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1. Introduction

In 1940, Ulam raised the important question of the stability of group homomorphisms
in his lecture. This question was stated as follows: Consider Q and Q′ as a group and a
metric group with metric δ. We consider the function A : Q → Q′ in such a way that for
every ε > 0, there is a r > 0 such that for every θ, ς ∈ Q we have δ(A(θς),A(θ)A(ς)) < r.
Then, is there a homomorphism Z : Q → Q′ such that the following inequality holds?

δ(A(θ),Z(θ)) < ε.

As a result of Rassias’s expansion of the concept of sustainability due to Ulam, this
stability became known as the Hayers–Ulam–Rassias stability [1]. Aoki, Bourgin, Gajda,
etc. are among those who have worked on the issue of stability in different ways. Most
of the research has examined Banach space. Therefore, researchers have turned to other
spaces and have investigated stability in different spaces [2,3]. In addition, the stability of
groups and different types of Banach algebras have been topics of interest to researchers.

In situations involving fractional theory and the solutions of partial differential equa-
tions, special functions are used. In checking the stability to choose the control function
as the controller, these functions are very suitable options. Today, the application of these
functions is very evident in various fields such as physical sciences, engineering, proba-
bility theory, etc. The Mittag–Leffler function, Wright function [4,5], Fox’s H-function and
Gauss hypergeometric function are among the most frequently used functions from the
category of special functions. These functions were presented and introduced for the first
time by Mittag–Leffler (Swedish mathematician), E. M. Wright (British mathematician),
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Charles Fox (English mathematician), and Friedrich Gauss (German mathematician and
physicist), respectively. To choose the controller in the issue of stability, the effort is to
choose the best and most optimal function among the specific functions. For this purpose,
we go to another special function, which is much more comprehensive than the previously
introduced special functions.

The development of these functions, known as aggregation functions, is accelerating
owing to their many applications in disciplines such as decision theory, artificial intelligence,
pattern recognition and image processing, mathematics, etc.

Let (Υ, Θ,W) be a random measure space. Throughout this paper, we consider Borel
measurable spaces (M,BM) and (N,BN) on the MVFN-S, M and N. By defining the
random operator S : Υ×M2 → N and considering 0 < ξ < 1, we have the BI-AROI
as follows:

W

(
S(t, x+ z, d+ r) +S(t, x+ z, d− r) +S(t, x− z, d+ r) +S(t, x− z, d− r)− 4S(t, x, d), v

)
�W

(
ξ(2S(t, x+ z, d− r) + 2S(t, x− z, d+ r)− 4S(t, x, d)− 4S(t, z, r)), v

)
. (1)

To obtain the best approximation for S-BI-D and S-BI-H in MVFB-A and MVFC-
�-A, we apply special functions and use the aggregation function to find the optimal
control function.

The article consists of the following parts:
In the first section, we investigate the optimal stability for S-BI-D and S-BI-H in the

spaces MVFB-A and MVFC-�-A using the direct method. For this purpose, in this section,
we introduce all the basic concepts needed for these proofs. First, we define the required
spaces and present some proofs. Then, to check the optimal stability, we introduce the
optimal control function. In the second section, using the fixed point method (FPM),
we have proved the optimal stability of S-BI-D and S-BI-H in the spaces MVFB-A and
MVFC-�-A. In the third section, we have expressed a summary of the article in the form of
a conclusion.

2. Direct Technique for Optimal Stability of S-BI-D and S-BI-H in MVFB-A and
MVFC-�-A

In this section, we investigate the best approximation for S-BI-D and S-BI-H in MVFB-
A and MVFC-�-A by direct technique. Therefore, before dealing with the main proofs, we
first introduce the required spaces. These spaces are used in all parts of the article.

Definition 1. On the interval [0, 1], we define ∆ as follows:

∆ = diag Λ([0, 1]) =

diag[Λ1, · · · , Λl] =

Λ1
. . .

Λl

, Λ1, . . . , Λl∈[0, 1]

,

where every square matrix is l × l and for any Λ, φ ∈ ∆, we have Λ = diag[Λ1, · · · , Λl],
φ= diag[φ1, · · · , φl], diag[1, . . . , 1] = 1 and diag[0, . . . , 0] = 0. In addition, Λ � φ means that
Λι ≤ φι for every ι = 1, . . . , l.

Definition 2. We consider the mapping ~ from ∆× ∆ to ∆. If for each Λ, φ, α, β ∈ ∆ we have
Λ~1 = Λ, Λ~φ = φ~Λ, Λ~ (φ~ α) = (Λ~φ)~ α, Λ � φ and α � β implies that Λ~
α � φ~ β, we say that ~ is a generalized t-norm or briefly GTN. In addition, we consider sequences
{Λl} and {φl} that converge to Λ and φ. If we have liml(Λl ~ φl) = Λ ~ φ, then ~ is a CGTN.
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There are different types of CGTN: minimum CGTN, product CGTN and Lukasiewicz
CGTN can be mentioned among the most important of them. In this work, we choose the
minimum CGTN ~M : ∆× ∆→ ∆, which is defined as follows:

Λ ~M φ = diag[Λ1, · · · , Λl]~M diag[φ1, · · · , φl] = diag[min{Λ1, φ1}, · · · , min{Λl, φl}].

For more details about the introduced CGTN, refer to [3,6]. In the following, we
define MVFF and MVFN-S [3]. The MVFF Ξ : [0, u]×(0,+∞) → ∆ is increasing and
continuous, limv→+∞ Ξ(θ, v) = 1 for every θ ∈ [0, u] and v ∈ (0,+∞), K - Ξ if and only
if K(θ, v) �K(θ, v), for all v ∈ (0,+∞) and θ∈[0, u] where K is the MVFF and � is the
relation defined for this type of function.

Consider the linear space S, CGTN ~ and the MVFF W : S×(0,+∞)→ ∆, we define
(S,W,~), which is called an MVFN-S and has the following properties,

• W(θ, v) = 1 if and only if θ = 0 for v ∈ (0,+∞);
• W(γθ, v) = W(θ, v

|γ| ) for all θ ∈ S and γ 6= 0 ∈ C;

• W(θ + ς, v + α) �W(θ, v)~W(θ, α) for all θ ∈ S and any v, α ∈ (0,+∞);
• limv→+∞ W(θ, v) = 1 for any v ∈ (0,+∞).

When an MVFN-S is complete, we denote it by MVFB-S. If for (S,W,~) and CGTN
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�,$) =W(�, $|
| ) for all � ∈  and 
 ≠ 0 ∈ C; 98

• W(� + &,$ + �) ⪰W(�,$)⊛W(�, �) for all � ∈  and any$, � ∈ (0,+∞); 99
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for ( ,W, ⊛) and CGTN ✪, we have 102
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Then, ( ,W, ⊛,✪) is called a matrix valued fuzzy normed-algebra. If ( ,W, ⊛M , ⊛P ) is complete, 104
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, we have

• W(θς, vα) �W(θ, v)
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) is called a matrix valued fuzzy normed-algebra. If (S,W,~M,~P)
is complete, then it is called an MVFB-A.

Definition 3. We assume that M and N are MVFN-Ss. Considering random measure space
(Υ, Θ,W); we define S : Υ×M →N with the following properties:

• S is an S-O if for all x in M and B ∈ BN , we have

{t S(t, x) ∈ B} ∈ Θ.

• S is bi-linear if for each x1, x2 in M and for every $, ξ, we have

S(t, $x1 + ξx2, z) = $S(t, x1, z) + ξS(t, x2, z)

and
S(t, x, $z1 + ξz2) = $S(t, x, z1) + ξS(t, x, z2).

• If there exists a random variable ∆(t), which is positive and real-valued, such that for each x, z
in M and v > 0, we have

W

(
S(t, x)−S(t, z), ∆(t)v

)
�W(x− z, v),

then S is bounded.

Definition 4. Consider the MVFB-A (E,W,~,
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diag[�1,⋯ , �l], diag[1,… , 1] = 1 and diag[0,… , 0] = 0. Also, � ⪯ � means that Λ� ≤ �� for 78

every � = 1,… , l. 79

80

Definition 2. We consider the mapping ⊛ from Δ × Δ to Δ. If for each �,�,�, � ∈ Δ we have 81

�⊛1 = �, �⊛� = �⊛�, �⊛ (�⊛�) = (�⊛�)⊛�, � ⪯ � and � ⪯ � implies that �⊛� ⪯ 82

�⊛ �, we say that ⊛ is a generalized t-norm or briefly GTN. Also, we consider sequences {�l} 83

and {�l} that converge to � and �. If we have liml(�l ⊛ �l) = �⊛ �, then ⊛ is a continuous 84

generalized t-norm (CGTN). 85

There are different types of CGTN, minimum CGTN, product CGTN and Lukasiewicz CGTN 86

can be mentioned among the most important of them. In this work, we choose the minimum CGTN 87

⊛M ∶ Δ ×Δ→ Δ, which is defined as follows: 88

�⊛M � = diag[Λ1,⋯ ,Λl]⊛M diag[�1,⋯ , �l] = diag[min{Λ1, �1},⋯ ,min{Λl, �l}].

89

For more details about the introduced CGTN, refer to [3,6]. In the following, we define matrix 90

valued fuzzy functions (MVFF) andMVFN-S [3]. The MVFF Ξ ∶ [0, u]×(0,+∞) → Δ is increasing 91

and continuous, lim$→+∞ Ξ(�,$) = 1 for every � ∈ [0, u] and$ ∈ (0,+∞),  ≾ Ξ if and only if 92(�,$) ⪯ (�,$), for all$ ∈ (0,+∞) and �∈[0, u] where  is the MVFF and ⪯ is the relation 93

defined for this type of function. 94

Consider the linear space  , CGTN ⊛ and the MVFF W ∶ ×(0,+∞) → Δ, we define 95

( ,W, ⊛), which is called a MVFN-S and has the following properties, 96

• W(�,$) = 1 if and only if � = 0 for$ ∈ (0,+∞); 97

• W(
�,$) =W(�, $|
| ) for all � ∈  and 
 ≠ 0 ∈ C; 98

• W(� + &,$ + �) ⪰W(�,$)⊛W(�, �) for all � ∈  and any$, � ∈ (0,+∞); 99

• lim$→+∞W(�,$) = 1 for any$ ∈ (0,+∞). 100

When an MVFN-S is complete we denote it by matrix valued fuzzy Banach spaces (MVFB-S). If 101

for ( ,W, ⊛) and CGTN ✪, we have 102

• W(�&,$�) ⪰W(�,$)✪W(&, �), for all �, & ∈  and all$, � ∈ (0,∞). 103

Then, ( ,W, ⊛,✪) is called a matrix valued fuzzy normed-algebra. If ( ,W, ⊛M , ⊛P ) is complete, 104

then it called an MVFB-A. 105

). E is called an MVFC-�-A if we have x→ x�

on E with

(�−A1) x�� = x for any x ∈ E;
(�−A2) ($x+ ξz)� = $̄x� + ξ̄z�;
(�−A3) (xz)� = z�x� for any x, z ∈ E.

In addition, if for each x ∈ E and 0 < v < 1, we have

(�−A4) W(x�x, v) = W(x, v).

Definition 5. Consider the ring E. If S-BI-AM T : Υ×E ×E → E has the following properties
for all x, z, d ∈ E and t ∈ Υ
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(SS−D1) T(t, xz, d) = T(t, x, d)z+ xT(t, z, d),
(SS−D2) T(t, x, z) = T(t, z, x),

then T is called an S-BI-D.

Definition 6. Consider an S-BI-AM T : Υ×E ×E → E, where E is MVFB-A. If for every
x, z, d, r ∈ E and t ∈ Υ we have

(S−D1) T(t, xz, d) = T(t, x, d)z+ xT(t, z, d),
(S−D2) T(t, x, dr) = T(t, x, d)r+ dT(t, x, r),

then T is an S-BI-D. For an S-BI-D, the following condition is always true

T(t, xz, dr) = T(t, x, d)rz+ dT(t, x, r)z+ xT(t, z, d)r+ xdT(t, x, r).

Definition 7. Consider an S-BI-AM Y : Υ×E ×E → F, where E and F are MVFB-As. If for
any x, z, d, r ∈ E, t ∈ Υ we have

(S−H1) Y(t, xz, d2) = Y(t, x, d)Y(t, z, d),
(S−H2) Y(t, d2, dr) = Y(t, x, d)Y(t, x, r),

then Y is called an S-BI-H.

To achieve the desired results in all parts, we assume ~ = ~M and ξ ∈ (0, 1). In
addition, the optimal stability is evaluated by considering the optimal control function.

2.1. Optimal Stability of S-BI-D in MVFB-A

Lemma 1 ([7], Lemma 2.1). Consider the stochastic operator S : Υ×M2 →N, if we have

(RO1) For each x, z, d, r ∈M, t ∈ Υ

S(t, 0, d) = S(t, x, 0) = 0;

(RO2) For all x, z, d, r ∈M, t ∈ Υ and v ∈ (0, ∞)

W

(
S(t, x+ z, d+ r) +S(t, x+ z, d− r) +S(t, x− z, d+ r) +S(t, x− z, d− r)− 4S(t, x, d), v

)
�W

(
ξ(2S(t, x+ z, d− r) + 2S(t, x− z, d+ r)− 4S(t, x, d)− 4S(t, z, r)), v

)
,

then S is an S-BI-AM.

Theorem 1. Consider an MVFB-S (M,W,~,~), for each x, z, d, r ∈M, t ∈ Υ and v ∈ (0, ∞),
we define the function Ξ : M4 → ∆ and S : Υ×M2 →N. If we have

Ξ(
x

2
,
z

2
, d, r,

ξ

2
v) � Ξ(x, z, d, r, v), (2)

S(t, 0, d) = S(t, x, 0) = 0,

W

(
S(t, x+ z, d+ r) +S(t, x+ z, d− r) +S(t, x− z, d+ r) +S(t, x− z, d− r)− 4S(t, x, d), v

)
�W

(
ξ(2S(t, x+ z, d− r) + 2S(t, x− z, d+ r)− 4S(t, x, d)− 4S(t, z, r)), v

)
(3)

~Ξ
(
(x, z, d, r), v

)
,
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then for every x, d ∈M, t ∈ Υ and v ∈ (0, ∞), we can find a unique S-BI-AM A : Υ×M2 →N

such that

W

(
S(t, x, d)−A(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4(1− ξ)

ξ
v

)
. (4)

Proof. Assuming r = 0 and z = x and placing these assumptions in (3), and considering
S(t, 0, d) = S(t, x, 0) = 0 and the second condition of MVFB-S, we have

W

(
2S(t, 2x, d)− 4S(t, x, d), v

)
�W

(
2S(t, 2x, d)− 4S(t, x, d),

v

ξ

)
~ Ξ

(
(x, x, d, 0), v

)
,

now, according to the definition of MVFB-S and knowing that ξ ∈ (0, 1) or equivalently
1
ξ > 1, we have

W

(
2S(t, 2x, d)− 4S(t, x, d), v

)
�W

(
2S(t, 2x, d)− 4S(t, x, d),

v

ξ

)
,

then

W

(
2S(t, 2x, d)− 4S(t, x, d), v

)
� Ξ

(
(x, x, d, 0), v

)
,

which according to the second condition of MVFB-S, we obtain

W

(
S(t, 2x, d)− 2S(t, x, d), v

)
= W

(
2S(t, 2x, d)− 4S(t, x, d), 2v

)
,

therefore, for all x, d ∈M, t ∈ Υ and v ∈ (0, ∞)

W

(
S(t, 2x, d)− 2S(t, x, d), v

)
� Ξ

(
(x, x, d, 0), 2v

)
. (5)

Given that 2v = ξ
2 (

4
ξ v) and considering (2), for every x ∈M, t ∈ Υ and v ∈ (0, ∞),

we obtain

W

(
S(t, x, d)− 2S(t,

x

2
, d), v

)
� Ξ

(
(
x

2
,
x

2
, d, 0), 2v

)
� Ξ

(
(x, x, d, 0),

4
ξ

v

)
. (6)

By placing x
2n−1 instead of x in (6) and using the second condition of MVFB-S and (2),

we have

W

(
2n−1S

(
t,

x

2n−1 , d
)
− 2nS

(
S,

x

2n , d
)

, v

)
(7)

� Ξ
(
(

x

2n−1 ,
x

2n−1 , d, 0),
4

2n−1ξ
v

)
� Ξ

(
(x, x, d, 0),

4× 2n−1

2n−1ξn v

)
,

= Ξ
(
(x, x, d, 0),

4
ξn v

)
,

for every x ∈M, t ∈ Υ, v ∈ (0, ∞) and n ∈ N. Now, relabeling gives

W

(
2nS

(
t,

x

2n , d
)
− 2n−1S

(
t,

x

2n−1 , d
)

,
ξn

4
v

)
� Ξ

(
(x, x, d, 0), v

)
.
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According to the second condition of MVFB-S and 2nS
(
t, x

2n , d
)
− S(t, x, d) =

∑n
k=1 2kS

(
t, x

2k , d
)
−2k−1S

(
t, x

2k−1 , p
)

, we obtain

W

(
2nS

(
t,

x

2n , d
)
−S(t, x, d),

n

∑
k=1

1
4

ξkv

)
(8)

�
n

∏
k=1

[
W

(
2kS

(
t,

x

2k , d
)
− 2k−1S

(
t,

x

2k−1 , d
)

,
1
4

ξkv

)]
�

n

∏
k=1

[
Ξ
(
(x, x, d, 0), v

)]
� Ξ

(
(x, x, r, 0), v

)
,

and by relabeling for any x, d ∈M, t ∈ Υ, v ∈ (0, ∞) and n ∈ N, we conclude that

W

(
2nS

(
t,

x

2n , d
)
−S(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4v

∑n
k=1 ξk

)
. (9)

Again, using the second condition of MVFB-S and (2) and placing x
2m instead of x in (9),

for each x, d ∈M, t ∈ Υ, v ∈ (0, ∞) and n, m ∈ N, we have

W

(
2n+mS

(
t,

x

2n+m , d
)
− 2mS

(
t,

x

2m , d
)

, v

)
� Ξ

(
(
x

2m ,
x

2m , d, 0),
4

2m ∑n
k=1 ξk v

)
, (10)

� Ξ
(
(x, x, d, 0),

4× 2m

2mξm ∑n
k=1 ξk v

)
= Ξ

(
(x, x, d, 0),

4
∑n+m

k=m+1 ξk v

)
.

In the obtained inequality (10), we assume that m, n tend to ∞. Given that ξ ∈ (0, 1),
for each v ∈ (0, ∞), we have

Ξ
(
(x, x, d, 0),

4
∑n+m

k=m+1 ξk v

)
→ 1.

Then, for x ∈ M and t ∈ Υ, the sequence {2nS(t, x
2n , d)} is Cauchy in complete set

M, and then {2nS(t, x
2n , d)} is convergent. Now, for each x ∈M and t ∈ Υ, we define the

A : Υ×M2 →N function as follows:

A(t, x, d) := lim
n→∞

2nS
(
t,

x

2n , d
)

, (11)

To continue the proof, we consider (4) and set m = 0 in (10) and also assume that
n tends to ∞. According to (3), (2) and using the second condition of MVFB-S, for any
x, z, d, r ∈M, t ∈ Υ and v ∈ (0, ∞), we have
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W

(
A(t, x+ z, d+ r) +A(t, x+ z, d− r) +A(t, x− z, d+ r) +A(t, x− z, d− r)− 4A(t, x, d), v

)
= lim

n→∞
W

(
S

(
v,

x+ z

2n , d+ r

)
+S

(
t,
x+ z

2n , d− r

)
+S

(
t,
x− z

2n , d+ r

)
+S

(
t,
x− z

2n , d− r

)
− 4S(t,

x

2n , d),
v

2n

)
� lim

n→∞

[
W

(
ξ

(
2S
(
t,
x+ z

2n , d− r

)
+ 2S

(
t,
x− z

2n , d+ r

)
− 4S

(
t,

x

2n , d
)
+ 4S

(
t,

z

2n , r
))

,
v

2n

)
~ Ξ

(
(
x

2n ,
z

2n , d, 0),
v

2n

)]
� lim

n→∞
W

(
ξ

(
2S
(
t,
x+ z

2n , d− r

)
+ 2S

(
t,
x− z

2n , d+ r

)
− 4S

(
t,

x

2n , d
)
+ 4S

(
t,

z

2n , r
))

,
v

2n

)
~ lim

n→∞
Ξ
(
(x, z, d, 0),

v

ξn

)

�W

(
ξ(2A(t, x+ z, d− r) + 2A(t, x− z, d+ r)− 4A(t, x, d) + 4A(t, z, r)), v

)
~ 1

= W

(
ξ(2A(t, x+ z, d− r) + 2A(t, x− z, d+ r)− 4A(t, x, d) + 4A(t, z, r)), v

)
.

Then, for every x, z, d, r ∈M, t ∈ Υ, v ∈ (0, ∞), we obtain

W

(
A(t, x+ z, d+ r) +A(t, x+ z, d− r) +A(t, x− z, d+ r) (12)

+ A(t, x− z, d− r)− 4A(t, x, d), v

)
� W

(
ξ(2A(t, x+ z, d− r) + 2A(t, x− z, d+ r)− 4A(t, x, d) + 4A(t, z, r)), v

)
.

Therefore, according to Lemma 1, A : Υ×M2 →N is an S-BI-AM. Then, we assume
that T : Υ×M2 →N is an S-BI-AM that satisfies (4). Then

W

(
A(t, x, d)−T(t, x, d), v

)
= lim

n→∞
W

(
2nA

(
t,

x

2n , d
)
− 2nT

(
t,

x

2n , d
)

, v

)
.

Using (4), (2), the second condition of MVFB-S, and the third condition of MVFB-S, for
all x, z, d, r ∈ U, t ∈ S, v ∈ (0, ∞), we have

W

(
2nA

(
t,

x

2n , d
)
− 2nT

(
t,

x

2n , d
)

, v

)
�W

(
2nA

(
t,

x

2n , d
)
− 2nS

(
t,

x

2n , d
)

,
v

2

)
~W

(
2nT

(
t,

x

2n , d
)
− 2nS

(
t,

x

2n , d
)

,
v

2

)
� Ξ

(
(
x

2n ,
x

2n , d, 0),
4(1− ξ)v

2n+1ξ

)
~ Ξ

(
(
x

2n ,
x

2n , d, 0),
4(1− ξ)v

2n+1ξ

)
� Ξ

(
(x, x, d, 0),

2(1− ξ)v

ξn+1

)
~ Ξ

(
(x, x, d, 0),

2(1− ξ)v

ξn+1

)
→ 1.

Therefore, the uniqueness of A is proved: that is, for every x, d ∈ U and t ∈ Υ,
we obtain

A(t, x, d) = T(t, x, d).
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Theorem 2. Consider MVFB-S (M,W,~,~) and for each x, z, d, r ∈M, v ∈ (0, ∞), ξ ∈ (0, 1),
we define Ξ : M4 → ∆ and S : Υ×M2 →N. For the function Ξ, we assume that the following
condition holds

Ξ((x, z, d, r), 2ξv) � Ξ(
x

2
,
z

2
, d, r, v), (13)

and for S, we suppose that conditions (RO1) and (3) are satisfied for all x, d ∈M and t ∈ Υ. Then,
for every x, d ∈M, tinΥ and v ∈ (0, ∞), there exists an S-BI-AM A : Υ×M2 →N such that

W

(
S(t, ς, d)−A(t, ς, d), v

)
� Ξ

(
(x, x, d, 0),

4(1− ξ)

ξ
v

)
. (14)

Proof. Due to the (5), we have

W

(
2(

1
2
S(t, 2x, d)−S(t, x, d)), v

)
� Ξ

(
(x, x, d, 0), 2v

)
,

also, using the second condition of MVFB-S, we obtain

W

(
1
2
S(t, 2x, d)−S(t, x, d),

v

2

)
� Ξ

(
(x, x, d, 0), 2v

)
,

and relabeling for all x, d ∈M, t ∈ Υ and v ∈ (0, ∞) gives

W

(
S(t, x, d)− 1

2
S(t, 2x, d), v

)
� Ξ

(
(x, x, d, 0), 4v

)
. (15)

By putting 2nx instead of x in (15), for any x ∈ M, t ∈ Υ, v ∈ (0, ∞) and n ∈ N,
we obtain

W

(
1
2n S(t, 2nx, d)− 1

2n+1S
(

v, 2n+1x, d
)

, v

)
� Ξ

(
(2nx, 2nx, d, 0), 4× 2nv

)
(16)

� Ξ
(
(x, x, d, 0),

4
ξn v

)
.

Since,

1
2n S(t, 2nx, d)−S(t, ς, d) =

n

∑
k=1

1
2k S

(
t, 2kx, d

)
− 1

2k−1S
(
t, 2k−1x, d

)
,

we have that,

W

(
1
2n S(t, 2nx, d)−S(t, x, d),

∑n
k=1 ξk

4
v

)
(17)

�
n

∏
k=1

[
W

(
1
2k Γ

(
t, 2kx

)
− 1

2k−1 Γ
(
t, 2k−1x, d

)
,

ξk

4
v

)]

� Ξ
(
(x, x, d, 0), v

)
.

Then, for every x, d ∈M, t ∈ Υ, v ∈ (0, ∞) and n ∈ N,

W

(
1
2n S(t, 2nx, d)−S(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4v

∑n
k=1 ξk

)
. (18)
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Now, by putting 2mx instead of x in (18), for every x, d ∈M, t ∈ Υ, v ∈ J◦ and n, m ∈ N,
we have

W

(
1

2n+m S
(
t, 2n+mx, d

)
− 1

2m Sa(t, 2mx, d), v

)
� Ξ

(
(2mx, 2mx, d, 0),

4× 2mv

∑n
k=1 ξk

)
, (19)

� Ξ
(
(x, x, d, 0),

4v

∑n+m
k=m+1 ξk

)

In the obtained inequality (19), we assume that m, n tend to ∞. Given that ξ ∈ (0, 1),
for each v ∈ (0, ∞), we have

Ξ

(
(x, x, d, 0),

4v

∑n+m
k=m+1 ξk

)
→ 1.

Then, for x ∈M and t ∈ Υ, the sequence { 1
2n S(v, 2nx, d)} is Cauchy in complete set

M, and then { 1
2n S(v, 2nx, d)} is convergent. Now, for each x ∈M and t ∈ Υ, we define the

S-O A : Υ×M2 →N by

A(t, x, d) := lim
n→∞

1
2n S(t, 2nx, d),

To continue the proof, we consider (14) and set m = 0 in (19) and also assume that n
tends to ∞ and use the proof of Theorem 1.

Lemma 2 ([8], Lemma 2.1). We consider the S-BI-AM S : Υ ×M2 → M such that for all
v, ρ ∈ D1 := {ν ∈ C : |ν| = 1} and each x, d ∈ M and t ∈ Υ, we have S(t, λx, η2d) =
ςνS(t, x, d). Then, S is a C-BI-SO.

Theorem 3. Consider the MVFB-A (E,W,~,~); we define the MVFF Ξ : E4 → diagMn((0, 1])
and S : Υ×E2 → E such that they satisfy the (2) and (RO1) conditions, respectively. For each
ς, ν ∈ D1, x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, ∞), we assume that the following condition also holds
for S

W

(
S(t, v(x+ z), ρ(d+ r)) +S(t, v(x+ z), ρ(d− r)) +S(t, v(x− z), ρ(d+ r)) (20)

+S(t, v(x− z), ρ(d− r)− 4vρS(t, x, d), v

)
�W

(
ξ(2S(t, x+ z, d− r) + 2S(t, x− z, d+ r)− 4S(t, x, d) + 4S(t, z, r)), v

)
~Ξ
(
(x, z, d, r), v

)
,

then we can find C-BI-SO T : Υ×E2 → E, which satisfies condition (4) by placing this operator
in place of A. If we assume that for each x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, ∞), the following
conditions are true for S : Υ×E2 → E

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, x, z, d)−S(t, x, d)z− xS(t, z, d), v

)
� Ξ

(
(x, z, d, 0), v

)
, (21)

W

(
S(t, x, dr)−S(t, x, d)r− dS(v, x, r), v

)
� Ξ

(
x, 0, d, r, v

)
, (22)

then S is an S-BI-D.
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Proof. If we consider (20) and assume that v = ρ = 1, according to Theorem 1, for all
x, d ∈ E and t ∈ Υ, there is an S-BI-AM T : Υ×E2 → E, which is defined as follows:

T(t, x, d) := lim
n→∞

2nS
(
t,

x

2n , d
)

,

and satisfying (4). If we assume that z = r = 0 and apply this assumption to (20), for all
x, d ∈ E and all v, ρ ∈ D1, we have

S(t, vx, ρd) = vρS(t, x, d),

and due to the Lemma 2, T is a C-BI-SO.
We assume that for all x, d ∈ E, S(t, 2x, d) = 2S(t, x, d). For all x, d ∈ E and t ∈ Υ, it

is easy to see that T(t, x, d) = S(t, x, d). From (21), for all x, z, d ∈ E, t ∈ Υ and v ∈ (0, ∞),
we have

W

(
T(t, xz, d)− T(t, x, d)z− xT(t, z, d), v

)
= lim

n→∞
W

(
Γ
(
t,

xz

2n · 2n , d
)
−S

(
t,

x

2n , d
) z

2n −
x

2n S
(
t,

z

2n , d
)

,
v

4n

)
� lim

n→∞
Ξ((

x

2n ,
z

2n , d, 0),
v

4n ) = 1.

Thus, for all x, z, d ∈ E and t ∈ Υ, T(t, xz, d) = T(t, x, d)z + xT(t, z, r). With the same
process, for all x, z, d ∈ E and t ∈ Υ, we have T(t, x, dr) = T(t, x, d)r+ dT(t, x, r). Since
S(t, x, d) is an S-BI-AM, we conclude that S is an S-BI-D.

In the following, we investigate an optimal stability by introducing a new optimal
control function. For this purpose, we go to the definition of the aggregation function. In
the following, we provide a brief introduction of the special functions used in the optimal
control function [2].

Definition 8. If for any (θ1, · · · , θ`), (ς1, · · · , ς`) ∈ R` and ι ∈ {1, · · · , `}, and an idempo-
tent function u(`) : R` −→ R, we have θι ≤ ςι =⇒ u(`)(θ1, · · · , θ`) ≤ u(`)(ς1, · · · , ς`), then
the `-ary u(`) is a generalized aggregation function where ` ∈ N. For ` = 1 and each θ ∈ R, we
have u(1)(θ) = θ and for the convenience of writing, we can remove ` (` indicates the number of
function variables).

The famous functions, i.e., arithmetic mean function, projection function, order statistic
function, median function, minimum and maximum functions are among the important
functions of aggregation type. In [2], the authors showed that a control function made by
the minimum aggregation function is the optimal controller. The minimum MIN is the
smallest generalized aggregation function, and it is defined as follows:

MIN(θ) = min{θ1, · · · , θl} =
∧̀
ι=1

θι. (23)

Therefore, by studying the mentioned references, we consider the following function
as the optimal controller

MIN
(
Y(θ, v)

)
= diag

[
MIN(Y(θ, v)), · · · , MIN(Y(θ, v))

]
. (24)

where

Y(θ, v) =

(
Eη1,η2 (

−‖θ‖
v

), Wη1,η2 (
−‖θ‖

v
), 2F1(u, v, w,

−‖θ‖
v

), Hϑ3,ϑ1
ϑ2,ϑ4

(
−‖θ‖

v
), exp(

−‖θ‖
v

)

)
. (25)
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In the following, we introduce special functions used in Y(θ, v) function.

(1) For η1, η2 ∈ C, Re(η1), Re(η2) > 0, the Mittag–Leffler functions are defined as follows:

Eη1(θ) =
∞

∑
l=0

θl

Γ(lη1 + 1)
, Eη1,η2(θ) =

∞

∑
l=0

θl

Γ(lη1 + η2)

where Γ(.) is the famous gamma function and Eη1 , Eη1,η2 are the one- and two-
parameter Mittag–Leffler functions, respectively.

(2) For η1 > −1, η2 > 0, θ ∈ R, the Wright function is defined as follows:

Wη1,η2(θ) =
∞

∑
l=0

θl

l!Γ(η1l + η2)
,

such that it is of the 1/(1 + σ) order.
(3) Considering u, v, w > 0, the Gauss hypergeometric function 2F1 : R3× [0, u] −→ (0, ∞)

is defined as follows:

2F1(u, v, w; θ) =
∞

∑
l=0

(u)l(v)l
(w)l

θl

l!
=

Γ(w)

Γ(u)Γ(v)

∞

∑
l=0

Γ(u + l)Γ(v + l)
Γ(w + l)

θl

l!
.

(4) H-Fox function for 0 ≤ ϑ1 ≤ ϑ2, 1 ≤ ϑ3 ≤ ϑ4, {zι, sι} ∈ C and {θι, ςι} ∈ R+ is defined
as follows:

Hϑ3,ϑ1
ϑ2,ϑ4

(θ) = Hϑ3,ϑ1
ϑ2,ϑ4

[
θ

∣∣∣∣∣(zι, ει)ι=1,··· ,ϑ2

(sι, ρι)ι=1,··· ,ϑ2

]
=

1
2πi

∫
A

Hϑ3,ϑ1
ϑ2,ϑ4

(h)θhdh, (26)

where A ∈ C is a path that is deleted and Z1(h) = ∏ϑ1
ι=1 Γ(sι − ςιh), Z2(h) =

∏ϑ3
ι=1 Γ(1− zι + θιh), Z3(h) = ∏ϑ3

ι=ϑ3+1 Γ(1− sι + ςιh), Z4(h) = ∏ϑ2
ι=ϑ1+1 Γ(zι − θιh)

and θh = exp{h(log |θ|+ i arg θ)}. For these functions, there is a condition that ϑ1 = 0
if and only if Z2(h) = 1, ϑ3 = ϑ4 if and only if Z3(h) = 1 and ϑ1 = ϑ2 if and only if
ϑ4(h) = 1. In addition, Hϑ3,ϑ1

ϑ2,ϑ4
(h) = Z1(h)Z2(h)

Z3(h)Z4(h)
.

These functions are used in all the examples presented in the article.

Example 1. Consider the MVFB-A (E,W,~,~) and assuming ε > 2 and z ∈ (0, 1), we define
the S-O S : Υ×E2 → E such that it satisfies the condition (RO1). For all v, ρ ∈ D1 and all
x, z, d, r ∈ E, t ∈ Υ and v ∈ (0.∞), we have

W

(
S(t, v(x+ z), ρ(d+ r)) +S(t, v(x+ z), ρ(d− r)) +S(t, v(x− z), ρ(d+ r)) (27)

+ S(t, v(x− z), ρ(d− r))− 4vρS(t, x, d), v

)
� W

(
ξ(2S(t, x+ z, d− r) + 2S(t, x− z, d+ r)− 4S(t, x, d) + 4S(t, z, r)), v

)
~ MIN

(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε), v

))
.

Then, for all x, d ∈ E, t ∈ Υ and v ∈ (0, ∞), there is a C-BI-SO T : Υ×E2 → E such that

W

(
S(t, x, d)−T(t, x, d), v

)
� MIN

(
Y

(
−z‖x‖ε‖d‖ε, (2ε− 2)v

))
. (28)

In addition, if we assume that for S : Υ×E2 → E, the following conditions are true

S(t, 2x, d) = 2S(t, x, d);
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W

(
S(t, xz, d)−S(t, x, d)z− xS(t, z, d), v

)
� MIN

(
Y

(
−z(‖x‖ε + ‖z‖ε)‖d‖ε, v

))
; (29)

W

(
S(t, x, dr)−S(t, x, d)r− dS(t, x, r), v

)
� MIN

(
Y

(
−z‖x‖ε(‖d‖ε + ‖r‖ε), v

))
; (30)

for all x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, ∞), then S is an S-BI-D.

Proof. For all x, z, d, r ∈ E, v ∈ (0, ∞) and by placing

Ξ((x, z, d, r), v) = MIN
(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε), v

))
;

in Theorem 3, also by considering ξ = 21−ε, the proof is complete.

Theorem 4. Consider the MVFB-A (E,W,~,~); we define MVFF Ξ : E4 → ∆ and S :
Υ×E2 → E such that for all x, d ∈ E and t ∈ Υ, they satisfy conditions (13) and (20) and RO1,
respectively. Then, we can conclude that there is a C-BI-SO T : Υ×E2 → E that satisfies (14). If
S also satisfies (21), (22) and S(t, 2x, d) = 2S(v, x, d) in addition to the mentioned conditions,
then for each x, d ∈ E and t ∈ Υ, S is an S-BI-D.

Proof. The proof is exactly the same as the process of proving Theorem 3.

Example 2. Consider the MVFB-A (M,W,~,~) and ε < 1 and z ∈ (0, ∞), we define S :
Υ× E2 → E such that for all x, d ∈ E, ω ∈ Υ, it satisfies conditions (27) and (RO1). Therefore, for
every x, d ∈ E, t ∈ Υ and v ∈ (0, 1), there is a C-BI-SO T : Υ×E2 → E such that

W

(
S(t, x, d)−T(t, x, d), v

)
� MIN

(
Y

(
− z‖x‖ε‖d‖ε

(22−ε− 2)v
), v

))
. (31)

In addition, if for all x, d ∈ E and t ∈ Υ, S satisfies conditions (29), (30) and S(t, 2x, d) =
2S(t, x, d), then S is an S-BI-D.

Proof. If for every x, z, d, r ∈ E, v ∈ (0, 1) and ξ = 2ε−1, we consider the function Ξ
as follows:

Ξ((x, z, d, r), v) = MIN
(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε, v)

))
,

and use this function in Theorem 3, the proof is complete.

In the rest of this section, we will investigate the best approximation for S-BI-Ds in
the unital MVFC-�-A. For this purpose, we consider MVFC-�-A (E,W,~,~) along with
unit member and the unit group. We show the unit member by e and the unit group by
M(E) = {ς ∈ E : ς�ς = ςς� = e}.

2.2. Optimal Stability of S-BI-D in MVFC-�-A
Theorem 5. Consider the MVFC-�-A (E,W,~,~); we define MVFF Ξ : E4 → ∆ and S :
Υ ×E2 → E such that for all x, d ∈ E and t ∈ Υ, they satisfy conditions (2) and (20) and
(RO1), respectively. If for all ς, θ ∈ M(E), v ∈ (0, 1), x, z, d ∈ E and t ∈ Υ, S satisfies the
following conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, ςz, d)−S(t, ς, d)z− ςS(t, z, d), v

)
� Ξ

(
(ς, z, d, 0), v

)
; (32)
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W

(
S(t, x, dθ)−S(t, x, d)θ − dS(t, x, θ), v

)
� Ξ

(
(x, 0, d, θ), v

)
, (33)

then S is an S-BI-D.

Proof. To prove this theorem, we use Theorem 3. Referring to this theorem, for every
x, d ∈ E, there is a C-BI-SO T : Υ×E2 → E, which is defined as follows:

T(t, x, d) := lim
n→∞

2nS
(

v,
x

2n , d
)

,

and satisfies (4). If we assume that for every x, d ∈ E, t ∈ Υ, we have S(t, 2x, d) = 2S(t, x, d),
then we can easily conclude that for every x, d ∈ E and t ∈ Υ, T(t, x, d) = S(t, x, d).
Again, referring to Theorem 3, for every ς ∈ M(E) and all z, d ∈ E and t ∈ Υ, we
have T(t, ςz, d) = T(t, ς, d)z + ςT(t, z, d). Now, we consider x = ∑n

i=1 vixi, for every
x ∈ E,vi ∈ C, xi ∈ M(E) and according to the fact that T is C-bilinear, for all x, z, d ∈ E,
we have

T(t, xz, d) = T(t,
n

∑
i=1

vixiz, d) =
n

∑
i=1

viT(t, xiz, d) =
n

∑
i=1

vi(T(t, xi, d)z+ xiT(t, z, d))

= (
n

∑
i=1

vi)T(t, xi, d)z+ (
n

∑
i=1

vixi)T(t, z, d) = T(t, ς, d)z+ xT(t, z, d).

With the same process, for all x, d, r ∈ E and t ∈ Υ, we can show that T(t, x, dr) =
T(t, x, d)r+ dT(t, x, r). Then, S is an S-BI-D.

In the following, we investigate the optimal stability in MVFC-�-A.

Example 3. Consider the MVFC-�-A (E,W,~,~), ε > 2 and z ∈ (0, ∞), for all x, d ∈ E and
t ∈ Υ, we define S : Υ×E2 → E such that satisfies (27), (RO1) and the following conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, ςz, d)−S(t, ς, d)z− ςS(t, z, d), v

)
� MIN

(
Y

(
−z(1 + ‖z‖ε)‖d‖ε, v

))
(34)

W

(
S(t, x, dθ)−S(t, x, d)θ − dS(t, x, θ), v

)
� MIN

(
Y

(
−z(1 + ‖z‖ε)‖d‖ε, v

))
(35)

for all ς, θ ∈M(E), x, z, d ∈ E and t ∈ Υ. Then, the S is an S-BI-D.

Theorem 6. Consider the MVFC-�-A (E,W,~,~), we define MVFF Ξ : E4 → ∆ and S :
Υ×E2 → E such that for all x, d ∈ E and t ∈ Υ, they satisfy conditions (7) and (20) and (RO1),
respectively. If for all x, d ∈ E and t ∈ Υ, S satisfies (32), (33) and S(t, 2x, d) = 2S(t, x, d), then
S is an S-BI-D.

Proof. To prove this theorem, we use the process of proving Theorem 4.

Example 4. Consider the MVFC-�-A (E,W,~,~), ε < 1 and z ∈ (0, ∞), for all x, d ∈ E and
t ∈ Υ, we define S : Υ×E2 → E that satisfies (27) and (RO1). If we assume that for all x, d ∈ E

and t ∈ Υ, S satisfies in conditions (34), (35) and S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-D.

In the next subsection, we seek to find the best approximation for S-BI-H in MVFB-A
using the direct technique. Therefore, in the following, we present the relevant theorems to
prove our result.
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2.3. Optimal Stability of S-BI-H in MVFB-A

Theorem 7. Considering MVFB-A (M,W,~,~), M = E, N = F, we define MVFF Ξ : M4 →
∆ and S-O S : Υ×E2 → F that for each x, d ∈ E and t ∈ Υ, they satisfy conditions (2), (20), and
(RO1), respectively. Therefore, there exists a C-BI-SO Y : Υ×E2 → F such that it satisfies (4). In
addition, for all x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, 1), if we assume S with the following conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, xz, d2)−S(t, x, d)S(t, z, d), v

)
� Ξ

(
(x, z, d, 0), v

)
; (36)

W

(
S(t, x2, dr)−S(t, x, d)S(t, x, r), v

)
� Ξ

(
(x, 0, d, r), v

)
, (37)

then S is an S-BI-H.

Proof. To prove this theorem, we can follow the proof of Theorem 3. Then, for each
x, d ∈ E, t ∈ Υ, there exists a C-BI-SO Y : Υ ×E2 → F in the form of Y(t, x, d) =
limn→∞ 2nS

(
t, x

2n , d
)
. For every x, d ∈ E and t ∈ Υ, we suppose that S(t, 2x, d) = 2S(t, x, d).

Then, for each x, d ∈ E and t ∈ Υ, we have Y(t, x, d) = S(t, x, d). Now, according to (2), for
any x, z, d ∈ E, t ∈ Υ and v ∈ (0, 1), we obtain

W

(
Y(t, xz, d2)−Y(t, x, d)Y(t, z, d), v

)
= lim

n→∞
W

(
S
(
t,

xz

2n · 2n , d2
)
−S

(
t,

x

2n , d
)
S
(
t,

z

2n , d
)

,
v

4n

)
� lim

n→∞
Ξ
(
(
x

2n ,
v
2n , d, 0),

v

4n

)
= 1.

Therefore, for every z, d ∈ E and t ∈ Υ, we have Y(t, xz, d2) = Y(t, x, d)Y(t, z, d). In
the same way, we can show that for every x, d, r ∈ E and t ∈ Υ, we have Y(t, x2, dr) =
Y(v, x, d)Y(v, x, r), and then S is an S-BI-D.

Example 5. Consider the MVFB-A (M,W,~,~), M = E, N = F, ε < 1 and z ∈ (0, ∞), we
define S : Υ×E2 → F in such a way that for each x, d ∈ E and t ∈ Υ, they satisfy conditions (27),
and (RO1). Therefore, there exists a C-BI-SO Y : Υ×E2 → F such that it satisfies (28). In
addition, for all x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, 1), if we assume S with the following conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, xz, d2)−S(t, x, d)S(t, z, d), v

)
� MIN

(
Y

(
−z(‖x‖ε + ‖z‖ε)‖d‖ε, v

))
(38)

W

(
S(t, x2, dr)−S(t, x, d)S(t, x, r), v

)
� MIN

(
Y

(
z(‖x‖ε(‖d‖ε + ‖r‖ε), v

))
(39)

then S is an S-BI-H.

Theorem 8. Consider the MVFB-A (M,W,~,~), M = E, N = F; we define MVFF Ξ :
M4 → ∆ and S-O S : Υ×E2 → F that for each x, d ∈ E and t ∈ Υ, they satisfy conditions (13),
(20), and (RO1), respectively. Therefore, there exists a C-BI-SO Y : Υ×E2 → F such that it
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satisfies (14). In addition, for all x, z, d, r ∈ E, t ∈ Υ, if we assume S satisfies conditions (36), (37)
and S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-H.

Proof. To prove this theorem, we use Theorem 7.

Example 6. Consider the MVFB-A (M,W,~,~), M = E, N = F, ε < 1 and z ∈ (0, ∞); we
define S : Υ×E2 → F in such a way that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and
(RO1). Therefore, there exists a US-C-bilinear operator Y : Υ×E2 → F such that it satisfies (31).
In addition, for all x, z, d, r ∈ E, t ∈ Υ and v ∈ (0, 1), if we assume S satisfies conditions (38),
(39) and S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-H.

In the rest of this section, we prove our results in MVFC-�-A. Then, from here on, we
consider E as a MVFC-�-A with unit member e and unit group M(E) = {ς ∈ E : ς�ς =
ςt� = e}.

2.4. Optimal Stability of S-BI-H in MVFC-�-A
Definition 9. Consider the MVFC-�-AE and F; we say that a C-BI-SO Y : Υ×E×E → F is
an S-BI-H if the following conditions hold for each x, z, d, r ∈ E and t ∈ Υ

(SH1) Y(t, xz, d2) = Y(t, x, d)Y(t, z, d);
(SH2) Y(t, x2, dr) = Y(t, x, d)Y(t, x, r);
(SH3) Y(t, x∗, d) = Y(t, x, d)∗.

Theorem 9. Consider the MVFC-�-A (M,W,~,~), M = E, we define MVFF Ξ : M4 → ∆
and S-O S : Υ×E2 → F that for each x, d ∈ E and t ∈ Υ, they satisfy conditions (2), (20),
and (RO1), respectively. If we assume that for every ς, θ ∈M(E) and all x, z, d ∈ E, t ∈ Υ and
v ∈ (0, ∞), S : Υ×E2 → F satisfies the following conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, ςz, d2)−S(ω, t, p)S(v, z, d), v

)
� Ξ

(
(0, z, d, 0), v

)
, (40)

W

(
S(t, x2, dθ)−S(t, x, d)S(t, x, θ), v

)
� Ξ

(
(x, 0, 0, θ), v

)
, (41)

W

(
S(t, x∗, d)−S(t, x, d)∗, v

)
� Ξ

(
(x, 0, d, θ), v

)
, (42)

then S is an S-BI-H.

Proof. To prove this theorem, we can follow the proof of Theorem 3. Then, for each
x, d ∈ E, t ∈ Υ, there exists a C-BI-SO Y : Υ ×E2 → F in the form of Y(t, x, d) :=
limn→∞ 2nS

(
t, x

2n , d
)
. For every x, d ∈ E and t ∈ Υ, we suppose that S(t, 2x, d) = 2S(t, x, d).

Then, for each x, d ∈ E and t ∈ Υ, we have Y(t, x, d) = S(t, x, d). Now, referring to
Theorem 7, for every ς, θ ∈ M(E) and all θ, d ∈ E and v ∈ S, we have Y(t, ςz, d2) =
Y(t, ς, d)Y(t, z, d). Now, for every x ∈ E and vi ∈ C, xi ∈M(E), we consider x = ∑n

i=1 vixi
and according to the fact that Y is C-linear, for each x, z, d ∈ E and ω ∈ Ω, we have

Y(t, xz, d2) = Y(t,
n

∑
i=1

vixiθ, d2) =
n

∑
i=1

viY(t, xiθ, d2) =
n

∑
i=1

vi(Y(t, xi, d)Y(t, z, d))

= (
n

∑
i=1

vi)Y(t, xi, d)Y(t, z, d) = Y(t, x, d)Y(t, z, d).
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With the same process, for each x, d, r ∈ E and t ∈ Υ, we have Y(t, x, dr) = Y(t, x, d)Y
(t, x, r). Then

Y(t, x∗, d) = Y(t,
n

∑
i=1

v̄iu∗i , p) =
n

∑
i=1

v̄iY(t, x∗i , d) =
n

∑
i=1

v̄i(Y(t, di, d))∗

= Y(t,
n

∑
i=1

v̄ixi, d)∗ = Y(t, x, d)∗,

and therefore, S is an S-BI-H.

Example 7. Consider the MVFC-�-A (M,W,~,~), ε > 2 and z ∈ (0, ∞), we define S-O
S : Υ×E2 → F that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1). If we assume
that S for each ς, θ ∈M(E) and every x, d ∈ E, t ∈ Υ and v ∈ (0, ∞) satisfies conditions

S(t, 2x, d) = 2S(t, x, d);

W

(
S(t, ςz, d2)−S(t, ς, d)S(t, z, d), v

)
� MIN

(
Y

(
−z(1 + ‖z‖ε)‖d‖ε, v

))
(43)

W

(
S(t, x2, dθ)−S(t, x, d)S(t, x, θ), v

)
� MIN

(
Y

(
−z(1 + ‖z‖ε)‖d‖ε, v

))
(44)

W

(
S(t, x∗, d)−S(t, x, d)∗, v

)
� MIN

(
Y

(
−z(1 + ‖z‖ε)‖d‖ε, v

))
(45)

then S is an S-BI-H.

Proof. For proof, we refer to Theorem 9. For each x, z, d, r ∈ E, v ∈ (0, 1) and ξ = 2ι−1, we
consider the MVFF as

Ξ((x, z, d, r), v) = MIN
(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε), v

))
,

and use it in Theorem 9.

Theorem 10. Consider MVFC-�-A (M,W,~,~) in which M = E, we define MVFF Ξ : M4 →
∆ and S-O S : Υ×E2 → F in such a way that for each x, d ∈ E and t ∈ Υ satisfy conditions (13),
(20), and (RO1), respectively. If we assume that for every x, d ∈ E and t ∈ Υ, S : Υ×E2 → F

satisfies conditions (40)–(42) and S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-D.

Proof. The proof process is similar to Theorem 9.

Example 8. Consider MVFC-�-A (M,W,~,~), ε > 2 and z ∈ (0, ∞); we define S-O S :
Υ×E2 → F that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1). If we assume that
S for each x, d ∈ E and t ∈ Υ satisfies conditions (43)–(45) and S(t, 2x, d) = 2S(t, x, d), then S

is an S-BI-H.

3. FPM for Optimal Stability of S-BI-D and S-BI-H in MVFB-A and MVFC-�-A
In this section, using the FPM and considering inequality (1), we investigate the

optimal stability for S-BI-D and S-BI-H in MVFB-A and MVFC-�-A. Therefore, before
starting the main proofs, we refer the alternative FPT from Diaz-Margoliz ([9], Theorem).
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3.1. Optimal Stability of S-BI-D in MVFB-A

Theorem 11. Consider the MVFB-A (M,W,~,~) in which ξ ∈ (0, 1); we define MVFF Ξ :
M4 → ∆ and S-O S : Υ×M2 →N that they satisfy in conditions

Ξ(
x

2
,
z

2
, d, r,

ξ

2
v) � Ξ((x, z, d, r), v), (46)

(RO1), and (3) for each x, z, d, r ∈M, t ∈ Υ and v ∈ (0, ∞), respectively. Therefore, there exists a
C-BI-SO A : Υ×M2 → N such that for every x, d ∈ M, t ∈ Υ and v ∈ (0, ∞), the following
inequality holds

W

(
S(t, x, d)−A(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4(1− ξ)

ξ
v

)
. (47)

Proof. Referring to Theorem 1 and considering (6), also by placing r = 0 and z = x in (3),
for any x, d ∈M, t ∈ Υ and v ∈ (0, ∞), we have

W

(
S(t, x, d)− 2S(t,

x

2
, d), v

)
� Ξ

(
(
x

2
,
x

2
, d, 0), 2v

)
� Ξ

(
(x, x, d, 0),

4v

ξ

)
. (48)

We consider the set U := {R : Υ ×M2 → N, R(t, x, 0) = R(t, 0, d) = 0 ∀x, d ∈
M, t ∈ Υ} and define the following complete metric [10] on this set

δ(S,R) = inf
{

ν ∈ R+ : W
(
S(t, x, d)−R(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

v

ν

)
, ∀x, d ∈M, t ∈ Υ, v ∈ (0, ∞)

}
.

Now, for any x, d ∈M and t ∈ Υ, we define stochastic linear mapping Φ : U→ U as
ΦS(t, x, d) := 2S

(
t, x

2 , d
)
. If we assume δ(S,R) = k, for every S,R ∈ U, then for each

x, d ∈M and t ∈ Υ, we have W
(
S(t, x, d)−R(t, x, d), v

)
� Ξ

(
(x, x, d, 0), v

k

)
. Considering

this inequality, put v
2k = ξ

2 (
v
ξk ), use the second condition of MVFB-S and (46); then, for

each x, d ∈M, we obtain

W

(
ΦS(t, x, d)−ΦR(t, x, d), v

)
= W

(
2S
(
t,
x

2
, d
)
− 2R

(
t,
x

2
, d
)

, v

)
� Ξ

(
(
x

2
,
x

2
, d, 0),

v

2k

)

� Ξ
(
(x, x, d, 0),

v

ξk

)
,

therefore, δ(ΦS, ΦR) ≤ ξk and as a result for each S,R ∈ U, δ(ΦS, ΦR) ≤ ξδ(F,R).
Now, using (48), for each x, d ∈M, t ∈ Υ and v ∈ (0, ∞), we obtain

W

(
S(t, x, d)− 2S(t,

x

2
, d), v

)
� Ξ

(
(
x

2
,
x

2
, d, 0), 2v

)
� Ξ

(
(x, x, d, 0),

4v

ξ

)
,

and this means δ(S, ΦS) ≤ ξ
4 . Then, all the conditions of the theorem [9, Theorem] are

satisfied, and this means that there is a A : Υ×M2 →N such that

(1) Φ has a fixed point such as A, which is A(t, x, d) = 2A
(
t, x

2 , d
)
, and is in the set of

H = {R ∈ U, δ(S,R) < ∞}, for any x, d ∈M and t ∈ Υ.
(2) When n tends to ∞, we have δ(ΦnS,A) → 0, i.e., for each x, d ∈ M and t ∈ Υ,

limn→∞ 2nS
(
t, x

2n , d
)
= A(t, x, d).
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(3) For all x, d ∈M, t ∈ Υ and v ∈ (0, ∞), we have δ(S,A) ≤ 1
1−ξ δ(S, ΦS), that is

W

(
S(t, x, d)−A(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4(1− ξ)v

ξ

)
,

therefore, (47) is obtained. Now, using (3) and (46), for every x, z, d, r ∈ M, t ∈ Υ and
v ∈ (0, ∞), we have

lim
n→∞

W

(
S

(
t,
x+ z

2n , d+ r

)
+S

(
t,
x+ z

2n , d− r

)
+S

(
t,
x− z

2n , d+ r

)
,

v

2n

)
� lim

n→∞
W

(
ξ

(
2S
(
t,
x+ z

2n , d− r

)
+ 2S

(
t,
x− z

2n , d+ r

)
− 4S

(
t,

x

2n , d
)
+ 4S

(
t,

z

2n , r
))

,
v

2n

)
~ Ξ

(
(
x

2n ,
z

2n , d, 0),
v

2n

)
� W

(
ξ(2A(t, x+ z, d− r) + 2A(t, x− z, d+ r)− 4A(t, x, d) + 4A(t, z, r)), v

)
.

On the other hand, considering that when n tends to ∞, the inequality Ξ(( x
2n , z

2n , d, 0), v
2n ) �

Ξ((x, z, d, 0), v
ξn ) tends to 1 tends to 1, we have

W

(
A(t, x+ z, d+ r) +A(t, x+ z, d− r) +A(t, x− z, d+ r) +A(t, x− z, d− r)− 4A(t, x, d), v

)
� W

(
ξ(2A(t, x+ z, d− r) + 2A(t, x− z, d+ r)− 4A(t, x, d) + 4A(t, z, r)), v

)
,

for every x, z, d, r ∈M, t ∈ Υ and v ∈ (0, ∞). Therefore, according to Lemma 1, there exists
a A : Υ×M2 →N which is a C-BI-SO.

Theorem 12. Consider the MVFB-A (M,W,~,~) in which M = E, we define MVFF Ξ :
M4 → ∆ and S-O S : Υ×E2 → F that for each x, d ∈ E and t ∈ Υ satisfy conditions (46), (20),
and (RO1), respectively. Then, we can find a C-BI-SO T : Υ×E2 → E that satisfies (47). If we
assume that for every x, d ∈ E and t ∈ Υ, S : Υ×E2 → F satisfies conditions (21), (22) and
S(t, 2x, d) = 2S(ω, u, p), and then S is an S-BI-D.

Proof. For proof, we consider (20) and put v = ρ = 1 in it. Considering Theorem 11, for
every x, d ∈ E and t ∈ Υ, there exists a C-BI-SO T : Υ×E2 → E of the form T(t, x, d) :=
limn→∞ 2nS

(
t, x

2n , d
)
,, which satisfies (47). Now, in (20), we put z = r = 0 and for each

x, d ∈ E, t ∈ Υ and all v, ρ ∈ D1 obtain S(t, vx, ρd) = vρS(t, x, d). Therefore, according to
Lemma 2, T : Υ×E2 → E is C-BI-SO.

Example 9. Considering MVFB-A (M,W,~,~), ε > 2 and z ∈ (0, 1), we define S : Υ×
E2 → F in such a way that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Υ×E2 → E such that it satisfies (28). In addition, for all
x, d ∈ E and t ∈ Υ, if we assume S satisfies conditions (29), (30) and S(t, 2x, d) = 2S(t, x, d),
then S is an S-BI-H.

Proof. We consider the following function

Ξ((x, z, d, r), v) = MIN
(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε, v

))
,

where ξ = 21−ε and x, z, d, r ∈ E. We consider Theorem 12 and use this function in
this theorem.

In the following, we consider the MVFC-�-A to prove the results.
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3.2. Optimal Stability of S-BI-D in MVFC-�-A
Theorem 13. Consider the MVFC-�-A (M,W,~,~) in which ξ ∈ (0, 1); we define MVFF
Ξ : M4 → ∆ and S-O S : Υ×M2 →N that they satisfy conditions

Ξ((x, z, d, r), v) � Ξ((
x

2
,
z

2
, d, r),

v

2ξ
), (49)

(RO1), and (3) for each x, z, d, r ∈ M, t ∈ Υ, respectively. Therefore, there exists an C-BI-SO
A : Υ ×M2 → N such that for every x, d ∈ M, t ∈ Υ and v ∈ (0, ∞), the following
inequality holds

W

(
S(t, x, d)−A(t, x, d), v

)
� Ξ

(
(x, x, d, 0),

4(1− ξ)

ξ
v

)
. (50)

Proof. The proof is exactly the same as the process of proving Theorem 11. Here, consider-
ing the metric (U, δ) introduced in Theorem 11, we define Φ : U→ U as follows:

ΦS(t, x, d) :=
1
2
S(t, 2x, d),

where x, d ∈M and t ∈ Υ.

Theorem 14. Consider the MVFC-�-A (M,W,~,~) in which M = E; we define MVFF Ξ :
M4 → ∆ and S-O S : Υ ×E2 → E in such a way that for each x, d ∈ E and t ∈ Υ satisfy
conditions (49), (20), and (RO1), respectively. Then, we can find a C-BI-SO T : Υ×E2 → E

that satisfies (50). If we assume that for every x, d ∈ E and t ∈ Υ, S : Υ ×E2 → F satisfy
conditions (21) and (22) and S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-D.

Proof. The proof process is exactly the same as the proof process of Theorem 12.

Example 10. Considering the MVFC-�-A (M,W,~,~), ε > 2 and z ∈ (0, 1), we define S-O
S : Υ ×E2 → F such that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Υ×E2 → E such that it satisfies (31). In addition, for all
x, d ∈ E and t ∈ Υ, if we assume S satisfies conditions (29), (30) and S(t, 2x, d) = 2S(t, x, d),
then S is an S-BI-D.

Proof. We consider the following function

Ξ((x, z, d, r), v) = MIN
(
Y

(
−z(‖x‖ε + ‖z‖ε)(‖d‖ε + ‖r‖ε, v

))
,

where ξ = 2ε−1 and x, z, d, r ∈ E, t ∈ Υ, v ∈ (0, ∞). We consider Theorem 14 and use this
function in this theorem.

3.3. Optimal Stability of S-BI-H in MVFC-�-A
Theorem 15. Consider the MVFC-�-A (M,W,~,~) in which M = E, we define MVFF Ξ :
M4 → ∆ and S-O S : Υ ×M2 → N such that for all x, d ∈ E, t ∈ Υ, they satisfy in
conditions (46), (20) and (RO1), respectively. Therefore, there exists a C-BI-SO T : Υ×E2 → E

such that satisfying (47). If for every x, d ∈ U and t ∈ Υ, we assume that S satisfies (36), (37) and
S(t, 2x, d) = 2S(t, x, d), then S is an S-BI-H.

Proof. To prove this theorem, we refer to Theorem 12. Using Theorem 12, for every x, d ∈ E

and t ∈ Υ, there is a C-BI-SO T : Υ×E2 → E in the form T(t, x, d) := limn→∞ 2nS
(
t, x

2n , d
)
.

The continuation of the proof follows from Theorem 12.
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Example 11. Consider the MVFC-�-A (M,W,~,~), ε > 2 and z ∈ (0, 1), we define S-O
S : Υ ×E2 → F such that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Υ×E2 → E such that it satisfies (28). In addition, for all
x, d ∈ E and t ∈ Υ, if we assume S satisfies conditions (38), (39) and S(t, 2x, d) = 2S(t, x, d),
then S is an S-BI-H.

Theorem 16. Consider the MVFC-�-A (M,W,~,~) in which M = E; we define MVFF Ξ :
M4 → ∆ and S-O S : Υ×M2 → N in such a way that for all x, d ∈ E, t ∈ Υ, they satisfy
conditions (49), (20) and (RO1), respectively. Therefore, there exists a C-BI-SO T : Υ×E2 → E

that satisfies (50). If for every x, d ∈ U and t ∈ Υ, we assume that S satisfies (36), (37) and
S(t, 2x, d) = 2S(t, x, d), and then S is an S-BI-H.

Proof. The process of proving this theorem is similar to Theorem 15.

Example 12. Consider the MVFC-�-A (M,W,~,~), ε > 2 and z ∈ (0, 1); we define S-O
S : Υ ×E2 → F such that for each x, d ∈ E and t ∈ Υ satisfy conditions (27) and (RO1).
Therefore, there exists a C-BI-SO T : Υ×E2 → E such that it satisfies (31). In addition, for all
x, d ∈ E and t ∈ Υ, if we assume S satisfies conditions (38), (39) and S(t, 2x, d) = 2S(t, x, d),
then S is an S-BI-H.

4. Conclusions

In this paper, we applied the special functions and used the concept of aggregation
functions to obtain a new class of control functions. This new form of fuzzy control functions
helped us to obtain an optimal approximation of S-BI-H and S-BI-D in MVFC-�-A.
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