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Abstract

This paper introduces two types of preorders on the system of all non-empty sets of collections (i.e., the set of all decomposition
systems) based on a fixed monotone measure u. Each of them refines the previous two kinds of preorders of decomposition systems.
By means of these two new preorders of decomposition systems we investigate the coincidences of decomposition integrals and
that of superdecomposition integrals, respectively. The generalized integral equivalence theorem is shown in the general framework
involving an ordered pair of decomposition systems. This generalized theorem includes as special cases all the previous results
related to the coincidences among the Choquet integral, the concave (or convex) integral and the pan-integrals. Thus, a unified
approach to the coincidences of several well-known decomposition and superdecomposition integrals is presented.
© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

For any two types of integral, they differ once there is a measure p and a function f leading to different integral
outputs. As a typical example, recall the Choquet integral [1] and the Sugeno integral [25] applied to [0, 1]-valued
monotone measures and functions. However, these integrals coincide once we consider an arbitrary {0, 1}-valued
monotone measure and then, in the case of finite spaces, we obtain just lattice polynomials. More, in such a case,
both these integrals coincide also with any copula-based integral introduced in [4]. In this paper, we focus on possible
coincidences in the framework of integrals based on (sub-, super-) decompositions of the integrated functions.

The decomposition integral (Even and Lehrer [3]) forms a common framework for the well-known nonlinear
integrals: the concave integral, the Choquet integral and the pan-integral from below, etc. As a counterpart of de-
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composition integrals, Mesiar et al. [15] introduced superdecomposition integral including the convex integral, the
Choquet integral and the pan-integral from above, etc. The decomposition (resp. superdecomposition) integral is
based on the system of collections and sub-(resp. super-)decompositions of function being considered. In general, two
different decomposition systems induce different decomposition (or superdecomposition) integrals. Recall three im-
portant decomposition integrals: the Choquet integral, the concave integral and the pan-integral from below, including
their corresponded superdecomposition integrals: the Choquet integral, the convex integral and the pan-integral from
above, they are based on chains of sets, arbitrary finite set systems and finite partitions, respectively. These six types
of integrals coincide with the Lebesgue integral for o -additive measures. But for a general monotone measure, they
are significantly different from each other.

In recent years the relationships among these three decomposition integrals (resp. superdecomposition integrals)
were investigated and many interesting results were obtained. Lehrer and Teper [6] showed that the Choquet integral
coincides with the concave integral if and only if the monotone measure u is convex (or supermodular). Mesiar et al.
[15] presented a corresponding result for the Choquet integrals and the convex integrals by using submodularity. In [17,
20,22], by using the subadditivity, superadditivity and the characteristics of minimal atoms, we presented respectively
some necessary and/or sufficient conditions that the concave integral coincides with the pan-integral from below, and
that the convex integral coincides with the pan-integral from above. In [18,21] we showed that the (M)-property (which
was proposed by Mesiar et al. [13]) is a sufficient condition that the Choquet integral coincides with the pan-integral
from below. Note that in the case of finite spaces the condition is also necessary. Lv et al. [11] introduced the so-called
dual (M)-property of monotone measures, and showed that it is sufficient for the coincidence of the Choquet integral
and the pan-integral from above and, for finite space it is also necessary.

We will investigate the relationships between two decomposition integrals (resp. the superdecomposition integrals).
Given a monotone measure space (X, A, u), we introduce two new types of preorders on the system of all non-empty
sets of collections with respect to u (a collection is a finite set systems from A \ {#}, a set of collections is also called
a decomposition system). Each of these two preorders refines the previous two kinds of preorders of decomposition
systems: the standard inclusion ordering “C” and the preorder “<” introduced by Mesiar and Stupnianova in [16]. By
means of these two new preorders of decomposition systems we study the coincidences of decomposition integrals
and of superdecomposition integrals. We present the so-called generalized integral equivalence theorem in the general
framework relating to an ordered pair of decomposition systems. As special cases this generalized theorem includes
all of the above mentioned results related to the coincidences among the Choquet integral, the concave (or convex)
integral and the pan-integral from below (or from above). Thus, a unified approach to the coincidences of several
well-known decomposition and superdecomposition integrals is presented.

2. Preliminaries

Let X be a nonempty set and A a o-algebra of subsets of X and (X, .A) denote a measurable space. Denote
R4 =10, 400) and E+ =[0, +o0]. Let F* be the set of all .A-measurable functions f : X — Ry, ]—";' be the set of
all bounded .A-measurable functions f : X — R, and let x4 denote the characteristic functions of A € A. Unless
stated otherwise all the subsets mentioned are supposed to belong to A.

2.1. Monotone measures

A set function p : A — Ry is called a monotone measure on (X, A) if it satisfies the following conditions:
(i) w(¥) =0and u(X) > 0;

(i) u(A) < u(B) whenever AC Band A, B € A.

The triple (X, A, ) is called a monotone measure space [23].

Let M denote the set of all monotone measures defined on (X, A).

A monotone measure . is said to be

(1) subadditive, if £(A U B) < u(A) + u(B) holds forany A, B € A;

(i) submodular (or concave), if (AU B) + u(A N B) < u(A) + n(B) holds for any A, B € A;

(iii) superadditive, if w(A U B) > u(A) + u(B) holds for any A, B € A with AN B =@;

(iv) supermodular (or convex), if (AU B) + u(AN B) > u(A) + n(B) holds for any A, B € A.

We recall the concept of (M)-property of monotone measure, its original idea was proposed by Mesiar, see [13].
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A monotone measure j is said to have (M)-property (resp. dual (M)-property), if for any A, B € A with A C B,
there exists C € A such that C C A (resp. A C C C B), u(C) = u(A) and u(B) = u(C) + u(B\ C).
The (M)-property implies superadditivity ([9,13]) and the dual (M)-property implies subadditivity ([11]).

2.2. Decomposition and superdecomposition integrals

We recall decomposition integral which was introduced by Even and Lehrer [3] and superdecomposition integral
which was introduced by Mesiar et al. [15].

A non-empty set H of collections from A \ {#J} is called a decomposition system on (X, .4). We denote by X the
set of all such decomposition systems.

Let H € X be fixed. The mapping I3 : M x F+ — R given by

I3 (e, f) = sup { D ain(A) : (Aies €H. Y aixa; < f}, 2.1
ieJ ieJ
where all constants a; > 0, is called la decomposition integral ([3]).
The mapping 17t : M x .7-'; — R given by

M, f)= inf{ D ain(A) : (Adies €M, Y aixa; = f}, (2.2)
ieJ iel
where all constants @; > 0, is called a superdecomposition integral ([15]).

Note that although the superdecomposition integral was introduced in a dual way, it has some properties that are
similar and or dual with respect to decomposition integrals, but it also has some significant differences, i.e., it is not
fully dual to the decomposition integrals (see [15]).

The decomposition and superdecomposition integrals depend on a decomposition system H € X (observe the
formulas (2.1) and (2.2)), and, as we will see later, several well-known integrals are specific decomposition integrals
or superdecomposition integrals.

Let 1 € M be fixed and f € F (in the case of superdecomposition integrals, the considered functions are always
supposed to belong to F, ;‘ ).

(i) Let Hcp = {C : C is a finite chain in A \ {#}}}. Then both I3, (u, f) and IHcn(u, f), define the Choquet inte-
gral ([1,15]) of f € .7-';' with respect to u, i.e.,

oo

Tou, (s ) = 100, f) = / w(lx s £ = ).

0

Note that for f € FT, still Iy, (i, f) is the Choquet integral from f with respect to .

(i) Let Hpapn denote the set of all finite measurable partitions of X. Then I3, (i, f) is the pan-integral from
below, while 77tran (11, f) is the pan integral from above, based on the pair of standard addition and multiplication
(+, ), see [27,28].

(iil) Let Heqy = {B : Bis a finite subset of A\ {#J}}. Then I3, (i, f) is the concave integral of f with respect to
w ([6,71), I Heav (i, f) is the convex integral of f with respect to u, see [15].

The basic properties of these types of integrals can be found in [2,3,5-8,12,14-16,19,26-28].

3. Relations between the decomposition systems

In order to further study the relationship among the different decomposition integrals (resp. superdecomposition
integrals), we introduce two types of preorders on X with respect to a fixed monotone measure u € M.

Definition 3.1. Let i € M be fixed, and let (G, H) € X x X.
@A) If for every (A;))"_, €e Gwith A; >0,i=1,2,...,n,thereisa (B;)" , € Hwithé; >0, j=1,2,...,m, such
y i=1 J)j=1 J J
that
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n

m
> hixa =Y 8ixs; 3.1)
j=1

i=1

and
n m
D hip(A) <) 8u(B)), (3.2)
i=1 j=1
then we say that the system G is smaller than the system H with respect to | in the sense of sub-decomposition, and
denoted by G <, H[1].
(i1) If the inequalities in formulas (3.1) and (3.2) are converse, i.e.,
n m
D hixa, <D 8ixs; (3.3)
i=1 j=1
and
n m
D hin(A) =Y 8;u(B)), (3.4)
i=1 j=1

then we say that the system G is bigger than the system H with respect to u in the sense of super-decomposition, and
denoted by G >,per Hlul.

It is easy to see that the both relations “=<,;,” and *“>gp.,” are reflexive and transitive. In general, they are neither
symmetric nor antisymmetric, therefore, they are preorders.

There are other two kinds of relations for decomposition systems from X: the standard set inclusion relation “C”
and the refinement relation “<” (which was introduced by Mesiar and Stuprianova in [16], as follows: for (G, H) €
X x X, G is arefinement of #, denoted by “G < H”, if for each (A;)}_, € G, there is (Bj)’j’?:1 € H such that {A}?_, C
{B}Tzl). Note that they are not related to any fixed monotone measures. When G C H or G < H, for any (u, f) €
M x F*, it holds Ig(w, f) < Iy(u, f), see [16].

For (G, H) € X x X, it is transparent that G C H implies G < H, but not vice-versa. For the relations “<”, “<,;”
and “>g,per”’, we have the following results.

Proposition 3.2. Let i1 € M be fixed and let (G, H) € X x X. If G < H, then G <sup H[p] and G =super HI).

Note that, in general, the converse implications in Proposition 3.2 are not true, see the following Example 3.5 (iii)
and (iv). This shows that the relation “<,;” is a preorder on decomposition systems from X refining both of the
standard inclusion ordering and the preorder “<”. Moreover, we define a relation “~,;”: given u € M, for (G, H) €
X xX, G=~gup Hin] iff G <5up Hlu] and H <45 G[1]. The relation “=,;” is an equivalence relation and thus the
space X of decomposition systems can be partitioned into equivalence class [G]~,,,. For any £ € [G]~,,,, it holds
Is(, f)=Ig(u, f) forany f € F* (see the later Proposition 4.2). Similarly, we can define the equivalence relation
“Xuper” and obtain the equivalence class [#{]™s«er, such that for any D € [H] swer, it holds [ D, Hy=1"(u, f)
forany f € ]-',j (see the later Proposition 4.2).

In the following we consider respectively the preorders “<y,;” and “>j,,.-” among the three types of de-
composition systems: Hcp, Hpan and Heqy. Note that there are six kinds of ordered pairs: (Heav, Hpan),
(Heav, Hen), Hen, Hpan)» (Hpana Hcen)s (Hen, Heav) and (Hpan’ Heav)-

For the ordered pairs (Hcn, Heav) and (H pan, Heav), it is obvious from Proposition 3.2 that Hep <sup Heavlit],
Hpan Zsub Heavlttl, Hen Zsuper Heavlp] and Hpan Zsuper Heav[p] hold for any given u € M. For other four
cases, we will see that they are closely related to the structure characteristics of monotone measure p: subadditivity,
superadditivity, submodularity, supermodularity, (M)-property and dual (M)-property, etc.

Proposition 3.3. Let (X, A, i) be a monotone measure space and let p € M be fixed.
(i) If p is subadditive, then Hcay <sub Hpanlit].
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(ii) If  is superadditive, then Heqy >super Hpanlit].

(iii) If w has (M)-property, then Hep Zsub Hpanlit]-

(iv) If o has dual (M)-property, then Hcy, Zsuper Hpan (]
(v) w is superadditive if and only if H pan <sub Henlitl.
(vi) w is subadditive if and only if Hpan >super Henlil.
(vii) u is supermodular if and only if Heav <sub Henlp]-
(viii) p is submodular if and only if Heav >super Henlil.

Proof. The properties (i) and (ii) can be verified with the methods we used in Theorem 9 in [20]. Nonetheless, for
readers convenience, we provide proof of (ii) (it is postponed to the Appendix).
(iii) It can be proved with the methods we used the proof of Theorem 4.1 in [21]), therefore we omit its details.
(@iv) It is similar to the proof of Theorem 3.2 in [11].
(v) and (vi) See the later Propositions 4.12 and 4.13.
(vii) and (viii) See the later Propositions 4.4 and 4.5. O

Note 3.4. The converse implication of each of Proposition 3.3 (i)-(iv) may not be true.

Example 3.5. (i) Let X = [0, 1] and A be the Borel o-algebra over X. u : A — [0, 1] is defined by

1 if A=X,

MAO=10 i azx

Then, obviously, u is not subadditive. We show Hcqy =sub Hpanlit]-

Let (A} € Heav With A; > 0,i =1,2,...n. There are two cases: (1) For each 1 <i <n, A; # X. In this case,
we take By =U_| A;,8; =min{A; :i =1,2,...n},then Y7 Aixa, = 8i1xp, and 0=>"7_, Aiju(A;) <81u(By). (2)
There is some iy, A;, = X, take B; = X, §; = ZAI_:X 8;. Thus, for (Ai)?:1 € Heqy With 4; >0 (i =1,2,...n), the
above chosen B; and §; satisfy the formulas (3.1) and (3.2).

(Note that u is superadditive, and hence Heqy >super Hpanlit] and Hpan <sup Henlpel.)

(i) Let X ={1,2, 3,4} and p : 2¥ — [0, 1] be defined by

] 1 if{1,2}CcAor{3,4} CA,
M(A)_{O else.

Then, Heav Zsuper Hpanlpt]. In fact, for any (A;)!_, € Hegy with ; > 0,i =1,2,...,n, there are §; > 0, j =
1,2, 3,4, such that

n 4
D hixa =Y 8ixi)-
i=1 j=1

Note that u({j}) =0, j =1, 2, 3,4, then

n 4
D hin(A) =D 8u (i
i=l1 j=1

Therefore, the formulas (3.3) and (3.4) hold.

Since n({1,2} U{3,4}) =1 < u({1,2}) + ({3, 4}) = 2, this shows that u is not superadditive.

(Note that w is not subadditive (({1,3} U {2,4}) =1 > u({1,3}) + n({2,4}) = 0). Thus, w has neither the (M)-
property nor the dual (M)-property, see [11,13].)

(iii) Let X = {a, b} and u : 2% — [0, 1] be defined by

1 ifA#D,
“(A)_{o ifA=0.

Then Hep <sub Hpanlit]. Indeed, for the chain Cy = {a} (or {b} or {a, b}) with A1 > 0, we take B; = C1, 1 = A1,
then By and §; satisfy the requirements of the formulas (3.1) and (3.2); for the chain C; = {a}, C» = {a, b} (resp.
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C1={b},Cr={a,b})withA; > 0and Ap > 0, we take By = {a}, Bo = {b}, 61 = A1+ 12,00 = Az (resp. 1 = X2, 60 =
A1+ A2), then Ay xc, +A2xc, =061xB, +02xB, and A1 (C1) +A2(C2) < 81 (By) + 8214(B2), i.e., the formulas (3.1)
and (3.2) hold.

However, u is not superadditive (u({a} U {b}) < u({a}) + nw({b})), and hence p has not the (M)-property (see
[13D).

(iv) Let X ={a,b} and u : 2% — [0, 1] be defined by

1 ifA=X,
“(A):{o if A% X.

Then, similar to the discussion of (iii) we can show Hcp >super Hpanlit]. Obviously, u is not subadditive, so it has
not the dual (M)-property (see [11]).

4. The coincidences of decomposition integrals and of superdecomposition integrals

Let 4 € M be fixed. Given a pair of decomposition systems (G, H) € X x X we use the relations “<,;” and
“>super’”” to discuss the coincidences of the decomposition integrals Ig(u, -) and I3;(i, -), and of the superdecompo-
sition integrals Ig(,u, Yand 1" (w, ).

4.1. The general results on coincidence of integrals

In the following we investigate the coincidence between the decomposition integrals (resp. superdecomposition
integrals) in the framework related to the ordered pair of decomposition systems from X.

Proposition 4.1. Let 1 € M be fixed and let (G, H) € X x X.
(i) If G <sup HIul, then for all f € FT,

Ig(u, f) < Iy (i, f).
(i) If G Zsuper H[ ], then for all f € .7:+,

19, f)= 1", ).

Proof. We only prove(i), the proof of (ii) is similar.

Assume G <y, H[i] and let f € F be fixed.

For any given G-sub-decomposition of f, Y7 Aixa, (e, Y ijAixa < f. (AD'_, € G, 4 =0,i =
1,2,...,n,n € N), from the condition G <, H[u], then there is (Bj)Z’:l € H with§; >0,j=1,2,...,m such
that the finite summation ) ;_, A; x4, corresponds to

n m
Z)\iXAi > ZBjXBj
i=1 j=I

and
n m
Z)Lill«(Ai) < ZSjM(Bj)-
i=1 j=1

Thus, the finite summation » ., 8, xp; is a H-sub-decomposition of f (i.e., 37 8;x5, < f, (Bj)i_ € H,
3;>0,j=1,2,...,m,m € N). Therefore, we have

g, £ =sup | D24 Y hixa, = £ (A, € o 20}
i=1 i=l1

m m n
< Sup{25jﬂ(3j) Y 8B, <) hixa; < f}
=1 =1 i=1
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s S
<sup{ Y a(E Y ax, < . (B0, € Hoax 2 0
k=1 k=1

= Iy (u, f).

The proof is now complete. O
From Proposition 4.1, we obtain the following result.

Proposition 4.2. Let 1 € M be fixed and let (G, H) € X x X.
(i) If forall f € F*, Ig(u, f) > Iy(u, f) and G <sup HIp], then forall f € FT,

Ig(, ) = I (1, f).
(ii) If for all f € F*, 19(u, £) < I (w, ) and G >=super HIp, then for all f € F;,

19, f) = 1" (. ).
We call the following theorem the generalized integrals equivalence theorem.

Theorem 4.3. Let 1 € M be fixed and let (G, H) € X x X.
() If G ~gup M), ie., G Zgup HInl and H <gup GL11), then forall f € F*,

Ig(p, )= Iy, ).
(i) If G Nsuper Hlwnl, ie, G super Hlu] and H super Glu), then for all f € 'F+’

19, =1, f).

Observe that Theorem 4.3, Propositions 4.1 and 4.2 involve the ordered pairs of decomposition systems. In such
the framework we will discuss the coincidences among three types of important decomposition integrals: the Choquet
integral [1], the concave integral [3,6] and the pan-integral from below [28], including their counterparts: the Choquet
integral, the convex integral and the pan-integral from above.

In general, the converse of Theorem 4.3 is not true. For decomposition systems H¢qy, Hen and Hpa, we have
some special results, see the later Propositions 4.19 and 4.20.

4.2. The coincidence of the Choquet integrals and concave (convex) integrals

For any (u, f) € M x F*, we have

1w, ) < 1w, £ = Ien(, £) < Leav(i, ).

Lehrer and Teper [6,7] showed that the concave integral coincides with the Choquet integral if an only if the under-
lying monotone measure is supermodular. As a counterpart of Lehrer’s result, Mesiar et al. [15] showed submodularity
is a necessary and sufficient condition for the equivalence of the convex integral and the Choquet integral.

Considering the ordered pair (Hcqv, Hen), we have the following further results.

Proposition 4.4. Let ;1 € M be fixed. Then the following are equivalent:
(i) Forall f € FT,

Iy (e, ) = T30, (10, £
(ii) u is supermodular, i.e., for all A, B € A,
w(AUB) + (AN B) > u(A) + u(B);
(iii) Heav <sub Henlil
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Proposition 4.5. Let 1 € M be fixed. Then the following are equivalent:
(i) Forall f € F;,

IHer (g, f) =170 e, f);
(ii) w is submodular, i.e., for all A, B € A,
n(AUB) + n(ANB) < n(A) + n(B);
(iii) Heav Zsuper Henlpl.
Proof. We only prove Proposition 4.4.
(i) < (ii): It has been proved by Lehrer and Teper in [6] (see also [7]).
(i) = (iii): Suppose that Iy, (i, f) = Iy, (i, ) holds for all f € F*.
Given (Aj)7_; € Heay With A; >0, i =1,2,...,n. Put g = > AiXa,, then Rang, the range of g is a finite set.

We suppose that Rang = {r1,72,...,rx}, where ry <rp <--- <rp. Let§y =r1, 00 =rp —r1,...,8c =rp —rr—1 and
Cj={x:g(x)>4;},j=1,2,...,k. Then (c,-)’;.:l € Hcp and

n k
Z)\iXAi = Z5j)(c_,.
i=1 =1

Since forall f € FT, Iy (u, f) = I3, (i, f) holds, therefore we have

cav

n n
D Rit(A) < Iy, (0 ) Rixa,)
i=1

i=1

Therefore Heav <sup Henlul-
(iii) = (i): Note that Iy, (1, f) > I, (i, ) holds for all f € F*. By the assumption Heay <sup Henlil,
then it follows from Proposition 4.2 that

Iy (s ) = T3y, (s f)

forall f e F*.
The proof is now complete. O

Note that the submodularity (resp. supermodularity) implies subadditivity (resp. superadditivity), but not vice versa.
Thus, the superadditivity (resp. subadditivity) is a necessary condition that the concave (resp. convex) integral coin-
cides with the Choquet integral.

4.3. The coincidences of the concave (convex) and pan-integrals from below (or from above)

For any (i, f) € M x FT, we have the following

IHMU(M? f) S IHpan (l’l” f) and IHpan (M’ f) S IHcav('u’ f)

In general, the above inequalities cannot be replaced by equality.
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In [20] we have shown that the subadditivity is a sufficient condition that the concave integral coincides with the
pan-integral from below, while as a counterpart of this result, the superadditivity is sufficient for the equivalence of
the convex integral and the pan-integral from above [22]. In this subsection, we further generalize these results.

Considering the ordered pair (G, H) = (Hcav, Hpan), the following is a special case of Proposition 4.2.

Proposition 4.6. Let (1 € M be fixed.
(D) If Heav Zsub Hpan[,u]) then for all f € Ft,
B0, (I, 1) = I3t (5 1)
(ii) If Heav Zsuper Hpanlitl, then for all f € F

[Heav(u, £ =1 (u, f).

Proof. For readers convenience, we still want to render a proof in details, as follows:

We only prove (ii). Since for all f € ]-',j, ]H"““(pl,, H=< [Hpan (u, f) holds. It suffices to prove that [Heav (u, )=
[Mean (uu, f) holds for all f € F;F.

Suppose Heav >super Hpanlp] and let f € ]-',j be fixed. For any given H.4,-super-decomposition of f,
Z?;] Aixa; (e, Z,r'l:l Aixa; = f, (Ai)?zl € Heav, A =0,i=1,2,...,n,n e N), from Heap > super Hpan[l"«]’ then
the finite summation Z?:l Ai XA, corresponds to (Bj);”:l € Hpan withl; >0, j =1,2,...,m, such that

n

m n m
D hixa; <) lLixs; and Y Aipu(Ai) =Y Lju(B)).
j=1

i=1 i=1 j=1

Thus, the finite summation sz=1 lj XB; is a H pan-super-decomposition of f (i.e., ZT:] lj XB; = f, (B j)’j’?:l €
Hpan,1i 20,i =1,2,...,m,m € N). Therefore, we have

n n
1o, ) =inf | D hin(AD Y Aty = F (A € Hean, 3i 20}

i=1 i=1

m m n
Einf{zlj,u(Bj) : leXBj EZ/\iXA,- > f}
iz =1 i—1

s N
>inf | Y axn(ED Y axxe, = £ (Eiy € Hpans ai 2 0]
i=1 k=1

=17 (u, f).
The proof is complete. O

Example 3.5(i) and (ii) show that the conditions Hcqv =sub Hpanlpt] and Heay >super Hpanlit] are really weaker
than the subadditivity and superadditivity of w, respectively. Thus, Proposition 4.6 generalizes the previous results we
obtained in [20,22]. As special results of Propositions 3.3 and 4.6, we have the following corollary:

Corollary 4.7. (Theorem 9 in [20], Corollary 4.2 in [22]) Let u € M be fixed.
(i) If n is subadditive, then for any f € FT, Iy, (u, )= I3, (12, ).
(ii) If u is superadditive, then for any f € ]—'}j', [Heav (g, = [Mpan(py, .

Example 4.8. Let (X, A, 1) be the monotone measure space in Example 3.5(1). Then, Hcay <sub Hpanlpt] and hence
forall f e FT,

I (1 ) = T3, (0, ) = Ipge, (e, f) =1nf{ f () [x € X}
(note that y is not subadditive). Note that Hcqy >super H panlit], therefore, for all f € F, +

17 (. fy =17 . f) = 0.
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When X is finite we presented respectively a set of necessary and sufficient conditions that the concave integral
coincides with the pan-integral from below (see Theorem 4.1 in [17]), and that the convex integral coincides with
the pan-integral from above (see Theorem 5.2 in [22]), by using the characterizations of minimal atoms of monotone
measures and of atoms of algebra A of subsets of X. For readers convenience, we provide these results in Appendix
(see Theorems A and B in the Appendix).

Proposition 4.6 shows that the condition Hcqy <sub H panlit] (t€sp. Heav Zsuper Hpanlit]) is a sufficient condition
that the concave integral (resp. convex integral) coincides with the pan-integral from below (resp. from above). Now
we show that if X is finite, then the condition Hcqv <sub Hpanlit] (tesp. Heav Zsuper Hpanlit]) is not only sufficient,
but also necessary for the equivalence of these two integrals. Thus we present respectively a new sufficient and
necessary condition for the equivalence of each of these two pairs of the integrals.

Proposition 4.9. Let X be a finite space, and i € M be fixed and finite. Then,
(i) Heav Zsub Hpan (] lfa}’ld Only lffOV all f € ]:+;

IHC(“} (/"{’7 f) = IHpan (H’v f)
(ii) Heav Zsuper Hpanlp] if and only if for all f € ]:;_,
1Mear (u, f) = 1M (i, f).

Proof. (i) The necessity is clear by Proposition 4.6, we only need to prove the sufficiency.
Sufficiency: Suppose for all f € F*, I, (u, f) =1y (u, f). Then the both conditions (i) and (ii) in Theorem

4.1 in [17] are satisfied (see Theorem A in t(fle Appendix).[“
Now given (Ai)?=1 € Heqy With A; >0,i =1,2,...,n (we can assume u(A4;) >0,i =1,2,...,n, without loss of
generality). Since X is a finite space, then every A; (i =1, 2, ..., n) can be expressed as

A= ADUAP U U A% U FO,

i=1,2,...,n, where for every fixed i, {Al(.j)}k." | is the set of all minimal atoms contained in A; and M(Xl@)) =0

]:
(note that for fixed i, {AE’ )}];i: | is a family of pairwise disjoint sets). Since u is subadditive w.r.t. minimal atoms, then

1 2 ki
w(A) < w(AD) + AP) + -+ (AN,
foreveryi =1,2,...,n.On the other hand, let { B j}'/’.zll be the set of all pairwise disjoint minimal atoms contained in
1 2 ki . . .. ~0
U A, A LAY (B, 0 By, = when ji # jo, 1 < ji. jo <m — 1), and B, =Jj_, A", then (B))"_, &
‘H pan- Noting that p satisfies the condition that 14 possesses the minimal atoms disjointness property, then, it 1s not
difficult to verify that there are nonnegative numbers 41, 82, ..., Sm—1, 0m (6 = min{Aq, A2, ..., A,}), such that

n m n m
D kixa =) 8jxs; and ) Aiu(A) <) 8in(B)).
i=1 j=1 i=1 j=1

This shows Heay <sub 7'[pan (u].

(i1) By Proposition 4.6 the necessity is obvious. Now we prove the sufficiency.

We recall the concept of atom of a o -algebra of subsets of X. Let X be a finite set and A be an arbitrary algebra
over X. A nonempty set E € A is called an atom of A [24], if # and A are the only .A-measurable subsets of A.
The atoms of .4 possess some of basic properties, as follows: (a) Every two distinct atoms of A are disjoint; (b) Let
Ey, ..., Ex be all of atoms of A. Then Ej,..., E; are pairwise disjoint and X = E1 U Ep U --- U Ej, and hence
{E1, ..., Ex} is a measurable partition of X; (¢) Every nonempty set A € A is the union of some atoms of A.

Sufficiency: Suppose that for all f € ]-";, [ Heav (g, = IHpan (y, f) holds. Then, u satisfies one of the conditions
(i) and (ii) in Theorem 5.2 in [22] (see Theorem B in the Appendix). We consider two cases:

(1) Assume that p satisfies the condition (i) in Theorem 5.2 in [22], i.e., ¢ is superadditive w.r.t. atoms of A
(for this concept, see [22]). Let Eq,..., E; be all of the atoms of A. Then Eq,..., Ex are pairwise disjoint and
X=E/UEyU---U Ey. Given (Ai);‘=1 € Hegy With ; > 0,i =1,2,...,n. Since X is a finite space, then for every
i=1,2,...,n, A; is the union of some atoms of A, i.e.,
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Ai=EYUED U UED,

where for every fixed i. {Ei(li), e El.(:)} C{E\, Ea, ..., Et}. Therefore,
S . .
EY. - ED)=(B1. Ba. ... Bu).
=1

where By, Ba, ..., By, are some pairwise disjoint atoms of A. Let By, 41 = X \ U'}Ll Bj, then (B,-)le1 € Hpan. Thus,
it is easy to see that there are §; >0, j =1,2,...,m and 6,41 = 0 such that

n m+1
ZMXA,« = Z 8jXB;»
i=1 j=l1
and noting that p is superadditive w.r.t. atoms of A, then
m+1

> hiu(A) =Y 8u(B)).
i=1 j=1

This shows H¢qy > super Hpan (]

(2) For the case satisfying the condition (ii) in Theorem 5.2 in [22], it is similar to proofs of Theorems 4.7 and 5.2
in [22], we can prove Hcav Zsuper Hpanlit].

The proof is now complete. O

4.4. The coincidence of the Choquet integrals and the pan-integrals

For some u € M, Iy, (1, f) do not coincide with I3, (1, f). Similarly, IHen(u, £) and 1Hren (u, ) need
not coincide. However, if the considered monotone measure u is o -additive, then all four integrals coincide with the
Lebesgue integral, see [10].

Considering the ordered pair (G, H) = (Hch, Hpan), then the following is a direct result of Proposition 4.1.

Proposition 4.10. Let 1w € M be fixed.
(i) If Hen Zsub Hpanlin), then for all f € F*,

IHc}l (1, f) = I'Hp(m (1, f)
(ii)) If Hen Zsuper Hpan [p], then for all f € f+,

17 (u, f) = 17, f).

Considering the ordered pair (G, H) = (H pan, Hcn), we get the following stronger results.

Proposition 4.11. Ler © € M be fixed.
(1) Hpan Zsub Henlpl if and only if for all f € Ft it holds

Bt (s ) < T34, (5 ).
(it) Hpan =super Henlil if and only if for all f € F it holds

[Hran (e, f) = 170 (u, f).

Proof. We only prove (i), and the proof of (ii) is similar.
Necessity: This is a direct result of Proposition 4.1 considering the ordered pair (G, H) = (H pan, Hcn)-
Sufficiency: Suppose for all f € F7 it holds I (s ) < I3y, (i, f). For any given collection (AD?_; € Hpan
with ; >0,i =1,2,...,n (we can assume A| < Ay < --- < A,, without loss of generality), we take
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Ci=AUA 1 1U---UA,

i=1,2,...,nandletc; =21; —A;—y fori=1,2,...,n,4;—1 =0. Then (C;)!_, € Hcp with¢; >0,i =1,2,...,n,
Yo _jaixa, = Y i ¢iXc;- Noting that, from Lemma 3.1 in [13], u is superadditive, therefore

n n
Docim(C =) cim(AiU AU UAy)
i=1 i=1

= 3 (i = dimn) (A + R(AD + -+ (AR )
j=1

=D hin(AD.
i=1

This shows Hpan =sub Henlpl.
The proof is now complete. O

Combining Lemma 3.1 in [13] and Proposition 4.11(i), and Lemma 3.1 in [11] and Proposition 4.11(ii), respec-
tively, we have the following results.

Proposition 4.12. Let (1« € M be fixed. Then the following are equivalent:
(i) u is superadditive;
(ii) Hpan <sub Henlpls
(iti) 114, (1, ) < T3y, (s f) holds for all f € FT.

Proposition 4.13. Let u € M be fixed. Then the following are equivalent:
(i) w is subadditive;
(ii) Hpan Zsuper Henlils
(iii) IMran (u, £) > 17 (u, f) holds for all f € F.

In [21] we showed that (M)-property is a sufficient condition that the Choquet integral is equivalent to the pan-
integral from below, and Lv et al. [11] introduced the so-called dual (M)-property of monotone measures, and showed
that it is sufficient for the coincidence of the Choquet integral and the pan-integral from above. Considering both the
ordered pairs (Hcn, Hpan) and (H pan, Her) in Proposition 4.3, we obtain a new sufficient condition that the Choquet
integral coincides with the pan-integral from below (resp. the pan-integral from above).

Proposition 4.14. Let © € M be fixed.
(i) IfHCh Nsub Hpan [u], then for all fe -/_'.+’ I'Hch (n, f)= I’H,,,m (s ).
(ii) If Hen Xsuper Hpanlitl, then for all f € FpF, 1760 (u, f) = ITtan (u, f).

Note that the (M)-property of w implies Hcp Rsup Hpanlpt] (in fact, from Proposition 3.3(iii), (M)-property
implies Hepn =sub Hpanlit]l; (M)-property implies superadditivity, see [13], and hence H pay <sup Henlul, see Propo-
sition 3.3(iv)). Similarly, the dual (M)-property implies Hcy ~guper Hpanlit] (see [11] and Proposition 3.3). Thus,
from Proposition 4.14 we obtain our previous results:

Corollary 4.15. (Theorem 4.1, [21]; Theorem 3.2, [11]) Let u € M be fixed.
(i) If . has (M)-property, then for all f € FT,

By (1t ) = Bt (11 .

(ii) If i w has dual (M)-property, then for all f € F,,
1788 o, f) = 176 . ).
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Note 4.16. A natural open problem arises: whether Hcp ~sup Hpanlpt] implies the (M)-property of u, and similarly,
whether Hcn Xguper Hpanlit] implies the dual (M)-property of .

When X is finite, we showed that the (M)-property is not only necessary, but also sufficient for the equivalence
of the Choquet integral and the pan-integral from below (see Theorem 4.6 in [18]), for the dual (M)-property, there
is a similar result (see Theorem 3.4 in [11]). Combining these results in [11,18] and Proposition 4.14 we have the
following propositions.

Proposition 4.17. Let X be a finite space and p € M be fixed. Then the following are equivalent:
(i) u has (M)-property;
(ii) Heh ~sub Hpan [l
(iii) for all f € F*, Iyye, (i, ) = I3y, (1, f).

Proposition 4.18. Ler X be a finite space and € M be fixed. Then the following are equivalent:
(i) u has dual (M)-property;
(ii) Hcn Rsuper Hpan [ul;
(iii) for all f € F;7, I (u, f) = ITtran (u, f).

4.5. A summary of the main results and notes

We present a summary of the main results we have obtained in the above subsections. In general, for any
(G.H) € X x X, G~ Hiul implies Ig(w, f) = Iy (i, f), and G ~guper Hipl implies 19(u, f) = 1" (., f),
but not vice-versa (Theorem 4.3, see also Propositions 4.1 and 4.2). When considering the ordered pairs (G, H) =
(Heav, Hen), (Heav, Hpan) and (Hep, Hpan), we have the following further results (see Propositions 4.4, 4.5, 4.6
and 4.14).

Proposition 4.19. Let (1 € M be fixed. Then,
(i) Heav Zsub Henli] (in fact, Heav ~sub Henlinl) if and only if for all f € Ft,

B0, (0, 1) = Ipge, (15 ).
(ii) Heav Zsuper Henlpl (in fact, Heaw ~super Henlul) if and only if for all f € ]:+,

17 (. fy =170, f).

Proposition 4.20. Let X be a finite space, and i € M be fixed and finite. Then,
(i) Heav Rsub Hpanli] if and only if for all f € FT,

I’va (/"L’ f) = IHpan (H/v f)a
(ii) Heav Xsuper Hpanlil if and only if for all f € Fi

17 (. fy =170, f).
(iii) Hen ~sub Hpanli] if and only if for all f € FT,

Iy, (s ) = T, (05 )3

(iv) Hen Rsuper Hpanlit] if and only if for all f € Fr

1Hen(u, £y = 1Tt (u, f).

Note 4.21. We don’t know whether for general spaces (not necessarily finite) the sufficiencies in Proposition 4.20
(1)-(iv) remain valid, respectively, as Proposition 4.19. This is a subject of our further research.
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5. Conclusions

We have introduced two types of preorders on the set consisting of all decomposition systems on (X, .4), and
by means of these two preorders of decomposition systems we have presented the generalized integral equivalence
theorem in the general framework involving an ordered pair of decomposition systems (Theorem 4.3, including Propo-
sitions 4.1 and 4.2). As we have seen, the previous results related to the coincidences among the Choquet integral, the
concave (or convex) integral and the pan-integral from below (or from above), are special cases of this generalized
integral equivalence theorem. Thus, we have presented a unified approach to the coincidences of several well-known
decomposition and superdecomposition integrals.

On the other hand, in previous study the coincidences among the different decomposition integrals (or superde-
composition integrals), the concave integrals, the Choquet integrals and the pan-integrals, etc., were characterized
from two aspects: (1) using the structure characteristics of monotone measures, such as, subadditivity, superadditivity,
submodularity, supermodularity, (M)-property and dual (M)-property, etc., see [6,11,15,20,21]; (2) using the charac-
teristics of measurable sets, such as, minimal atoms, atoms of o -algebra A, etc., see [17,18,22]. In this paper, as a
third aspect, by using the characteristics of preorder of decomposition systems we have provided a way of studying
measure-dependent coincidences of decomposition (superdecomposition) integrals.
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Appendix A

Proof of Proposition 3.3(ii). We only prove (ii), the proof of (i) is similar. Suppose that u is superadditive. Let
(AD?_ €Heqvand X; >0,i=1,2,...,n.
For n =1, it is obvious, for n = 2, observe that

AMXA T A2XA, =AXA—(A1NA) T A2XAr—(A1NAy) + (A1 +A2) XA nA,-
If we let

Lh=A1, b=k, =%+
and

Bi=A1—(A1NAy), Bb=A— (A1 NA2), B3=A1NA,

then

2 3
D hixar=D_lixs,.
i=1 j=1
Moreover, it is from superadditivity of p that
(A + 22 (A2)

= A (n(B1) + n(B3)) + A2 (u(B2) + n(B3))

=hu(B1) +hu(B2) + l3u(B3).

Now suppose that the formulas (3.3) and (3.4) hold for n = k, we need to verify that they are also true for n =k + 1.
For Z{(Ll Ai X4, > we have
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k+1 k
ZMXA,- = ZMXA,- + Mt 1 X Apt
i=1 i=1

n'

= Z%‘XD,- + A1 XApprs
j=1

where Dj, j =1,2,...,n' are pairwise disjoint subsets of X, o; > 0 with Z;{:l A (Ap) > Z;’/:l aju(Dj). Observe
the facts that

Dj=(Dj—(DjNAxt1)) U(Dj N Aks1)

and
n' n'
A1 = | Ak+1 — U(Ak+1 ND;j) U U(Ak+1 ND;j)
j=1 j=1
If we let
BjZDj —(DjﬂAk_H), j=1,2,...,n/
Byij=DjN A1, j=1,2,....0,
n/
Boyy1=Agy1 — U(Ak+1 N Dj)
Jj=1
and let

. /
li=aj, lypj=0j+ A1, j=1,2,....0, i1 =My,
then (Bj);%=2n/+] EHpam

k+1 2n'+1

D hixar= Y lixs,
i=1 j=1

and
k+1
Y hin(A)
i=1

n
> Zaju(Cj) + M1t (Ag1)
j=1

’

n n
> " (W(B)) + 1 (Byi ) + My | 1(Bow) + Y tt(Byrgj)
j=1 j=1

’ ’

n n

= o i(B)) + Y (@) + it DBy j) + A1 1(Bow1)
j=1 j=1
2n'+1

- Z 1 u(B;).
Jj=1
Thus we have proved Heqv >super Hpanlpt]l. O
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Theorem A. (Theorem 4.1 in [17]) Let X be a finite space, and . € M be fixed and be finite. Then, for all f € FT,

I, (s 1) = 134, (105 ) (A.])

if and only if the following two conditions hold:

(i) u possesses the minimal atoms disjointness property, i.e., for every pair of minimal atoms A and B of 1, A # B
implies AN B =0;

(ii)  is subadditive w.r.t. minimal atoms, i.e., for every set A € A with u(A) > 0, we have

w(A) < (A,

i=1

where (A;)?_, is the set of all minimal atoms contained in A.

Note: A set A € A is called a minimal atom of monotone measure u if £(A) > 0 and for every B€ Aand B C A
holds either (i) u(B) =0, or (ii)) A = B (see [17]).

Theorem B. (Theorem 5.2 in [22]) Let (X, A) be a finite measurable space and jn € M be fixed. Then, for all f € F;",

1M, fy = 10 (u, 1), (A2)

if and only if one of the following conditions (i) and (ii) is satisfied:

(i) w is superadditive w.r.t. atoms of A.

(ii) For every minimal strictly w-subadditive set A w.r.t. atoms of A, we have (A;) = w([A)]), where A; is an
arbitrary atom of A and A; C\Jpc(a) B-

Note: A nonempty set A € A is called an atom of A [24], if @ and A are the only A-measurable subsets of A, i.e.,
there is no nonempty proper subset B of A such that B € A. The above other undefined concepts and symbols can be
found in [22].
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