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1. Introduction

In 1940, Ulam raised the important question of the stability of group homomorphisms
in his lecture. This question was stated as follows: Consider @ and @’ as a group and a
metric group with metric 6. We consider the function o : @ — @’ in such a way that for
every € > 0, there is a r > 0 such that for every 0, ¢ € @ we have §(o/(0g), #(0)9(g)) < r.
Then, is there a homomorphism Z : @ — @' such that the following inequality holds?

5(ct(0), Z(0)) < e.

As a result of Rassias’s expansion of the concept of sustainability due to Ulam, this
stability became known as the Hayers—-Ulam—Rassias stability [1]. Aoki, Bourgin, Gajda,
etc. are among those who have worked on the issue of stability in different ways. Most
of the research has examined Banach space. Therefore, researchers have turned to other
spaces and have investigated stability in different spaces [2,3]. In addition, the stability of
groups and different types of Banach algebras have been topics of interest to researchers.

In situations involving fractional theory and the solutions of partial differential equa-
tions, special functions are used. In checking the stability to choose the control function
as the controller, these functions are very suitable options. Today, the application of these
functions is very evident in various fields such as physical sciences, engineering, proba-
bility theory, etc. The Mittag—Leffler function, Wright function [4,5], Fox’s H-function and
Gauss hypergeometric function are among the most frequently used functions from the
category of special functions. These functions were presented and introduced for the first
time by Mittag—Leffler (Swedish mathematician), E. M. Wright (British mathematician),
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Charles Fox (English mathematician), and Friedrich Gauss (German mathematician and
physicist), respectively. To choose the controller in the issue of stability, the effort is to
choose the best and most optimal function among the specific functions. For this purpose,
we go to another special function, which is much more comprehensive than the previously
introduced special functions.

The development of these functions, known as aggregation functions, is accelerating
owing to their many applications in disciplines such as decision theory, artificial intelligence,
pattern recognition and image processing, mathematics, etc.

Let (Y, ©,20) be a random measure space. Throughout this paper, we consider Borel
measurable spaces (/#,B 4) and (#,B ) on the MVEN-S, .# and .#. By defining the
random operator & : Y X /A 2 5 & and considering 0 < ¢ < 1, we have the BI-AROI
as follows:

w<6(tri+3/0 +t) + G(trx—i_ﬁfa - t) + G(trx _5/0 +t) + G(t,; _3/0 - t) _46(t123/0)/(i7>

To obtain the best approximation for S-BI-D and S-BI-H in MVFB-A and MVFC-
o-A, we apply special functions and use the aggregation function to find the optimal
control function.

The article consists of the following parts:

In the first section, we investigate the optimal stability for S-BI-D and S-BI-H in the
spaces MVFB-A and MVFC-¢-A using the direct method. For this purpose, in this section,
we introduce all the basic concepts needed for these proofs. First, we define the required
spaces and present some proofs. Then, to check the optimal stability, we introduce the
optimal control function. In the second section, using the fixed point method (FPM),
we have proved the optimal stability of S-BI-D and S-BI-H in the spaces MVFB-A and
MVEC-¢-A. In the third section, we have expressed a summary of the article in the form of
a conclusion.

2. Direct Technique for Optimal Stability of S-BI-D and S-BI-H in MVFB-A and
MVEC-¢-A

In this section, we investigate the best approximation for S-BI-D and S-BI-H in MVFB-
A and MVFC-¢-A by direct technique. Therefore, before dealing with the main proofs, we
first introduce the required spaces. These spaces are used in all parts of the article.

Definition 1. On the interval [0, 1], we define A as follows:

A1
A = diag A([0,1]) = { diag[Aq, -+, A|] = , Av,.. AE,1] Y,
N

where every square matrix is 1 x 1 and for any A, ¢ € A, we have A = diag[Aq,--- , 7],
¢=diagl¢y,- -, ¢], diag(l,...,1] = 1and diag[o0,...,0] = 0. In addition, A < ¢ means that
N < ¢ foreveryr=1,...,L

Definition 2. We consider the mapping ® from A x A to A. If for each A, ¢, a, B € A we have
ARI=AARP=¢pR®AA®(pDa)=(A®DP) D, A = ¢and a < Bimplies that A &
x < ¢ ® B, we say that ® is a generalized t-norm or briefly GTN. In addition, we consider sequences
{A} and {¢,} that converge to A and ¢. If we have lim) (A} ® ¢p;) = A ® ¢, then ® is a CGTN.
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There are different types of CGTN: minimum CGTN, product CGTN and Lukasiewicz
CGTN can be mentioned among the most important of them. In this work, we choose the
minimum CGTN & : A X A — A, which is defined as follows:

A®y ¢ = diag[Ay, -+, A @y diag(¢y, - - -, ¢1] = diag[min{Ay,¢1},-- -, min{A}, ¢ }].

For more details about the introduced CGTN, refer to [3,6]. In the following, we
define MVFF and MVFEN-S [3]. The MVFF E : [0, u]x (0, +c0) — A is increasing and
continuous, limep o Z(0, @) = 1 for every 6 € [0,u] and @ € (0,+00), ¥ 3 Eif and only
if #(0,0) <X #(0,0), forall @ € (0, +o0) and 0|0, u] where ¥ is the MVFF and < is the
relation defined for this type of function.

Consider the linear space &, CGTN ® and the MVFF 20 : § x (0, +c0) — A, we define
(8,20, ®), which is called an MVEN-S and has the following properties,

e  W(0,w)=1ifand only if 6 = 0 for @ € (0, +0);
. QU(’yG,cD):QD(G,‘%)forallGEcS’and'y#Oe(C;
e WO+gw+a)=W,w)®W(O,a)foralld € § and any @, a € (0, +o0);
e limp1+002W(0,@) =1forany @ € (0, +00).
When an MVEN-S is complete, we denote it by MVEB-S. If for (8,20, ®) and CGTN
&, we have
o W(Og, @a) = W(H,@)SW(g,a), forallf,¢ € S and all @, « € (0,0).

Then, (&, 20, ®, &) is called a matrix valued fuzzy normed-algebra. If (8,20, ®y, ®p)
is complete, then it is called an MVFB-A.

Definition 3. We assume that M and N are MVFN-Ss. Considering random measure space
(Y, ©,20); we define S : Y X M — N with the following properties:

o Gisan S-Ofifforallyin M and B € B y, we have
{t&(t,r) € B} € O.
* & is bi-linear if for each 1, x2 in M and for every 9, ¢, we have

S(t, 011 + Cr2,3) = 06(t11,3) +C6(412,3)

and
S(tx, 031 +C32) = 06(t1,31) +ES(41, 32)-

o If there exists a random variable A(t), which is positive and real-valued, such that for each ¢, 3
in M and @ > 0, we have

QB(GS(t,;) - G(t,g,),A(t)w> = W(r—3 @),

then & is bounded.

Definition 4. Consider the MVFB-A (&,20, ®,&). & is called an MVFC-o-A if we have ¢ — ¢°
on & with
(0—A1) *°* =pforanyr € &;
(0—=A2)  (er+¢3)° = qr° + 3%
(0—A3)  (r3)° =31t foranyy, 3 € &.
In addition, if for each x € & and 0 < @ < 1, we have
(0—A4) W(rr, @) = W(r, @).

Definition 5. Consider the ring &. If S-BIL-AM T : Y X & X & — & has the following properties
forallg,3,0 € EandtcY
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(S5—D1) T (4,13,0) = T (t,1,0); +17 (4,3,0),
(S5-D2) T (t,1,3) = T (t,3,1),

then I is called an S-BI-D.

Definition 6. Consider an S-BI-AM T : Y x & x & — &, where & is MVFB-A. If for every
53 0,v € &and t €Y we have

(5-D1) T (t13,0) =T (t,x5,0); +17 (4,5,9),
(S—D2) T (t,x,0t) =T (t,1,0)c+0T (t,1,v),

then I is an S-BI-D. For an S-BI-D, the following condition is always true
T (tr3,0t) = T (4,5,0)13 +07 (1, 0)3 + 17 (4,3,0)t + 10T (L1, v).

Definition 7. Consider an S-BI-AM Q) : Y X & x & — F, where & and F are MVFB-As. If for
anyr,3,0,v €&, t €Y we have

(S—H1) Y(t,r3,0*) =D(t,5,0)D(t,5,0),
(S—H2) (t,0%0) = Y(4,1,0)V(t,1,¢),
then %) is called an S-BI-H.

To achieve the desired results in all parts, we assume ® = ®p; and ¢ € (0,1). In
addition, the optimal stability is evaluated by considering the optimal control function.

2.1. Optimal Stability of S-BI-D in MVFB-A
Lemma 1 ([7], Lemma 2.1). Consider the stochastic operator & : Y x M?* — N, if we have
(RO1) Foreachyg,3,0,v € M, t €Y

6(t,0,0) = &(t,1,0) =0;
(RO2) Forally,3,0,v € M, t € Yand @ € (0,00)
Qﬁ(G(t,p—l—s,D +o)+6(tr+30—1t)+6(tr—30+t)+6S(t,r—30—r1) —46(t,;:,0),a))
- QB(@(ZG(L;—!—@,D —t)+26(t,r—30+1t) —46(t,1,0) — 46(t,3,t)),w),
then & is an S-BI-AM.

Theorem 1. Consider an MVFB-S (M,20,®, ®), for each t,3,0,v € M, t € Y and @ € (0,0),
we define the function E : M* — Nand & : Y x M* — N If we have

. ¢ =
= 717101 /7(*D i =\ /0/ /CD 7 2
(5,506 5@) = E(1,3,0,v,@) ©)

S(t,0,0) = &(t,1,0) =0,
QI](G(t,;—H,D +v)+6tr+30—1)+S(tr—30+1)+6(Lr—30—1) —46(t,;,0),a7)
= (2680543, 1)+ 2805 30 1)~ 48(45,0) 46 (6,3,1)), ) 3)

®3((x,3,0,t),w),
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then for every 1,0 € M, t € Y and @ € (0,00), we can find a unique S-BI-AM A : Y X M?* — N
such that

QH(G(’:,;,D) — Ql(t,;,a),w) = E((m,a,O), 4(1§_ &) co) 4)

Proof. Assuming v = 0 and 3 = r and placing these assumptions in (3), and considering
S(t,0,0) = &(t,1,0) = 0 and the second condition of MVFB-S, we have

QH(ZG(t,Z;,O) - 46(t,;,0),(@) bt QH(Z(‘S(t,Zg,O) —46(t,1,0), ?) ® E((;c,x, 0,0),&)),

now, according to the definition of MVFB-S and knowing that ¢ € (0, 1) or equivalently
% > 1, we have

QI](ZG(t, 2,0) — 46(t, ;,a),w) < Qﬂ(26(t, 2,0) — 46 (4 1,0), ‘g)
then
93(26(’(, 2r,0) — 46(t,zc,b),ci)) - E((;,p,a, 0),(2)),
which according to the second condition of MVFB-S, we obtain
QU(G(‘:, 2r,0) — 26(t, ;,a),w) = w(ze;(t, 2r,0) — 46(t, ;,a),zco),
therefore, forally, 0 € #,t € Y and @ € (0, c0)
Qﬁ(G(t, 2t,0) —26(t, ;,a),w) = E((x, Lo, 0),2@). (5)

Given that 20 = %(%w) and considering (2), for everyr € #,t € Y and @ € (0, 0),
we obtain

m(@(t,;,a) —26(4, 2,0),(@) - E((;,;,a,o),zw> - E((m,a, 0), §w> )

By placing 2,1%1 instead of ¢ in (6) and using the second condition of MVFB-S and (2),
we have

Qn(2"16(t,2f_1,a) —2”6(6,;”,0),w> @)

Y

-/t r 4
= (anl’ 2”71,0,0), 2nl§w>

_ 4 x2n1
a((;,x, 0,0), Jiign CD>,
(

Y

(26 (1 50) -2 "6 (1 550). 5 ) = 2(wa0.0)
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According to the second condition of MVFB-S and 2"&(t, 57,0) — &(t,1,0) =
er{‘:leG(t, 30 ) k= 16( S ],p>,we obtain
n

QH(Z”@(t Zina) S(t10), ) ig’%o) ®)

k=1

{Qﬁ (2’%5 (t, %o) kg (t, 21%&) igkwﬂ
2((wr00,0)]

(?/ L, O)/ CD) 7

n

Y
>
ll

1Y
=

k

I
—

Y
63|
A/~

and by relabeling for any 1,0 € /#,t € Y, @ € (0,0) and n € N, we conclude that

m(z”e(géq,a)-e(u;,a),@ - E((Lx,D,O), )

4@ )
i 8
Again, using the second condition of MVFB-S and (2) and placing 55 instead of ¢ in (9),
foreach, 0 € M, t €Y, ® € (0,00) and n,m € N, we have

+ r r =k r 4
w(zn mG(t, 2n+m10> _27"6({/ ﬁ’a)’w) __4((27”1, 271’0’0)' W(i))r (10)

=((05,2,0) ger )
r&r Yy ,ngm Zz:1 é,k

Y

g

I
[

4
50,0 )
(6000 s
In the obtained inequality (10), we assume that m, n tend to co. Given that ¢ € (0,1),
for each @ € (0,0), we have

_ 4
:.((;,p,D,O) T ) — 1.
16

km+

Then, for y € / and t € Y, the sequence {2"&(t, 57,0)} is Cauchy in complete set
M, and then {2"G(t, 2%, 0)} is convergent. Now, for each ¢ € .4 and t € Y, we define the
A:Y x M* — & function as follows:

— Tim oM r
At 1,0) := nh_r)roloz 6<t zn,b) (11)
To continue the proof, we consider (4) and set m = 0 in (10) and also assume that
n tends to co. According to (3), (2) and using the second condition of MVFB-S, for any

530,t€ M, t€Yand w € (0,00), we have
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QU(Q[(t,p+3,D+t)+Ql(t,zc+3,0—t)+2l(t,;—3,0+t)+%l(t,;—3,0—t)—4Ql(t,;:,0),a>)
:}ﬂ@(@(w,%,a+t>+6(t,?;3, = >+6(, S+ )+6(, an,a—r)
-8l 2n’ )2%)

- lim {%<§<26<t,%,0—t>+26(, 2”3,a+r) 48 (1, 5.,0) +46 (4 nt))%)
EJEEOQH(C(ZG(t,I;é,Df )+2@5(, 2n3,0+t)746( o) +46 (4 2 Q)%)

. —_ [
®nlgrolo‘_'((;/3/a/0)/ E)

= m(g(zm(t,; +30—1t)+2A(t,r —3,0+1) —4A(t,1,0) +4Ql(t,3,t)),(0) ®1
= QU(C(ZQ[(L; +30—1v)+2A(t,r —3,0+t) —4A(t,r,0) + 491(t,3,t)),c0).
Then, for every r,3,0,t € M, t €Y, @ € (0,00), we obtain
QU(Ql(t,zc—i-z,D +o) +A(Lr+350—1v) FA(tr—30+r) (12)
+ A(tr—30—1)—4A(4, ;,D),ci))
- Qﬂ(@(ZQL(t,zc +30—t)+2A(t,r —3,0+1t) —4A(t,r,0) +42A(4, 3, t)),(i)).

Therefore, according to Lemma 1, A : Y x /4 2 5 & is an S-BI-AM. Then, we assume
that 7 : Y x #?* — W is an S-BI-AM that satisfies (4). Then

o . nou(e £ o) _oro (i
QB(Q[(’L,;,D) J(t,zc,b),cﬂ) _,}g{}ow<2 (b 550) =27 (4 Zn,a),w).

Using (4), (2), the second condition of MVFB-S, and the third condition of MVEB-S, for
ally,3,0,tel, te S, @ € (0,00), we have

w(2a(s o) - 27 (1, £0).0)

> Qﬂ(Z”Ql(t,;n,b) ~2'6 (1,50, ‘;) ®QII<2”S7(£, 50) = 2'8 (1, 20), f)
>3((2Fn 2 2/0), W) @W((;n  5r2.0), W)

= 3((x,x,0,0),w> ®E((x,x,0,0),(§n_£)‘ﬂ>

— 1.

Therefore, the uniqueness of 2 is proved: that is, for every r,0 € Uand t € Y,
we obtain

A(t,1,0) = T (4,1,0).
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Theorem 2. Consider MVFB-S (M,20,®, ®) and for each ¢,3,0,v € M, ® € (0,00),¢ € (0,1),
we define & : M* — Aand S : Y x M? — N. For the function B, we assume that the following
condition holds

- L
E((r,3,0,v),20@) = E(=

3
75 t, @), (13)

and for &, we suppose that conditions (RO1) and (3) are satisfied for all x,d € M and t € Y. Then,
for every x, 0 € M, tinY and @ € (0,0), there exists an S-BI-AM 21 : Y X M? — N such that

an(e(t,g,o) —m(t,g,a),w> - 5((;,;,0,0),4(16_‘3)@). (14)

Proof. Due to the (5), we have

1
QB<2(26(£,2;,0) — 6(t,1c,0)),c0> - E((zc,x, 0,0),2&7),
also, using the second condition of MVFB-S, we obtain

1 )
ﬂﬁ(ZG(t,Zm) - 6(t,1,0), > ) - E((zc,zc,D,O),Zw),

and relabeling for ally,d0 € #,t € Y and @ € (0, ) gives

QU(G(’L,;,D) - %G(t, 2;,0),(@) - E((zc,zc,a,O),4w). (15)

By putting 2"¢ instead of ¢ in (15), forany r € £, t € Y, ® € (0,0) and n € N,
we obtain

1 1
917(6(t,2”zc,0)—2n+16(60,2”“x,0),w> - E<(2"x,2”x,0,0),4><2”w> (16)

on
- ((;,x,D,O), ;@)

NG
[11

Since,

1 _ "1 k 1 k1
276({[271;,0) — G(’c,g,a) = k:Zl ?G(t,Z p,D) — FG(LZ x,D),

we have that,

n - ak
QB(zlnG(t,zﬂpa) _G(t,;,a),ww> (17)

- nllm(zlkr(t,zk;) - 2,}_9@,2“;,0),229)1
((x,z:,b,o),w>.

Then, for everyr,0 € #,t €Y, @ € (0,00) and n € N,

»
I

=

[1]

1 40
W —6(t,2",0) — &(,1,0), - B ,50,0), ——— . 18
(36250 ~el50),0) (wne )zz1§k> (18)
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Now, by putting 2"y instead of pin (18), foreveryy,0 € #,t € Y, @ € J°andn,m € N,
we have

1 1
m<w6 (t, 2n+mI, D) — 276[1({, me,a), (D)

1Y

4 x2"@
E‘ (Zm;r me/ a/ 0)/ 7)/ (19)
( S

40
& (r,1,9,0), )
( Tkt &

In the obtained inequality (19), we assume that m, n tend to co. Given that ¢ € (0,1),
for each @ € (0,00), we have

4w
El (550,0), =—/—— | — 1
( Tkl 6

Then, fort € .4 and t € Y, the sequence { - &(@,2"t,d)} is Cauchy in complete set

A, and then {2%6(03, 2", 0)} is convergent. Now, for each r € ./ and t € Y, we define the
S-OQ[:YX.%Z—%/be

1Y

1
A(t,1,0) := lim 276(‘(,2”;,0),

To continue the proof, we consider (14) and set m = 0 in (19) and also assume that n
tends to co and use the proof of Theorem 1. [J

Lemma 2 ([8], Lemma 2.1). We consider the S-BI-AM & : Y x JM* — M such that for all
@,0 €D :={veC : |v|=1}and each 1,0 € M and t € Y, we have &(t, \x, 1120) =
cvS(t,1,0). Then, & is a C-BI-SO.

Theorem 3. Consider the MVFB-A (&,20,®, ®); we define the MVFF E : &* — diagM,,((0,1])

and & : Y x &2 — & such that they satisfy the (2) and (RO1) conditions, respectively. For each

G,V E DY r,30,te&,teYandw € (0, 00), we assume that the following condition also holds
for &

(640 +3),p(0+9) + (@ +3),p(0 ~ 1) + Su @) p0-+1) (0
+8(,@(1 ), p(0~ ) ~ 4008 (5,50),0

= QU(C(%(M +30—1) +26(t,r —3,0+1t) —46(t,1,0) +46(t,3,t))/c0)
®E((x,z,0,t),<ﬂ),

then we can find C-BI-SO T : Y x &% — &, which satisfies condition (4) by placing this operator
in place of A. If we assume that for each r,3,0,¢v € &, t € Y and @ € (0,00), the following
conditions are true for & : Y x & — &

&(t,2r,0) =26(4,1,0);

QIT(G(f,x,z,D) —6(t1,0); — ch(talb),(D) - E((x,M,O),c@>/ (21)

mT(G(t, rot) — S(t,r,0)r—06(w, 1, t),c0> =B (zc, 0,2, t,c0>, (22)

then & is an S-BI-D.
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Proof. If we consider (20) and assume that @ = p = 1, according to Theorem 1, for all
L€ &andte Y, thereisan S-BILAM 7 : Y x €2 — &, which is defined as follows:

g e Tirm DN r

T (t1,0) := nlglgoZ G(t, 2n,0),
and satisfying (4). If we assume that 3 = v = 0 and apply this assumption to (20), for all
po€e&andallw,p € D!, we have

S(t, @r, po) = wpS(t,1,0),

and due to the Lemma 2, 7 is a C-BI-SO.

We assume that for all 1,0 € &, &(t,21,0) = 26(t,,0). Forally,d € Eand t € Y, it
is easy to see that 7 (t,1,0) = &(t,1,0). From (21), forall, 3,0 € &, t € Yand @ € (0,0),
we have

QU(.?(t,zcg,b) —%(tr,0);— zc?](t,z,,b),c@)

- tm(r(o ) S B0)3 - s(20). )

- &3
- (=, L Zy=1
= lim E((5, 55,00, ) =1
Thus, for all t,3,0 € and t € Y, T (t,13,0) = T (t,1,0)3 + 1t (t,3,¢t). With the same
process, for all r,3,0 € &and t € Y, we have I (t,1,0t) = T (t,1,0)t + 07 (t,1,¢). Since
S(t,1,0) is an S-BI-AM, we conclude that & is an S-BI-D. [

In the following, we investigate an optimal stability by introducing a new optimal
control function. For this purpose, we go to the definition of the aggregation function. In
the following, we provide a brief introduction of the special functions used in the optimal
control function [2].

Definition 8. If for any (61,---,60;), (61, ,6¢) € Rand i e {1,---,¢}, and an idempo-
tent function ull) R — R, we have §, < ¢, = u(f)(el,- - ,0,) < no (¢1,- -+ ,Gy), then
the C-ary u'’) is a generalized aggregation function where ¢ € N. For £ = 1 and each 6 € R, we
have uV) (9) = 6 and for the convenience of writing, we can remove { (£ indicates the number of
function variables).

The famous functions, i.e., arithmetic mean function, projection function, order statistic
function, median function, minimum and maximum functions are among the important
functions of aggregation type. In [2], the authors showed that a control function made by
the minimum aggregation function is the optimal controller. The minimum MIN is the
smallest generalized aggregation function, and it is defined as follows:

l
MIN(6) = min{6;,--- 6} = \ 0. (23)
1=1

Therefore, by studying the mentioned references, we consider the following function
as the optimal controller

MIN (g(e,w)) = diag [MIN(?(G,(D)),- . ,MIN(?(G,(D))} . (24)

6 —le e
e Lo L) ACY)
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)

4)

In the following, we introduce special functions used in % (6, @) function.

For 171,12 € C, Re(n1), Re(172) > 0, the Mittag-Leffler functions are defined as follows:

00 91 ) 91
En0)=) =7+ Epm@®) =) —i—F7=
771( ) gr(1771+1> Uit 772( ) lzzor(lm_i_nz)

where T'(.) is the famous gamma function and E;,, Ey, 4, are the one- and two-
parameter Mittag—Leffler functions, respectively.
Form > =1, > 0,0 € R, the Wright function is defined as follows:

(o) 9]
Wy (0) = Y ————,
mae(®) Eollf(mlﬂz)

such that it is of the 1/(1 + o) order.

Considering u, v, w > 0, the Gauss hypergeometric function 5 F; : R3 x [0,u] — (0,00)
is defined as follows:

> (u)(v), 0" Iw) & 1“(u—i—l)1"(v—i—1)67l

2Fi(u,0,w;0) =) p— Yy

= (h I TWr)Z T+l 1

H-Fox function for 0 < ¢ < 8,1 < 93 < 8y, {z,s} € Cand {6, ¢,} € R" is defined
as follows:

(h)o"dh, (26)

83,0 05,00 [ 5| (Z1r€0)1=1, 8 1 [ 950
Hiz0) = Hizh | |- 2 [,

(Supz),:l,... 0, o Y

T 27,

where o/ € C is a path that is deleted and Z;(h) = H?;l I'(s; —¢/h), Z(h) =
12, T(1 = 2+ 6.h), Z3(h) = [Ty, T(1 = s, + c.h), Za(h) = 1%, 1 T(z — 0h)
and 6" = exp{h(log || +iargh)}. For these functions, there is a condition that 9; = 0
if and only if Z,(h) =1, 93 = 04 if and only if Z3(h) = 1 and ¢; = ¢, if and only if

d4(h) = 1. In addition, Hg;’gi (h) = %'

These functions are used in all the examples presented in the article.

Example 1. Consider the MVFB-A (€,20,®, ®) and assuming € > 2 and | € (0,1), we define
the S-O & : Y x &2 — & such that it satisfies the condition (RO1). For all @,p € D! and all
L30,te€& teYand @ € (0.00), we have

W(6(4,0+5), 00+ ) + S, @(s+9),p0 ) + S, @~ 30 +1))  (27)
+ S(u@r=3)p ) - 40pS(t50),0)
= w(E28 (05,01 26( - 50 1) 48(45,0) +48(1,5,9),0 )
o N (% (= F (el + 11Ol + ), ) ).

Then, forallx,d € &, t € Yand @ € (0,00), thereisa C-BI-SO T : Y x &2 — & such that
(850 - Tx0,0) = MIN(¥ (= F sl @ -De) ). @)

In addition, if we assume that for & : Y x &% — &, the following conditions are true
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w(6(615,0) - (15,0 180,50, @ ) = MIN(¥ (= £ (sl + 151l @ ) )i (29

w(e<t,x,ar> Sy o@(t,x,tm) - MIN(?( el + ||r||€),w)); (30)
forally,3,0,v €&, t€Yand @ € (0,00), then & is an S-BI-D.

Proof. Forally,3,0,t € & @ € (0,00) and by placing

E((53,0,1), @) = MIN(?( — F (el + 1319 (o1l + ||t||€>,w));

in Theorem 3, also by considering & = 2! ¢, the proof is complete. [J

Theorem 4. Consider the MVFB-A (&,20,®, ®); we define MVFF & : & > Aand &
Y x &2 — & such that for all x,d € & and t € Y, they satisfy conditions (13) and (20) and RO1,
respectively. Then, we can conclude that there is a C-BI-SO  : Y x &% — & that satisfies (14). If
S also satisfies (21), (22) and S(t,2x,0) = 26(w, ¢, 0) in addition to the mentioned conditions,
then for each r,® € &and t € Y, & is an S-BI-D.

Proof. The proof is exactly the same as the process of proving Theorem 3. [

Example 2. Consider the MVFB-A (M,20,®,®) and € < 1 and [ € (0,00), we define & :
Y x @2 — & such that for all t,0 € &, w € Y, it satisfies conditions (27) and (RO1). Therefore, for
everyr,0 € €, t € Yand @ € (0,1), thereisa C-BI-SO T : Y x &2 — & such that

W& - T(ro),0) = MIn(w( — LIEIERIT) SV, (31)
7 &7 7 & 7 o (22—6_2)(9’
In addition, if for all x,d € & and t € Y, G satisfies conditions (29), (30) and S(t,2r,0) =
265(t,1,0), then & is an S-BI-D.

Proof. If for every 1,3,0,t € &, @ € (0,1) and § = 2¢~1 we consider the function =
as follows:

2((53,0,1), @) = MIN(?( —F (el + 131 (e + ||t||€,w>)),

and use this function in Theorem 3, the proof is complete. O

In the rest of this section, we will investigate the best approximation for S-BI-Ds in
the unital MVFC-o-A. For this purpose, we consider MVFC-o-A (&,20, ®, ®) along with
unit member and the unit group. We show the unit member by e and the unit group by

M(E) ={c €& :¢°c=cc°=e}.

2.2. Optimal Stability of S-BI-D in MVFC-o-A
Theorem 5. Consider the MVFC-0-A (&,20, ®, ®); we define MVFF & : & S Aand & :
Y x &2 — & such that for all 1,0 € & and t € Y, they satisfy conditions (2) and (20) and
(RO1), respectively. If forall g,0 € M(E), @ € (0,1), 1,30 € Eand t € Y, & satisfies the
following conditions

6(192?/0) = 26“/?/0)/‘

%(G(b 63,0) —6(t,6,0); — 96(t,z,0),w> = 5((93,0,0),@); (32)
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QH(G(’(,;,DG) —6(tr,0)0 — DG(’L,;,G),LD) > E((;, 0, D,G),w), (33)
then G is an S-BI-D.

Proof. To prove this theorem, we use Theorem 3. Referring to this theorem, for every
1,0 €&, thereisa C-BI-SO T : Y x €2 — &, which is defined as follows:

I (t,1,0):= 1}%2”6(60, 2%,0),

and satisfies (4). If we assume that for every 1,0 € &,t € Y, we have &(t,2r,0) = 26(t,1,0),
then we can easily conclude that for every 1,0 € and t € Y, 7 (t,1,0) = &(t,1,0).
Again, referring to Theorem 3, for every ¢ € /(%) and all 3,0 € and t € Y, we
have 7 (t,63,0) = J(t,¢,0)3 +¢7 (t,3,0). Now, we consider r = Y./ ; @;1;, for every
r€&w; € C ;€ M(E) and according to the fact that 7 is C-bilinear, for all r,3,0 € &,
we have

n n n
T(413,0) = T(4) @irip,0) = ) @, T (13,0) = Y @(T (t,1:,0)3 + 57T (£,3,0))
i=1 i=1 i=1

=

n

i=1

&

I
—

With the same process, for all t,9,v € & and t € Y, we can show that 7 (t,r,0t) =
T (t,1,0)t+07 (t,1,¢). Then, S isan S-BI-D. O

In the following, we investigate the optimal stability in MVFC-o-A.

Example 3. Consider the MVFC-0-A (&,20,®,®), € > 2and F € (0,00), forall x,d € & and
t €Y, wedefine S :Y x & — & such that satisfies (27), (RO1) and the following conditions

&(t,2r,0) =26(t,1,0);

QU<6(L 63,9) —6(t,¢,0); — 96(%0),@) = MIN (?( —F (14131 IIDIIE,w>) (34)

QH(G(t,zc,D()) —6&(t,1,0)0 — DG(t,zc,G),cO) = MIN(?( —FQ+ ||3||€)||D||e,w)> (35)
forallg,0 € M(E), 1,30 € Eandtc Y. Then, the S is an S-BI-D.

Theorem 6. Consider the MVFC-0-A (&,20,®, ®), we define MVFF & : € 5 Aand & -
Y x &2 — & such that forally,0 € &and t € Y, they satisfy conditions (7) and (20) and (RO1),
respectively. If for all x,0 € & and t € Y, & satisfies (32), (33) and S(t,2r,0) = 26(t,1,0), then
& isan S-BI-D.

Proof. To prove this theorem, we use the process of proving Theorem 4. [J

Example 4. Consider the MVFC-0-A (&€,20,®,®), € < land F € (0,00), forall x,d € & and
t €Y, wedefine S : Y x & — & that satisfies (27) and (RO1). If we assume that for all t,0 € &
and t € Y, & satisfies in conditions (34), (35) and &(t,2x,0) = 26(t,1,0), then & is an S-BI-D.

In the next subsection, we seek to find the best approximation for S-BI-H in MVFB-A
using the direct technique. Therefore, in the following, we present the relevant theorems to
prove our result.
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2.3. Optimal Stability of S-BI-H in MVFB-A

Theorem 7. Considering MVFB-A (M,28,®,®), M = &, N = F, we define MVFF & : M* —
Aand -0 S : Y x &2 — F that foreachr,® € & and t € Y, they satisfy conditions (2), (20), and
(RO1), respectively. Therefore, there exists a C-BI-SOQ) : Y x &% — F such that it satisfies (4). In
addition, forall ¢, 3,0,t € &, t € Yand @ € (0,1), if we assume & with the following conditions

S(t,2r,0) =26(t,1,0);

(8t - S5 0)S(050),@ ) = 2((63,0,0,0); (36)

(82,0 - stpas(tn0.0) = 2(moa0.e), @)
then & is an S-BI-H.
Proof. To prove this theorem, we can follow the proof of Theorem 3. Then, for each
L0 € &t € Y, there exists a C-BI-SO Q) : Y x & — % in the form of 9(t,1,0) =
limy; ;00 2"S (4, 47,0). For every 1,0 € & and t € Y, we suppose that S(t,2r,0) = 26(t,,2).

Then, for each r,0 € & and t € Y, we have 9(t,1,0) = S(t,1,0). Now, according to (2), for
anyr,3,0€ &, tcYand w € (0,1), we obtain

w(D(65,5%) - (050D (13,0),0)
- Jm(o(o ) s 0) (1 50). )

., O @
= N (57057 —
= fim, ((2"’2"’0’0)’4")
= 1

Therefore, for every 3,0 € & and t € Y, we have 9(t,13,0%) = D(t,1,0)(t, ,D)
the same way, we can show that for every r,0,t € & and t € Y, we have iD(t, , )
D(@,1,0)Y(®,1,t), and then & is an S-BI-D. [

Example 5. Consider the MVFB-A (M, 2,®,®), M =&, N =F, e <land F € (0,00), w

define & : Y x &2 — F in such a way that for eacht,0 € & and t € Y, they satisfy conditions (27)
and (RO1). Therefore, there exists a C-BI-SO Q) : Y x &2 — & such that it satisfies (28). In
addition, forall ,3,0,v € &, t € Yand @ € (0,1), if we assume & with the following conditions

S(t,21,0) =26(t,1,0);

(55,0 - (158 (t5,0),@ ) = MIN(% (= F (Il + BRI ) ) 39

(600,200 - S8 (0,0 ) = MIN (% (1 (el (Rl + 1K) @) ) @9)
then G is an S-BI-H.
Theorem 8. Consider the MVFB-A (M,20,®,®), ML = &, N/ = F,; we define MVFF & :

M* — Nand S-O S : Y x &% — F that for eachr,0 € Eand t € Y, they satisfy conditions (13),
(20), and (RO1), respectively. Therefore, there exists a C-BI-SO Q) : Y x &> — F such that it
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satisfies (14). In addition, for all t,3,0,v € &, t € Y, if we assume G satisfies conditions (36), (37)
and S(t,2r,0) = 26(t,1,0), then & is an S-BI-H.

Proof. To prove this theorem, we use Theorem 7. [

Example 6. Consider the MVFB-A (M, 200, ®,®), M =&, N =F, e < land F € (0,00); we
define & : Y x 2 — F in such a way that for each r,d € & and t € Y satzsfy conditions (27) and
(RO1). Therefore, there exists a US-C-bilinear operator ) : Y x &> — F such that it satisfies (31).
In addition, for all x,3,0,v € &, t € Yand @ € (0,1), if we assume & satisfies conditions (38),
(39) and &(t,2r,0) = 26(t,1,0), then & is an S-BI-H.

In the rest of this section, we prove our results in MVFC-¢-A. Then, from here on, we
consider & as a MVFC-o-A with unit member e and unit group /(&) = {c € & : ¢°¢c =

ct® =e}.

2.4. Optimal Stability of S-BI-H in MVFC-0-A
Definition 9. Consider the MVFC-0-A & and & ; we say that a C-BI-SO ) : Y X & X & — F is
an S-BI-H if the following conditions hold for each t,3,0,v € Eand t €'Y

(SH1) D(t,13,0%) = D(t,1,0)(t,3,0);
(SH2) Y(t,2%,0v) = V(t,5,0)Y(t 1, ¢v);
(SH3) Y(t,%,0) = D(t,r,0)*.

Theorem 9. Consider the MVFC-o-A (M, 20, ®,®), M = &, we define MVFF & : M* — A
and -0 G : Y x & — F that for each r,0 € & and t € Y, they satisfy conditions (2), (20),
and (RO1), respectively. If we assume that for every ¢,0 € M (&) and all x,3,0 € &, t € Y and
@ € (0,00), & : Y x &2 — F satisfies the following conditions

S(t,2r,0) =26(t,1,0);

Qﬂ(@(t, c3,0%) — &(w, t,p)G(cO,;,,O),cO> - E((o,;,,o, 0),@), (40)
QIT(G({,;Z,DQ) — 6(t,;,0)6(t,;,9),a)> > E((;, 0, 0,9),(0), (41)
%(G(t,;*,a) - 6(t,;,a)*,(o> > a((;, o,a,e),w), (42)

then G is an S-BI-H.

Proof. To prove this theorem, we can follow the proof of Theorem 3. Then, for each
L0 € &,t € Y there exists a C-BI-SO Q) : Y x &2 — & in the form of 9(t,1,0) =
limy, 00 2"S(t, 47,0). Forevery 1,0 € € and t € Y, we suppose that &(t,2r,0) = 26(t,1,0).
Then, for each 1,0 € & and t € Y, we have 9(t,1,9) = &(t,1r,0). Now, referring to
Theorem 7, for every ¢,0 € (%) and all 6,d € & and @ € &, we have (t,¢3,0%) =
D(t,6,0)VD(t,30). Now, foreveryr € Eand w; € C,1; € (&), we consider r = Y 1" | @;y;
and according to the fact that 9) is C-linear, for each 1, 3,0 € & and w € ), we have
n n
V(13,07 = V() @b, 0°) = ) @(t,1:6,0%) = sz (t2:,0)(t,5,0))

i=1 i=1

@)D (45, 0)(t3,0) = V(41 0)D(t3,0).

Il
.ﬁ:

Il
—_
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With the same process, for each r,d,t € € and t € Y, we have 9 (t,r,0t) = 9 (t,1,0)
(t,r,t). Then

@;(Y(t,0;,0))"

M:
AMS

9‘.)({,22*,0) = 2](’( 1/P sz f&/ =

—_

1

i=
n

= @(t (ﬁlxlr ) @(tr;/ 0)*1
1

1

1

and therefore, & is an S-BI-H. O

Example 7. Consider the MVFC-o-A (M,20,®,®), € > 2 and F € (0,00), we define S-O
S:Yx& 5 F that for each x,® € & and t € Y satisfy conditions (27) and (RO1). If we assume
that & for each ¢, 0 € M (&) and every r,0 € &,t € Y and @ € (0, 0) satisfies conditions

S(t,21,0) =26(t,1,0);

w(8(t65,0%) - Sl 008(5,0,@ ) = MIN(% (= r 1+ sl ol ) )
w(6(6,¢,00) S5 005,60 ) = MIN(¥(—F(+ 519l ) ) @

m(em*,o) - 6<t,;,o>*,w) - MIN(y( ra+ ||5||€)||D||€,w>) (45)
then & is an S-BI-H.

Proof. For proof, we refer to Theorem 9. For eachpr,3,0,t €&, @ € (0,1)and ¢ = 2-1 we
consider the MVFF as

E((53,0,1), @) = MIN(?/( —F (el + 319 (ol + ||t||e),w)),

and use it in Theorem 9. O

Theorem 10. Consider MVFC-o-A (M ,20, ®, ®) in which M = &, we define MVFF & : M —
Aand S-O & : Y x & — F in such a way that for each r,d € & and t € Y satisfy conditions (13),
(20), and (RO1), respectively. If we assume that for every 1,0 € Eandt €Y, & : Y x &2 — &
satisfies conditions (40)—(42) and S(t,2r,0) = 26(t,1,0), then & is an S-BI-D.

Proof. The proof process is similar to Theorem 9. O

Example 8. Consider MVFC-0-A (M, 20, ®,®), € > 2 and F € (0,00); we define S-O & :
Y x &% — F that for each t,0 € & and t € Y satisfy conditions (27) and (RO1). If we assume that
S foreach p,d € & and t € Y satisfies conditions (43)—(45) and &(t,2¢,0) = 26(t,1,0), then &
is an S-BI-H.

3. FPM for Optimal Stability of S-BI-D and S-BI-H in MVFB-A and MVFC-¢-A

In this section, using the FPM and considering inequality (1), we investigate the
optimal stability for S-BI-D and S-BI-H in MVFB-A and MVEFC-¢-A. Therefore, before
starting the main proofs, we refer the alternative FPT from Diaz-Margoliz ([9], Theorem).
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3.1. Optimal Stability of S-BI-D in MVFB-A
Theorem 11. Consider the MVFB-A (M ,20,®,®) in which { € (0,1); we define MVFF E :
M*— Nand S-O & : Y X M? — N that they satisfy in conditions

.'E(E 4o gc@) = E((r,3,0,v),@) (46)

2/ 2/ a4 2 pA— 797 4 7 4

(RO1), and (3) for each ¢,3,0,v € M, t € Y and @ € (0, c0), respectively. Therefore, there exists a
C-BI-SO R : Y x M?* — N such that for every r,0 € M, t € Y and @ € (0,0), the following
inequality holds

QH(G(t,;,D) —ﬂ(t,x,b),c@) - a((;,;,o,O),‘l(lg@@). 7)

Proof. Referring to Theorem 1 and considering (6), also by placing t = 0 and 3 = rin (3),
foranyr,d € #,t €Y and @ € (0,00), we have

ﬁn(e(t,;,o) —26(t, ;,a),w) - :((é %,a, o),m) - E((m, 2,0), 4?) (48)

We consider the set % := {% : Y x M* — N, R(t,1,0) = R(t,0,0) =0 Vi,0 €
M, t € Y} and define the following complete metric [10] on this set

0(6,%) = inf{v eRy :QH(G(’(,;,D) - @(t,;,a),w) - E((p,g,D,O),f), Vi, o€ ,teY, e (O,oo)}.

Now, for any ¢, € ./ and t € Y, we define stochastic linear mapping ® : % — % as

DS(t,1,0) :=26(t, 5,0). If we assume §(&, %) = T, for every &, % € %, then for each
o€ Mandte Y, we haveml(@(t,x,a) — gz(t,;,a),w) > E((;,;,a,o), %) . Considering

this inequality, put % = %(E‘%), use the second condition of MVFB-S and (46); then, for
each r,0 € /,we obtain

EZU(CDG(’(,;,D) — OR(t, ;,D),ci))

- zn(ze (t, %a) 2% (t, ;,o),w>
;

1Y
[x]
VR
N[«
o
=
Nl e
N———

- E((x,x,b,o),;I),

therefore, 6(PS, PX) < ¢1and as a result for each S, % € %, 6(PS,PR) < 6(F, R).
Now, using (48), for each 1,0 € #,t € Y and @ € (0, %), we obtain

4
mi(@(t,x,a) —ze(t,;,a),w> - E((§,§,a,o>,zw> . E((x,x,o,m,g’),

and this means (S, PS) < g. Then, all the conditions of the theorem [9, Theorem] are
satisfied, and this means that thereisa 2 : Y x .#2 — & such that

(1) @ has a fixed point such as 2, which is 2(t,r,0) = 22(t,§,9), and is in the set of
H={R €U, 6(6,R) < o}, forany,d € M and t €Y.

(2) When n tends to oo, we have §(®"&,2) — 0, i.e., foreach 1,0 € # and t € Y,
limy, 00 2"S (¢, 47,0) = A(t,1,0).
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(3) Forally,0 e #, teYand @ € (0,0), we have 6(&,2) < 4(6,P6), thatis

1
¢
Qﬂ(G(t,;,a)—Ql(t,;,a),w) - E((m,a 0), (_§)>

therefore, (47) is obtained. Now, using (3) and (46), for every r,3,0,v € /#, t € Y and
@ € (0,00), we have

. t+s t+s —3 @
7111_r>r(>10917<6(t,27,0+t)+6<b27,0 )+6<, o ,D+t> 2”)
tim 2 (g(26( 453 0—¢) +26( E0 0+ 46( >+46( t) @
e 2" 2 oY) ) on

(& 3 @
@ ‘:‘<(27/27/a/0)/ 27)

QI](C(ZZ[(’(,; +3,0—1)+2A(t,r —3,0+t) —4A(t,1,0) +42A(4, 3, t)),(D) .

1Y

1Y

On the other hand, considering that when 7 tends to oo, the inequality &( (57 57/ 271 ,0,0), 5 o ) =
Z((x,3,0,0), < &) tends to 1 tends to 1, we have

QB(Q[(’:,;+3,0 +o) + At r+350 1) + At r —30+1) +ALr —30 ) —491(t,x,a),<o)
= Qﬁ(g(zm(t,;+3,a —t) +22A(tr —3,0+t) —4A(t 1, 0) +42l(t,;,,t)),w),

foreveryyr,3,0,t € M, t €Y and @ € (0, c0). Therefore, according to Lemma 1, there exists
aA:Y x M* — N whichisa C-BI-SO. [

Theorem 12. Consider the MVFB-A (M,20,®, ®) in which # = &, we define MVFF & :
M= Aand -0 S : Y x &2 — F that foreachy,® € & and t € Y satisfy conditions (46), (20),
and (RO1), respectively. Then, we can find a C-BI-SO T : Y x &% — & that satisfies (47). If we
assume that for every 1,0 € Eand t € Y, & : Y x &2 — F satisfies conditions (21), (22) and
S(t,2r,0) =26(w, u, p), and then S is an S-BI-D.

Proof. For proof, we consider (20) and put @ = p = 1 in it. Considering Theorem 11, for
everyr,0 € & and t €Y, there exists a C-BI-SO 7 : Y x &2 — & of the form 7 (t,1,0) :=
limy, 00 2"S (¢, 47, 0),, which satisfies (47). Now, in (20), we put 3 = v = 0 and for each
rove&, teYandallw,p € D! obtain &(t, @r, ) = @pS(t,1,0). Therefore, according to
Lemma2, T :Y x & — & is C-BI-SO. O

Example 9. Considering MVFB-A (M,20,®,®), € > 2and F € (0,1), we define & : Y x
&2 — & in such a way that for each r,0 € & and t € Y satisfy conditions (27) and (RO1).
Therefore there exists a C-BI-SO T : Y x &% — & such that it satisfies (28). In addition, for all
1,0 € &andt €Y, if we assume & satisfies conditions (29), (30) and &(t,2x,0) = 26(t,1,0),
then & is an S-BI-H.

Proof. We consider the following function

E((5,3,0,¢), @) = MIN(?( — (el + 131 (lle + ||r||€,w)>,

2175

where ¢ = and r,3,0,t € & We consider Theorem 12 and use this function in

this theorem. [

In the following, we consider the MVFC-¢-A to prove the results.
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3.2. Optimal Stability of S-BI-D in MVFC-o-A
Theorem 13. Consider the MVFC-o-A (M,20,®,®) in which { € (0,1); we define MVFF
E:M* — Nand S-O & : Y x M?* — N that they satisfy conditions

- =3 w
= = E((%,5 —
((I,Z,D,t),(@) - (( 7 2/D/t)/ 26)’

(RO1), and (3) for each t,3,0,v € M, t € Y, respectively. Therefore, there exists an C-BI-SO
A Y x M* — N such that for every r,0 € M, t € Y and @ € (0,00), the following
inequality holds

(49)

217(6(t, 5 0) — A%, ;,a),w) = E((L r,9,0), 41(1’;(:)@) . (50)

Proof. The proof is exactly the same as the process of proving Theorem 11. Here, consider-
ing the metric (%, ¢) introduced in Theorem 11, we define ® :  — % as follows:

1
PS(t,1,0) := EG(t,ch,D),

wherer, 0 € #andte Y. O

Theorem 14. Consider the MVFC-o-A (M, 20, ®, ®) in which # = &; we define MVFF E :
M*— ANand S-O & : Y x &2 — & in such a way that for each 1,0 € & and t € Y satisfy
conditions (49), (20), and (RO1), respectively. Then, we can find a C-BI-SO J : Y X &2 5 €
that satisfies (50). If we assume that for every 1,0 € Eand t € Y, & : Y x & — F satisfy
conditions (21) and (22) and &(t,2xr,0) = 26(t,1,0), then & is an S-BI-D.

Proof. The proof process is exactly the same as the proof process of Theorem 12. [

Example 10. Considering the MVFC-o-A (M, 20, ®,®), € > 2and F € (0,1), we define S-O
S : Y x &% — F such that for each r,0 € & and t € Y satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Y x &2 — & such that it satisfies (31). In addition, for all
5,0 € &andt €Y, if we assume S satisfies conditions (29), (30) and &(t,2x,0) = 26(t,1,0),
then & is an S-BI-D.

Proof. We consider the following function

E((5,3,0,¢), @) = MIN(?( — (el + 131 (Rl + ||r||€,w)>,

where ¢ = 2¢-1 and 530,t€&, teY,® € (0,00). We consider Theorem 14 and use this
function in this theorem. O

3.3. Optimal Stability of S-BI-H in MVFC-o-A

Theorem 15. Consider the MVFC-o-A (M ,20,®, ®) in which M = &, we define MVFF & :
M* — Nand S-O & : Y x M?> — N such that for all 1,0 € &, t € Y, they satisfy in
conditions (46), (20) and (RO1), respectively. Therefore, there exists a C-BI-SO J : 'Y x &2 ¢
such that satisfying (47). If for every ¢, 0 € % and t € Y, we assume that & satisfies (36), (37) and
S(t,2r,0) =26(t,1,0), then & is an S-BI-H.

Proof. To prove this theorem, we refer to Theorem 12. Using Theorem 12, for every r,0 € &
and t € Y, thereisa C-BI-SO T : Y x &2 — & in the form 7 (4,1,0) := lim; ,0 2" & (t, 37,0).
The continuation of the proof follows from Theorem 12. [
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Example 11. Consider the MVFC-o-A (M, 20, ®,®), € > 2 and F € (0,1), we define S-O
G : Y x & — F such that for each 1,0 € & and t € Y satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Y x &> — & such that it satisfies (28). In addition, for all
L0 € &andt €Y, if we assume S satisfies conditions (38), (39) and &(t,2x,0) = 26(t,1,0),
then & is an S-BI-H.

Theorem 16. Consider the MVFC-o-A (M, 20, ®, ®) in which M = &; we define MVFF E :
M* — Aand S-O G : Y x M?> — N in such a way that for all t,0 € &, t € Y, they satisfy
conditions (49), (20) and (RO1), respectively. Therefore, there exists a C-BI-SO T : Y x €2 — &
that satisfies (50). If for every r,0 € % and t € Y, we assume that & satisfies (36), (37) and
S(t,2r,0) =26(t,1,0), and then & is an S-BI-H.

Proof. The process of proving this theorem is similar to Theorem 15. [

Example 12. Consider the MVFC-o-A (M,20,®,®), € > 2and F € (0,1); we define S-O
S : Y x &% — F such that for each r,0 € & and t € Y satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Y x &2 — & such that it satisfies (31). In addition, for all
5,0 € &and t €Y, if we assume S satisfies conditions (38), (39) and &(t,2x,0) = 26(t,1,0),
then & is an S-BI-H.

4. Conclusions

In this paper, we applied the special functions and used the concept of aggregation
functions to obtain a new class of control functions. This new form of fuzzy control functions
helped us to obtain an optimal approximation of S-BI-H and S-BI-D in MVFC-o-A.
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Abbreviations

The following abbreviations are used in this manuscript:

MVEN-S matrix valued fuzzy normed spaces
BI-AROI bi-additive random operator inequality
S-BI-D stochastic bi-derivation

S-BI-H stochastic bi-homomorphism

MVFB-A matrix valued fuzzy Banach algebra
MVFC-0-A  matrix valued fuzzy C-o-Algebra

CGTN continuous generalized t-norm
MVEFF matrix valued fuzzy functions
MVEB-S matrix valued fuzzy Banach spaces
FPM fixed point method

S-BI-AM stochastic bi-additive mapping
S-O stochastic operator

C-BI-SO C-bilinear stochastic operator
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