional fractional process defined on the probability space (2,.%,P) for which
the equality

E Zs(u)Z,(v) = Ry (s, t){u,v)y

is satisfied for every s,t € ¥ and u,v € U. Here, Ry is the covariance function given by
formula (4).

The following definition is a generalization of Definition 2.1 to cylindrical processes.

Definition 3.2. Let H € (0,1) and let U be a separable Hilbert space. Let (Z;)tcx be a
U-cylindrical H-fractional process. If there exists n € Ny such that Z;(u) belongs to a
finite Wiener chaos s#®" for every u € U and every t € T, then the process Z is said to
live in a finite Wiener chaos.

The following lemma is proved by a standard approximation argument and it will be
useful in the sequel.

Lemma 3.3. Let H € (0,1) and let U be a separable Hilbert space. Let (Zy)iex be a U-
cylindrical H-fractional process. Furthermore, let T C T be an interval. Then the equality

E /91dZ(U1) /gde(Uz) = (91, 92) 91 (1) (U1, u2)y
T T

is satisfied for every gi,g2 € 2H(T) and every uy,us € U.

Let us fix H € (0,1), a separable Hilbert space U, an interval T C ¥, and a U-
cylindrical H-fractional process (Z;)ier for the remainder of this section. Let us also fix
the following notation:

Notation. For two normed linear spaces X and ), we denote by Z(X,)) the space of
bounded linear operators X — Y and by || - | #(x,y) the operator norm (if X = Y,
then we simply write £ (X)). For two Hilbert spaces U and V, we denote by (U, V)
the space of Hilbert-Schmidt operators & — V and by || - || &,y the Hilbert-Schmidt
norm. For a Hilbert space U and a Banach space X', we denote by v(U, X') the space of
7y-radonifying operators U — X and by |- ||y ,x) the y-radonifying norm. (See, e.g., [63]
for a survey of y-radonifying operators.)

Notation. The space 2% (T) ®y U, defined as the completion of the algebraic ten-
sor product of the Hilbert spaces 2 (T) and U with respect to the inner product
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(/1@ f2, 1 ®92) g1 (707) = (f1, 91) 9 (1) (f2, 92)u> f1,91 € PH(T), f2,92 € U, is denoted
by 2% (T;U) in the rest of the paper. (See, e.g., [75] for details on tensor products of
Hilbert spaces.)

3.1. The scalar case

We begin with Wiener integration in the case when the target space is one-dimensional.
Denote by Ir the unique isometry from the space 2% (T;U) to the space L?(f2) that
satisfies the equality

Ir(g@u)= [ gdZ(u)
/

for every g € 2 (T) and every u € U where the integral on the right is the integral of
g with respect to the one-dimensional H-fractional process Z(u) as defined in Subsec-
tion 2.3.

Definition 3.4. A bounded linear operator A : U — 2H(T) is said to be (Wiener)
integrable with respect to the process Z if there exists a random variable £ € L?({)) such
that the equality

E I7(g ® u)§ = (g, Au) g1 (1)
is satisfied for every g € 2% (T) and u € U.
There is the following characterization of integrability in the scalar case.

Proposition 3.5. Let A € £ (U, 2™ (T)). The operator A is integrable with respect to the
process Z if and only if A is Hilbert-Schmidt. In that case, the random variable & from
Definition 3./ is unique; the equality

&= Aey, dZ(ey,)
;T/ v dZ(ex

is satisfied for any orthonormal basis {ey}r, of the Hilbert space U; and, moreover, there
is the equality

E& = ”A”??z(U,@H(T))‘

Proof. Assume that dimU = oo, the case dimU < oo is clear. Assume also that the
operator A € L (U, 2" (T)) is integrable with respect to Z. Let N € N and let {ej}x
be an orthonormal basis of the Hilbert space U. Then by a straightforward computation
the following equality is obtained:
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E=E|¢- Z/Aedeek) +Z|\Aek|\@H

k=12,

By letting N — oo, the operator A is shown to be Hilbert-Schmidt. Conversely, if
A€ % (U, 27 (T)), let {ex}r be an orthonormal basis of U and define

N
= Z/Aede ek
k=1

for N € N. Then it holds for N,M € N, N > M, that

N

E|¢nv —Eml? = Z | Aexl|Zm oy

k=M+1

by using the Ito-type isometry (7) and the fact that if two H-fractional processes are
uncorrelated, the same holds for their Wiener integrals. Since A is Hilbert-Schmidt, the
last equality shows that the sequence {{n}yen is Cauchy in L?(£2) and therefore, it has
a limit, denoted by &, there. Now, if ¢ € 27 (T) and u € U are arbitrary, it follows by
using Lemma 3.3 that the estimate

|E Ir(9 ® u)§ — (g, Au) g ()|
<[EIr(g @ u) (€ = &n)| + [E Ir(g ® wén — {9, Au)gn(r)|

N
< |1z (g ®U)HL2(Q) 1€ = &nllrea Z (A%g,er)u(u, ex)v — (9, Au) gn (1)

is satisfied for N € N and by letting NV — o0, it is shown that the operator A is integrable
with respect to the U-cylindrical H-fractional process Z. O

Notation. The symbol fT AdZ is used for the random variable £ from Proposition 3.5.
3.2. The vector case

In what follows, we treat Wiener integration in the case when the target space is
possibly infinite-dimensional. Fix a Banach space X for the remainder of this section.

3.2.1. Weak integrability
Initially, the notion of weak integrability is defined.

Definition 3.6. A bilinear mapping G : X* x U — 27(T) is called weakly (Wiener)
integrable with respect to the process Z if there exists a constant C' > 0 such that the
inequality
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1G (e, Mo (1)) < Cllollx-
is satisfied for every ¢ € X*.
There is the following characterization of weak integrability in X.

Proposition 3.7. A bilinear mapping G : X* x U — 21 (T) is weakly integrable with
respect to the process Z if and only if there exists a bounded linear operator G : X* —
PH(T;U) for which the equality

(Go,g® u)gu vy = (G(p,u), 9) g (1) 9)

holds for every ¢ € X*, g € 2H(T), and every u € U. In this case, the equality

G= ZG(~7€;C) X e
k

is satisfied for any orthonormal basis {ex}r of the Hilbert space U; and, moreover, the
equality

||690||@H(T;U) = |G, )l .21 (1))
is satisfied for every ¢ € X*.

Proof. Assume that dim U = oo, the case dim U < oc is clear. Let G : X* x U — 2H(T)
be a bilinear mapping. Assume first that G is weakly integrable with respect to the
process Z. Let {ex}r be an orthonormal basis of U and define a sequence of bounded
linear operators {Gx } yen Where for N € N, G is the operator Gy : X* — 21(T;U)
defined by

N
Gnyp = Z Gy, er) ® ek, pe X (10)
k=1

Then it holds for every ¢ € X* and N, M € N, N > M, that

N

IGxe = Crelgny = D 1G(ee)lgnr
k=M+1

and because G is weakly integrable, G(p, ) : U — 2H(T) is Hilbert-Schmidt. Thus
it follows from the above equality that {Gny}yen is Cauchy in 28 (T;U) by letting
N,M — oco. Consequently, for every ¢ € X*, the sequence {Gn@}nen converges in
PH(T;U) and it follows that the operator G : X* — 2H(T;U) defined by Gy :=
limy_ oo Gn¢ is linear and, by the uniform boundedness principle, bounded. Now, if
p€ X*, g€ P2H(T), and u € U are arbitrary, it follows that the estimate
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|<§(pv.g ® u>@H(T;U) - <G(Q07 ) >@H( ){
< |<§§079 ® u>@H(T;U) - <GN§0ﬂg & u>@H(T;U)|
+ ‘(éN%g ® u) g1 (T50) — <G(<P7U),9>@H(T)|

= (G, g @ ugu vy — (Gne, g @ U g (.|
N

+ D (er Gle, ) gu (e uhy — (Gl u), ) gm )

k=1

is satisfied for N € N. By letting N — o0, it is shown that the equality (9) is satisfied.
Conversely, let G : X* — 28 (T;U) be a bounded linear operator such that equality (9)
is satisfied for every p € X*, g € 2H(T), and u € U. Let ¢ € X* and let {e}x be an
orthonormal basis of U and {g;}; be an orthonormal basis of 27 (T). Then it holds that

G (e, ')||?z)2(U;@H(T)) = Z 1G (e, ek)||2@H(T)
k
—Z (¢sex), 95) 9H(T)

= Z(@p,gj ® er) g ()
k’j

= ||5<P||%2H(T;U)

because {g; ® ex};x is an orthonormal basis of the space 2 (T;U). Therefore, G is
weakly integrable. O

The following lemma is proved in a similar manner as the second part of the proof of
Proposition 3.7.

Lemma 3.8. Let B : X* — 2H(T;U) be a bounded linear operator. Define

u) :Zgj<B§0;gj®u>,@H(T;U)a SDGX*a UGU,

for an orthonormal basis {g;}; in P (T). Then G is weakly integrable with respect to
the process Z and it holds for the operator G from Proposition 3.7 that G = B.

The following lemma connects the integrals with respect to scalar and cylindrical
fractional processes.

Lemma 3.9. Let G : X* x U — 2" (T) be weakly integrable with respect to the process Z
and let G be the corresponding operator from Proposition 3.7. Then the equality



P. Coupek et al. / Journal of Functional Analysis 282 (2022) 109393 19

/G(% NdZ = I7(Gy)
T

is satisfied almost surely for every ¢ € X*. Here, G is the operator that corresponds to
the mapping G from Proposition 3.7.

Proof. It holds for N € N, ¢ € X*, and an orthonormal basis {ey }, of the Hilbert space
U that

N
[ewaz-m@)|  <|[awnz-3 [aeanze)
T o) T k=l L2(Q)
N
X [ twenazen - 1@
k=12, L2(@)
N
= | [ 610z =3 [ Gleenazien
b k=12, L2(@)
N
+ || I (Z G(p,ex) ® €k> — Ir(Gy)
k=1 L2(9)
(11)

Since G is weakly integrable with respect to the process Z, it follows by Proposition 3.5
that G(yp,-) is integrable in the sense of Definition 3.4 and that the first term in (11)
tends to zero as N — oo. For the second term, we have by appealing to the Ito-type
isometry (7) that

= Ir[(GN=G)¢]|lL2(02) = [(GN—=G)pll g (1),
12(0)

N
Ir (Z G(p,er) ® 6k> — I7(Gy)

k=1

where Gy is the operator defined by formula (10), holds. By the proof of Proposition 3.7,
it follows that the right-hand side of the above equality tends to zero as N — oo which
concludes the proof. O

3.2.2. Strong integrability
In this section, a stronger notion of Wiener integrability is treated. Initially, this notion
is defined.

Definition 3.10. Let G : X* x U — 2% (T) be weakly integrable with respect to the
process Z and let G be the corresponding operator from Proposition 3.7. The mapping
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G is said to be (Wiener) integrable with respect to the process Z if there exists a random
variable ¢ € LY(£2; X) such that the equality

is satisfied almost surely for every ¢ € X*. In this case, the random variable £ will be
called the (Wiener) integral of G with respect to the process Z.

If G is weakly integrable with respect to the process Z and G is the corresponding op-
erator from Proposition 3.5, its adjoint G maps the space 2 (T;U) into X**. However,
if G is integrable with respect to the process Z and if its integral is a square-integrable
random variable, the adjoint G takes values in the space X as shown in the following
result.

Proposition 3.11. Let G : X* x U — ZH(T) be integrable with respect to the process
Z, let G be the corresponding operator from Proposition 3.7, and let & be its integral. If
€ € L?(Q; X), then the operator G maps the space P (T;U) into the space X and it is
given by

*

G (S) =E I (S)¢, S e 27(T;U).
Proof. Let g € 27 (T), u € U. Then we have that

(Go,9 @ u)gr vy = EIn(Go)Ir(g © u) = Elp,§)I1(9 @ u) = (o, E&lr(g ® u)),

where Lemma 3.3 was used to obtain the first equality while integrability of G was used in
the second equality. Thus it follows that G (S) = E Ir(S)¢ for every S € 2 (T;U). O

In what follows, two notions that are useful for the subsequent analysis are given. The
first seems not to have been explicitly considered and studied in the literature so far.

Definition 3.12. Let n € Ny. A normed linear space & is said to be n-good if the equiv-
alence

2 2

E ~E

> el
k=1

> e
k=1

X X

holds for every two orthonormal sets {521)}2”:1 C A" and {5;2)}?:1 C %" and every
{zx}7, € X with the constants being independent of m.

We also recall the notion of the approximation property of Banach spaces; see, e.g.
[36, Chapter 1].
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Definition 3.13. A Banach space X is said to have the approximation property if, for
every € > 0 and every compact C' C X, there exists a finite rank operator T' € Z(X)
such that

sup ||z —Tx|lx <e.
zeC

If there exists A > 0 for which every such T satisfies ||T|| (1) < A, then X is said to
have the A-bounded approximation property.

It is shown now that many commonly used function spaces are both n-good (for every
n € Np) and have the approximation property. Initially, it is useful to establish the
following notation.

Notation. For py,ps € [1,00) and for two o-finite separable measure spaces (D1, D1, 1)
and (Dg, D2, pi2), we denote by EP1'P2(D; x D) the space of jointly measurable functions
f: D1 x Dy — R for which the following finiteness condition is satisfied:

1
Pl

— P
P2 !

£l Er1v2 Dy x D3) 1= (D [f (@, )P pa(dy) | pa(de) [ < oo
I\

Under the assumptions above, the space EP1P2(D x Ds) is a separable Banach space (it
is, in fact, a so-called Lebesgue space with mixed norm, cf., e.g., [8], or, more explicitly,
the space LP*(Dy; LP2(D3)).

Proposition 3.14. Let N € N. Let {p;1}Y, and {pi2}, be two subsets of the inter-
val [1,00) and let {(D;1,Di1, pi1)} Ny and {(Dia, Dia, pti2) X, be two sets of o-finite
separable measure spaces. Set

N
Y = l_[E’pi’l’pi’2 (DIL‘J X Di,g).

=1

If X is a normed linear space that is isomorphic with a subspace of Y, then X is n-good
for every n € Ng. If X is a retraction' of Y, then there exists A > 0 such that X has the
A-bounded approximation property.

Proof. Let Q : X — Y be the linear injection of X onto the subspace Y of Y. Let n € Ny
be arbitrary, let {e;};, be an orthonormal set in /", and let {21 }7-, be a subset of
X. Define f} := [Qzy]i, i = 1,2,...,N; k=1,2,...,m. Then there is the equivalence

1 A normed linear space X said to be a retraction of Y if there exist R € £ (Y, X) and S € Z(Y, X) such
that RS = I)(.



22 P. Coupek et al. / Journal of Functional Analysis 282 (2022) 109393

Pi,1
Pi,2 Pi,2

/ (Z |f1§2> dp; 2 dpein (12)
k=1

D;1 |Di2

E

N
>
i=1

m
E ExTk
k=1

X

and, consequently, the space X is n-good. Indeed, we have that

N
EZE

m m
E Z€k$k Zé‘kf;i
k=1 X i=1 k=1 EPi,1Pi.2(D; 1 XDy 2)
1
N m Pi,1 Pi1
~ Z E Zé‘kf]i
i=1 k=1 EPi,1P4,2(D; 1 XD 2)

holds by using Proposition 2.2 for each term in the sum with B = EPi2Pi2(D; 1 X D; 3),
p=1,and ¢ = p;1. Now, for i € {1,2,..., N}, it follows that

Pi,1
m Pi,1 m Pi,2 bi.2
E|S e 5 [ | [ X asiten)] maln)| gl
k=1 EPi.1Pi2(D; 1 X D; 3) Dix \Dio» k=1
m DPi,1
~ [ B[S e pi (d2)
Dia k=1 LPi.2(D; o)
Pi,1
m Pi,2 Pi,2
:/ E Z@cf}i(%') i1 (de)
Di1 k=1 LPi:2(D; )

where Proposition 2.2 is used with B = LPi2(D; 3), p = p;1, and ¢ = p; 2. The chain of

equivalences continues as

Pi1
m Di,2 Pi2
:/ IE/ > erfilwy)|  piz(dy) i1 (dz)
D1 D2 k=1
Pi,1
m Di,2 pi;2
= / /IE kaf/i(x,y) pi2(dy) pia ()
D;1 \Diz2 k=1
- o\ B2 e
= / / E Zskf,i(x,y) wi2(dy) pia(de)
D1 |D: k=1
i1 |Di2
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where again Proposition 2.2 is used with B =R, p = p; 2, and ¢ = 2. Now, since {e; }}*,
is an orthonormal set in ##®" it follows that the equality

2 m
E => iy
k=1

S e fi(@y)
k=1

is satisfied for p;1 ® p; 2-almost every (z,y) € D; 1 X D; 2 which proves formula (12).

For a space EP1:P2(Dy x Do) where (D1, Dy, 1) and (D, Da, us) are o-finite separable
measure spaces and pi,p2 € [1,00); and for some o-finite partitions {A;} and {B;} of
Dy and Da, respectively, define Py g : EP2P2(Dy x Dy) — EPvP2(Dy x Ds) by

1
A,Bf ; ,Uzl(Az),UQ(B]) / f /'[/1 l’(‘2 ALXBJ
’ AiXBj

with the convention 0/0 := 0. Then

| Pa,Bf Nl zr1w2(Dyx Do) < N fllEw1 2Dy x Do), f € EPPP2(Dy x Dy).

Now, if {A}'} and {B}} are sequences of partitions of Dy and Dy, respectively, such that
{AR1Y refines {AF} and {B¥™'} refines {BF}; and if o({AF}) and o({BF}) generate
the o-algebras D; and D,, respectively, then

im [[Par prf — fllgeire(Dyxpy) =0, f € EPPP2(D1 x Da).

k— o0

Hence, f = Prn gn (f1k, « &, ) are the sought projections that make EP'P2(D; x
D) a Banach SI;L:iCé’LWith the 1-bounded approximation property. Clearly, the space
Hﬁil EPivPiz(D,; 1 x D; ) also has the 1-bounded approximation property as well as
the || R[| #(v,x)IS|l 2 (x,y)-bounded approximation property. O

Corollary 3.15. Let D be R¢, ]R{i, or a bounded €°°-domain in RY; and let p,q € [1, 00),
s €R, and r € (0,00). Then the spaces

LP(D), W"P(D), B,.(D), F;.D)
are n-good for everyn € Ng and have the approzimation property. Here, the spaces LP(D)

are the standard Lebesgue spaces, W™P(D) are the (fractional) Sobolev spaces, B, (D)
are the Besov spaces, and F;q(D) are the Lizorkin-Triebel spaces; see, e.g., [58].

Proof. The first assertion of the corollary follows immediately for the spaces LP(D),
WrP(D), B , (R%), and F;’q(Rd) by Proposition 3.14 because these spaces are isomorphic
with a subspace of a product of some mixed Lebesgue spaces. The first assertion also
holds for By (D) and F5 (D) in the case when D is either R{ or a bounded 4">°-domain
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in RY because these spaces are retractions of B;Vq(Rd) and F;’q(Rd), respectively; see
[58, Theorem 2.9.4 and Theorem 3.3.4].

The focus is on the second assertion of the corollary now. The spaces Bg’q(Rd) and
F; q(Rd) have the approximation property since they admit an explicit Schauder basis;
see, e.g., [59, Theorem 3.5]. By the same argument as above, the second assertion also
holds for the spaces B, (D) and F;; (D) in the case when D is either ]Ri or a bounded
%>°-domain in R,

As far as the spaces WT’I(Rd) are concerned, note that whenever j € {0,1}, the
sequence of operators {7 }xen defined by 79(f) := 9(/k) f, where 1 € €>°(R?) is such
that ¥(0) = 1, and wé(f) = f % wg, where wy are the standard smooth compactly
supported mollifiers, has the following three properties:

o There is a constant C,. 4 > 0 such that ||7Ti||$(wr,1(Rd)) < Ch,q holds for every k € N.

e For every @ > 0 and & € N, there is a constant C,rq > 0 such that
175 201 Ry waz®ay) < Cadik- ‘

o For every f € W™ (R?), there is the convergence limy_, ||f — 7 () llwra gey = 0.

Hence, it follows that the space W"l(Rd) has the approximation property. Finally, it
also follows that W"!(D) has the approximation property in the case when D is either
R‘i or a bounded ¥*°-domain since this space is a retraction of W“(Rd). m|

Remark 3.16. Note that the € °°-condition imposed on the domain D in Corollary 3.15
can be significantly weakened; see [51].2 A

Remark 3.17. Note also that Corollary 3.15 covers even some non-UMD Banach spaces;
e.g., the space L' (Rd) is a typical example since it is not reflexive. UMD Banach spaces
are spaces in which martingale difference sequences are unconditional and they provide
a natural setting for stochastic integration with respect to a (cylindrical) Wiener process
so that the UMD property is very often assumed; see, e.g., [49,66,67,73]. A

While it is clear from the above that many commonly used Banach spaces are n-good
for any n € Ny, there are also Banach spaces which fail to have the n-good property and
some examples are given now. Note first that every normed linear space is n-good for
n = 0 and n = 1. Note also that if a normed linear space is not 2-good, then it is not
n-good for any n > 2.

Proposition 3.18. Let X' be a normed linear space containing (R™, || - ||¢..) isometrically
for every m € N. Then X is not n-good for any n > 2.

2 We thank the reviewer for this remark and for bringing the reference [51] to our attention.
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Proof. Let {&};cn be a sequence of independent, identically distributed Gaussian ran-
dom variables. Then it is known that

E max {|&],...,|&m|} < /1ogm, m — 0o,

where the symbol < denotes the weak asymptotic equivalence. If we define Y; := ¢? — 1,
i € N, then {27/2Y;},en are orthonormal in the second Wiener chaos. Let us define
@ > 0 such that

1
P > am) = —
(164] > am) =
and b, := a2, — 1. Then
P(Yi| > by) =
th="m T m

holds as long as b, > 1 (which occurs for large m € N). Hence,

E max{|Yi],...,|Ym|} = bpP(max{|Y1|,.. ., |Yiu|} > bm)
= bl — P(max{|Y1],..., Y|} < bm)]
()"
m
2> b

Since a,, =< v/logm, m — oo, we have that b, < logm, m — oo, and therefore, neither
does

E max {[¢1],. ... [6nl} = E max {[Vil,...,[Yiul},  m - o0,
hold, nor does X have the 2-good property. 0O
Consequently, we obtain the following

Corollary 3.19. Let D C R be open. The spaces €(D) and L°°(D) are not n-good for
any n > 2.

In what follows, we return to integrability with respect to the process Z. In the first
result, it is shown that if Z lives in a finite Wiener chaos and if the Banach space X is
n-good, then there is a sufficient condition for integrability with respect to Z. Let us first
prove a lemma which will be crucial in the proof of the forthcoming Theorem 3.21. The
lemma is a slight modification of a claim that appeared in the proof of [20, Proposition
3.1] and it shows that Wiener integrals with respect to a fractional process from a finite
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Wiener chaos also belong to this finite Wiener chaos. As an immediate consequence, all
moments of these integrals are equivalent by Proposition 2.2.

Lemma 3.20. Let z = (zt)tex be a H-fractional process that lives in the finite Wiener
chaos #°" for n € Ng and let T C T be an interval. Then the Wiener integral ir(f)
belongs to ™ for every f € 2H(T).

Proof. Let f € &(T) take the form (5). Since the process z lives in a finite Wiener chaos
P we have that the elementary integral of f that takes the form (6) also belongs
to #©" because this is a linear space. If f € 27 (T) and {f*}ren is a sequence of
step functions that converges to f in 2 (T), then ir(f*) converges to ir(f) in L2(Q).
However, each integral ir(f*) belongs to /#®" and since this is a closed subspace of
L3(Q), it follows that ir(f) € s£%". O

A main result of the present section follows.

Theorem 3.21. Assume that the process Z lives in the finite Wiener chaos %" for
n € Ng. Assume moreover that the Banach space X is n-good. Let G : X* x U — 2H(T)
be weakly integrable with respect to the process Z and let G be the corresponding operator
from Proposition 3.7. If G € v(2H(T;U), X), then G is integrable with respect to the
process Z and it holds for every r > 0 that

||f||Lr(Q;X) ~ ||a ”’y(_@H(T;U),X) (13)
where £ is the integral of G with respect to the process Z.

Proof. Step 1. Assume first that G is such that the operator G has finite range. This
means that G~ can be expressed as

G'S= Z<57 k) H (T,U) ks S e g"(T;U), (14)
=1

for some m € N, some orthonormal set {e;}7", in 27 (T;U) and some set {zy}7, C X.
Define

m

&= ZIT(ek)xk. (15)

k=1

Note that {Ir(ex)}7,; C %" by Lemma 3.20. Consequently, since X is n-good, there
is the equivalence

2
<~ E

2
=E
X

m

Z IT(ek)-Tk

k=1

2 —*
E ||f||x =E = ||G H?y(@H(T;U),X)

2
X

m
—*
E €kG €k
k=1

m
ExTE
k=1

X
(16)
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where {ex}}", is a collection of independent standard Gaussian random variables.

Step 2. Now if G is such that G~ € v(2H(T;U), X), then there exists a sequence
{Vn}nen of finite rank operators Vy : 2 (T;U) — X of the form (14) such that
lmpy oo |V —@*HW(@H(T;U%X) = 0. Let {{n}ven be the sequence of random variables
En € L2(2; X) of the form (15) such that £y corresponds to the operator Vi as is Step
1 of the proof. It follows by equivalence (16) that the equivalence

1Ex — Sl :x) = IV = Vi lly28 (o), x)

is satisfied for N, M € N. Because G € Y(2H(T;U), X), by letting N, M — oo, we
have that the sequence {{ny}nen is Cauchy in L?(Q; X) and thus, convergent there.
Denote the limit by £. Let {G v} nyen be the sequence of operator Gy : X* — 2% (T;U)
defined by é}k\, := V. It follows immediately from the convergence of {Vy}nyen that
limy oo |GN — a“g(xx7@H(T;U)) = 0 and hence, it follows that

Ir(Gep) = (p.€)

holds P-almost surely for every ¢ € X*. Finally, equivalence (13) follows by Proposi-
tion 2.2. O

As shown in the following result, if, additionally, the Banach space X has the approx-
imation property, the sufficient condition from Theorem 3.21 is also necessary.

Theorem 3.22. Assume that the process Z lives in a finite Wiener chaos %™ forn € Ny
and assume that the Banach space X is n-good and has the approximation property. Let
G: X* xU — PH(T) be weakly integrable with respect to the process Z and let G be the
corresponding operator from Proposition 3.7. The mapping G is integrable with respect
to Z if and only if G € Y(2H(T;U), X). In that case, it holds for every r > 0 that

€l zr@:x) = G lly(@m :0).x) (17)
where £ is the integral of G with respect to the process Z.

Proof. It is only shown that if G is integrable with respect to the process Z, then
G" € y(2"(T;U), X) as the converse is proved in Theorem 3.21. Let ¢ € L2(; X) be
the Wiener integral of G and assume that {C),}..eN is a sequence of compact subsets
of the Banach space X such that P(£ ¢ C,,) < 27™ holds for every m € N. Since X has
the approximation property, then for every m € N, there exists an operator T, € .£Z(X)
of finite rank such that

sup || — Tzl <27

z€Cm,
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Consequently, &, := T,,€ — £ as m — oo almost surely, therefore in probability, and by
Remark 2.3 also in L?(2; X). Now, since T}, is a finite-rank operator, it can be expressed
as
N,
me:Zgazl(x)mkm, reX,
k=1

for some N, € N, {p"}Nm € X* and {z7'}2 C X. Define the sequence {G, }men
of operators G, : X* — 2" (T;U) by

ém@ = é¢;n<p(mm)’ peX”

Then, as in Step 2 of the proof of Theorem 3.21, we have that the equivalence

Ién = EnllLzsx) = IGn — Garlly(m (0, x)

is satisfied for N, M € N, and because the sequence {&,, }men converges to € in L2(£2; X),
it follows that the sequence {G,, }men is Cauchy in v(2F (T;U), X) and its limit is

*

G. O

Remark 3.23. Note that, as a consequence of Remark 2.3, equivalences (13) and (17)
also hold for » = 0 in the sense that the convergence of elementary integrals {{y}n in
probability implies the convergence of the corresponding operators {@*N} N~ in the space
2" (T;U), X). A

Notation. The random variable & from Definition 3.10 is denoted by fT GdZz.

In practical applications, it is common for X to be a function space (e.g. Lebesgue,
Sobolev, or a Besov space). Such function spaces are often isomorphic with a subspace
Y of the general product space Y that is considered in Proposition 3.14. In this case, -
radonifying operators with values in such spaces can be represented by pointwise kernels.
Although the following proposition is stated with a general separable Hilbert space V),
the choice V = 2% (J;U) for an interval J C R is particularly useful for our purposes.

Proposition 3.24. Let X be a Banach space that is isomorphic with a subspace Y of the
product space Y defined in Proposition 3.1 and let Q : X — Y be the linear injection. Let

V be a separable Hilbert space. A bounded linear operator A € £ (V,X) is y-radonifying

N

if and only if there exists a kernel a = (a;);_, such that the following two conditions are

satisfied:

o Foreveryi=1,2,...,N, a;: D;1 X D;2 =V is a measurable function that satisfies

[QAV];(z,y) = (ai(z,y),v)y, veEV,



P. Coupek et al. / Journal of Functional Analysis 282 (2022) 109393 29

for w1 ® pio-almost every (z,y) € D;1 X D; 2.
e The following finiteness condition is satisfied:

Pi,1

U2 i 2 (dy) pi1(de) < 0.

|a||y:=é [ [ latey)

D;1 [Di2
In this case, it holds that

Al v,2) = llally-

Proof. The proposition is proved similarly as [13, Theorem 2.3]. O
4. Stochastic convolution

In this section, stochastic convolution with respect to fractional processes is treated.

Assume that V' is a separable Hilbert space and (2, .%#,P) is a probability space with
a V-isonormal Gaussian process (W (v)),ev defined on it. Assume that the o-field .F is
generated by the process W and augmented with P-zero sets. Let H € (0, 1) and let U be
a separable Hilbert space. Let (Z;)¢>0 be a U-cylindrical H-fractional process that lives
in the finite Wiener chaos s#®" of the isonormal process W for some n € Ny. Finally,
let X be an n-good Banach space that has the approximation property.

Initially, a necessary and sufficient condition for the existence of a stochastic convo-
lution integral is given.

Proposition 4.1. Let 0 < s < t and let G : (0,t —s) — L (U, X) be a function. Define the
map G by

G, u)(r) := (@, G(r)u), re(0,t—s), oeX*, ueUl.

Then the convolution integral
t
Cori= /G(t ~)dz (18)

is well defined if and only if G € ¥(27(0,t — 5;U), X) where G is the corresponding
operator from Proposition 3.7. In that case, it holds for every r > 0 that

||§s,t|

LT (:X) ~ HE*HV(@H(O,FS;U),X)' (19)

Proof. By Theorem 3.22, &, ; is a well defined random variable that belongs to the space
L?(£; X) if and only if the finiteness condition
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IGE =)l (s,507:x) < 00
is satisfied. On the other hand, the equality

2 2

nm Gt =) (gm ® €n) nmC i ®en) (20)

X

holds for every orthonormal basis {g,, } of the space 2 (s,t), every orthonormal basis
{en}n of the space U, and every array of independent standard Gaussian random vari-
ables {6, m }n,m. Here, the symbol (-)_1; denotes the operator of affine transformation
(- )a,p defined in Subsection A.3. Indeed, for every ¢ € X*, there is the chain of equalities

<<p, G(t — ~)*(gm ® en)> = <G(t — )P, gm ® e">@H(s,t;U)

= <Z[G<t —IN(@.e8) ® ek g ®en>

k DH (s,t)

= (IG(t = )](@ren)sgm)
= (Glgren). (gm)-1.)

DH (s,t)
DH(0,t—s)

where duality, the representation of G(t —-) from the proof of Proposition 3.7, and
Lemma A.13 are used. By a computation similar to the computation above, the equality

(G ea), (9n)-10) = ($.C ((gm)-14 ®c0))

2H (0,t—s)
is obtained and thus, equality (20) is proved. O
Proposition 4.2. Assume that X is isomorphic with a subspace Y of the product space Y

that is defined in Proposition 3.1/. Let 0 < s < t and let G : (0,t — 5) — (U, X) be a
function. Assume also that one of the following conditions is satisfied:

1. The parameter H belongs to the interval (0,1/2); the space Y is such that p;; > 2

holds for every i = 1,2,...,N and j = 1,2; and G satisfies the following finiteness
condition:
t—st—s
/ G 70y + / / 1) = G2 73 [u = v 2dudv < ox.
0

2. The parameter H belongs to the interval [1/2,1); the space Y is such that p; ;H > 1
holds for every i = 1,2,...,N and j = 1,2; and G satisfies the following finiteness
condition:
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t—s
|G (u) ||,7(U7X)du < o0.
0

Then G € v(27(0,t — s;U), X) and the convolution integral £, given by (18) is well
defined.

Proof. Proposition 3.24, Proposition 2.6 together with either Proposition A.11 (in the
case when condition 1. is satisfied) or Remark A.12 combined with the Hardy-Littlewood-
Sobolev inequality (in the case when condition 2. is satisfied), and twice Minkowski
inequality are used successively. 0O

The general result in Proposition 4.1 is now applied to the case when the integrand has
an additional algebraic structure. Let (S(t),t > 0) be a strongly continuous semigroup
of bounded linear operators acting on the space X and let & € Z(U, X).

Convention. In what follows, the operator-valued function S® is understood as the bi-
linear operator S(-)® : X* x U — 9™ (0, 00) that is defined by

[SCIPI(p,u)(r) := (@, S(r)Pu),  r=0, peX*, wel.
A similar convention is adopted for S(t — -)®.

For ¢ > 0, denote

t
Y, ::/S(t— N®dZ
0

whenever the integrand is integrable with respect to the process Z. The following corol-
lary is a direct consequence of Proposition 4.1 and for its purposes, the following notation
is introduced.

Notation. In what follows, we denote Ry := |7 ® Iy where |7 : 2(T) — 2" (T) is the
restriction of a distribution defined on the interval T' C R to the interval T C T and
where Iy : U — U is the identity operator. Note that by Lemma A.14, the operator
Rz : 9(T;U) — 92" (T;U) is continuous.

Corollary 4.3. Let tg > 0 be fized. Then Yy, is well defined if and only if [R[O,to]%]* €
v(2H(0,t9;U), X). In that case, it holds for every r > 0 that

e

Lr@:x) ~ IR0t S 1 (2 (0,t050), %)

In the following two results it is shown that it is enough to verify the existence of Y;,
for some ¢y > 0 to obtain the existence and measurability of the whole process (¥;)i>0.
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Proposition 4.4. The following statements are equivalent.

1) There exists to > 0 such that the random variable Yy, is well defined.
2) For every t > 0, the random variable Y; is well defined.

Proof. Let statement 1) be satisfied and assume first that 0 < ¢ < ¢;. By using
Corollary 4.3 and the ideal property of y-radonifying operators from [63, Theorem 6.2]
(together with Lemma A.14) the following estimate is obtained:

||YtHL2(Q;X) ~ ”[R[O,t]%]*H'y(@H(O,t;U),X)
= IR0, R10,6) 5] l(27 (0.6:0). %)
< Ri0,66) 5PN (27 (0.,t0:0).5) 1 Rjo 1 | 2(2# (0.4:0), 27 (0,00:0))
= I[R10,16) 5P [ly(27 (0,t0:0),3) | R0l (27 0.0050),27 (0.650)

S Y llz2:x)

which is finite by assumption. Assume now that tg < t < 2ty and write

to t
Y, = S(tfto)/S(to - ~)gZSdZ+/S(t7 VBdZ
0 to

which is possible by virtue of Lemma 3.9 and Proposition 3.5. For the first term on the
right-hand side of the above equality, we obtain the estimate

1S(t = to) Yo [l 20 x) < Mse™ ™[V L2 (0;x)

whose right-hand side is finite by assumption. Here and in the rest of the section, Mg > 1
and kg > 0 are finite constants such that the inequality [|S(r)|| ¢ x) < Mge®s" holds
for every r > 0. For the second term, it follows by Proposition 4.1, the ideal property of
~-radonifying operators, and Corollary 4.3 that

t

/ S(t— )6z ~ 1R (0,t-10) 5B |2 (0,6—t0r0).%)
to L2(9;X)
= [I[R10,6-t0] Ri0,t0) SP) [l (2# (0, —t0:0), %)
< MR 10,601 5P (27 0,0:0), %)
~ Yo ll2oix)
where again the last expression is finite by assumption. Thus, we have that || Y3 || £2(0;x) <

oo holds for every t € (0,2ty]. Applying this result to fy = 2t yields the claim for ¢ €
(0, 4¢o] and by continuing in this manner, statement 2) of the proposition is proved. O
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Lemma 4.5. Let U and {Uy,}nen be Hilbert spaces and let X be a Banach space. Let
G € y(U,X) and let {Ry}nen be a sequence of bounded linear operators R, : U — Uy,
such that there is the convergence

lim ||Rnu| U, = 0
n—00

for every u e U. Then
Jim [|GRy, [lys,.2) = 0. (21)

Proof. If G = = ® u for some x € X and u € Y. Then it follows that GR} = (R,u) ® =
and

T ([GR |y, ) = 1 [|(Rute) © 2]y 20, 2 = lim || Ryl [z = 0.

Consequently, if G is of finite rank, then convergence (21) is satisfied. Now, if G is an
operator from (U, X) (not necessarily of finite rank), then there exists a sequence of
finite rank operators {Gj }reny C £ (U, X) such that

li Gr—G =0. 22
Jm |Gy = Gl e (22)
It follows that
IGRL @) < G = Grllyw,x) sup [ Bm | 2@ u,) + |GrBy [l (2 )
me
by the ideal property of «-radonifying operators. Consequently, there is the estimate

limsup ||GR;, ||y @,,x) < |G = Gillyw,x) sup [|Bmll 2@
n—00 meN

by the above reasoning for finite rank operators; and the claim of the lemma follows
by convergence (22) and by the fact that sup,,cn || R |2 @w,u,) is finite by the uniform
boundedness principle. O

Proposition 4.6. If there exists to > 0 such that Yy, is well defined, then the process
(Y2)i>o0 is mean-square right continuous and, in particular, it admits a measurable ver-
ston.

Proof. By Proposition 4.4, the convolution integral Y; is a well defined element of
L*(Q; X) for every t > 0. It will be shown that the process (Y;);>0 is mean-square
continuous from the right. To this end, let 0 < s < ¢t < 7 be fixed and note that by
virtue of Lemma 3.9 and Proposition 3.5, we can write
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Vi =Y, =[S(t—s)- Ix]/S(s —)®dZ + /S(t —)®dZ
0 s

where Ix is the identity operator acting on the space X. Consequently, there is the
following estimate:

H}/t - }/SHL2(Q;X) < Il(svt) + IQ(Svt)

where I1(s,t) and I5(s,t) are defined by

Ii(s,t) := [S(t—s)—IX]/S(S—-)'JPdZ and
0 L2(2:X)
t

Ir(s,t) := /S’(t —)PdZ

s L2(X)

We have that for P-almost every w € €, the value Y;(w) belongs to X. Therefore,
for P-almost every w € 2, we have by the strong continuity of the semigroup S that
[S(t — s) — Ix]Ys(w) tends to the zero element in X as ¢ — s+. Moreover, since the
estimate

I1S(t = 5) = Ix]Ys(w) lx < IS(¢ = 5) = Lx[Lzoo Vs (@) lx < (Mse™s T+ 1)[|Yy(w) ] x

holds for P-almost every w € Q and since E ||Y;|% < oo, it follows by the dominated
convergence theorem that limy_, .4 I1(s,t) = 0. Assuming that 0 < t — s < tg, we have
for I(s,t) that

Iy(s,t) = [[[Rio,t— ) SP " [ly(27 (0,t-s:0).x) = ISP Rip 4 glly(27 (0,4—s:0). %)

Now, for every g € 2% (0,t0;U), we have that limy_,; [|Rpo+—s9llo# (04—s:r) = 0 by
Lemma A.15. Consequently, it follows by Lemma 4.5 that also lim;_, ¢y Is(s,t) =0. O

For convenience, Proposition 4.6 is restated by using the characterization in Proposi-
tion 4.1.

Corollary 4.7. If there exists to > 0 such that the finiteness condition

1[R10,t0]SP* (27 (0,1050),x) < 00

is satisfied, then the process (Yi)i>o is mean-square right continuous and, in particular,
it admits a measurable version.
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If S is an analytic semigroup, then there exists A > 0 such that (A\Ix — A) is a non-
negative operator. Therefore, the fractional powers (AIx — A)®, a > 0, can be defined;
see, e.g., [15, section 2.6]. For 0 < « < 1, denote by X, the Banach space that is defined
as the space Dom (Alx — A)* endowed with the graph norm of (AIx — A)®. For ¢t > 0
and « € (0, 1], denote also

t
/)\IX A)*S(t — )PdZ
0

whenever the integrand is strongly integrable with respect to the process Z. The defini-
tions are extended to allow for a = 0 by setting X := X and Y, := Y;.

Proposition 4.8. Assume that the semigroup S is analytic. If there exists tg > 0 and
0 < a <1 such that the random variable Y is well defined, then the process (Y )i>o is
mean-square right continuous and, in particular, it admits a measurable version.

Proof. The claim follows by repeating the proofs of Proposition 4.4 and Proposition 4.6
with Y; and S& replaced by Y;* and (Alx — A)*S®, respectively. O

Corollary 4.9. Assume that the semigroup S is analytic. If there exists tg > 0 and 0 <
a < 1 such that the random variable Y, is well defined, then for every 31,82 > 0 such
that By + P2 < «, the process (Y}/’Bl)tzo s mean-square right continuous in the space Xg,
and, in particular, it admits a measurable version there.

Proof. Note first that if K > 0 and ~1,v2 > 0 are such that 1 + 2 < &k, the operator
(MIx — A)#=(1+72) is invertible and there is the inequality

2 _ A\ tr2—K||2
lzll%,, < IALx — AL

x [IO0x = 4D+ 0T — Ay ralR]  (29)

for z € X,,_,,. Note also that if ¢ > 0 and 0 < 6 < 1 are such that [|[Y||12(q.x) < oo,
then Y; € X5 and

Y7 = (Aly — A)Y; (24)

hold P-almost surely by Proposition 3.5 and Proposition 3.7. Now, if 0 < 8 < «, then
the above inequality (23) (with 41 = 8, 72 = 0) and equality (24) (with § = ) yield

E(Y - Y7k SEIOx — APy - Y7k = E v - Yo%

for 0 < s < t. Consequently, for every 0 < 5 < a, the process (Y);ﬁ )i>0 is mean-square
right continuous in X by Proposition 4.8. The general claim of the corollary then follows
from the equality
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Y =Y e ux,,) = BNV = YOI +E Y2 - Y22 %
for 0 < s < t by using the first part of the proof with 5= and =1 + 2. O

For convenience, Corollary 4.9 is restated by using the characterization in Proposi-
tion 4.1.

Corollary 4.10. Assume that the semigroup S is analytic. If there exists tg > 0 and
0 < a <1 such that the finiteness condition

11 Rj0,t0) (Mx — A)*SP ||y (2 (0,t0;0),x) <

is satisfied, then for every [By,B2 > 0 such that By + B2 < «, the process (Y;ﬂl)tzo 18

mean-square right continuous in the space Xg, and, in particular, it admits a measurable
version there.

In what follows, sufficient conditions for continuity of the integral process (¥;);>0 are
given. The proof of Proposition 4.11 is based on the Kolmogorov-Chentsov theorem;
however, in the literature on stochastic convolution in Banach spaces, the factorization
method (see, e.g., [20,21]), v-boundedness, or maximal inequalities (see, e.g., [34,62,65,
68,69,71,72]) can be also used.

Proposition 4.11. Assume that the semigroup S is analytic. Assume also that there exist
constants f1 > 0 and B2 > 0 such that f1 + B2 < 1 and such that the following two
conditions are satisfied:

(H1) There exists to > 0 such that the random variable Ytﬁﬁﬁz is well defined.
H2) It holds that ||Y,*? r2ax) St for every t €10,7], T > 0.
t (X)

Then the process (Yi)i>0 has a version with paths in € ([0, 7]; Xa,) for every 0 < k <
and T > 0.

Proof. Condition (H1) implies by Corollary 4.9 that all the processes (Y;)¢0, (Y;*)i>0,
and (Y;ﬂ 148 *)i>0 are well defined and mean-square right continuous in X. Moreover, by
the proofs of Proposition 4.6 and Corollary 4.9, we also have that for every 7 > 0, it
holds

sup [|[Villzzex) S sup IV ey S sup [V %22y < 00, (25)
0<t<r 0<t<r 0<t<r

for both i =1,2. Let 0 < s <t < 7 be fixed and write

Y Y, = [S(t— ) — Iy] /S(S _)edZ + /S(t _)edz.

S
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Since S is analytic, we have that S(r) : X — N2, Dom A™ C Dom A for every r > 0.
Hence, by [45, Theorem 1.2.4 (d)], it holds that

2

t—s t—s
E|[S(t—s) - Ix]Y.ll%,, =E A / S(u)Yydu — /()\IX — A)S(w)Y,du
0 0 R

For the first integral, there is the estimate

t—s 2 t—s 2
E|x / S(u)Yedul| < N2 / 1@ lzodu | BV, S (- 2E Y2
0 XBQ

For the second integral, note that the operator A — Alx generates the semigroup
(e=*"S(r),r > 0). By [45, Theorem 2.6.13 (c)], there is the estimate

t—s 2
E /()\IX — A)S(u)Y,du
0 Xy
_ 2
~E / Uy — A Pre MG (w) (M x — A)Pr TPy du
0 X
s 2
<E /uﬁl—lnysﬂl-irﬁzHXdu
0
< (0= E Y
Thus, by appealing to (25), the following estimate is obtained:
E[[S(t-s) - Ix]Yil%,, S (t—5)*.
Now, we also have by Proposition 4.1 and assumption (H2) that
¢ 2 t 2 ¢ 2
E /S’(t —)®dZ =E /S(t —)@dZ|| +E /()\IX — A)P28(t - )ddZ
s Xp, s D' s X

~ H[R[O,t—s]%]*”i(@H(O,tfs;U),X)
+ H[R[O,tfs] (ALy — A)ﬁQS@]*H'Qy(_@H(O,t—s;U),X)

~ YisllEa@ixs,) + 1Y 2 F2 )
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= ||)/;57'S H,QX[-}Q

S (-9

and the proof is concluded by appealing to the fact that Y; — Y, has equivalent mo-
ments (see equivalence (19) and Proposition 2.2) and to the Kolmogorov continuity
criterion. 0O

5. Applications

In this section, two applications are presented. In the first application, a parabolic
equation of order 2m with distributed space-time noise of low time regularity is consid-
ered. This application extends the results of [20, section 5.2] to noise that is singular in
time. In the second application, the heat equation with space-time noise of higher regu-
larity in time in the Neumann boundary condition is studied. This application extends
some results of [25, section 5] from the Hilbert-space setting (in [25], the space L?(D) is
considered) to the Banach-space setting (here, the space LP(D) is considered) and [53]
to a noise that is more regular in time and that is possibly non-Gaussian (in [53], the
driving noise is the Wiener process while here, for example, the Rosenblatt process can
be considered).

5.1. Parabolic equation of order 2m with distributed singular noise in LP(D)

Let D C R% d € N, be a bounded open domain with smooth boundary 9D. Let
m € N and let Ly, be the differential operator of order 2m given by

Egm: Z akﬁk

k| <2m
where aj, € €°(D) and assume that Lay, is uniformly elliptic. Let also 1 be space-time

random noise that is fractional in time. Consider the parabolic equation on D perturbed
by noise 7 at every point of D that is formally given by

(D) (t, ) = (Lomu)(t, ) + n,(x), (t,x) € (0,00) x D, (26)
and that is subject to the initial condition
u(0,2) = ug(x), x €D, (27)
and the Dirichlet boundary condition

(OFu)(t,x) = 0, (t,x) € (0,00) x D, ke{0,1,...,m—1}. (28)
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The problem (26) - (28) is given rigorous meaning as an abstract Cauchy problem for a
linear stochastic evolution equation and the solution is sought in the mild form.

In particular, let p > 2 and let Lo, be the realization of the operator Lo, in the
space LP(D) with the domain

Dongm:{fEWQm’p(D) ’35f=00n8Df0r/€€{0,1,...,m—1}}.

It is well-known that the operator Ls,, is sectorial. Let A > 0 be such that (A — La,,)
is positive and we denote by (Sa,,(t),t > 0) the analytic semigroup generated by Lo,.
Let also H € (0,1/2) and let (Z;);>0 be an L?(D)-cylindrical H-fractional process that
lives in a finite Wiener chaos (for example, the cylindrical fractional Brownian motion
of H € (0,1/2) can be considered). Let also C € .Z(L?(D)).? The solution to problem
(26) - (28) is then interpreted as the LP(D)-valued stochastic process (Y;*™);>o where

t
Y2 = /SQm(t— ycdz,  t>o0. (29)
0

In what follows, sufficient conditions for the existence and space-time continuity of the
above stochastic convolution integral are given. To this end, we begin with three simple
lemmas.
Lemma 5.1. For every a > 0 and t > 0, there is the following estimate:

[(AL = Lop)®Sam (w)Cly (L2 0y Loy Su” %, 0<u<t.
Proof. Note initially that there is the estimate

[S2m (@) Clly(z2(py Lopy) S u” T, w>0. (30)

Indeed, for u > 0, there is the inequality

1S2m (W) Clly(L2(D), Lo (D)) < [1S2m (u) ||y (L2(D), L2 (D)) IC| 2 (L2(D))

and by appealing to Proposition 3.24 and to the estimate in [26, Theorem 1.1] for Green’s
kernel of the semigroup Ss,,, we also have

o
S =

_d —c L=y Wl_l _.d
1S2m (W) ||y (z2(DY, L (D)) = / /U oot dy | dz| Su m
D D

3 The noise 7 in equation (26) is modeled by n; = CZ, where the dot represents the formal time derivative.
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where c¢ is some finite positive constant. Now, for 0 < u < ¢, we have that

[(AL = Loy, )*Sam (w)C|ly(L2(D),Lr (D))
u

- H(/\I = Lam)"Som (g> Sam (5) CH-y(LQ(D),LP(D))

Au
<e:z

(ML — Loy )%™ % So, (%)

[s=n () €]
Z(L»(D)) 2 ~(L?(D),L?(D))

and the claim follows by using [45, Theorem 2.6.13 c)| (since the operator (L, — Al)
generates the semigroup (e™*"Sa,,,(7),7 > 0)) and estimate (30). O

Lemma 5.2. For every a > 0, B > «, and t > 0, there is the following estimate:
||(AI*LZm)a[SZm(u)7SQm(U)]C”'y(L?(D),LP(D)) S, (U*”U)Biaviﬁiﬁ, O<u<w S t.
Proof. We have that

AL = Laym)® [S2m (w) — S2m (v)]Clly(L2(Dy,Lr (D))

[(AT = Lap)® [S2m (u — v) = 1]S2m (v)C|l(L2(D),Lr (D))
/ e M (AL — Loy ) o Pe=2" Sy, (1) dr
0 L (Lr(D))

X |(AL = Lam)? Sam (0)Clly(22(D),Lr (D))

N

and the claim follows by using [45, Theorem 2.6.13 ¢)] and Lemma 5.1. O

Lemma 5.3. If d < 2m, H € (4/am,1/2), and o € [0, H — 4/am), then for every t > 0, the
convolution integral

t
yorm . / (A = Loy )*Sam (t — )CdZ
0

is well defined and satisfies

—y— 4
Y2 | 2o (pyy S tH 70 m.

Proof. Let ¢t > 0. By Proposition 4.1, Proposition 4.2, and Proposition 2.6 there is the
estimate

a,2m
IYe™ " Nz2(ier 0y S N = Lam)*Som (VCN 312 g 1120y, Lo ()

By Lemma 5.1, there is the estimate
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t t

/ ||()\I - LQm)aSQM(u)CH»2Y(L2(D)7LP(D))du S /u_2a_ﬁdu 0.8 t1_2a_%.
0 0

Choose 8 € (1 —2H + 2a,1 — 4/2m). Such a choice is possible since 2a < 2H — 4/2m. By
Lemma 5.2, there is the estimate

t t
/ / JOT = L) [Somn (4) — S (0)ICI 12yt (o [ — 0122 duds
0 0

t u
< //(u — v)ﬁf%‘“H*Qv*ﬁfﬁdvdu
0 0

t

d
=B <B ~142H 20,1 — — — ﬂ) /u*a*?H*l*ﬁdu
2m

0

—2a— -1
O(t2H 20—

2m

and the claim follows. O

The previous lemmas are now used to find sufficient conditions for the stochastic
convolution (29) to be a process that is continuous in time and takes values in certain
Bessel potential spaces.

Proposition 5.4. Assume that d < 2m and H € (4/am,1/2). Then:

1. The convolution integral (Y*™)i>o admits a wversion with paths in €"([0,7];
H;:m’p(D)) for every o € [0, H — d/am) such that 2ma — Yp ¢ {0,1,...,m — 1},
every k € [0, H — d/am — &), and every T > 0. Here, the space H;fw"p(D) is defined
by
H3" " (D)

1
= {feHQm’p(D) ‘85f=0 on 0D for k€ {0,1,...,m—1}: k:<2ma——}.
p

2. The convolution integral (Y*™)i>o admits a version with paths in €"([0,7];
f[g:”o"p(D)) for every a € [0, H — d/am) such that 2ma —1/p =:1 € {0,1,...,m — 1},
every k € [0, H — d/am — ), and every T > 0. Here, the space f[g:ﬂa’p(D) is defined
by

AZ"P(D) = {f € H"?(D)|d.f € H¥"(D)}

with
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H3?(D) := {f € H»"(R?) | supp f € D}.
Proof. It follows from Lemma 5.3 by appealing to Proposition 4.11 with 5 = H —4/am—a«
and f2 = a for a € [0, H — d/am) that (Y;*™);>0 has paths in €*([0, 7]; Dom (Al — L, )%)

for every 7 > 0. Since the operator (Al — La,,) has bounded imaginary powers by [54,
Theorem 1.1], it holds that

Dom (A — Ly, )* = [LP(D); Dom (AL — Loy, )] a,

where [;]p denotes the complex interpolation functor, by [57, Theorem 1.15.3]. Finally,
the claim of the proposition follows from [57, Theorem 4.3.3]. O

Finally, sufficient conditions for space-time continuity of the stochastic convolution
(29) are given.

Proposition 5.5. If d < 2m2/(p + 2) and H € (9/am~+d/2mp, 1/2). Then the integral (Y2™)i>0
admits a version with paths in the space

" ([0,7); €5 (D))

for every a € (df2mp, H — d/am) such that 2ma — d/p ¢ N, every k € [0, H — d/am — ),
and every T > 0.

Proof. The claim follows directly from the first part of Proposition 5.4 and the Sobolev
embedding for the Bessel potential spaces from [57, Theorem 4.6.1 (¢)]. O

Remark 5.6. Note that it follows from Proposition 5.5 that in the case of the heat equa-
tion in d = 1 driven by a fractional process of Hurst parameter H € (1/4,1/2), we can
always find p, «, and k for which space-time continuity of the solution occurs. A

5.2. Heat equation with regular Neumann boundary noise in LP (D)

Let D € R? be a bounded open domain with smooth boundary dD of finite surface
measure. Consider the heat equation on D perturbed by fractional noise through the
boundary 9D that is formally given by

(Opu) (t, ) = (Ayu)(t, x), (t,x) € (0,00) x D, (31)
and that is subject to the initial condition
u(0,z) =0, z €D, (32)

and the Neumann boundary noise condition
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(Opu)(t,x) = Z(x), (t,z) € (0,00) x OD. (33)

Here, 0, denotes the conormal derivative and Z denotes a noise term that is fractional
in time and uncorrelated in space. The problem (31) - (33) is interpreted as an abstract
Cauchy problem for a linear stochastic evolution equation driven by a cylindrical frac-
tional process. The solution to this problem is sought in the mild form which leads to the
question of existence of a stochastic convolution integral. In particular, let H € [1/2,1)
and let (Z;)¢>0 be an L?(9D)-cylindrical H-fractional process that lives in a finite Wiener
chaos. We seek p > 1 such that the process (Y;);>0, still formally, given by

t
/ (A= AN)Sn(t—)BydZ,  t>0,
0

with some A > 0 is LP(D)-valued and measurable. Let us fix the following notation.
Notation. If &/ and V are two isomorphic Banach spaces, we write U ~ V.

Throughout this section, Ay is the realization of the Neumann Laplacian in the space
L?(D) with the domain

Dom (Ay) = WyP(D) := {f € W*?(D)|9,f =0 on dD},
the family (Sn(t),t > 0) is the strongly continuous analytic semigroup of bounded linear
operators acting on the space LP (D) generated by Ay, and By is the Neumann boundary

operator defined by Byg := v where v is the solution to the elliptic problem

(AI-—A)v=0 on D,
o,v=g ondD. (34)

Initially, the above convolution integral (Y3):>o is rigorously defined and to this end,
we begin with some preliminary observations. For p > 1 and « € [0,2]\ {1+ 1/p}, we set

wor(py = D), a€l0,1/p+1),
2 T {f € HOP(D)|0,f =0 0on dD},  a€ (Yp+1,2],

where H*?(D) denotes a Bessel potential space. For the purposes of the following lines,
let p € (1,2].

o If e (Ip,1/p+ 1), then there is the following Sobolev embedding

1 L2(OD) — W '"5 (D).
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o If € (Ip,1fp+ 1) and A > 0, then there exists a unique weak solution v in the
Sobolev-Slobodeckii space W*P(D) (in the sense of [4, formula (9.4)]) to problem
1
(34) for every g € W* 175 P(9D) by [4, Theorem 9.2 and Remark 9.3 (e)]. Conse-
quently, for the Neumann boundary map By it holds that
By € Z(W* "5 (0D), W*P(D)).
o If o € (1fp,1/p+ 1), then there is the following continuous embedding
Ly : WP(D) — HP(D).
Indeed, it holds by [58, Proposition 3.2.4 (i)] that
W*P(D) ~ F} (D) — Fg'3(D) ~ H*?(D).

o If & €(0,2)\ {1+ 1/p}, then it holds by [4, Theorem 5.2] that

HgP(D) = [LP(D); WP (D))

wlR

where [-; -]y denotes the complex interpolation functor.

e For A > 0, the operator (\I— Ay) is positive and, consequently, its fractional powers
can be defined. Moreover, by [5, Example II1.4.7.3 (d)], the operator (Al — Ay) has
bounded imaginary powers and, consequently, it follows by [4, Remark 6.1 (d)] (see
also [57, Theorem 1.15.3]) that

[LP(D); W3 (D)) = [Dom (AL — An)% Dom (Al — Ay)']a ~ Dom (Al — Ay)?%
whenever a € (0,2).

With these preparatory results, we obtain the following two lemmas that lead to a
rigorous definition of the integrand. The first lemma is a simple consequence of the above
claims.

Lemma 5.7. Let p € (1,2] and « € (1/p, /o + 1). Then the composition
Gy LX0D) S WO e P(9D) Z¥ WeP(D) & H*P(D) ~ Dom (Al — Ay) %
is a bounded linear operator.
Lemma 5.8. Let p € (1,2] and A > 0. Let also P be the bounded linear operator from

Lemma 5.7. The function [t — (A — An)Sn(t)Pn] defined on (0,00) takes values in the
space £ (L?(0D), LP(D)).
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Proof. Let a € (1/p,1/p + 1) be arbitrary. By [45, Theorem 2.6.13 (c)], the following
inequality that yields the claim is obtained for ¢ > 0:

[(AL = AN)SNn () PNl 2(r2(0D), L0 (D))
= [\ = An)' "2 SN (H)(M — An) 2 D || 2 (L2(0D),L7 (D))

StETHAL = AN) 2N | 21200, L0 (1)-
The finiteness of the right-hand side of the above inequality follows from Lemma 5.7. O

Let p € (1,2] and A > 0 be fixed for the remainder of the subsection. In agreement
with the convention of Section 4, the function [t — (Al — Ay )Sn(t)®n] is understood
as the map G defined by

Gn(p,u)(t) = (p, A\l = AN)SN(t)PNu) = /cp(:c)[()\l — AN)SN(t)Pnul(x)dz, t >0,
D
(35)
for p € (LP(D))* and u € L*(9D). Sufficient conditions for the integral process (V3):>0
where

Y, = /GN(t— Nz, t>0, (36)

to be a well defined LP(D)-valued measurable process are given now. To this end, denote
by gn the Green kernel of the semigroup Sy; that is, gy : (0,00) x D x D — R is the
function such that the action of Sy on f € LP(D) is given by

[Sn(t) fl(z) = /gzv(t,x,y)f(y)dy, t>0, zeD.
D

Lemma 5.9. If H > d/2 — 1/2p, then

to & ]PH
Tt pon (o) = / / / o (5,2,9)24S, | ds| do < oo
D 0 D

holds for every to > 0.

Proof. We split the reasoning into two cases.
Step 1: The uncorrelated noise case H = 1/2. In this case, p € (1,2] needs to satisfy
the inequality 1 + 1/p > d which only allows d = 1. By using the estimate
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12
4 — \mgy\

lgn (s, z,9)| Ss72e 27, zxeD, yedD, s>0, (37)

with some finite positive constant ¢ from [26, Theorem 1.1], there is the estimate

IS

to

I%,p,gN(tO)s/ //s_le_‘mzsylzdSyds dz
D Lo ap
Mt 5
g/ s~le™ 5 ds| da
D Lo

where

= inf |z —
pla) = mf |z —yl

is the distance of z € D from the boundary D. On the set D< := {z € D |cto < p(z)*},
the inner integral can be estimated by

ctg

p(’JE)Q1 1 1
1 1
/ —e_?drg/—e_?dr =:¢; < 00
r r
0 0

and, as a consequence, we have that

ctp %
9(1)21
/ / ZeTrdr| dz < . (38)
.
Do | 0

On D- := {z € D|cty > p(x)?}, the inner integral can be estimated as follows:

p?if))é 1 1 1 p?gé 1 "
—e*%drg/—e*%drﬁ— / —dr = ¢ +log< 002>
T r T p(z)

0 0 1

Consequently, we have that
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vV cto

| v vrox (20)] e = / 1108 (2] s

>

= 2\/ct0/y_2 (c1+2log y)g dy
1

= 2¢/cty /(01 +2u)% e du
0

which is finite and thus it is shown that

[N

ctp

Wl
/ / Zerdr| dx < oco. (39)
,
D. | ©

Putting (39) and (38) together yields I1 ,, , (o) < cc.
Step 2: The regular noise case H € (1/2,1). In this case, only d =1 and d = 2 can be
considered. By using estimate (37), we obtain

H
Fon '
I p.ay (to) g/p(x)—dP“PH / rame v dr dzx. (40)
D 0
Now, if d = 2, we have that
. H
2/;(1;;20 : o pH

/p(a:)fQPJFQPH / rHe rdr dx < /p(ac)72p+2pHda: /riﬁef%dr
D 0 D 0

The first integral is convergent since —2p+2pH > —1 (this corresponds to the condition
H > d/2 —1/2p) and the second integral is the constant I'(1/m — 1)PH. If d = 1, we split
the integral (40) into two integrals. On the set D< := {z € D |2cHty < p(z)?}, the inner
integral can be estimated as follows:

2cHtq

p(x)2

1
/ r 2He
0

This means that we have the estimate

3=

1
1 1
dr < /riﬁef?dr =: ¢y < 00.
0
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2cHtg pH

p(@)2
/ p(x)7p+2pH / T.fﬁei%dr dx S CSH C3 |DS‘ (41)
D< 0

where ¢3 := (diam D)prpH. Since D is a bounded set, the right-hand side of estimate
(41) is finite. On the other hand, on the set D~ := {x € D|2cHty > p(x)?}, the inner
integral can be estimated by

2{‘Hf 2cHt

VL 1 BF

/ N / 1
2H 2H

0 0

and we obtain

ﬂH

ﬁl»—‘
»—l\
<
|
-
o,
3
I
Q
[ V)
+
—
—
DN
=
—
7 N
=/
sl
s
N——
T
|
—_
_

oL
/p —p+2pH / —sHe rdr dz
D> 0
2cHto o_ 1 pH
e PO T o
J -5 T

Since the last integral converges, it follows that Ig p, 4, (to) < 00. O

Lemma 5.10. There is the equality

// x)gn (t, z, y)u(y)dS,dz, t>0,

D 9D
for every p € (LP(D))* and u € €(0D).
Proof. Let u € € (D). Then it follows that Byu € €2(D) N %€ (D). Consequently, for

t > 0and z € D, it follows first by the symmetry of the kernel gy in the spatial variables
and then by the second Green formula that

(AL = An)Sn (8)@nul(x) = /[(M — Any)gn](t, 2, y)[Byul(y)dy

D
/gN (t,z,y) [\l — Ax)Bnul(y) dy
D

=0

+/9N(tvx7y) [0, Bnul(y) dS,
oD

=u(y)
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- / 00y (1, 2, 9) [ Bru) (4)dS,
oD =0

= /gN(t, z,y)u(y)dSy (42)

oD

where dS is the surface measure on 9D. Inserting formula (42) into equality (35) yields
the claim. 0O

Lemma 5.11. If H > dj2 — 1/op, then Gy(p,u) € 2H(0,ty) for every ¢ € (LP(D))*,
u € €(0D), and ty > 0.

Proof. By using Proposition A.2, Lemma 5.10, the Minkowski inequality, and the Holder
inequality successively, the following estimate is obtained:

1
ullg@p) L1 g (t0)

1
HGN(%U)H@H(O,tO) < S(9D)> H%OH(LP(D))*
and the claim follows by Lemma 5.9. O

Lemma 5.12. If H > d/2 — 1/2p, then
/ o @) 4011200y, 42 < 00
D

holds for every to > 0. Here, an(z)(t,y) :== gn(t,z,y) fort >0, x € D, and y € OD.

Proof. By Proposition 2.6 and Proposition A.2, the integral can be estimated by
It p gy (to) and the claim follows from Lemma 5.9. O

Lemma 5.13. If H > 4/2 — 1/2p, then
G}kv(g ®u)(r) = (an(z),9 ® U)@H(mo;m(ap)), z €D,
holds for every to >0, g € €*([0,10]), and u € € (D).

Proof. Let ¢ € (LP(D))*. By Lemma 5.11, Gn(p,u) € 2H(0,t5) and by Lemma 5.10,
it follows that

(GN(p, 1), 9) 9 (0,00) = w(w)Q gN(-,x,y)U(y)dSy,9> dz.  (43)
[

ZH (0,t0)

On the other hand, we also have that

(GN (@, 1), 9Y 9 (0,t9) = (G, 9 @ ) g5 (0,112 (0D)) = (0,Gn(g @) (44)
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and a comparison of formulas (43) and (44) yields the claim. O

Proposition 5.14. If p € (1,2] is such that H > df2 — 1/2p, then the process (Yi)i>o0
defined by formula (36) is a well defined LP(D)-valued stochastic process that admits a
measurable version.

Proof. By Lemma 5.12 and Lemma 5.13, the assumptions of Proposition 3.24 are satis-
fied for the operator Gy and therefore, it follows that G € (27 (0, to; L2(8D)), LP(D))
for any ty > 0. The proof is concluded by appealing to Corollary 4.10. O

6. Concluding remarks

In the present article, stochastic integration of deterministic Banach-space-valued in-
tegrands with respect to, possibly infinite-dimensional, fractional processes that live in
a finite sum of Wiener chaoses is treated. In particular, under two conditions, that are
satisfied by many commonly used Banach spaces, the class of admissible integrands is
characterized. The characterization is then used to find a necessary and sufficient con-
dition for the existence (and measurability) of a stochastic convolution integral that is
the mild solution to a stochastic evolution equation with additive fractional noise. More-
over, continuity of the stochastic convolution is also treated. Let us make two concluding
remarks.

Remark 6.1. In our main results, Theorem 3.21 and Theorem 3.22, the Banach space X
is assumed to be n-good with n € Ny being the order of the Wiener chaos in which the
fractional process lives. Even though it would seem that no such condition is needed when
the integrator is a (Liouville) fractional Brownian motion, see [12,14,31,70], this is in fact
not the case. When looking at (16), it follows that if the driving noise were Gaussian,
which is the case in the articles mentioned above, then the sequence {Ir(ex)}r would
consist of independent Gaussian random variables and we would immediately obtain
the y-radonifying norm on the right-hand side of (16) without the need to assume the
1-good property simply because every normed linear space is 1-good. On the other hand,
if the driving process lives in a higher-order Wiener chaos (n > 2), then {Ir(eg)}x is not
Gaussian so that in order to obtain the y-radonifying norm, we need the n-good property
to pass from {I7(ex) } to a sequence {ei } that consists of independent Gaussian random
variables. As there are Banach spaces that fail to be n-good, see Corollary 3.19, this
property needs to be assumed. What can be done, however, is that the reasoning can be
split into two steps: First, the norm

HA”’y"(@H(T;U),X) ‘= sup E ) A€ f(@H(T’ U),X),

2
{ex}{m) X

Z T Aey
o
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where the supremum is taken over all finite orthonormal sets {ey }1 and {vx} in 2% (T;U)
and %" respectively, can be defined similarly as in [37]. Then, without the need to
assume that X is n-good, the equivalence

EHfH%{ ~ Ha*nzn(@H(T;U),X)

would be obtained. It would then be shown that if X is n-good, the norms
|- lyn(2m (rv),x) and || - |ly(2# (,0),x) are equivalent. However, in the present pa-
per, we prefer to avoid this type of construction for the sake of simplicity. We also take
into account that the most of commonly considered function spaces are n-good, see
Corollary 3.15, and we prioritize working with these more standard state spaces. A

Remark 6.2. As far as stochastic integration for fractional processes is concerned, the
natural next step would be to consider stochastic integrands which would allow to treat
non-linear equations with non-linear multiplicative noise. However, even in the case of
real-valued integrands and real-valued integrators, little is known in general and one
usually appeals to the particular structure of the integrator. For example, for fractional
Brownian motions or Rosenblatt processes, the stochastic integral can be defined as a
composition of a certain fractional integral operator and the (in the case of Rosenblatt
processes iterated) Skorokhod integral; see, e.g., [3,16] for the case of fractional Brownian
motions, [2] for the case of more general Gaussian Volterra processes, and [18,60] for the
case of Rosenblatt integrators. One would hope to circumvent the problems by employing
the theory of rough paths; see, e.g., [28,29]. If the Hurst parameter H of the considered
fractional process is greater than 1/2, the stochastic integral can be defined pathwise as a
Young (or a generalized Riemann-Stieltjes) integral; see, e.g., [30,76,77]. If H is smaller
than 1/2, one needs to be able to define iterated integrals of the integrator against itself
in a reasonable manner in order to use the machinery of the rough paths theory and this
is again usually done only for specific integrands; see, e.g. [44]. A
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Appendix A. Homogeneous fractional Sobolev spaces

In this appendix, we give a self-contained review of some results on homogeneous
fractional Sobolev spaces that are needed in the paper; see, e.g., [9], [57], or [58].
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A.1. Homogeneous fractional Sobolev spaces on the real line

Definition A.1. Let d € N and let s € R be such that |s| < 4/2. The homogeneous
fractional Sobolev space W*2(R?) is defined as the space

We2(RY) = {F €. 7' (R%C) | 3Ihp € LHREC) : F = |x|_3hp}
equipped with the norm || - [|yj..2(gay that is defined by [|F|lypy.2ga) = [|hrl p2@ac):

The bound 2s < d in the above definition is imposed to guarantee that |x|~%h is a tem-
pered function and we assume —d < 2s to have the space of Schwartz functions .7 (R?)
included in W*2(R%). It is well-known that the space W*2(R%) is a separable complex
Hilbert space that contains the space ¢>° (Rd; C) as a dense subset. The following result
shows gives a connection between 152 (Rd) and a certain Lebesgue space.

Proposition A.2. If 0 < s < d/2, then

2d

L5 (R C) C W3 (RY), W2 (RY) € Lo (R C)

with the embeddings being continuous.

Proof. If f € .(R% C), then

—s 7 s—d
Hf”Wfsy?(Rd) = [|[=] f||L2(Rd;<C) = Cs,dl|z| * f||L2(1Rd;<C) < CS”fHL%(Rd;C)

holds by Parseval’s equality and the Hardy-Littlewood-Sobolev inequality with some
finite positive constant Cy and C, 4. Now, .#(R% C) is dense in L%(Rd;(C) and
W=*2(R?) is embedded in (., w*). If f,g € #(R% C), then

\<f,9>L2(Rd;<C)| < |<fug>L2(Rd;C)| < H|$|sf||L2(Rd;C)|||$|_s§||L2(Rd;C)
< Csalllel* fll 2o,y ll9l

2d
La+2s (R4,C)

so that

(il Csall fllvirs2ma)

_2d <
La-25 (R4,C) —
and the embedding follows from the density above. O

Lemma A.3. Let s € R be such that |s| < 4/2 and let Q be a non-degenerate cube in R<,
Then the indicator function 1g belongs to the space W2(RY) if and only if —df2 < s <

1/a.
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Proof. The indicator function 1 belongs to the space We2 (Rd) if and only if the integral

/| 2 |sin(A121)[?|sin(Agz2)]? - ... - \sin()\d:cd)|2dm
22l ... o2
is convergent with A1, Aa,...,A\g > 0. Clearly, the integral grows as s grows. Assume

therefore, that 0 < s < 4/2. In this case, we have that there is a finite constant C' such
that

/ | ]|2s | sin )\11;1)‘ |Sln()\2x2)| AR |Sin()\dxd>|2dl' = C/x28_2| Sil’lx|2d$7

2
= a3 2
Rd

holds. The last integral is convergent if and only if s < 1. O

For a non-degenerate cube @ in R? and F € D« W2(R?), define the average
JQF by

1 ~ —
JoF = W'R/d F(z)1lg(z)de. (45)

Lemma A.4. For every F € ®\SI<% WSvQ(Rd) and a non-degenerate cube Q in R it
holds that

xlggo JeroF = 0.

Moreover, if I' € @\5|<é WS’Q(Rd) can be represented as a tempered function, then

1
JF:—/Fmdx
@ 2l

Proof. The first assertion is standard. As for the second assertion, let {¢,}, be a mol-
lification of ﬁlQ' Then it follows that

=0
We2(R)

I Hll
m || = — @
Qe ™

n—oo

for every |s| < 1/2. Hence,

JoF = lim ﬁ(m)cﬁ(m)dx: lim F( Yon(x)dz = |Q|/

n—0o0 n—oo
Rd
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For a € R and r > 0, let {Q}" }reza be a decomposition of R? to cubes, i.e. Qy" is
defined by

QY i=a+r(k+[0,1)%, kezs

For F' ¢ @\SI<% W#2(R?), define a step function M, ,.F, that vanishes at infinity, by
Mo, F =Y (JourF)lger
kezd

where Jgar I is the average of F' over the cube Q" defined by formula (45).

Lemma A.5. Let p > 1 and s € R be such that 0 < s < l/p. Then there is a finite
positive constant Cs g4, that does not depend on the decomposition {Q}" }xeza such that
the inequality

Q=

(Man )(@) = (Mar ) (0)” ) = F)P
/] Oy | < Cay ([ [ sy
d]Rd

holds for every f € Li (]Rd).

loc

Proof. Set I}, := k + I for k € Z% where I := [0,1)? and let 8 > —d — 1. Then there
exists a finite positive constant Cg 4 such that

[ [ 1o~ vPdsdy < Gaalie - 117

I, I

holds for every k,l € Z%. Indeed, the claim is obvious if either ||k—{|| ¢ = 0 or ||k—1I|[s >
2. Suppose therefore, that ||k —1|[;~ = 1 and denote J := {j € {1,2,...,d}||k; —[;| = 1}
and m := |J|. Clearly, we have that m > 1 and

8

2

d
[ [o=vPasay= [ [ (Sl = w1y - 117 | dody <2t [ 17400
T \J=1

I I, 1 27

by replacing y; by 1—1y; for every j € J and by using the fact that for every non-negative
function h € L'(—1,2) it holds that

3 1

;jh(z)dzg O/O/Ih(a:y)d:cdy S_/:h(z)dz

1

2
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and
1 1 2
/zh(z)dz /h x + y)dedy < /zh(z)dz
0 0 0

In particular, we have for every F € L\ (R?) and k # [ that

//|(M0,1F)($)—(Mo,lF)(?/dixdy
\

O\H

x — yl|dtps
p
< Canlle= 11727 | [ [ 1P@) - Fldsdy
kD
; |F(z) — F(y)l?
< Cd,s,p/ dedy
Ix I;

holds with some finite positive constants Cy s , and éd,s,p by Holder’s inequality. Finally,
the general case is inferred for f € L\ (R?) by noting that

(Mo ) = o flat ] (F2). ae?

holds for every a € R and r > 0. O

Lemma A.6. If 0 < s < 1/2, then there is the convergence

lim Sup HMa rf f”Wg 2(RY) — =0

r—o0
for every f € W2(R%).
Proof. Observe that for every t € (s,1/2) and every f € W*2(R?), the estimate
oy = [ iR [ PR
{z€R!| |z|<R} {zeR?| |z|>R}
< B 1wy + mai 1 sy

holds for every R > 0. Consequently, it is obtained by Lemma A.5 that there exists a
finite positive constant Cy 4 such that

B Ct.a
”Ma r — SDHW*?(R) R2 HMa,TQD*@H%Z(R;C) + Rg(t s) ”SDHWf 2(R)
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holds for every R > 0 and every o € €>°(R? C). Density of the space €°(R% C) in the
space W#*2(R%) concludes the proof. O

Proposition A.7. If |s| < 1/2, then there exists a finite positive constant Cs 4 such that
the inequality

[Ma,rFllyys2may < Csall Fllys2 @y
is satisfied for every F € WS’Q(RCI). Moreover, there is the convergence

bty s, ¥ = Pl mey =0

for every F € W*2(R%).

Proof. The case 0 < s < 1/ is covered by Lemma A.5 and Lemma A.6. If ¢, €
Y(Rd; C), then we have that

(Mar,0) 12 R;C) = (¥, Ma ) L2(RC)-

Hence, there exists a finite positive constant Cs 4 such that the inequality

[Mar@llyy o2y < Co.allpll—o2ra)

is satisfied for every ¢ € €° (]Rd; C) by duality. Since the space €>° (Rd; C) is dense in
W*S’Q(Rd), boundedness of M, , follows. The approximation property then follows from
an interpolation argument similar to the one in Lemma A.6. O

Lemma A.8. For every |s| < 1/2 there exists a finite positive constant Cs such that the
inequality

sup{[|[ 1/ F[yirs2(r) | J interval in R} < Cs|F[|yira2 g

is satisfied for every F € WS’Q(R). Moreover, for every F € V'VS’Q(IR) and x € R, there
are the convergences

112y o0 Fllyirez @) =0,
Hm {11 a,y) Fllyprez @) = 0.

Proof. For s = 0, the claim is clear. For 0 < s < 1/2, the claim is first proved for f €
%> (R; C) by using the fractional Hardy’s inequality (see, e.g., [33]) and then extended
to f € W*2(R) by a standard density argument. For —1/2 < s < 0, the claim follows
from duality, interpolation, and Proposition A.2. 0O
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A.2. Homogeneous fractional Sobolev spaces on intervals

Definition A.9. Let 7" be an interval in R and let s € R be such that |s| < 1/2. The
homogeneous fractional Sobolev space WS’Q(T) is defined as the space

W*2(T) = {F : 6>(T) » R|IF € W**(R) : Flgee(r) = F and Flgoe@\7) =0}
equipped with the norm || - [|yj..2 (1) that is defined by [|F||yjc2(7) = HFHWS,Q(R).

It should be noted that it follows from Lemma A8 that if F' € W*2(T), its extension
by zero outside T, denoted by F in Definition A.9, is unique. The following two propo-
sitions and the subsequent remark provide an alternative way of computing the norms

of functions in the space W*2(T).

Proposition A.10. Let T be an unbounded interval in R and let 0 < s < /2. It holds that

W2 () = {f € L™ (T;C) ‘ a2y < OO}

where ||| - lyirs.2 gy s defined by

o =y

— 2
Wiy o= | [ @) = S g,
T T

Moreover, the norm ||| - |lyiys.2(ry is equivalent to the norm | - [yireo(p)-

Proposition A.11. Let T be a bounded interval in R and let 0 < s < 1/2. It holds that

We(T) = {1 € AT [ ey < 0 )
where the norm (|| - |||y« 2 () is in the case of T being a bounded interval defined by

. 2
ey o= | [1r@Pas) ([ [
T T T

Moreover, the norm ||| - |lyiys.2(ry is equivalent to the norm | - [yireo(p)-

Remark A.12. There is also a description of the space W*2(T) with —1/2 < s < 0 in
terms of duality. However, for the purposes in the present paper, it is only remarked that
if fe LT (T) with —1/2 < s < 0 and T a (bounded or unbounded) interval in R, then
f € W*2(T) and it holds that
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I llvire2 1y = //%dxdy VAN
TT

A.8. Additional lemmas

In the first lemma, the norms of affine transformations of elements of homogeneous
fractional Sobolev spaces are computed.

Lemma A.13. Let a,b € R, a # 0, and let T C R be an interval. Let T C R be the
interval for which the map g : T — T given by g(x) = ax + b is a bijection. Let s € R be
such that |s| < /2, let F € W*(T) and define

Frusto) = (e (5)), wew=d.

ol ™\ @

Then it holds that

o1
[(F)asllirszry = lal* 2 [|F vz

Proof. Step 1. Initially note that for a tempered distribution F € %'(R), (F)qp is
defined by

Frsto) = (e (S)). vesm.

o]\ @

In this case, it follows for ¢ € .(R) that the equality

Fros) = (Flas) = F (10 (7)) = Fan) = F(@us)

|al a
is satisfied with @ being a Schwarz function that is given by
Bop(z) := p(ax), reR.

Step 2. The claim of the lemma is proved for T = R now. To this end, let F' € W52(R).
Then its Fourier transform F' is a tempered function and we have that

oo/\ . ool e
/‘uwmwxmxmdx:<Fuﬁ<> /‘—T FE (D) pla)de
for ¢ € .7(R) by Step 1 so that
— 1 z A [T
F = — e (2 R
(Flas@) = e 5 F (7). we
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Consequently, we have that

I 2
1 aslZym) = / o2 T v (2)

ol i L

do= a1 [ ol (@) s

Step 3: Let T C R be an interval and let T C R be the interval for which g : T — T is a
bijection. Let F € W*2(T) and let F be its extension by zero outside T'. Define

(Feaste) = F (e (57)). eee=d),

ol "\ a

Then we have for every ¢ € €>°(T) that

(F)uanlp) =F <|Cll<p (;)) =F (Qw (ab>) = (Fap(®)

which implies that (F). .5, = (F).5. By using this as well as the result of Step 2, we
have that the chain of equalities

1(E)x.a,

%/Vsz(T = ”( ) b||Ws2 = ||(F)a,b||%/i/s,2(]g |a|28 1||FHWg2(R)

=1al>* N F ez r

(T)

holds and the claim is proved. O
Finally, the following lemmas concern some properties of a restriction to a subinterval.

Lemma A.14. Let T and T be two intervals such that T CT CR. Let s € R be such that
|s| < 1. If F € W*2(T), then the restriction of F to the interval T, F|z, belongs to
the space WS’Q(T) and there exists a finite positive constant Cs such that the following
inequality is satisfied:

IE |7 s 2y < CsllFllvirs ()
Proof. By Lemma A8, it follows that

1P| llvire 27y = IF Tz lire 2y = 17 F vz my < CsllFllvire 2@y = IF lvirezery- O

Lemma A.15. Let T C R be an interval and let s € R be such that |s| < 1/2. Then for
every € Int T and every F € W*2(T) it holds that

yl—l>IgIcl+ (D179 HWS*Q(%ZI) =0
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Proof. It follows for y € T, y > x, that

HF'[z,y]”WS’z(x,y) = ||F|[z,y]||WS’2(]R) = ||1[z,y]F||WS»2(]R)

is satisfied and the claim follows by Lemma A.8. O
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