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Abstract: We derive, by means of variational techniques, a limiting description for a class of integral function-
als under linear differential constraints. The functionals are designed to encode the energy of a high-contrast
composite, that is, a heterogeneous material which, at a microscopic level, consists of a periodically perfo-
rated matrix whose cavities are occupied by a filling with very different physical properties. Our main result
provides a I'-convergence analysis as the periodicity tends to zero, and shows that the variational limit of the
functionals at stake is the sum of two contributions, one resulting from the energy stored in the matrix and
the other from the energy stored in the inclusions. As a consequence of the underlying high-contrast struc-
ture, the study is faced with a lack of coercivity with respect to the standard topologies in L?, which we tackle
by means of two-scale convergence techniques. In order to handle the differential constraints, instead, we
establish new results about the existence of potentials and of constraint-preserving extension operators for
linear, k-th order, homogeneous differential operators with constant coefficients and constant rank.
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1 Introduction

The goal of this contribution is to derive a unified limiting description for a class of integral functionals that
are inspired by the physics of high-contrast composites and that are evaluated on fields subject to certain
differential constraints.

High-contrast materials are characterized by the property that their microscopic physical features may
change abruptly from point to point. In the case of a binary periodic medium of this kind, we have two rele-
vant microscales: the periodicity of the microstructure and the high-contrast parameter, which encodes the
strong (high-contrast) difference in the properties of the two components. Typically, the scale at which peri-
odicity is observed is much smaller than the size of the specimen. It is hence natural, from a mathematical
viewpoint, to study the asymptotics of the quantities that describe the system in the limit of vanishing period.
This procedure is called homogenization. It allows to make predictions on the effective character of heteroge-
neous media when no experiments are available, and eases numerical simulations by reducing the degrees
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of freedom of the problem. Therefore, mathematical homogenization has been a lively field of investigation
for many decades. We refer, e.g., to the monographs [15, 33] for a thorough introduction to the subject.

In this paper we tackle the case in which both the periodicity and the high-contrast are quantified by
asmall number € > O (see (1.3) and Remark 2.1). We assume that the vector fields that encode the significant
quantities of the system satisfy a linear first-order differential constraint. The rationale behind this choice
becomes transparent if one focuses on specific theories: in large strain elasticity the deformation gradient
is a significant strain measure, while electromagnetism deals with the differential operators encoded by the
Maxwell system. In other settings, the elastic behavior of some materials can be influenced by electric cur-
rents or magnetic fields and vice versa (see, e.g., [74] for a recent contribution). In all these cases, the key
quantities lie in the kernel of a suitable differential operator. We therefore see that the need of combining
homogenization and differential constraints naturally arises and leads to generalized notions of convexity
(see [12] for an overview). It is well known that all the differential constraints above (and many more) can be
treated in a unified way in the framework of .«7-quasiconvexity (see [48] and references therein). Such a notion
allows to extend various results which were originally available only for Sobolev maps and their gradients
to the setting where admissible fields belong to the kernel of a linear first-order differential operator .7 of
constant rank. We incidentally mention that highly heterogeneous media under differential constraints also
appear in the homogenization approach to topology optimization, which plays a central, for instance, in the
modeling of lattice materials for additive manufacturing [3, 4].

The novelty of our contribution consists in tackling homogenization of high-contrast materials in the
setting of .«7-quasiconvexity. In order to describe our main results, we need to introduce some basic notation.

Ford e N, d > 2, let Q ¢ R? be a bounded, connected, open set with Lipschitz boundary. We regard Q
as a reference configuration for a composite with a high-contrast microstructure obtained by periodically
inserting inclusions of a specific kind in a surrounding matrix. For instance, in the context of elasticity, M.
Cherdantsev and K. D. Cherednichenko [25] considered a stiff matrix with embedded soft fillings. In general,
applications require that the properties of the inclusions and of the matrix are tuned so that the resulting
effective behavior of the composite is the desired one.

To depict the fine texture of the material in mathematical terms, we consider the periodicity cell
Q:=(0,1)% ¢ R? and an open connected subset with Lipschitz boundary Do € Q (see Figure 1), where
the symbol e indicates that Dy is compactly contained in Q. The high-contrast behavior of the composite
sitting in Q is identified by means of the sets Dy and D1 := Q \ Dy in the following way: we introduce a small
parameter € > O representing the periodicity scale and we define the sets

Qo= | &Do+2) withZ :={z ez : (Do +2) c Q}, (1.1)

z€Z

and
Ql,s =0\ QO,S’ (1-2)

which correspond respectively to the inclusions and to the surrounding matrix (see Figure 2).

Hereafter, we will systematically adopt the adjectives “soft” and “stiff” to refer respectively to Qg . and
to Q1,¢, as well as to their related quantities. This use is informal and just meant to convey ideas, though
being justified by the possible interpretation of our model in the framework of elasticity. The reader should
however bear in mind that our treatment is suited for a wider range of applications.

The main goal of this contribution is to characterize the asymptotic behavior as € — 0 in the sense of
I'-convergence [14, 37] of the energy functionals

J fo,e(eu) dx + J f1<§,u> dx, (1.3)

Qo,e Ql,e

evaluated on fields u € L?(Q; RY) satisfying «7u = 0, where ¢ is a suitable linear first-order partial differen-
tial operator. The precise class of constraints is presented in Section 2.2 below and further investigated in
Section 7. In the expression above, the family {f; .} represents the energy densities stored in the “soft” inclu-
sions, while f; encodes the behavior of the “stiff” matrix. The assumptions on {fo,¢}¢>0 and f; are collected
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Figure 1: The subdivision of the unit cube Q into the “soft” region Do (white) and the “stiff” region D; (grey).
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Figure 2: The reference set Q and its microscopic structure. The collection of the “soft” inclusions Qg ¢ is depicted in white,
whereas the matrix Q1 ¢ is in grey.

in Section 2.1. We point out that considering a sequence of e-dependent energy densities for the “soft” com-
ponent is not merely a mathematical mannerism: on the contrary, it is a modeling necessity that arises when
the admissible maps u are assumed to have the form u = Vv for suitable fields v, i.e., when &7 = curl. We refer
to [25, Remark 2] for a discussion on this point.

Even though {fy .} and f; in (1.3) are assumed to satisfy p-growth conditions from above and below, the
fact that the “soft” energies are evaluated on cu rather than u results in a loss of coercivity. Consequently, clas-
sical weak and strong LP-topologies are not capable to capture the asymptotic behavior of the problem and
one needs to resort to an ad hoc notion of ‘convergence in the high-contrast sense’, which instead keeps track
of the finest features of the microstructure, cf. Definition 2.5. Denoting by U; the set of maps in LP(Q; RM)
such that .7u = 0 in Q, our main result consists in showing that the limiting behavior of the energies in (1.3)
is encoded by the functional . : U; — R defined as

F(u) = ao + thomw(x)) dx.
Q

In the formula above, ag is a constant determined by fy (see (2.6)), fom is a suitable energy density related
to f1 (see (2.7)), and the condition «7u = 0in Q has to be interpreted in a distributional sense (see Section 2.2).
Our first main result is presented in Theorem 2.6, and, loosely speaking, states the following:

Theorem. The functional .7 is the T'-limit as € — O of the energies in (1.3) restricted to <7 -free fields with respect
to the high-contrast convergence.

Key techniques to establish the theorem are p-equiintegrability arguments, as well as the notions of two-scale
convergence [2] and of periodic unfolding [31, 32, 78, 79]. The proof relies essentially on the possibility of
decoupling the behavior of the material in the “soft” and “stiff” contributions. The I'-convergence of the “stiff”
portion is a corollary of homogenization results in the setting of .»7-quasiconvex [45]. The study of the “soft”
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part is instead more challenging, for the presence of the high-contrast microstructure and its interplay with
the differential constraint result in the emergence of a second, hidden scale. This makes both the identifica-
tion of a lower bound and the proof of its optimality need a delicate combination of two-scale results and
weak-LP compactness.

The decoupling of the system into regions having different material features hinges on careful compact-
ness and splitting arguments. The latter are in turn based on two essential properties of the differential
constraint «: the fact that .«7-free maps in the periodicity cell have null average, and the existence of a suit-
able extension operator on perforated domains (see Assumptions 1 and 2). In our general setting, it is not
effortless to ensure such conditions, in contrast to the well-understood case in which the set Q is contractible,
</ is the curl operator, and the .«/-free fields are gradients. In particular, to the authors’ knowledge, even for
standard operators, it is still an open question whether extension operators preserving the </ -free constraint
from a perforated domain to the “filled’ set exist. Similar results are available for gradients both in the Sobolev
setting [1] and in the weaker one of antiplane fracture [20]. We also mention the recent result in [19] for the
case of symmetric gradients in linearized fracture (in the space GSBD [38]).

The analysis of the differential constraints satisfying the aforementioned Assumptions 1 and 2 is the
focus of Section 7. A special case in which the first requirement holds is that of operators <7 admitting “poten-
tials”, namely such that «7u = O if and only if u = w for a suitable differential operator % and a field w. The
second main contribution of this paper consists in showing that for a broad class of operators .7 existence of
potentials and existence of extension operators are closely related. Roughly speaking, we prove the following.

Theorem. Let Q be a “nice” set and let </ be a linear homogeneous differential operator with constant coeffi-
cients and constant rank. If an extension operator from <7 -free maps on Q to <7 -free maps on the whole space
exists, then o/ admits a potential on Q. Conversely, if </ admits a potential on Q for which a suitable Korn-type
inequality holds true, then there exists an extension operator from Q to the whole space which preserves the
property of being </ -free.

We refer to Theorems 2.10 and 2.11 for the precise formulation of the result, as well as to Section 7 for
a broader discussion on the topic. We point out that assuming the existence of potentials imposes some topo-
logical constraints on the set Q. An example is easily provided by the case < = curl for d = 3: one needs
to require at least Q to be simply connected, cf. Remark 7.2 and Examples 7.17-7.20. Essential tools for
the proof of Theorems 2.10 and 2.11 are the theory of Fourier multipliers and the notion of generalized
Moore—-Penrose inverse.

Before proceeding with the mathematical details of our analysis, we conclude the section with some
bibliographical notes.

The very first mathematical analysis of high-contrast materials was developed in the seminal work [8]
by G. L. Auriault, who employed formal asymptotic expansions. In the early 2000, V. V. Zhikov [80] intro-
duced a novel approach by extending classical two-scale techniques [2] to the setting of PDEs with rapidly
oscillating coefficients. The study of high-contrast problems has been ever since at the center of an extensive
scientific effort, with applications ranging from elastodynamics [75] to Maxwell’s equations [13, 27]. A full
characterization of the settings of linear elasticity and of conducting materials was provided in [21, 22], while
the nonlinear elastic setting was considered in [25, 26] (see also [17]). The effects of microstructure on free-
discontinuity functionals have been studied when high-contrast behavior appears in bulk terms only [10, 11],
when it is just in surface terms [72, 73], and when both contributions are affected [18]. Mumford—Shah
energies with high-contrast surface contributions have been recently characterized in [66]. The analysis of
variational models for layered high-contrast materials was undertaken in [29, 30, 39].

As for the notion of .«7-quasiconvexity, its introduction goes back to [35], while an extensive study was
carried out in [48] for operators .« with constant coefficients and constant rank (see (2.1) and (2.2) below).
In [16] and [45], under p-growth assumptions on the energy density, relaxation and homogenization results
were obtained for integral functionals evaluated on o7 -free fields (i.e., fields in the kernel of .7); see also [44]
for a related analysis on quasicrystals. Problems featuring simultaneously homogenization and dimension
reduction were addressed in [59, 60], whereas oscillations and concentrations generated by .7 -free fields
were characterized in [46]. The case of nonpositive energy densities has been studied in [58]. A complete
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theory under linear growth assumptions on the energy density was established in [5, 7, 9, 62]. The character-
ization of .«7-quasiconvexity was extended to operators with variable coefficients in [71]. We refer to [40, 41]
for homogenization results in this purview, and to [42] for a corresponding relaxation formula. Applications
to the theory of compressible Euler systems, as well as to adaptive image processing and to data-driven finite
elasticity were the subject of [28], [43], and [34], respectively. To complete our review on .«7-quasiconvexity,
we mention the works [69, 70] on BV ./-spaces for elliptic and cancelling operators, [61] for a characteriza-
tion of associated Young measures, as well as [49, 50, 67, 68] for the corresponding Sobolev analysis, and
[53] for a compensated-compactness result.

1.1 Structure of the paper

The plan of the paper is as follows. In Section 2, we describe the setting of the problem and the related
assumptions, and we formulate the precise statements of our main results, i.e., Theorems 2.6, 2.10,and 2.11.
To lay the ground for the proofs, we collect auxiliary assertions and properties concerning measurable selec-
tion criteria, «/-free sequences, two-scale convergence, and Fourier analysis in Section 3. In Section 4 we
study compactness properties of sequences of fields with equibounded energies, we detail the splitting argu-
ment, and present the proof of Theorem 2.6. Sections 5 and 6 contain the I'-convergence analysis for the
“soft” and “stiff” energy-contributions. Section 7 is focused on the description of the class of the differential
operators that are admissible for our analysis, and deals with the proofs of Theorems 2.10 and 2.11.

2 Setting and main results

This section is devoted to the set-up of our analysis and to the presentation of the main achievements of this
contribution. We will first fix the notation and the hypotheses used throughout the paper. The major results
will be summarized in Section 2.3.

2.1 Energy functionals

LetQ c RY, d € N, d > 2, be abounded, connected, open set with Lipschitz boundary. We denote by o . and
X1,e the characteristic functions respectively of Qg . and Q; ¢ in Q (see (1.1) and (1.2)), i.e., fori = 0, 1,

1 ifxe Qje,
Xie(X) = .
0 otherwise.

Similarly, we let

) 1 ifye Dy,
() =
Xi 0 otherwise,

denote the characteristic function y; of D; in Q.
We assume that {f ¢}e>0 and f; in (1.3) fulfill the following set of hypotheses:
(H1) Each fye: RN — Ris continuous and f; : R? x R¥ — R is a Carathéodory function.
(H2) The function f; (-, &) is Q-periodic for every ¢ € RV,
(H3) There exist a, A, A > 0 such that for a.e. x € RY, for all e RN, and all ¢ > 0,

A=a +1§P) < fo,e(§) < A1 +1&1P),
A=a +181P) < fi(x, §) < A1 + [&1P),

forafixed p € (1, +00).
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(H4) There exists p > 0 such that fora.e. x € Q, forall &, ¢ RV, and € > 0,

fo,e(&) = fo,e()] < p(1 + [EP1 + [nP~1)[& - nl,
If10x6, &) = fr(x, )| < (@ + [EP71 + [nP~h)|& - nl,

where p is the same as in (H3).
(H5) There exists fo: RY — R such that for all ¢ € RV

}:i_I}(l)fo,a(f) = fo(&).

Remark 2.1 (Degeneracy of the “soft” component). We draw again attention to the fact that, in spite of the
standard coercivity and growth of fy ¢, the problem we address features some degeneracy, which is expressed
by the factor € multiplying the argument of the “soft” integrand (see (1.3)). From a modeling perspective,
this € accounts for the high-contrast between the two components, in that it makes the “soft” component
less and less sensitive to external stimuli. This can be easily seen in the simple instance f; (&) = f1(¢) = |¢]P:
formula (1.3) becomes
&P J [ulP dx + J [ul? dx,
Qo,e Qe

and the ratio Sip between the “stiffness coefficients” of the two components blows up as € vanishes.

Owing to the growth conditions prescribed by hypothesis (H3), the natural environment for our problem is the
space LP. We will often work with Q-periodic functions, i.e., those u: R? — R¥ such that u(x + z) = u(x) for
all x € R and all z € Z4. We will use the subscript ‘per’ to denote subspaces of Q-periodic maps; for instance,

Lhe(RGRY) = {u e LY (R%;RY) : uis Q-periodic}.

loc

We endow the previous space with the norm of LP(Q; RY). With a slight abuse of notation, we will tacitly
identify LP(Q; RY) with Lp.,(R% RY) by mapping the unit cube into the unit torus in R? and extending the
corresponding fields by periodicity. Analogously, we will denote the subspace of LfOC(Q x R4; RN) contain-
ing all the functions that are Q-periodic with respect to their second argument by L?(Q; Lger(]Rd; RY)) and
implicitly identify this space with LP(Q x Q; RY).

2.2 The differential constraint

Let p € (1, +00) be as in (H3) and (H4) above. We suppose that the constraint that we couple with the energy
in (1.3) falls within the framework of .7 -quasiconvexity as described by I. Fonseca and S. Miiller [48]. Namely,
for N, M € IN \ {0}, we let < be a partial differential operator on R9 from RY to RM whose action on a function

u: R? - RN is given by
d

5 oU
dui=Yy AD = 2.1
i; ox; (2.1)
where A®: RN — RM are linear maps foralli =1, ..., d. In other words, <7 is a linear first-order differential

operator with constant coefficients.

Our fundamental requirement on .o/ is the constant rank assumption introduced by F. Murat [64],
that is, we suppose that there exists r € N such that the symbol A of « satisfies the following: for all
w=(w1,...,wq) € R\ {0}, the operator

d
Alw] = z w;AD (2.2)
i=1

has rank equal to r.
We observe that for every open set O c RY, &7 can be regarded as an operator from L?(0; RN) to
W-LP(0; RM), where W-12(0; RM) denotes the dual of the Sobolev space Wé’p /P=1) 0, RM). To see this,
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we introduce the formal adjoint of =7, denoted by «7*. For v: 0 — RM, we set

d
5 OV
e (1), *
ATV = .:E A o

where A®-* is the adjoint (i.e., the transpose) of A, In this way,

J,QM) pdx = J¢.¢*lpdx forall ¢ € C1(0; RN) and ¢ € C1(0; RM),
0 0

and for u € L?(0; RY) we define the pairing

(AU, V) = Iu -o/*vdx forallve Wé’p’(O;]RM),
0

where p' is the conjugate exponent to p. In what follows, if u € LP(0; RN), equalities of the form .«u = 0in O
are always tacitly understood in the sense of W=1?, or, in other words, in the sense that

Ju-%*vdx=0 forallv e Wé’p’(O;]RM). (2.3)
0

When such a relation holds, we say that u is «/-free on O. Similarly, if u € Lf;er(IR s RN), we say that it is
o/ -free on the unit torus T¢ when the equality in (2.3) is satisfied for O = Q and for all v ¢ er,ef (R%; RM); in
particular, if u € Lbo; (R RV) is o7-free on T4, then it is o/-free on Q as well.

In addition to the constant rank hypothesis, we need to consider further restrictions on the class of
operators <7 for which our analysis will be performed. We formulate two ad hoc assumptions:

Assumption 1 (Null-average). For all u € Lger(]Rd; RY) such that u = 0 on D; and «/u = 0 on T¢, it holds
Jou»dy =o.

Assumption 2 (<7-free extension). There exist an e-independent constant ¢ > 0 and a sequence of operators
{E%,} with E¢,: LP(Q; RN) — LP(Q; RN) such that the following holds: for all «7-free u € LP(Q; RY),

(1) Efju=uae.inQqg,

(2) 1ES, ullzrsmyy < cllullr(q, .smMs

(3) #/(E5,u) =0on Q, and

(4) if {ue} < LP(Q; RN) is p-equiintegrable, then {E¢, u,} is also p-equiintegrable in LP(Q; RY).

We recall that {u¢} c LP(Q; RYN) is p-equiintegrable if for every n > 0 there exists m > 0 such that

Jluglp dx<n foralle >0
E

whenever E ¢ Q satisfies .#4(E) < m. Thanks to the Dunford—Pettis Theorem, this is equivalent to the fact
that {|uc|P} admits a subsequence that is weakly convergent in L1(Q). We point out that in Assumption 2
it is essential to start with maps u which are .«7-free in the whole set Q, for this is related to the existence
of “potentials” for the operator 7. We refer to the considerations after Theorem 2.11 in Section 2.3 for a
discussion on this point, while we collect some comments on Assumption 2 in the next remark.

Remark 2.2 (On Assumption 2). In problems involving perforated media the use of extension techniques is
fairly common (see, e.g., [1] or [15, Chapter 19]), and Assumption 2 is akin to others in the literature. For
comparison, we mention [46, Definition 1.4]. The main differences consist in: (1) the fact that the extension
operator here is assumed to exist on a periodically perforated domain, with constants independent of the
periodicity parameter &, (2) the fact that the existence of an extended p-equiintegrable sequence here is only
required when starting from a sequence that also had p-equiintegrability properties. We refer to [46] for a gen-
eral discussion on the connections between the existence of extension operators from an open set to a bigger
surrounding domain, and the theory of DiPerna—Majda measures.
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A notion of 7-free extension domain was also considered in [58, Definition 4.4]. There, however, no
p-equiintegrability conditions are prescribed. As pointed out in [58, Section 4.2], such extension results are,
in general, nontrivial. Additionally, they depend both on the topology of the set and on the operator < under
consideration. In particular, no such .«7-free extension is possible when .7 is the operator associated to the
Cauchy-Riemann system, not even in the case of very regular sets Q.

As far as our analysis is concerned, items (1)-(3) in Assumption 2 are among the main ingredients
in the proof of Proposition 4.1, and without them we would not be able to establish high-contrast com-
pactness for sequences with equibounded energy (see Definition 2.5). On the contrary, the preservation of
p-equiintegrability is not required at this stage, whereas it is used in the proof of our main I'-convergence
result (see the proofs of Propositions 2.9 and 4.4). Nonetheless, point (4) in Assumption 2 could be dispensed
with in some simplified versions of our problem, e.g., when fy . = fo for every € > 0 and Q is a rectangle.

For the sake of brevity, it is convenient to give a name to the class of operators addressed in our study:

Definition 2.3. Let &7 be a linear first-order differential operator as in (2.1). We say that .7 is admissible if
and only if it is of constant rank and it satisfies Assumptions 1 and 2.

It is well known that the family of constant rank operators is quite large [48]; as for the subclass of the admis-
sible ones, we prove that it is nonempty in Section 7 where, in particular, we analyze the cases of the curl, of
the curl curl operator, of the divergence, as well as the setting associated with higher-order gradients.

2.3 Main results

The first main result of this paper, Theorem 2.6 below, is the characterization of the asymptotic behavior
as € — 0 of the functionals in (1.3) when the family is restricted to .o7-free fields. In order to deduce also
some information on the related energy minimizers, we resort to a variational kind of convergence, namely
I'-convergence (see, e.g., [14, 37]). Here, we consider a quite abstract version of its definition: indeed, we
consider functionals defined on a certain set for which it is only known that some of its sequences are con-
verging, the limit point being declared too; no topological structure is provided, instead. We summarize this
situation by saying that such a set is endowed with a notion of convergence.

Definition 2.4. Let X be a set endowed with a notion of convergence. We say that the family {F¢}.¢ of func-
tions on X with values in [-c0, +00] I'-converges as € — 0 to the function F: X — [-co, +00] if for any x € X
and for any sequence {€x}ken such that g — 0 the following holds:

(1) for any sequence {x;, }kew C X such that x,, — x, we have

F(x) < lli(m inf F;, (x¢,),
—+00

(2) there exists a sequence {x¢, }xenw € X such that x,, — x and

lim sup Fg, (x¢,) < F(x).
k—+00
We have already remarked that the natural domain of the functionals (2.8) is contained in LP(Q; RY). How-
ever, in our setting, the two kinds of convergence in this space that are most frequently considered, the strong
and the weak one, are not well suited to perform a I'-convergence analysis. Indeed, they do not match the
high-contrast nature of the problem and would therefore not yield useful compactness results for sequences
with equibounded energy. This leads us to introduce a peculiar notion of convergence.

Definition 2.5. We say that a family {u.} c LP(Q; RN) converges in the high-contrast sense to u € LP(Q; RN)
(relatively to the sequence of sets {Q1 ¢}) if eu, — 0 weakly in LP(Q; RY) and if there exists a second family
{ite} ¢ LP(Q; RN) such that /i1, = 0in W-LP(Q; RM), u, = i1, in Q; ¢ and &1, — u weakly in L (Q; RN).

Some comments are in order. The reason why the definition above is made up of two requirements is that there
is no standard convergence which is able to capture alone the behaviors of both components. On one hand,
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the convergence of extensions is related to the coercivity of the “stiff” part, and it is a somehow customary
requirement in homogenization (see Section 2.4); on the other, the convergence eu — 0 is needed to keep
track of the “soft” component. Here, in the light of Assumption 1, the 0 vector turns out to be the average of
some two-scale limit.

If we select <7 = curl and we assume that Q is simply connected, the problem may be recast in W' (Q). In
this setting, as far as the asymptotics of the “stiff” part is concerned, Rellich—Kondrachov’s theorem allows to
switch from weak convergence in WP (Q) to strong convergence in LP(Q). Therefore, the use of high-contrast
convergence on the matrix leads to the standard homogenization results for perforated media. At the same
time, it allows to quantify the change in the effective energy of the perforated material that occurs when
“soft” inclusions are added (cf. ag in (2.5)). Indeed, it can be readily shown that eVw, — 0if.Z.(Vw,) < c by
well-known two-scale properties of gradients.

As a last remark on Definition 2.5, note that it is obvious that the weak convergence in LP(Q; RN) of
a sequence {u.} of «7-free maps entails high-contrast convergence (it suffices to set ii. := u.). In particular,
bounded sequences in LP are pre-compact in the high-contrast sense. As Proposition 4.1 proves, however,
a much weaker control is enough (see (4.9)), at least for admissible differential operators.

It will be convenient to have a special notation for spaces of functions satisfying the differential constraint
encoded by 7. For any open Q' ¢ Q, we define

Uo(Q') == {u € IP(Q; L5 (REGRY)) : u = 0if y € Dy and wju = 0in W L2(T4GRY) forace. x € Q') (2.4)
and
Uy = {u e LP(Q;RY) : /u = 0in W HP(Q; RM)}.

Note that limit points of high-contrast convergent sequences are automatically in U;. Hereafter, we use the
subscripts x and y to denote that the operator .« acts on the variables x and y, respectively. We will prove that
the limiting behavior of the e-dependent energies constrained to .«7-free fields is described by the functional
Z: U; — Rdefined as

F(w) = a0 + [ from(uC) d. 2.5)
Q
where
Qo = sup inf J Jfo(u(x, y)) dy dx (2.6)
Q'eQ uelp(Q")
Q' Do
and

fhom(&) = lli(rllJri(r)lofinf{ Z J filky, €+ v(y))dy : v e Lger(n{d; RY), Jv(z) dz =0,
Z2€Z Ok-1(D; +2) Q (2.7)

/v =0in W LP(TY, ]RM)]».
We are now ready to state our main convergence result.

Theorem 2.6. Let 7 : LP(Q; Lbo;(R% RN)) — R U {+0o} be the functional in formula (2.5) and, for € > 0, let
Fe: LP(Q; RN) - R U {+0c0} be given by

P 00[ fo,e(eu) dx +Q£ f1<§, u) dx ifue Uy, .

+00 otherwise in L (Q; RY).

Let us assume that {fo ¢} and fi fulfill (H1)-(H5), and that <7 is an admissible partial differential operator in
the sense of Definition 2.3. Then the following properties hold:
(1) If a family {u¢} c LP(Q; RN) satisfies Z¢(ug) < c for all € > 0 and for some ¢ > 0, then it admits a subse-
quence that is convergent in the high-contrast sense.
(2) For any u € U, and for any sequence {u.} c LP(Q; RYN) that converges to u in the high-contrast sense, it
holds that
ZF(u) < “?L%lf Fe(Ue).
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(3) Foranyu € U, there exists a sequence {u.} c Uy that converges to u in the high-contrast sense and satisfies
limsup .Z.(ue) < .Z(u).
-0

By standard I'-convergence techniques, we find the following corollary of Theorem 2.6:

Corollary 2.7. Under the same assumptions and notation of Theorem 2.6, if {u:} ¢ LP(Q; RN) is a sequence of
almost-minimizers for {#.}, i.e., if

im (.7, — inf 7 =

ll_l)r(l)(</£(us) Jggl Js(u)) 0,

then there exists a subsequence of {u.} that is convergent in the high-contrast sense to a minimum point of .7.
Moreover,
inf  Z.(u) -» min.Z(u).
uelr (Q;RN) uely

Our proof of Theorem 2.6 relies on four main intermediate results:

(1) a compactness analysis combined with the characterization of high-contrast limits of .«7-free fields, cf.
Proposition 4.1,

(2) a splitting argument that allows to reduce the study of the I'-limit of {.#.} to the study of two indepen-
dent problems, concerning the asymptotic behavior of the “soft” and of the “stiff” energy contributions,
respectively, cf. Lemma 4.2 and Proposition 4.4,

(3) the identification of an optimal lower bound for the “soft” part of the energy, cf. Proposition 2.8,

(4) the identification of the limiting description for the “stiff” part, cf. Proposition 2.9.

The proof of Theorem 2.6 is exposed in Section 4.

Let us now present shortly the results that we obtain for the “soft” and “stiff” parts of the energy. The
splitting procedure in Section 4 yields the functionals

’ J foe(ew)dx ifue Uy,

F0,e(U) = 100, (2.9)
| +00 otherwise in L?(Q; RY),
' J f1<§,u)dx ifue U,

F1,eU) = qa;, (2.10)
[ +co otherwise in L?(Q; RY),

where the densities {fo,} and f; satisfy (H1)-(H5). We will show, respectively in Sections 5 and 6, that { %o .}
and {.#1 ¢} I'-converge to
ag ifu=0,

Fo(u) = { (2.11)

+oo  otherwise in LP(Q; RY),

thom(u(X))dx ifue U,
F1(u) =14 (2.12)

+00 otherwise in L?(Q; RY),

Precisely, we establish the following.

Proposition 2.8 (I'-limit of the “soft” component). Let %y ¢, Z0: LP(Q; RY) - R U {+00} be as above. If hypo-
theses (H1) and (H3)-(H5) are satisfied, and if <7 is an admissible differential operator as in Definition 2.3, then
forallu e LP(Q; RN) the following hold:
(1) for every p-equiintegrable sequence {u.} c LP(Q; RN) such that u, = 0 on Q1 ¢ and that eu; — u weakly
in LP(Q; RY), we have
Fo(u) < im inf Fo, (ue),

(2) there exists a sequence {u.} c Uy with the properties that u, = 0 in Q1  for every € > 0, eu, — u weakly
in LP(Q; RY), and

lim sup Zo ¢ (ue) < Fo(u).
£—0
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We point out that the p-equiintegrability condition in the first part of the previous statement does not affect
the generality of the result, as Proposition 4.4 will prove. For more details on this point, the reader is referred
to the splitting argument in Section 4 below.

For what concerns the functionals .#; ., the analysis carried out by I. Fonseca and S. Krémer in [45] yields:

Proposition 2.9 (T-limit of the “stiff” component). Let 7, ¢, #1: LP(Q; RY) - R U {+c0} be as above. If hypo-
theses (H1)-(H4) are satisfied and if <7 is an admissible differential operator as in Definition 2.3, then the I'-limit
of {71} with respect to the weak LP(Q; RN)-convergence is .7 .

The last section is focused on the study of admissible differential operators. Differently from the other parts
of the paper, the analysis of Section 7 encompasses all linear, k-th order, homogeneous differential operators
with constant coefficients and constant rank. It will be useful to consider those operators < for which there
exists a second operator # with the property that u = #w for some Sobolev function w whenever «7u = 0;
in this case we say that 4% is a potential for 7. Our second main result proves that, for </ to admit a poten-
tial on a certain open set Q, it is sufficient that .«7-free maps on Q can be extended to .«7-free maps on the
whole space in such a way that a control on the L? norm is ensured. We dub a set Q with this property an
«/-extension domain, see Definition 7.1. As Remark 7.2 shows, an .«/-extension domain has to comply with
some topological requirements; in particular, it cannot have holes, in general.

Theorem 2.10 (Existence of potentials for .7-free maps). Let <7 be a linear, k-th order, homogeneous differen-
tial operator with constant coefficients and constant rank. If Q c R? is a bounded, connected, open set with
Lipschitz boundary which is also an <7 -extension domain, then there exists £ € IN, and a differential operator %
of order ¢ satisfying the following: for all <7-free maps u € LP(Q; RN) there is a function w € W&P(Q; RM) such
that u = Aw almost everywhere in Q.

An immediate consequence of this result is that Assumption 1 holds whenever the unit cube Q is an
«f -extension domain (cf. Corollary 7.3).

Our third and last main result shows that for operators admitting a potential satisfying a suitable
Korn-type inequality it is possible to define an extension operator preserving .« -free maps.

Theorem 2.11. Let .« be a linear, k-th order, homogeneous differential operator with constant coefficients and
constant rank. Let also % be a linear, £-th order, homogeneous differential operator with constant coefficients
such that
ker A[w] = imBlw] forallw € RY\ {0},

where A and B are the symbols of </ and A, respectively. We further assume that:
o forall o/-free u € LP(Q; RN) there exists w € WP (Q; RM) satisfying u = Bw,
«  for any bounded, connected and open set D c R9 with Lipschitz boundary there exist a projection operator

on the subspace of #-free maps Iz : WoP(D; RM) — W&P(D; RM), as well as a constant ¢ > 0 such that

IV (w - MWl ppieaty < ClBWlLoiry)  for all w e wéP(D; RM). (2.13)
Then there exist a constant c := c(d, p, D1) > 0 independent of € and Q, as well as a sequence of maps {Efz{},
with B¢, : LP(Q; RN) — LP(Q; RN), satisfying Assumption 2.

It is fundamental to observe that the maps under consideration in the theorem above are already a priori in
the kernel of the operator .« on the whole set Q. For this reason, it is meaningful to assume the existence
of potentials 4. In the case in which, instead, our fields were in the kernel of the operator .« only in the
perforated domain, its lack of contractibility would prevent the existence of a potential to hold even in the
simple setting d = 3 and .7 = curl. We refer once again to Remark 7.2 for a counterexample.

2.4 Comparison with other works

Before getting to the heart of the matter, we take the chance to compare our main convergence result, Theo-
rem 2.6, with similar ones in the literature.
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When « is the curl operator, our analysis is akin to the one performed by M. Cherdantsev and K. D.
Cherednichenko in [25]. However, our conclusions differ from theirs, also in the simple situation of a con-
tractible Q. Indeed, even though under this topological assumption curl-free maps coincide with gradients,
the notion of convergence that we use is much weaker than the strong two-scale convergence considered
in [25]. Another key difference with [25] is that in our setting convergence of minimizers follows directly
from Theorem 2.6 (see Corollary 2.7), whereas in [25] it had to be shown a posteriori (see [25, Section 10]).
Actually, the introduction of high-contrast convergence is motivated exactly by the fact that sequences with
uniformly bounded energy .7, are sequentially precompact in that sense.

This notion of convergence is inspired by the one considered by X. Pellet, L. Scardia and C. 1. Zeppieri
in [66] to deal with high-contrast Mumford-Shah energies. Unlike that contribution, aside from the role of
the differential constraint </, we require additionally that {eu.} converges to zero, so as to comply with the
delicate two-scale characterization in Proposition 4.1.

We also stress that, in the absence of growth conditions from below on the “soft” part of the energy,
the weak LP-topology alone would not ensure convergence of minimizers. We refer to [25, Section 4] and
[17, Section 4] for a discussion on this topic.

For a general differential constraint <, our approach does not correspond to the ones in [17, 25]. If &/
does not admit a of suitable “potential” % satisfying a Korn-type inequality (cf. Theorem 2.10 below), then
o -free maps and fields u of the form u = 8w are not interchangeable. Another caveat involves the choice of
the “soft” effective energy. Looking at the results in [25], one could expect that in our case the .<7-quasiconvex
envelope of f; is to be retrieved in the I'-limit. We recall that for a continuous function g: RY — R with
p-growth the .&7-quasiconvex envelope of g is defined as

Q.88 = inf“ g€ +v(2)dz : v € Lh, (R, RY), I v(z)dz = 0, /v = 0in W LP(T4; ]RM)}.
Q Q
The example below shows that Q. fo in not the correct limiting energy density.
Example 2.12. Let {fo .} satisfy hypotheses (H1)-(H5), let Q' € Q, and let D c Dy be open. In general, if
a family {w,} c LP(Q'; Lpe,(R%; RY)) satisfies
{w¢} is p-equiintegrable,
we — 0 weakly in LP(Q' x Q; RY),
Fywe = 0in WHP(T4 RM) fora.e. x € O
we cannot conclude that for all & € RY it holds
| | Qustotéordyax < timint [ [ fo.e(6o + wetx ) dy dx (2.14)
Q' D Q'D
as the following counterexample proves.
Ford =2, N =2 x 2 and p = 2, up to translations and dilations, we may assume Q' := (0, 1) x (0, 1) = Q.

We focus on the case & = curl, in which the .«7-quasiconvex envelope Q. f of the function f coincides with
the well-know quasiconvex envelope Qf (see [36, Section 6.3]). Given A > 0, as energy densities we set

fo,6(8) = fo(§) = Pa(§) - det($)
for every € > 0, where 1, : R**?> — R is a convex function such that
0 if 1§ < 2,

Pa(9) = (%H\)Iflz if 1&] = 3.

In this way, requirements (H1) and (H3)-(H5) are met, and
Qfo,e = Qfo = fo,

because fy . = fo is quasiconvex.
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In order to disprove (2.14), we pick &, = 0 and, for x = (x1, x2) € (0, 1) x (0, 1) and y € D, we define

-1 ifX1€<0,l:|,
2 X
a(x) = 1 and we(x,y):= a(—) + &I,
I ifx; e (5, 1), €

where I is the identity matrix in R?*? and a is extended by Q-periodicity. Then {w,} is p-equiintegrable and
we—0 weakly in LP (Q'; R?*?). Besides, “ywe = curly we = 0, because the sequence does not depend on y.

For such particular choices, we see that the left-hand side of (2.14) equals 0, while for the right-hand
side we find

}:intl) I J[l/)/\(wg(x, y)) — det(we(x, )] dy dx = —lirr(l) J jdet(wg(x, y))dydx = -£*(D) < 0.
QD Q'D

3 Preliminaries

We gather in this section some preliminary definitions and results to be used later in the paper.

3.1 Measurable selection arguments

We recall here a measurable selection criterion that we will invoke in the proof of Corollary 7.3. For a thorough
discussion on the topic we refer to the book by C. Castaing and M. Valadier [24].

Proposition 3.1 ([24, Theorem IIl.6]). Let S be a multifunction defined on the measurable space ¢ and taking
values in the collection of nonempty complete subsets of the separable metric space X. If for all open O c X the
set{w € 0 : S(w) N O + 0} is measurable, then S admits a measurable selection, that is, there exists a measur-
able function s: 0 — X such that s(x) € S(x) forall x € 0.

3.2 .o/ -free fields and two-scale limits

In this subsection we include some useful tools for the variational analysis of problems under differential
constraints.

We recall two results about (asymptotically) <7 -free fields. The operator .7 is always assumed to be of the
form (2.1) and of constant rank.

Lemma 3.2 («/-free decomposition, [48, Lemma 2.15]). Let Q c R? be an open, bounded domain, and let
p € (1, +co). Let {u} ¢ LP(Q; RN) be a bounded sequence such that </ uy — 0 strongly in W12 (Q; RM). Then
there exist a subsequence {uj,} and a sequence {vi} c LP(Q; RN) such that the following holds:

(1) {vi}is bounded, <7 -free, and p-equiintegrable,

(2) uj, — vic — Ostrongly in L1(Q; RN) for every q € [1, p).

Lemma 3.3 («/-free periodic extension, [45, Lemma 2.8]). Let D ¢ Q be open, and let p € (1, +00). Let {uy}
LP(D; RN) be a p-equiintegrable sequence such that uy — 0 weakly in LP(D; RN) and «7uy — 0in W=1P(D; RM).
Then there exists an </ -free sequence {vi} C L‘Ser(le ;s RN) which is p-equiintegrable in Q and satisfies

Vi —ux — 0 strongly in LP(D; RY),
Vi — 0 stronglyin LP(Q \ D; RN),

[ e yrdy =0, Wil < o, Dlurlirwme) forall ke N,
Q
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To perform our analysis, we need to track how the differential constraint behaves along sequences that con-
verge in the sense of Definition 2.5 above. In this respect, the notion of two-scale convergence [2, 65] will be
crucial:

Definition 3.4. We say that a sequence {u.} c L?(Q; RN) weakly two-scale converges in LP to a function
u € LP(Q; Lho (R%G RY)) if for all v € LP' (Q; Cper(RY; RY)) it holds

X
1i1r(1) J ug(x) - v(x, E) dx = J J u(x,y) - vix,y)dydx.
E—
Q QQ
In this case we write u, Zou.
We say that {ug} c LP(Q; RN) strongly two-scale converges in LP to u € LP(Q; Lger(]Rd; RM))if uy 2 uinLP
and |luellzra:rv) — lullzr:zr(:rYy)- In this case we write u, 2> u strongly in LP.

For the sake of completeness, we record in the following lines the properties of two-scale convergence to be
exploited in this work; we refer to [2, 78] for further reading.

Lemma 3.5. Let {u,;} ¢ LP(Q; RYN) be a sequence.

(1) If {ue} is weakly two-scale convergent, then it is bounded in LP(Q; RN); conversely, if {u.} is bounded in
LP(Q; RN), then, it possesses a subsequence which is weakly two-scale convergent.

(2) Ifue 2 uweakly two-scale in L?, then u, — IQ u(-,y)dy weakly in LP(Q; RN).

3) Ifue 2y weakly two-scale in LP and {v.} c LP(Q; RY) is another sequence with the property that v, %y
strongly two-scale in L?, then ugv, % uv weakly two scale in LP.

(4) Ifu € LP(Q; Cper(REG RN)) 0r u € C(Q; LEe (R RN)), then the sequence {u} defined as

Ug(x) := u<x, )—g() fora.e.x € Q

is p-equiintegrable and uz 2 u strongly in LP.

It is well known that two-scale convergence in L? can be related to L? convergence by means of the unfolding
operator.

Lemma 3.6. For ¢ > 0, let us define the unfolding operator S¢: LP(Q) — LP(R%; LE, (R4 RN)) as

Sevix,y) = V(SEJ + Sy),

where 7 denotes the extension of v by 0 outside Q. Thenif {u} c LP(Q; RN) is a bounded sequence, the following
holds:

(1) uz 2 u weakly two-scale in LP if and only if Scu. — u weakly in LP(RY x Q; RN),

(2) ug 2 u strongly two-scale in L? if and only if Sgus — u strongly in LP(R? x Q; RY).

Moreover, if {u} is p-equiintegrable, the sequence of unfoldings {Ssu.} is p-equiintegrable too in LP (R% x Q; RY).

We refer to [31, 32, 78, 79] for further properties of the unfolding operator.
A characterization of weak two-scale limits of .«7-free sequences was established by I. Fonseca and
S. KrOmer.

Proposition 3.7 ([45, Theorem 1.2]). A function u € LP(Q;Lger(le;IRN)) is the weak two-scale limit of an
o -free sequence {u.} c LP(Q; RN) if and only if
xzfx( J u(x,y) dy) =0 inWP(Q;RM),
Q

du(x,y) =0 in WHP(T%RM) fora.e. x € Q.

As a last technical tool, we show that the unfolding of an «-free map is in turn <-free with respect to the
periodicity variable. We preliminarily introduce the set

Q=] eQ+2) withZ :={zez?:£Q+2) c Q. (3.1)

z€Z,
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Note that Z, ¢ Z,, where Z, is the collection of indices in (1.1).
Lemma 3.8. Let v € LP(Q; RY) be such that «/v = 0 in W-1P(Q; RM). Then, for every € > 0, there holds
H(Sev) =0 in W HP(Q; RM) for ace. x € Q. (3.2)
Moreover, if alsov = 0in Q; ¢, then
#(Sev) =0 in WLP(TE RM) for ace. x € Q.

Proof. Letn € C‘go(()g) and Y € Wcl)’p ,(Q; RM). A change of variables yields

[ [sene - noos pmrayax= [ [v(e| X| +ey) oo porayax
0 Q 0, Q
- gdi—l j nx) J v(2) - ;P (2) dz dx, (3.3)
Q. £(Q+ex])
where
PX(z) = P(elz - e x]) forae. .z e e(Q+ e x]).

Since ¥ € Wé’p ’(Q; RM), it follows that ¥ belongs to Wé’p ’(e(Q + e 1x]); RM) and it can be regarded as an
element of Wé’p ,(Q; RM) by extending it to 0 outside £(Q + [~ x]). In this step (3.1) needs to be used. The
conclusion follows now from (3.3), because v is «7-free in Q.

Assume further that v = 0 in Q1 ¢. By the definition of the unfolding operator, we have Scv(x, y) = 0 for
all (x, y) € Q¢ x D1, so that for any i € W;é’r’,(]Rd; RM)

JSEV(X, y)- " P(y)dy = J Sevix,y) - *P(y)dy forallx € Q..
Q Do

Let now 1 € C2°(Q; [0, 1]) be a cut-off function which is constantly 1 on Dy. From (3.2) we conclude that

jsevof, y)- o h(y) dy = j Sev(x, y) - " (NY)(y)) dy
Q Do

- j Sev(x, y) - 7 (My)P(y)) dy = 0
Q

for almost every x € Q. O

3.3 Fourier analysis

The study of the class of admissible operators in Section 7 is grounded on the theory of Fourier multipliers.
For a comprehensive treatment of the matter, we refer to the monographs [51, 76]; here we limit ourselves to
a short recollection of useful properties.

We let .7 denote the Schwartz space of rapidly decreasing functions and for u € .(R%; RY), we let

Ju(w) : j e WXy (x) dx (3.4)

R4

3 1
- (2n)d/2

be its Fourier transform. We also denote by ¥~ the inverse transform and by Lin(R"; RY) the space of linear
maps from RY to RY. We recall that a measurable function m: R — Lin(R¥; RY) is said to be an L?-multiplier
if the linear operator T,, defined as

Tt = F Y (m(Fu)) foru e .#(R4GRY)

can be extended to a bounded operator from LP to LP. Given a sufficiently smooth m, S. G. Mikhlin’s multi-
pliers theorem provides a condition for it to be a multiplier in terms of the decay of its derivatives. We firstly
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introduce some notation: when i is a d-dimensional multi-index, i.e., i := (i, . . ., i) € N%, we set |i| := Zj i
and

In the scalar case, the criterion reads:

Proposition 3.9 ([63, Theorem 2 in Appendix]). Let m: R? \ {0} — R be a function of class C* with k > g. If

there exists ¢ > 0 such that c

I whenever |i| < k,
X

loim(x)| <
then m is an L?-multiplier.
A helpful consequence of the previous result is:

Corollary 3.10. Let m: R\ {0} — R be a function of class C* with k > d/2. If m is 0-homogeneous, then it is
an LP-multiplier for all p € (1, +00).

Multipliers stand as basics examples of pseudo-differential operators. Their theory, in turn, can be used to
characterize Sobolev spaces as follows. Given k € IN, we introduce for w € R4 the symbol S{w] = (1 + |w|2)§
and the associated pseudo-differential operator (I — A)gz

(I - Ay = F7Y(S(Tu)).
We then say that a distribution u belongs to W*P(R9) if
(I-A)iu e [P(RY)

and we endow the space with the norm |[ul i ray = [I(I - A)g ullp(rey- It turns out that this definition of wkp
is equivalent to the one given in terms of weak derivatives and that the norms are comparable too. The same
approach shows that the dual space W' (R) coincides with the space of distributions for which it holds

(I-A)5u e IP' (RY)

and that the norms [[ull - ey @and [I(I - Al 1#' (re) COIncide. Her,c(e, we recall that p’ := 1% and (I - A)~3
is the pseudo-differential operator defined by the symbol (1 + |w|?)"2.

4 Proof of Theorem 2.6

This section is devoted to the proof of Theorem 2.6, which stands as our principal result about the asymptotics
of the energy functionals .7, in (2.8). For the moment being, we assume that the limiting behaviors of the
“soft” and “stiff” contributions are known, i.e., we suppose that Propositions 2.8 and 2.9 hold true. Their
proofs are dealt with in Sections 5 and 6 below. Our main task in the current section is then to show that
sequences with equibounded energies are precompact in a suitable sense and that the asymptotics of the
global energy .%; is determined by that of the functionals accounting for the “soft” and “stiff” parts. In this
respect, it is useful to regard the total energy .%, (u) of u € LP(Q; RN) as the sum of F0,¢(u) and .7 ¢(u), which
were defined in (2.9) and (2.10).

The section is organized as follows. We first address the compactness result in Proposition 4.1, second
we show how to reduce our problem to the sub-problems regarding the “soft” and the “stiff” components,
then we prove the I'-convergence statement in Theorem 2.6.

4.1 Compactness

The next proposition shows that sequences which are equibounded in energy have converging subsequences
with respect to the high-contrast of convergence introduced in Definition 2.5. Note that, for the result to hold,
neither boundary condition nor analogues of loading terms need to be taken into account.
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Since according to position (2.8) only .7 -free fields give rise to finite energy configurations, we can prove
here that high-contrast limits of .o7-free sequences inherit differential constraints.

Proposition 4.1 (High-contrast limits of 7-free sequences). Let <7 be a constant rank differential operator of
the form (2.1). Let also {uz} c LP(Q; RY) be such that there exists ¢ > —al.Z4(Q) for which SUP,so Zel(Ue) < C.
Then the following statements hold:

(1) There exist a (non-relabeled) subsequence and two maps ug € LP(Q;LII;er(IRd; RM)) and u; € LP(Q; RN)
such that {exo,eu:} converges to uo weakly two-scale and that {1 ¢u.} converges to u; weakly in LP(Q; RY).
Moreover, up to subsequences, {eu.} and {y1,cu.} weakly two-scale converge in LP, respectively, to uy and
toamap vy € LP(Q; Lbe,(RY; RY)) that satisfy

uo(x,y) =0ify € D; and Iv1(-,y)dy=u1. (4.1)
Q
(2) The following differential constraints are fulfilled:

m( J uo(x, y) dy) =0 in W hP(Q;RY), (4.2)
Do

Fuo(x,y) =0 in WP(THRM) forae. x € Q, (4.3)

i, y) =0 in WP (Dy;RM) fora.e. x € Q. (4.4)

(3) If o satisfies Assumption 2, setting il := Ef?{ug, there exists it € LP(Q; Lger(]Rd ;s RY)) such that, up to sub-
sequences, {it:} weakly two-scale converges to it in LP, and there holds

vi(x,y) = xp, Wu(x, y) almost everywhere in Q x Q, (4.5)
AUy = —%( J u(x,y) dY) in WP (Q; RM), (4.6)

Do
H(Xolt) = O in W LP(Q; RM) for a.e. x € Q. (4.7)

(4) If additionally < satisfies Assumption 1, then
Sup =0 in WHP(Q; RM)

and ity — uq weakly in L?(Q; RN). In particular, up to subsequences, {us} converges to uq in the high-
contrast sense.

Proof. If Z¢(ug) < c, then Fo ((u;) < c and 1 ¢(ug) < ¢ (cf. (2.9)-(2.10)). The growth assumptions in (H3)
yield
llexo,euellromyy < €, lIX1,eUellrosmyy < C. (4.8)
(1) By Lemma 3.5, since bounded sequences in L? are weakly two-scale precompact, there exist three
maps u, up, v1 € LP(Q; Lger(IRd; RY)) such that, up to a (non-relabeled) subsequence,

cup > u, £X0,eUe 2 uo, X1.eUe 2.y,  weakly two-scale in LP. (4.9)

For what concerns (4.1), we observe that, thanks to the relation between weak two-scale convergence and
weak LP-convergence, we have

X1,eUe — U = jvl(-,y) dy weaklyin LP(Q; RY). (4.10)
Q
Further, it holds that
Xie > xi strongly two-scale in L?, (4.11)

whence, by the first two convergences in (4.9), we find
Uo(x,¥) = xo(y)u(x,y) almosteverywherein Q x Q.

In particular, also the first equality in (4.1) is satisfied.
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By linearity, the previous considerations also entail that ey; cu, Z(1- Xo)u weakly two-scale in LP. On
the other hand, from (4.8) we infer that {€y1 . u.} must actually converge to O strongly in LP(Q; RY) and, a for-
tiori, in the strong two-scale sense. Thus, (1 — xo)u = 0, which implies that u(x, y) = 0if y € D;. We therefore
conclude that u = ug.

(2) Since «7u. = 0in Q for all € > 0, Proposition 3.7 yields immediately (4.2) and (4.3). As for (4.4), given
any 1 € Wé’p’(Dl; RM), we extend it to the whole R? by setting ) = 0in Do and y(x + z) = P(x) forall x € Q
and z € Z4. Fix a function n € C}(Q). Since «/u, = 0 in Q for every £ > 0, denoting by A* the symbol of .o/ *
(see Section 2.2), we have

0= <£%ug, sn(-)¢<é)>wfl’p’wé‘p,
= [ w00 - (" vnon () + noos (%) ) dx
Q

= JXl,g(x)ug(x) : (sA* [Vrl(X)]l/J<§> + 'I(X)d*ll’(g)) dx,
Q

where the latter equality is due to the choice of the support of . Therefore, the third convergence in (4.9)
yields

| n(x)( [ vicen oy dy) dx =0,
Q Q
which in turn implies (4.4).

(3) For every € > 0 let it denote the .«7-free extension of u, provided by Assumption 2. Owing to (4.8),
the sequence {it¢} is bounded in LP(Q; RY) and there exists i € LP(Q; Lpe,(R%; RY)) such that (up to subse-
quences)

ity 2 it weakly two-scale in L?,

;zix( J i(x, y) dy) —0 in WLP(Q;RM). (4.12)

Q
Since Assumption 2 grants that y1 ¢l = Y1,¢Us almost everywhere in Q, we infer (4.5) from (4.9) and (4.11).
Relationship (4.5) in turn rewrites as

AUy = 424( J vi(x, y)dy> = 424( J u(x,y) dy) = —%( I i(x, y)dy>,
Q D,

Do

i.e., (4.6) is proved. Finally, to obtain (4.7), we combine the fact that it, = y1,cUs + Xo0,-il- almost everywhere
in Q with the assumption that «/ii, = O for every € > 0. Using again Proposition 3.7, as well as (4.4) and
(4.9)-(4.12), we complete the proof of the third statement.

(4) By (4.7) and Assumption 1, we deduce that

J it(x,y)dy =0 for almost every x € Q.
Do

Then, by (4.5), «7u; = 0 in Q. Besides, in view of its weak two-scale convergence, {ii.} converges weakly in
LP(Q; RY) to

jﬂ(uy)dy = JXD1()’)&(")/)dy = Iw(-,y)dy =ui(-),

Q Q Q
where we used (4.5) and (4.1). This also shows that {u.} admits an extension on the “soft” part that converges
to u; weakly in LP. Therefore, to grant that there is a subsequence of {u.} that converges to u; in the high-
contrast sense, we are only left to observe that eu, — IQ up(-, y)dy and that such average vanishes because
of (4.1), (4.3), and Assumption 1. The proof is now concluded. O

Asalready anticipated in Remark 2.2, we note that the preservation of p-equiintegrability granted by Assump-
tion 2 is not needed to prove item (3) of the previous proposition. We will instead resort to it to establish
Proposition 4.4 below.
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4.2 Splitting

In the light of the of previous subsection, we know that those sequences which are equibounded in energy

are precompact with respect to the high-contrast convergence, and that their cluster points fulfill suitable dif-

ferential constraints. Following the approach of M. Cherdantsev and K. D. Cherednichenko [25], the next step

is to show that the asymptotic behavior of the energy along such sequences coincides with the sum of those

of the energies of two decoupled systems, one sitting on the “soft” inclusions, the other on the “stiff” matrix.
To favor intuition, consider a family {u¢} ¢ LP(Q; RY) such that sup,. o .Z¢ (u¢) < ¢ for some ¢ > —aA.24(Q),

and assume that the operator «7 is admissible in the sense of Definition 2.3. As Proposition 4.1 proves, the

growth condition (H3) on the energy densities entails [)y1,su¢llzrq.r¥) < c. Hence, by exploiting Assump-

tion 2, we retrieve the functions i, = Efzg U, € LP(Q; RY) such that for all €,

(1) x1,elle = X1,eUs almost everywhere in Q,

(2) lielemryy < c,

(3) i, =0inQ,

(4) {ui.}is p-equiintegrable if so is {u,}.

Setting v, = u, — ite, we rewrite

Fe(ue) = ﬁo,s(vs) + yl,s(ﬂs) + &e(ug),

where %, . and 7  are as in (2.9)-(2.10) and

6ulutg) = j Uo.e(eus) — fo.e(eve)] dx (4.13)
QO,E

(notice that v¢(x) = O when x € Q; ). In the lemma below we show that the error made by substituting .7, (u,)
by the sum % ¢ (ve) + 71 ¢ (Ue), i.€., & (Ue), is asymptotically negligible whenever high-contrast convergence
holds.

Lemma 4.2 (Splitting). Let « be a constant rank differential operator of the form (2.1). Let also u € LP(Q; RN)
be the high-contrast limit of a family {u.} c LP(Q; RY). Explicitly, assume that eu, — O weakly in LP(Q; RY)
and that there is a family {ii;} ¢ LP(Q; RN) with the properties that </l = 0 in W~1P(Q; RM), ii, — u weakly
in LP(Q; RN and u, = ii, in Q1,¢. If supg.o Fe(ue) < ¢ for some ¢ > —ado.24(Q), and if Ve = ue — ilg, then the
following hold:

du=0 inWHP(Q;RM),

Ve=0 inQqpe,
Ave=0 inWP(Q;RM),
eve — 0 weakly in LP(Q; RY),

and
lim i(l)’lf F0,6(Ve) + lim iglf F1,6(lle) < lim iglf Fe(ug), (4.14)
E— E— E—

lim sup Ze(ue) < limsup %o ¢(ve) + limsup 7y ¢ (ie).

=0 =0 =0

Proof. As a consequence of the fact that &/, = 0 in Q for all €, also the weak limit of {i.}, i.e., u, must be
of -free. As immediate consequences of the definition, we also find that v = 0in Q1 . and that «/v, = 0in Q.
Being {it} bounded in L?(Q; RY), we also deduce

eVe = (Ug — it) — 0 weakly in LP(Q; RV).

Only the estimates involving the semilimits are now left to prove. It suffices to show that lim._,¢ &z (u¢) =0,
with &; as in (4.13). To this end, we observe that in view of (H4), for almost every x we have

fo,e(€ue) — fo,e(eve)l < (1 + |evelP ™t + |eue [P~ el |

Holder’s inequality yields |&;(u¢)| < cellitellrr(q;rvy, and the conclusion is achieved by exploiting again the
boundedness of {ii;} in L?(Q; RN). O
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We conclude this section by showing that, thanks to the «7-free decomposition procedure in Lemma 3.2, we
can always reduce to the case in which the sequence {v.} on the left-hand side of (4.14) is p-equiintegrable.
This motivates the I'-liminf inequality contained in Proposition 5.3. We premise a lemma.

Lemma 4.3. Let {fo.c} and f; satisfy hypotheses (H1), (H3), and (H4). Let also {uc}, {ve} c LP(Q; RN) be
bounded sequences such that u, — v, — 0 in measure, and that {v.} is p-equiintegrable. Then

timinf | [fo.e(ue)  foe(ve) dx > 0, (4.15)
£
QO,E
.. X X
timint | [f1(5oue) ~fi(5ove) | axzo.
Ql.s

Proof. Despite the dependence of the energy density f; on the oscillating variable, up to a different notational
realization, the “stiff” case is completely analogous to the “soft” one. For this reason, we detail the proof
of (4.15) only

We first note that (4.15) is left unchanged if we replace fy . with fo ¢ — f0,£(0), and hence we may assume
that fy ¢(0) = 0. Upon extraction of a (non-relabeled) subsequence, we may also suppose that the left-hand
side in (4.15) is a limit. In view of [47, Lemma 8.13], for every € > 0, we can decompose the elements of such
subsequence as u, = u2 + ut, where {u?2} (the “oscillating” part) is p-equiintegrable and {u¢} (the “concentrat-
ing” part) converges to zero in measure. If we let R, := {x € Q : u? + u.}, we have that 24(R,) = 0, whence,
by the current assumptions, {u2 — v} is p-equiintegrable and converges to zero in measure. Thanks to Vitali’s
convergence theorem (see, e.g., [47, Theorem 2.24]), it follows that u? — v, — 0 strongly L?(Q; RV), and, in
view of (H4), we deduce

im [ Vfo.ewd) - foe(vell dx = . (4.16)
QO,s

By employing the definition of R, (H3), and (H4), we find the estimate

j Fore(utg) dx - j fo.e(u2) + fo,e(uS)] dx

J fo,e(ug +ug)dx — J [fo,e(u?) + fo,e(ug)] dx

Qo,e Qo,e Qo,eNRe Qo,eNR;
< | oeud)-foewHidxe [ Voewdldx
Qo,¢NR Qo,¢NR;
<u J (1 + [uelP™ + [uEPHul] dx + A j (1 + [ullP) dx.
Qo,eNR; Qo,¢NR:

Since {u°} and {u¢} are bounded in LP(Q; RY) and {u?} is p-equiintegrable, we infer that the last term tends
to zero as € — 0. Therefore, we see that

i [ fo.ete) = foctvol dx = Hm [ [fo,eud) + foe(uf) = foe(ve)] de
QO,E QO,E

= lim j fo,e(ug) dx.
e—0
QoygﬂRE

Zlimi(l)’lf J A—a + [ugP) dx
E—

Qo,:NR;

>0,

where the second equality is a consequence of (4.16), the second to last inequality is due to (H3), and the
last one follows from #4(R;) — O. O

The improved variant of Lemma 4.2 for the liminf inequality in (4.14) reads as follows.
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Proposition 4.4 (Refined splitting for the liminf). Suppose <7 is an admissible differential operator and let
u e LP(Q; RY). Consider two sequences {u.}, {iis} c LP(Q; RN) with the property that eu, — O weakly in
LP(Q; RY), /it = 0 in W-LP(Q; RM), &1, — u weakly in LP(Q; RY), and u = il in Q1 ¢. If SUP,s -Fe(Ue) < €
for some ¢ > —alo.Z24(Q), then there exists {v:} ¢ LP(Q; RY) such that the following hold:

]78 =0 in Ql,g,
AVe =0 in WLP(Q;RM),

{ev.} is p-equiintegrable,

eVe — 0 weakly in LP(Q; RN), (4.17)
liminf Zo ¢ (V) + iminf 71 ¢(it¢) < liminf Z,(ug). (4.18)
-0 £—0 -0

Proof. The equiboundedness in energy entails that
leuellrqryy < ¢ and  Ix1,eUellrsmryy < C. (4.19)

By Lemma 3.2, there exist a (not relabeled) subsequence of {u.} and a sequence {w,} c LP(Q; RY) such that
(1) {ew,}isbounded, < -free, and p-equiintegrable,
(2) e(we —ug) — O strongly in L1(Q; RN) for every q € [1, p),
(3) ex1.e(we — ug) — O strongly in LP(Q; RY).
Note that the last property is not mentioned explicitly in the statement of Lemma 3.2, but it is a byproduct of
the construction in its proof (see [48, Lemma 2.15]).

For every € > 0, we define W, := E¢,w,, with E¥, as in Assumption 2. We then set V. := we — W,. In view
of Assumption 2, we immediately obtain that v, vanishes on Q1 , that it is «/-free in Q, and that {ev,} is
p-equiintegrable. To prove (4.17), we consider the identity

EVe = £(We — Ug) — E(We — Ue).
Thanks to (2) above, £(we — ue) — 0 strongly in L9(Q; RY). Additionally, by Assumption 2,
elWellrr;ryy < CEllWellrr(q, srY) < CEIIWe — Uellir(q, V) + CElUeNLr(Q, .smY) — O,

the convergence to O following from (3) above and (4.19). In view of the assumptions on {u.} and of (2), (4.17)
is inferred.
To complete the proof of the corollary, it suffices now show that for g € [1, p),

e(e —vg) » 0 stronglyin LI(Q; RN), (4.20)

where v, := u, — it. Indeed, once this is proven, (4.18) is deduced from Lemma 4.2 and Lemma 4.3. To prove
(4.20), we notice that, by the definitions of v, and V., as well as by Holder’s inequality, for every q € [1, p)
it holds

le(e = ve)llLaa;ryy < €lWe — Uellzaa;ryy + CENES, (We — Ue)llLr ;Y-

Then, in view of (2), of Assumption 2, and of (3), we deduce (4.20). O

4.3 T-convergence

In this short subsection we tackle the proofs of Theorem 2.6 and Corollary 2.7.

Proof of Theorem 2.6. Statement (1), concerned with the high-contrast compactness of families with equi-
bounded energy, follows from Proposition 4.1.

Letnow u € U be fixed and assume that there are two sequences {u;}, {its} ¢ L?(Q; RY) with the property
thateu, — Oweaklyin LP(Q; RY), «7ite = 0in Q, @i, — uweaklyin LP(Q; RY),and u, = i1 in Q; .. If the lower
limit of {Z¢(u.)} is not finite, the estimate of point (2) holds trivially. Otherwise, we define v, := u, - ii. and,



22 —— E.Davoli, M. KruZik and V. Pagliari, High-contrast homogenization DE GRUYTER

owing to Proposition 4.4, by applying Proposition 2.8 to {v.}, as well as Proposition 2.9 to {ii.}, we deduce
liminf % (u;) > liminf % ¢ (ue) + liminf .77 ¢ (ue)
£—0 -0 £—0
= liminf %) ¢(ve) + liminf .7 ¢(it¢)
£—0 £—0
> ag + F1(u) = F(u).

Finally, we turn to (3). For u € Uy, again in the light of Propositions 2.8 and 2.9, we can find two
sequences {v¢}, {ile} ¢ U; such that
ve=0 inQq,
eve — 0  weaklyin LP(Q; RY),
il —u weaklyin LP(Q; RY),

lim sup Fo,¢(uo,e) < Qo,
£—0

lim sup 71 ¢ (1) < Z1(u).

=0
Then, setting u, := v, + i, by Lemma 4.2 we deduce the desired limsup inequality from the ones satisfied by
{ﬂo,g(vs)} and {gl,e(ﬂs)}:

lim sup Z(ug) < limsup %o ¢(ue) + limsup .7 ¢ (ue)

-0 -0 -0
= lim sup .%o ¢(ve) + lim sup F1 ¢(ii¢)
-0 -0
<ap+ F1(u) = Z(u). O

At this stage, the convergence of infima and of minimizers easily follows.

Proof of Corollary 2.7. The equicoercivity of the energies with respect to the high-contrast convergence and
the convergence result in Theorem 2.6 yield the conclusion by standard I'-convergence arguments. O

5 Asymptotics for the soft component

This section is devoted to the proof of Proposition 2.8. We address the asymptotic analysis of the energy
stored in the “soft” component of the system, that is, { %o ¢} in (2.9), and we prove that the limiting behavior
is encoded by the functional .%; in (2.11). We recall that .%; is finite only when u = 0 and in that case the
value of the functional equals the constant ay given by

ao = sup inf I J’fo(u(X’ y)dydx,
Q'eQ HEUO(QI)Q'D
0

where the supremum is meant to run over all open sets that are compactly contained in Q, and, for any open
Q' cQ, Up(Q')is asin (2.4).
Remark 5.1 (On the constant ap). By the definition of Up(Q') in (2.4), we see that

Uo(Q) c Up(Qh) c Up(Q}) whenever Q] c Q) c Q. (5.1)
Since A(-a + |€|P) < fo(&) for every & € RY, from (5.1) we deduce that

ap < inf J Jfo(u(x, y)) dy dx,
uely
Q Dy

and, more generally, that

inf j jfow(x, y)dydx< inf j jfow(x, y)) dy dx (5.2)
uere(Q’l)Q, b uer(Q'z)Q, Be



DE GRUYTER E. Davoli, M. KruZik and V. Pagliari, High-contrast homogenization = 23

when 9’1 C Q’z ¢ Q. In particular, the supremum in the definition of a is not a maximum, in general. Indeed,
suppose that Q € Q achieves such supremum. Then we would get a contradiction whenever there exists
Q) e Q containing Q] such that the inequality in (5.2) is strict.

We separate the discussion of the I'-liminf and of the I'-limsup inequalities.

5.1 T-liminfinequality

The proof of the I'-liminf inequality relies on the compactness and splitting results of Section 4, on unfolding
techniques, as well as on the following intermediate statement.

Lemma 5.2. Let {fo,c} satisfy (H1) and (H3)—(H5). Suppose that {w¢} ¢ LP(Q; Lo, (R4 RN)) is a p-equiinte-
grable family satisfying the following properties:

we=0 ifye Dy, (5.3)
and for all open Q' e Q there exists €' := €' (Q') such that
Gywe =0 inWEP(TGRM)  forae x e Q' ife<é. (5.4)
Then it holds

ap < lim iélf fo,e(We(x,y))dy dx.
E—

Do

o) S—

Proof. The proof is divided into two steps.

Step 1: A simplified setting. We start by establishing an inequality for the case in which the densities on the
right-hand side do not depend on ¢ (cf. [25, Lemma 20]), that is, we first prove that

ap < limiglfj Jfo(wg(x, y))dy dx. (5.5)
E—
Q Do
According to the definition of ap and to Remark 5.1, for an arbitrary § > O, there is an open set Qg e Q

such that dist(0Q, 0Qf) < 6 and

ap < inf J Jfo(u(X, y))dydx + 6.
uelp(Ql)
Q} Do

In view of (5.3) and (5.4), w; € Uo(Qg) for £ > 0 sufficiently small, whence

ao < limiélf j Jfo(Wg(X, y))dydx + 6
£

Qj Do
~timinf | [ fotwetyndydre- [ [ fotwete y)dydx+s.
£
Q Do 0\Q), Do

Thanks to the p-equiintegrability of {w.}, the conclusion (5.5) now follows by letting § vanish.

Step 2: The general case. We adapt the argument in the proof of [37, Theorem 5.14], relying on the almost
everywhere convergence of {fy ¢} to fo, as well as on the p-Lipschitz continuity of these energy densities (see
(H4) and (H5)).

Fix 6 > 0. By the p-equiintegrability of {w.} and by the p-growth assumptions on fy, there exists r > 0
such that
sup J fo(we(x, y))dxdy < 6. (5.6)

>0
{(6,y)€QxDo : lwe(x,y)|>1}
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Besides, since fy, and fy are p-Lipschitz, we find p > 0 such that
[fo(§) = folm)] + sup fo.e(§) = fo,e(m)] < & forevery &, n € B(O, p). (5.7)
£>

Let now &1, ..., &k € B(0, r) be such that

K
B(0,1) c | B¢k, ) (5.8)
k=1
In view of (H5), for any such & there exist & > 0 such that |fo (k) — fo(ék)| < 6 if € < &. By letting now
& := min{&,, ..., &}, it follows that forany k=1, ..., K,
Ifo,e(&k) —fo(r)l <6 ife<E. (5.9)

By (5.8), for every n € B(0, r) there exists k € {1, ..., K} such that n € B(é, p). For this particular k, the
combination of the triangle inequality, (5.7), and (5.9) yields

fo0,e(n) = fo()| < Ifo,() = fo,e(&i)] + Ifo,e(&k) — fo(&i)l + Ifo(n) — fo(&r)| < 36 (5.10)

for every € B(0, r) and every € < &.
In view of (5.5) we deduce

fo(we(x, y)) dy dx
Do

ag < liminf
e—0

0 —

< lim i(l)’lf J fo(we(x,y))dxdy + 6
E—

{(x,y)eQxDo:|we(x,y)|<r}

< lim iglfj J fo.e(We(x, y)) dy dx + 36.224(Q x Do) + 6,
£
Q Dy

where the first inequality is due to (5.6), and the second one to (5.10). The arbitrariness of § > 0 yields the
conclusion. O

We are now ready to tackle the I'-liminf inequality for the “soft” contribution; the argument is comparable to
the one in [25, Lemma 21].

Proposition 5.3. Let {fo ). satisfy assumptions (H1) and (H3)-(H5), and let u € LP(Q; RN). Then, for every
p-equiintegrable sequence {ug} ¢ LP(Q; RN) such that u; = O on Q1,e, YU =0in W-LP(Q; RM) forevery e > 0,
and gu; — u weakly in LP(Q; RY), we have

Fo(u) < lim iglf Fo,e(Ug).
E—

Proof. If the lower limit of .%y ¢(u,) is not finite, then there is nothing to prove. Otherwise, without loss of
generality, we focus on the case in which the lower limit of .%p ¢ (u) is finite, and we assume that it is a limit.
Then it follows by Proposition 4.1 and Assumption 1 that necessarily u = 0. Therefore, we are left to prove
that
ao < lim | fo.(eue() dx,
Qo,e

where aq is given by (2.6) and eu, — 0 weakly in L? (Q; RN).

We exhibit a formula for .% ¢(u,) that involves the unfolding operator introduced in Lemma 3.6. We let
¢ be the unfolded map of u,:

Ue(x,y) = €Seuc(x, y),

whence
Uz(x,y) =0 foralmosteveryx € Qandy € D;. (5.11)
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Also, since the unfolding procedure preserves p-equiintegrability, {iis} ¢ LP(Q x Q; RY) is p-equiintegrable.
Finally, Lemma 3.8 grants that

Aylle =0 in WHP(TLGRM)  forae. x € Q,

where Q, is as in (3.1). In particular, if Q' ¢ Q is an open set such that the distance 6 := dist(dQ’, 9Q) is
strictly positive, it is clear that Q' c Q. if Vde < 6. Thus, for all open Q' € Q

yite =0 in WHP(T4GRM) forae xe Q' ife<é, (5.12)

where &' > 0 is a suitable threshold depending on Q.
By the definition of Qg  (see (1.1)), we have

Fo,e(ue) =€y Jfo,g(sus(s(y +2))) dy.
ZGZEDO

Being z an integer-valued vector, it holds ii.(¢z, y) = eu.(e(y + 2)) for every z € Z. and y € Dy. Hence, we
obtain

Foews) = e Y [ foetictez, y)dy

zeZED0
R X
5[ [ialeZn) o
&
z€Ze &(Q+z) Do

> j jfo,g(ﬂs(x, y)) dy dx

Q. Do

because for all x € £(Q + z), [gJ = z. We can rewrite the last estimate as follows:

Foewe) > [ [ foctetyndyde- | [ foetietx,ydydr.

Q Do Q\Qs Do

From this, owing to (5.11) and (5.12), we can invoke Lemma 5.2 to infer

Fos(is) = ao - j [fo,gms(x,y))dydx.
o\Q, Do

In view of the p-equiintegrability of {i.}, the desired liminf inequality is now obtained by taking the limit
ase — 0. O

5.2 T-limsup inequality

We now turn to the I'-limsup inequality for the energy functional associated to the “soft” portion of the
material. The optimality of the lower bound identified in Proposition 5.3 hinges upon the next proposition.

Proposition 5.4. Let {fy .} satisfy (H1) and (H3)-(H5), and let Q' € Q be open. Then, for all w € Uy(Q'), there
exists a family {ug} c LP(Q; RN) that satisfies the following:
(1) us =00nQ;  and u; is «/-freein Q for all € > 0,
(2) eu, 2 w' strongly two-scale in LP, where w' (x, y) = yo' (X)w(X, ¥),
(3) it holds that
limsup Fo.c(ue) < | [ folwex,y) dydx.

-0 &' Do
We postpone the proof of Proposition 5.4 to the end of the section, and we discuss next how the I'-limsup
inequality is deduced from it.
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Corollary 5.5. Let {fy ¢} satisfy hypotheses (H1) and (H3)-(H5), and let u € LP(Q; RN). Then there exists a fam-
ily {uc} c LP(Q; RN) such that the following holds:

(1) us =00nQ; ¢ and u; is «/-freein Q for all € > 0,

(2) eue — uweakly in LP(Q; RYN),

(3) the upper limit inequality

lim sup F,(u;) < Fo(u)
e—0

is satisfied.

Proof. We first remark that if u # O, there is nothing to prove. Thus, we assume in what follows that u = 0 and
ﬂ‘o(u) = Q.
Fixnow § > 0 and Q' € Q. By the definition of ag, there exists a map wg € Ug(Q') such that

j jfo(Wa(X, y))dydx < ag + 8.
Q' Do

Proposition 5.4 yields a sequence {u.} such that
(1) us =00n Qg . and u; is «/-freein Q forall € > 0,
(2) {eu.} converges strongly two-scale in L? to yo' (X)ws(x, ¥),
(3) the inequality
limsup 7o,e(ue) < | [ fotws(x, ) dydx
-0 Q' Do

is satisfied.

Lemma 3.5 and Assumption 1 entail that eu, — 0 weakly in L?(Q; RY). Besides, the last estimate and
the definition of wg get

lim sup %o ¢(ue) < ap + 6.
e—0

The conclusion hence follows then by the arbitrariness of § and by standard properties of I'-convergence (see,
e.g., [14, Section 1.2]). O

We now address the proof of Proposition 5.4.

Proof of Proposition 5.4. We construct a family {ii.} that strongly two-scale converges to
w'(x,y) = xar (Ow(x,y) inLP,

so that {u.} will be given by u, := % However, because of measurability issues, we cannot deal directly with
a general w € Uy(Q'). The argument is thus subdivided in three parts: firstly, we define {ii.} under some extra
regularity assumption on w; then, we prove the limsup inequality when w is regular; lastly, we recover the
general statement by means of an approximation argument.

Step 1: Construction of {i1;} when wis regular. In this step we assume that w possesses some extra regularity
in the x variable, namely we take w € Up(Q') N Lger(IRd; C(Q; RY)). We construct a sequence {i¢} of «7-free
maps such that &z, = 0 on Q¢ for all € > 0 and that i, 2w strongly two scale in LP. Below, when we write
w(x, y), we consider the second entry y to be the periodic variable.

Recalling (1.1), we define

O,=|JeQ+2), Zi:={zez?:eQ+2)cQ}cZ,
zeZl

and, for £ > 0 and (%, y) € Q x RY, we consider the averages of w(-, ) on the cubes that compound Q s

{ w(x,y)dx ifx € £(Q + z) for some z € Z.,
We(X, ) == 1 e(Q+2)

0 for any other x € Q.
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In this way, w.(-, y) is piecewise constant for all y € Q and w,(x, -) is Q-periodic for almost every x € Q. The
position
Ue(x) = w,.,-(x, g) for every x € Q,
defines a measurable function which vanishes on Q; ., because w = 0 on Q x D;.
We firstly check that {ii;} converges strongly two-scale in LP to w'(x, y) = yor (X)w(x, y). To prove the

claim, we start by showing that {ii.} is bounded in L (Q; RV). The properties of {w,} and a change of variables
grant that the following identities hold:
P
We (x, i>| dx
£

j|ag(x)|*’ dx = j
Q

QO,E
D

3 2 o
ZEZSS(DOJrz)

= Y & | wetetz+ .y dy
z€Z, Do

p

= Z & J } w(x,y)dx| dy.

ZGZ Do  &(Q+2)
From Jensen’s inequality we then deduce
[laccoracs ¥ et [ f weypaxdy = [ [ wen P dray. (5.13)

Q zeZi Dy £(Q+2) Do G

As for the convergence of the sequence {it.}, in view of Lemma 3.5, formula (5.13) yields the existence of
amapw € LP(Q; Lger(]Rd; RY)) such that i1, 2 W weakly two-scale in L?. To identify the limit W, we consider
¢ e C(Q; Cper(le; RY)) and, by similar computations to the ones above, we find

J&g(x) . ¢(x, g)dx = J wg(x, )—;) . (},’)(x, g)dx
Q

Qo,e

5 { e ) on )

Z€Ze ¢ (Dy+2)

ey J We(e(z +),¥) - p(e(z +y),y) dy

zeZ‘gDO

> j J w(x,y) - p(e(z +y),y)dxdy
2€Z, D £(G+2)

j J w(x, y) - e(x, y)dy dx,

Q! Do

where d)g(x, y) =@y +2),y)ifx € e(Q + z) with z € V4 !. By the dominated convergence theorem, we infer
1irr(1) j e (x) - ¢)(x, g) dx = J J w(x,y) - ¢d(x,y)dydx,
E—
Q Q' Do
that s, i oy weakly two-scale in L? (recall that w(x, y) = 0if y € D;). In turn, the weak two-scale conver-
gence implies

WllLr @2, resmevy) < Hminfliellzyo;me),
which, combined with (5.13), ensures that
lig(l)"ﬂs”LP(Q;]RN) = ||W||LP(Q’;L]';er(]Rd;]RN))'

In view of the definition of strong two-scale convergence, cf. Definition 3.4, we conclude that it % w' strongly
two-scale in LP.
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Finally, we show that {ii.} is «7-free on Q. To this end, we fix ¥ € Wé’p '(Q; RM) and, by repeating the
steps already seen above, we obtain

J fe(x) - " P(x)dx = z J j w(x,y) - " P(e(z +y)) dy dx.
Q ZGZQ £(Q+2) Do

If n € C(Q; [0, 1]) is a cut-off function which equals 1 on Dy, thanks to the fact that w(x, -) vanishes on D;
and is .«7-free on T4 for almost every x € Q;, we conclude

|20 o peaax =3 | [weey)-o ey aydx

Q z€Z, ¢(Q+2) Do

Y | [wey) o mmwe )y dx
z€Z ¢(Q+2) Do

Y [ [wen- o o ydydx
z€Zbe(Q+2) Q
=0.

Step 2: Limsup inequality when w is regular. We have so far shown that, if w € Up(Q') N Lpe(R%; C(Q; RY))
and {it.} is the sequence of Step 1, then

gu; = ity > w'  strongly two-scale in L?,
where w'(x, y) := xo' (X)w(x, y). Moreover, u, = on Qg and «/u, = 0 on Q for all € > 0. Here, we prove the
inequality

lim sup o ¢ () = lim sup j fo.e(i1:(0)) dx < j jfo(w<x, y)) dy dx. (5.14)
£—0 e—0
Qo,e Q' Dy

We preliminarily notice that, by construction, it vanishes outside the set Qfg. Therefore, we have the
identities
Foeltte) = [ ol dr=et ¥ [ foeltelety + 2)dy.
Q. zeZ,
Since z € Z4, we have that i1.(e(y + 2)) = S¢ilc(€z, y), S¢ being the unfolding operator. Therefore, by exploit-
ing the properties of S, the energy of i, is rewritten as follows:

Fo,e(ue) = 3d z Jfo,s(ssﬁg(EZ, y))dy
zeZL

-3 [ sl 2]) o

z€Z; ¢(Q+2) Do

= J' J fo,s(ssﬁs(xa y))dydx
QL Do

= [ [ foctsetetryndyax,
Q' Do

where the last identity is due to the fact that S.ii, vanishes for x ¢ Q ’.
In the light of the previous equalities, we have

Foetwe) = [ [ foulSetetxyndyde- [ [ foctwinyndydcs [ [ foetwory)dydx

Q' Dy Q' Dy Q' Dy
- j j Folw(x, y)) dy dx + j [ fo(wx, y)) dy dx.
Q' Dy Q' Dy

Keeping in mind Lemma 3.5, we observe that S, i1, — w stronglyin LP(Q' x Do; RY), and consequently, owing
to (H4) and (H5), the limits as € — 0 of the first and of the second term on the right-hand side equal 0. We
thereby conclude that (5.14) holds.
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Step 3: Recovering the general statement. Let w € Up(Q'). We first extend it to the whole space setting w = 0
for x € R? \ Q, and then we mollify it with respect to the variable x. This procedure ensures that W, the regular-
ization of w, belongs to Uo(Q') N Lbe;(R%; C(Q; RY)) and itis close to win LP (Q; L, (R%; RY)). Now, Steps 1-2
yield a recovery sequence for w, and, by means of a diagonal argument and of the continuity of the right-hand
side of (5.14) in LP, a recovery sequence for w satisfying all the desired requirements can be constructed. [
On the whole, the results above form a proof of the I'-convergence of the energies {. %y .}.

Proof of Proposition 2.8. The fact that .% is a lower bound for the asymptotic behavior of the sequence {-% ¢}
is established in Proposition 5.3. The optimality of such lower bound is proven in Corollary 5.5. O

6 Asymptotics for the stiff component

In this section, we characterize the limiting behavior of the family {#; } in (2.10), which accounts for the
energy of the “stiff” component of the system, and we prove that {%; } I'-converges to the functional .7;
in (2.12). We rely on the contribution by I. Fonseca and S. Krémer about homogenization of multiple integrals
under differential constraints:

Theorem 6.1 ([45, Theorem 1.1]). Let g: R? x RN — [0, +c0) be a Carathéodory function which is Q-periodic
with respect to its first argument. Assume that there exist ¢ > 0, A > 0, and p > 1 satisfying

—c<gy, ) <A1+ |&P) forae.yeRYandall ¢ e RV,
Then, for all u € LP(Q; RN) such that «/u = 0, the functional
“.(u) == Jg(%, u(x)) dx
Q
I'-converges with respect to the weak LP-convergence to

rom(w) 1= | grom(u00) d,
)
where, for all ¢ € RY,

Zhom (&) = lli(m infinf{Jg(ky, E+v(y)dy : v e Lo (RGRY), Jv(z) dz =0, o/v=0in W HP(T% IRM)}.
—+00
Q

As a corollary of the theorem above, we derive the asymptotics of {77 ¢}.
Proof of Proposition 2.9. For € > 0, we introduce the set

Q1:=Qn U (D1 + 2),

zezd

and we observe that Q . ¢ Q; . (recall (1.2)). We let

I f1(§, u)dx ifueU,

F1,e(U) = {a,,
+00 otherwise in L?(Q; RY),
with f1 : R? x RN — [-aA, +00) defined as
05O =108 Y xpi+2),
zezA

where g and A are the constants in (H3), and xp, +. is the characteristic function of the set D1 + z. When u is
o/ -free we can hence write
Frew) = Fre@+ | A5 ue0)dx. (6.1)
Q1,e\Q1 e
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We observe that Theorem 6.1 applies to .% ¢, yielding
F1(w) =T - lim 73 . ()
£—

in the weak LP-topology. As for the difference between .77  and ﬁl,g, by (H3) one has

- X -
—ad2(Que\ Que) < j fl(g,u(x))dxsA(fd(ol,g\al,gn j |u(x>|de).
Ql,z\ol,s Ql,s\ol,z

Notice that the term .29(Q; ¢ \ Q1 ,¢) is at most of order . Thus, the lower bound for {.#; .} follows from (6.1)
and Theorem 6.1:
Z1(u) < lim i(l)‘lf F1,e(Ug)
E—

for allu € LP(Q; RY) such that «7u = 0 and all «7-free sequences {uc} c LP(Q; RN) that converge to u weakly.
For what concerns the upper bound, let us fix u € L?(Q; RY) in the kernel of & and consider a recovery
sequence {u.} for {,7:‘1,5} given by Theorem 6.1. Thanks to Lemma 3.2, we get a p-equiintegrable family
{ve} ¢ LP(Q; RN) such that {u, — v} converges to O strongly in L7(Q; RY) for all g € [1, p). Therefore,

lim j [ve(x)|P dx = 0.
-0
Ql,e\ﬁl.s

Let now {&,} be such that

limsup 71 ¢(ve) = lim '76}1,8,, (Ve,)-
£0 n—+00

By Lemma 4.3, we obtain the desired upper limit inequality:
limsup .7 ¢(ve) = limsup Z1 ¢ (ve) = lim % ¢, (Ve,)
£—0 £—0 n—+060

< lim %, (ug,) < limsup 71 . (ug) < F1(0). O
n—+oo £—0

7 Admissible differential constraints

In what follows we deepen our analysis of constant rank operators. We investigate the existence of Sobolev
potentials for «-free maps and of extension operators on perforated domains. In particular, we prove Theo-
rems 2.10 and 2.11.

In contrast to the previous sections, here we take into account also differential operators of order
greater than 1: we treat the broader class of linear, k-th order, homogeneous differential operators with
constant coefficients. To fix the notation, given k, N, M € N\ {0}, we consider linear maps A?): RN — RM
for all d-dimensional multi-indices i with |i| = k and we focus on the operators whose action on a function
u: RY — RM is given by

ATRE Z A(i)aiu.

lil=k
Recall that if i := (iy, . . ., i) € N? is a multi-index, then
olily
oiu(x) = —————(x).

a,-lxl e aidXd

We keep in place the constant rank condition, which currently reads: there exists r € IN such that the
rank of A [w] equals r for all w € R? \ {0}, where

Alw] =) w'AD
lil=k

is the symbol of .7 and w' = Hlew;f ifi = (i1, ..., ig) is a multi-index. Note that when k = 1, we recover the
setting of Section 2.2. As before, we say that a map u is «7-free in Q if #u = 0in W-kr(Q; RM).
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7.1 Existence of potentials

This subsection is devoted to the proof of Theorem 2.10. Loosely speaking, our goal is to prove that, given an
operator <7 of constant rank, there exists a second differential operator % such that any «7-free map u € L?
satisfies u = #w for a suitable Sobolev function w. When such a relation holds, we will say for brevity that
w is a potential for u and that 4 is a potential for .«7. We are able to prove existence of potentials for those
functions that are <7-free on a certain class of subsets of R4, which we introduce in the next definition.

Definition 7.1. Let <7 be a homogeneous operator of order k. An open set Q ¢ R? is an .«7-extension domain if
there exist E : LP(Q; RY) — LP(R9; RY) and ¢ > 0 such that the following holds: for all u € LP(Q; RY) such
that ou = 0 in W=%P(Q; RM), we have

(1) Eyu=ua.e.inQ,

(2) IEerullpp(ra;ryy < clullzrq;ryy, and

(3) &/(Eyu) =0on R4,

Analogous definitions concerning extensions of sequences that are (asymptotically) «7-free are found in
[46, Definition 1.4] and [45, Lemma 2.8] (i.e., Lemma 3.3 above), while the reader is referred to Section 7.2
below for a more detailed discussion on extension problems. We also refer to [55] for a related study in the
stochastic setting. It is important to notice that the property of being an .«7-extension domain carries some
topological consequences.

Remark 7.2 (On the topology of <7-extension domains). The requirements of Definition 7.1 may act as im-
plicit restrictions on the topology of the set Q, according to the specific choice of <. Let us consider, for
instance, the case in which d = 3, &/=curl, and Q = R3 \ Res, {e1, 2, e3} being the canonical basis in R>.
We assume by contradiction that Q is an .z7-extension domain. Then, if for every x = (x1, x2, x3) € Q we let

X2 X1
u(xq, X2, x3) = (—ﬁ, 5 3 0);
X]+X5 X]+X5
we find that curl u = 0 almost everywhere in Q, whence curl (E_;u) = 0in R3, if E_; is the extension operator
in Definition 7.1 for &7 = curl. This fact, in turn, yields a potential w such that E,u = Vw in R? and, from the
requirement that E u = u on Q, we conclude that u = Vw on Q. This leads to a contradiction, for the field u
is not conservative.

For the proof of Theorem 2.10 we rely heavily on some recent contributions by B. Raita and coauthors, who
established existence of potentials for .«/-free smooth maps and Korn-type inequalities for constant rank
operators. Further related bibliographical comments are provided when we discuss Propositions 7.4 and 7.5
below. Before dealing with the proof, we pinpoint here that Theorem 2.10 constitutes a sufficient condition
for Assumption 1 to hold:

Corollary 7.3. Assume that </ is a first order operator satisfying the assumptions of Theorem 2.10 and that the
unit cube Q is an <7 -extension domain. Then, for any open set Q' c Q, the space Uo(Q') in (2.4) is characterized
as follows:

Up(Q') = {u € LP(Q; Lhey(RGRY)) : u = 0ify € Dy, Au =0in WHP(TYRM) fora.e. x € Q/,

Ju(x,y)dy: Ofora.e.x e Q’}.
Q

Proof. For the desired equality to hold, we just need to prove that
Uo(Q") ¢ {u € LP(Q; Lo, (RG; RN)) s u = 0if y € Dy, o4u = 0in W HP(T9; RM) fora.e. x € Q',

Ju(x, y)dy =0 fora.e. x € Q'}.
Q
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Let us fix u € Up(Q'). Theorem 2.10 grants that for a.e. x € Q' there exists wy ¢ Wf;g;(le ; RM) such that
u(x,-) = Bywy a.e. in Q. To the aim of defining a measurable selection of the maps {wy}xeq', we exploit
Proposition 3.1.

We first observe that for every u € LP(Q; Lger(IRd; RM)) and x € Q' the set

W(x) ={we Wﬁ;f;(]Rd; ]RM) : Byw(y) = u(x,y) forae.y e ]Rd}
is either empty or a closed (and hence complete) subspace of Wﬁ;ﬁ’(le ; RM). Besides,
X = ux, ) € Lho (R RY)
being measurable, then for every open set O ¢ Wﬁ’eﬁ’(IRd; RM), the set
xeQ : Wx)NO +0}

is measurable as well. It follows that the multifunction x — W(x) admits a measurable selection, which we
denote by w(x, -).

Summing up, we recovered a measurable function w from Q' to Wg;’r’(IRd; RM) with the property that
u = #,w for almost every x € Q" and y ¢ R?. We conclude that

J u(x,y)dy = Z B® J 0,iw(x,y)dy =0,
Q li=¢ g

where the latter inequality follows from the periodicity of w in its second variable. O

We devote the remainder of the section to the proof of Theorem 2.10 and to the pertaining tools. We first
highlight that B. Raita [69] has recently pointed out that the kernel of the symbol of any constant rank operator
coincides with the image of the symbol of a suitable operator 2, and that the latter is actually a potential for .o/
when tools from Fourier analysis are applicable. Precisely, we have:

Proposition 7.4 ([69, Theorem 1 and Lemma 2]). Let </ be a linear homogeneous differential operator on R4
with constant coefficients. Then </ is of constant rank if and only if there exists a linear homogeneous differential
operator % on R? with constant coefficients such that

ker A[w] = imBlw] forallw € R?\ {0}, (7.1)

where A and B are the symbols of </ and %, respectively.
Moreover, suppose that <7 and % are, respectively, operators from RN to R™ and from R™ to RN. If (7.1)
holds, then, for all u € Z(RY; RN) such that «/u = 0, there exists w € .7 (R%; RM) such that u = #w.

Observe that if the operator £ satisfies (7.1), then it is in turn of constant rank; precisely, rank B[w] = N - r
if rank A[w] = r for all w € R?\ {0}. Proposition 7.4 builds a unified framework that encompasses some
well-studied special cases, such as the one of the curl and of the divergence. Results in the same spirit had
been previously obtained by J. Van Schaftingen [77, Proposition 4.2] for elliptic operators, which correspond
to the subclass of operators whose symbol is injective.

A second relevant finding related to constant rank operators was obtained by A. Guerra and B. Raita [52],
who showed that this class is exactly the one in which a sort of Korn inequality holds. To state their result,
we need to introduce the projection I1, associated with the operator «. For u € ./ (R%; RY), it is defined as

Mu(x) = (F Py Fu)(x), (7.2)
where F and 7! are the Fourier transform and its inverse (see (3.4)), and the map
P,/ : R?\ {0} - Lin(RY; RY)

associates to each w € R? \ {0} the orthogonal projection operator onto ker A [w]. Here and in the rest of the
paper, Lin(V; W) is the set of linear operators from the vector space V to the vector space W. We have the
following proposition.
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Proposition 7.5 (Korn-type inequality for constant rank operators [52]). Let p € (1, co) and let </ be a linear,
k-th order, homogeneous differential operator with constant coefficients. Then <7 is of constant rank if and only
if there exists c := c(d, p) such that

IV — Ty )y vty < €l Pllppmazony for all ¢ € CXRERY).

For future use, we remark that the conclusion remains valid when ¢ € . (R9; RN), as the Fourier analysis on
which the proof is based is still viable in this case, or even when ¢ € W*?(R%; RY), by approximation. The
sufficiency of the constant rank condition had been already observed in the literature, see for instance the
bibliography in [52] or the paper by D. Gustafson [54], where a proof for first order operators is given.

To the purpose of constructing Sobolev potentials for .7 -free fields, we first need to extend the projection
operator I, in (7.2) to nonsmooth maps. We invoke the following result by T. Kato [56], which we present
in a form due to F. Murat:

Lemma 7.6 (64, Lemma 3.7]). Let </ be a linear, k-th order, homogeneous differential operator with constant
coefficients and constant rank. Then the operator 11, in (7.2) can be extended to a bounded linear operator
from LP (R%; RY) to LP(RY; RY).

In the proof of the lemma the constant rank assumption is fundamental. Indeed, it ensures that the map
w — Py [w] introduced above is analytic on R4 \ {0} (see [64]); this, in combination with the 0-homogeneity
of P/, allows the use of S. G. Mikhlin’s multipliers theorem (cf. Corollary 3.10).

Remark 7.7 (Self-adjointness of the projection operator). As a consequence of Parseval’s formula and of the
self-adjointness of P/, by density there holds

J Myu-vdx = J u-Myvdx forallu,ve LP(RYRN). (7.3)

R4 R4

We next clarify why I1 . is entitled to be named projection: Lemma 7.9 below shows that for an L?-function
u one has that &/ (Il yu) = 0, and 1y u = u if #u = 0. We premise the instrumental notion of Moore—Penrose
generalized inverse AT of a linear map A.

Lemma 7.8 (Properties of the generalized inverse [23, 52]). Given A € Lin(RY; RM), welet AT € Lin(RM; RV)
be defined as
AT = (Al kerpy:) ™ © Pim A,

where (ker A)* = im A* is the orthogonal complement of the kernel of A and Py,  is the orthogonal projection

on the image of \. Then the following hold:

(1) A" is the unique element in Lin(R™; RN) such that At o A = P p- and A o AT = Py p.

(2) Let A: O — Lin(RY; RM™) be a smooth map on the open set O c R4, If rank A [w] is constant for all w € O,
then the map O 5> w — (A[w])' is locally bounded and smooth.

(3) If « is a linear, k-th order, homogeneous differential operator with constant coefficients, then the map
w — (A[w])t is (~k)-homogeneous.

We can now characterize the properties of the projection I, . Note that they are comparable to the ones pre-
sented by I. Fonseca and S. Miiller [48, Lemma 2.14] for the periodic setting. We also refer to [60, Section 2.8]
for an alternative projection operator on the unit torus for which no null-average conditions are imposed.

Lemma 7.9. Let & be a linear, k-th order, homogeneous differential operator with constant coefficients and

constant rank. For every u € LP(R%; RN), there holds:

(1) Forally € CL(RY; RM), we have I /(<7 * ) = 0 and, as a consequence, </ (T ;;u) = O.

(2) Ifh=0andu € LP(R%G;RN), orifh =1, ...,k -1 and u € WhP(R4; RY), there exists a positive constant
c == c(p, h) such that

”vh(u - H.qu)”Lp(IRd;IRNxdh) < C”%u"W‘(k‘h)'P(]Rd;IRN)' (7-4)

In particular, when </u = 0 in RY, then Tl yu = u a.e.
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Proof. When u € .#(R4; RN), the facts that «/(II u) = 0 and II,u = u if «/u = 0 are simple consequences
of (7.2). To extend these properties to the case of a nonsmooth u, we regard ¥ € C1(Q; RM) as a Schwartz
function on the whole space and we find

o (o * ) = F (P (A*FP)) =0,
because the image of A *[w] is orthogonal to ker A [w] for all w € R¥. It follows by (7.3) that
J Moyu- o dx = j Ty Pdx =0
Rd Rd

and statement (1) holds.
We now turn to point (2). We argue for h = 0 as the case h > 0 is analogous. We consider at first
u € .7(R%; RY) and we compute the Fourier transform of u — IT u. Setting it = Fu, we find

w] - Pylwlilw] = Pima[w-dlw] = Alw]T(Alwli[w]) forallw e RY,

where in the latter inequality we exploited statement (1) in Lemma 7.8.

Since A is k-homogeneous and A" is (-k)-homogeneous, we infer by Corollary 3.10 that ATA is an
LP-Fourier multiplier. Therefore, the operator T defined for u € .77 (R RN) as Tu == F1(it - P/i1) can be
extended to a bounded linear operator from LP (R%; RN) to LP(R4; RN), which we still denote by T.

For every u € .7 (R%; RN) we write

F(Tw)lw] = AT[w](F(Fu)w])
= 1+ |wP) AT W) + ) Fdw(w),
whence, by the (-k)-homogeneity of «#*, Mikhlin’s multipliers theorem yields
ITullzr qsryy < cll - A)_g(%u)"LP(Q;]RN)-

From the definition of T and the characterization of W% recalled in Section 3.3, inequality (7.4) follows for
u € .#(R%; RY), The general assertion is then obtained by density. O

Eventually, we are able to establish the existence of potentials in a nonsmooth setting and prove the first
main result of this section. We will use the following variant of Poincaré-Wirtinger’s inequality, which can
be derived as a corollary of Rellich—-Kondrachov’s theorem.

Lemma 7.10. Let Q c RY be a bounded, connected, open set with Lipschitz boundary. There exists a constant
¢ > 0 such that for every u € W&P(Q; RY),

lu - Myeulrpq;ryy < C”Veu"Lp(Q;]RNxde); (7.5)
where Ty is the projection on the kernel of the operator V¢.

Proof of Theorem 2.10. Letusfixu € LP(Q; RN) satisfying <7u = 0in W-kP(Q; RM). Since we postulate that Q
is an «/-extension domain, there exists an operator E, : LP(Q; RN) — LP (R%; RY) as in Definition 7.1. In
particular, if we let @i := E u, then i is «7-free on RA,

As a first step, we approximate it by maps in the image of 2. By the definition of the projection I, there
exist a sequence {uy} ¢ . (R4; RN) such that

upy — o and it =M ux — M@t strongly in LP(RY; RY).

By construction, the functions ity belong to . (R4; RN) and, in view of Proposition 7.4, we recover a sequence
{wi} ¢ .Z(R%; RY) such that ity = Zwy. Therefore, recalling that I1,, i = &t because i is .«7-free, we deduce

Pwy — @t strongly in LP(R%; RY). (7.6)
Next, we proceed by applying Proposition 7.5: since % has constant rank,

g ~
V(Wi = Dawi)llr re;miy < ikl ra;ryys
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where ¢ is the order of #. Note that the right-hand side is uniformly bounded in k because {ii} is convergent
in LP(Q; RY) by (7.6). As a consequence, inequality (7.5) yields a function w € W&P(Q; RM) such that (up to
subsequences)

W == wi — Hgwy — Iye(wy — Mgwy) —» w strongly in LP(Q; RM).

Since the functions wy are smooth, the equality Zwy = Wy holds pointwise and we deduce from (7.6) that,
forall ¢ € C(Q; RY),

[uw)-pwray= tim [z gm)dy = [wo)- 2 @) dy.
Q Q Q

where #* is the adjoint of %. The conclusion is then achieved. O

Remark 7.11. Letu € LP(Q; R") be an .«7-free map and let w € WP (Q; RM) be a potential for u in the sense
of Theorem 2.10. Then there exist constants cg, c; > 0 such that

1
C_Ouu"LP(Q;]RN) < wllwerquryy < c1llullruryy- (7.7)

The first inequality easily follows from the identity u = %w. Conversely, keeping in force the notations in the
proof of Theorem 2.10, we have

Wi llwerq;rmy < C1lllirll o (ra;mY)S

for a suitable c¢; > 0, whence, by taking the limit k — +co and recalling requirement (2) in Definition 7.1, the
second estimate in (7.7) is achieved.

7.2 «/-free extensions

The I'-convergence analysis that we developed in Sections 4-6 is grounded on the splitting argument con-
tained in Lemma 4.2, which in turn requires Assumption 2. The latter is designed to tackle the periodically
perforated structure featured by our problem. As a preliminary step towards Theorem 2.11, we tackle the
simpler scenario in which the parameter ¢ is neglected. We establish the following:

Theorem 7.12 (Existence of «/-free extensions). Let D, O c RY be open sets such that D is connected, O is

bounded, and 0D n O is a Lipschitz boundary. Let also <7 be a linear, k-th order, homogeneous differential

operator with constant coefficients and constant rank, and let % be a linear, £-th order, homogeneous differential

operator with constant coefficients such that (7.1) holds. We further assume that

o forall «/-free u € LP(D; RN) there exists w € WP(D; RM) satisfying u = #w,

« there exist a projection operator on the subspace of %-free maps Il z: W&P(D; RM) — W8P(D; RM) and
a constant ¢ > 0 such that

IVE W = TLaW)ll sty < CUBWILp iy for all w € WEP(D; RY). (7.8)

Then there exist a map

Ew: LP(D;RY) — LP(O; RY)
and a constant c := c(d, p, </, D, O) such that, for all u € LP(D; RN) with «7u = 0 in W=%P(D n O; RN),
(1) Eyu=uae.inDNO,

(2) IEzullroryy < clullirp;ryy, and
(3) #(Exu)=00n0.

Here, the projection I on the kernel of % has to be understood as an analogue of the one in (7.2)
and Lemma 7.6. The main difference is that II acts on functions defined on a domain, and not on the
whole space.

Remark 7.13 (On Korn-type inequalities). After the first version of this manuscript was completed, A. Arroyo-
Rabasa proved in the preprint [6] that inequalities of the form (2.13) (that is, (7.8) for every open bounded D)
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hold whenever % meets a suitable maximal rank requirement, which entails, in particular, that % has con-
stant rank. Therefore, if &7 admits a potential % in such class, the assumptions in Theorem 7.12 are satisfied.
An example of maximal rank operator is the divergence, see Example 7.20 below.

We will comment on the relationships between the previous theorem and the theory developed above at the
end of this section, see Remark 7.16. For the moment being, let us just highlight that the hypothesis concern-
ing existence of potentials for .«7-free fields on D enables us to recast the problem in terms of extension of
Sobolev maps. For the latter, an adaptation of well-established arguments yields the following:

Lemma 7.14 (cf. [1, Lemma 2.6]). Let D, O c R4 be open sets. If D is connected, O is bounded, and 0D n O is
a Lipschitz boundary, there exist a bounded linear map

E: W&P(D; RY) — wéP(0; RY)
and a constant c = c(d, p, D, O) such that
(1) Eu=ua.e.inDNO,
(2) NEulleo;rmy < cllulliep;ryy, and
(3) ”Ve(Eu)"Lp(o;]RNxdf) < C”Veu”Lp(D;]RNxd")-

Proof. The proof follows the same lines of [1, Lemma 2.6]. Note that, in order to recover item (3) when € > 1,
Poincaré’s inequality has to be replaced with (7.5). O

We are now in a position to prove the first main result of this section.

Proof of Theorem 7.12. Letus fix u € L?(D; RY) such that «7u = 0. The current assumptions grant that there
is a Sobolev potential w € W&P(D; RM) for u, i.e., u = #w, and that it satisfies

||V€(W - HSBW)”Lp(D;]Rdeé’) < cllullrp;ryy- (7.9)
If E is the extension operator in Lemma 7.14, we set
Eou = B(E(w - Ilgw)).

By construction, then, E u = u almost everywhere in D n O. Additionally, &/ (E.,u) = 0 on O by the definition
of «7-free maps and (7.1).
To conclude, we need to show that [[E oy ul1»(o;rv) < cllullLr(p;ry). By the definition of E u, we have

IEcrull e oy = IBEW — Law)ls oy < cllVE(EW — W)y o.mimeat)»

¢ being a constant depending on % (and hence on «/). Thanks to Lemma 7.14, we obtain a bound in terms
of the potential of u:

IEo ullp(osmm) < CIVEW = TLgW)ll Ly, gonsac

for some ¢ := c(d, p, </, D, O). The conclusion is achieved by combining the above inequality with (7.9). [

Arguing as in the proof of Theorem 7.12, we ground the study about extensions from perforated domains on
the corresponding result for Sobolev functions. When the perforations are detached from the boundary, the
following holds:

Proposition 7.15 (cf. [25, Lemma 8] and references therein). Let Q1 ¢ be as in position (1.2). Then there exist
a positive constant c = c(d, p, D) independent of € and Q, as well as a sequence of operators {E®}, with
E: WOP(Qq¢; RN) — WEP(Q; RN), such that

(1) EPu=ua.e.in Qq,

(2) IE®ullzrosmmy < cllullze(q, .smM)»

(3) IVEEEW p qupeaty < CIVEUll g, ey, and

(4) if {ue} ¢ LP(Q; RN) is bounded and {V¢u,} is p-equiintegrable, then {V¢(E€uy)} is p-equiintegrable as well.

The proposition may be proved by adapting the strategy in the seminal work by E. Acerbi, V. Chiadd Piat,
G. Dal Maso and D. Percivale [1]. Their result addresses only the case £ = 1, and the analogue of (4) is not
mentioned; we omit nonetheless the proof in the case ¢ > 1, which is a natural adaptation of [1, proof of
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Theorem 2.1]. As for point (4), it is a mere consequence of the construction of E¢: it suffices to note that
reflections, dilations, and patching by partitions of unity preserve p-equiintegrability.

Thanks to the previous result, we obtain that Assumption 2 is fulfilled by an operator </ as soon as it
admits a potential for which a Korn-type inequality holds. Note that it is fundamental that we start from
fields u which are «/-free in the whole set Q: in principle, the existence of a potential would be false if we
worked with maps that are <-free just on the perforated set Q1 , cf. Remark 7.2.

Proof of Theorem 2.11. Letu € L?(Q; RY) be an «7-free map and let w € W&P(Q; RM) be its potential. In the
same spirit of Theorem 7.12, we set
ES, u == B(E(w - TLw)),

where E¢ is the extension operator in Proposition 7.15. As in the proof of Theorem 7.12, it easy to check
that (1) and (3) in Assumption 2 hold. We now turn to item (2), that is,

IE ullr @y < cllullioo, sryy  forall o-free u € LP(Q; RY).

By the definition of Qg ¢ in (1.1), there exists an open set Q' ¢ Q with Lipschitz boundary such that
Qo ¢ Q" and that § := dist(0Q’, 0Q) > 0. In particular, recalling (3.1), Q' c Q. if Vde < §, and {Q,, Q \ Q'}
is an open cover of Q. We observe that

Ew=w ae.inQ\Q' cQ,,
whence, by the definition on E¢ ,

IES ullzrvarsryy = lullr\orsryy < lullzeco, smvy (7.10)
For what concerns the contribution on Q, if we let

Qrei=|JeD1+2) withZ:={zeZ:e(Q+2) cQ},
zeZ,

we have
"Efyu”Lp(Qg;]RN) < || VE(ES(w - H@W))”Lp(()g;]Rdee) < cIvi(w - H@W)HLP(QLS;]RMM‘@)-

The second inequality is a consequence of the construction of E¢, which is obtained by patching together the
extension operators from each “stiff” unit (D, + z) to the cell £(Q + z). Thanks to the definition of Ql,g we
can further bound the last quantity from above by invoking Korn’s inequality

19w = LWl iy < CNBWHLo 0, w0,
which holds by assumption. We obtain

NES ullo (@, mey < Clullpg, ,vey < Clullioa, r)-

On the whole, the last estimate and (7.10) yield

IES, ullrimyy < NES ullp(q, .y + IES Ullr@iarimyy < cllullea, my)-

Eventually, we turn to (4). For any € > 0, let w, be the potential of u.. We fix n > 0 arbitrarily and we let
E c Q be a Lebesgue measurable set. As a first step, we prove that there exists m > 0 such that Z4(E) < m
implies

IV e = TLaaWel?, e <1

Since {u.} is p-equiintegrable, there exists /n > O with the property that ||uglirsrv) < 7 Whenever
Z4(F) < 2i. Thanks to the outer regularity of the Lebesgue measure, we can select a finite union of open
hyperrectangles U > E such that #4(U) < £4(E) + . Thus, if we set m := /i and we assume that 24 (E) < m,
thanks to (2.13) we deduce

p

€ p € p
IV e = g Woll, vy < IVEOWe =T Woll, e < el gy < N,

p(E;IRMXde

where the last inequality is a consequence of the p-equiintegrability of {u.}.
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In conclusion, we infer the p-equiintegrability of {E®, u.} from the one of {V¢(we — ITzw,)}. According to
the definition of E% u, we have

IEE, uello(gryy = I B(EE(We — TLgwe))llpo g:myy < ClIVE(EE(We — W)l o (g ot

whence, owing to point (4) in Proposition 7.15,

IES, uellpr(;myy < 1
if Z4(E) is sufficiently small, as desired. O

In light of our analysis, existence of potentials and of extension operators turn out to be almost equivalent;
a key role in this respect is played by (7.8). We elaborate on this point in the next remark.

Remark 7.16 (Relations between existence of potentials and of extension operators). Here, we compare the
main results of the current section.

We let the operator &7 be as above, notably we assume that it has constant rank. Thanks to Theo-
rem 2.10, we know that if D c R is a bounded, connected, open set with Lipschitz boundary which is also
an «/-extension domain in the sense of Definition 7.1, then «/-free maps on D admit potentials. In short, for
the class of operators under consideration and for sufficiently “nice” open sets D, it holds

D is an «7-extension domain = existence of potentials for .7 -free fields on D. (7.11)

Conversely, if D ¢ R? is an open bounded set with Lipschitz boundary such that all .<7-free fields on D
admit Sobolev potentials through the operator % and if for the latter (7.8) holds, then D is an <7 -extension
domain. Indeed, by a slight adaptation of the proof, a variant of Theorem 7.12 for the case O = R? can be
established. Schematically, again for sufficiently “nice” open sets D, we have

existence of potentials for </-free fields on D ) . .
. . = D is an «/-extension domain.
Korn-type inequality for 2 on D

All in all, we see that, given a constant rank operator ./ and a bounded, connected, open set with
Lipschitz boundary D, the existence of Sobolev potentials for .«7-free maps on D and the existence of an
«-free extension operator from D to RY are nearly equivalent. More specifically, they would actually be
equivalent as soon as we knew that the generalized Korn inequality (7.8) holds when D is a “nice” open set
and Z is a constant rank operator. In conclusion, we believe that investigations about the validity of (7.8)
constitute a very interesting line of research.

We conclude with a parade of examples.

Example 7.17 (Curl). For the choice .« = curl, we have (classically) d = N = M = 3 and

3
5 ou
— @77
curlu ZA o
i=1
with
0O 0 O 0O 0 1 0O -1 O
AYV:=1lo0o 0 -1, A®=[ 0 0 0], A®:=l1 0 O
o1 O -1 0 0 0O 0 O
The symbol of curl is then
0 -w3 W)
Alw]l = ws 0 —w1

—W> w1 0

and rank A [w] = 2 for all w € R4\ {0}.
It is easy to check that Assumption 1 holds. Besides, when Q is simply connected, in view of Proposi-
tion 7.15 all the conditions in Assumption 2 are fulfilled too.
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Example 7.18 (Operators associated with higher-order gradients). Let Q be simply connected. Then, for any
k € N \ {0}, a constant rank differential operator <7 can be constructed such that «7u = Oifand onlyifu = Vkw
for a suitable w [48]. Then, similarly to the previous example, for such an operator ./ Assumptions 1 and 2
are consequences, respectively, of a simple check and of Proposition 7.15.

Example 7.19 (The curl curl operator). Let d =M = N = 3 and, for all i,j = 1,2, 3, let E@) be the matrix
whose entries all 0, but for the one in position (i, j), which equals 1. We consider the operator .«Z = curl curl,
defined as
SO
curlcurlu = ALY — —
u Z_: anaXi
i,j=1

where

A(i,i) _ _E(i+1,i+1) _ E(i+2,i+2)

(the indices are computed modulo 3) and

A — gl
The symbol of this operator is
—wi-wd wiw; w1W3
Alw] = wiw;  -wi-wl WHw3
w1Ws3 w3ws  —wi-w3

and rank A [w] = 2 for all w € R4 \ {O}.

When Q c R is a bounded and simply connected domain with Lipschitz boundary, we have that .«/u = 0
ifand only if u = 2w for a suitable potential w, where 4 is the symmetric gradient Zw := %(Vw +(Vw)!). Asa
corollary of a recent result by F. Cagnetti, A. Chambolle, M. Perugini and L. Scardia [19, Theorem 1.1], every
such Q is a curl curl-extension domain, whence Assumption 1 is satisfied. The classical Korn’s inequality
grants also that Assumption 2 holds.

Example 7.20 (Divergence). Let us choose & = div, div being the standard divergence operator on R, Then
N=d,M=1,and

d
ou
divu=) et —,
i; ! aXi
where, fori=1,...,d, e; is the i-th element of the canonical basis of R¢ and e§ is its transpose. The symbol

of div is
d
Alw] =) wiel,
i=1

thus rank A[w] = 1 for all w € RY\ {0}. For what concerns Assumption 1 and the existence of extension
operators, we resort to a result by T. Kato, M. Mitrea, G. Ponce and M. Taylor, which we present in a simplified
setting:

Proposition 7.21 (Extensions and potentials for divergence-free vector fields [57]). LetQ c R4 be a bounded
and simply connected set with Lipschitz boundary. Then the following holds:

(1) Qs a div-extension domain in the sense of Definition 7.1.

(2) Foreveryu e LP(Q; RY) such that divu = 0 in Q, there exists w € W1P(Q; Antisym(d x d)) satisfying

u=Divw :=

where Antisym(d x d) is the space of d x d antisymmetric matrices. Besides, w can be selected in such a way
that the map u — w from LP(Q; R?) to WHP(Q; RY) is linear and bounded.

It is interesting to notice that the authors of [57] derive item (2) from (1), that is, they prove an implication of
the form (7.11).

It is proved in [6, Section 4.1] that Div satisfies (2.13). Hence, Theorem 7.12 holds for ./ = div and
Assumption 2 is fulfilled too.
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