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ARTICLE INFO ABSTRACT
Keywords: Basic uncertain information is a recently introduced and significant type of uncertainty that
Aggregation proves particularly valuable in decision-making environments with inherent uncertainties. In this
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Information fusion
Probabilistic uncertainty
Probability merging
Uncertainty merging

study, we propose the concept of uncertainty cognition merging, which effectively combines basic
uncertain information granules with probability measures to generate new probability measures
within the same probability space. Additionally, we present a degenerated method that merges
basic uncertain information granules with unit intervals to create new subintervals. We introduce
four distinct uncertainty cognition merging methods and thoroughly compare and analyze their
respective properties, limitations, and advantages. To demonstrate the practical application
potential of our proposals, we provide numerical examples alongside further mathematical results.

1. Introduction

The introductory section initially discusses a comprehensive framework for uncertain evaluation, encompassing both primary
uncertain information and supplementary reference information. Subsequently, we provide a concise overview of the main objective
of this study: namely, merging basic uncertain information and probability information into a new probability distribution.

1.1. Two sources of evaluation information in uncertain decision making

In management and decision-making, a large amount of numerical evaluation or prediction is often required [1-5], which in-
creasingly involves more uncertainty. As a result, the core decision-making group in companies or organizations often cannot provide
definitive evaluation or prediction [6]. Therefore, they frequently seek external investigation and consulting agencies to obtain refer-
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ence information that can help them adjust their initial evaluation or prediction values. These external agencies often have access to
statistical and probabilistic information based on history or big data, which generally gives them certain advantages such as appearing
more objective and closer to reality and the market. However, there are also obvious drawbacks: these data are more general and may
not be well-suited for specific decision-making scenarios; moreover, these data tend to be delayed, increasing the error rate of deci-
sions. On the other hand, the core decision-making group within an organization is usually composed of internal experts or specially
invited professionals who provide evaluations and predictions that are more specialized and relevant to the company’s products. The
downside of expert evaluations is that they tend to be subjective and with a significant amount of uncertainty. In summary, both
internal evaluations and external consultations are important means of obtaining evaluation or prediction data.

If internal experts assess that there is no uncertainty, decision-makers often tend to forgo seeking external consulting firms, even
though these assessments may have some subjectivity, due to the high consultancy fees charged by such firms. However, in many cases,
constrained by factors such as individual knowledge, experience, abilities, time and dedication of each expert, expert assessments
carry significant uncertainties. This necessitates the reliance on statistical or probabilistic information provided by external consulting
firms in order to make more informed assessments and decisions. The integration and merging of this external consulting information
with the initial uncertain evaluations made by internal experts to obtain a more reasonable assessment result is the issue that will be
discussed in this article.

1.2. Using basic uncertain information with additional reference information

The uncertain information addressed in this study pertains to the recently proposed uncertain data paradigm, known as the Basic
Uncertain Information (BUI) [7,8]. Several extended forms of BUI have soon been developed [9,10] and BUI is also applied to soft
set environment [11] and aggregation theory [12,13]. BUI can be readily applied in practical decision-making and evaluation within
companies, or after minor adaptation or standardization. Recall that a BUI granule is with a pair (x,c) € [0, 17% in which x is the
evaluation value while c is the certainty degree (or certainty) of x; 1 — c is called the uncertainty degree (or uncertainty) of x. The
restriction of the discourse of x to the compact unit interval [0, 1] primarily stems from its practical advantages over non-compact sets
and its relevance to fuzzy sets theory. For instance, when predicting the future market share of a product, it is customary to express
it as a percentage value such as 100x% with a certain level of confidence (certainty) denoted by c. Researchers also developed some
applied forms for BUI in both theory and application, e.g., the basic uncertain linguistic information (BULI) [13-19]. BUI has been
further studied and demonstrates significant application potential across various fields [20-22].

Several recent studies have investigated methodologies for aggregating and merging BUI inputs. Jin et al. [23] employed some
special techniques to discuss the Choquet integral with BUI inputs. Jin et al. [24] proposed a heuristic approach to define a type of
OWA operators with BUI inputs. Additionally, Jin et al. [25] introduced generalized Sugeno integrals of BUI inputs using distinct
techniques and aggregation frames. Furthermore, Jin et al. [26] presented three distinct aggregation paradigms for BUI inputs.

A simple aggregation mechanism for BUI inputs is to firstly transform all BUI granules into some intervals and then take some
representative real values for those intervals and finally take aggregation operators for the obtained real values, as discussed in
the known literature [27,28]. A direct advantage of such mechanism lies in that it can apply all existing aggregation operators
rather then the mere weighted averaging operators. Nevertheless, such BUI-interval transformation method cannot be well applied
to the situation where additional probability considerations are introduced. For instance, in corporate decision-making processes,
traditional aggregation theory can easily combine different opinions from managers or experts if they provide evaluations with full
certainty (i.e., complete confidence). However, since opinions often involve uncertainties (allowing the use of BUI inputs), decision-
makers frequently seek consultation from external agencies that analyze historical data or conduct thorough market surveys to
provide statistical or probabilistic information. Probability information and related merging techniques are particularly important
in numerous applications and theoretical studies [29-32]. Aggregation theory for both real and uncertain information is important
[33-35] and some probability related theory has also been applied in aggregation theory [36].

Therefore, it is imperative to propose and analyze suitable approaches for aggregating that can effectively operate in a probabilistic
environment while adhering to general human cognition principles. Additionally, it is intriguing to observe that if the given proba-
bility follows a uniform distribution, these approaches can seamlessly degenerate into corresponding aggregation methods without
considering probability. Therefore, we will propose three BUI-probability merging methods and analyze their related mathematical
properties.

The contribution of this work lies in the following aspects: We propose an uncertain evaluation framework that incorporates two
sources of information, e.g., inner BUI and outer probability information. We present some approaches for generating and merging
probability distributions within the uncertain evaluation framework with BUI and probability. The present study makes contributions
to the fields of uncertain information fusion theory and uncertain decision making.

The remainder of this work is organized as follows. Section 2 presents some preliminary knowledge. In Section 3, we introduce the
concept of uncertainty cognition merging and discuss its application in BUI environment without incorporating probability. Section 4
explores two methods for uncertainty cognition merging considering the influence of probabilistic environments. Section 5 proposes
and analyzes the substitution uncertainty cognition merging method. Section 6 briefly discusses the proposed methods in uncertain
and probabilistic decision-making environments. In Section 7, we provide further discussion and comparison of the proposed methods
for uncertainty cognition merging. Finally, in Section 8, we conclude and remark on this work.
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2. Preparations

Denote by N the set of all natural numbers, R the set of all real numbers, and define [n] = {1,2,...,n}. Sequence form a =
(a,-):'=1 € [0,1]" denotes a vector of n elements which take values in unit interval. The characteristic function of A is denoted by
x4 - [0,1]1 = {0,1} such that y,(y) =1 if and only if y € A.

Basic uncertain information (BUI) is a recently proposed uncertain data type. A BUI granule is with a pair (x, ¢) € [0, 1]? in which
x is the evaluation value while c is the certainty degree (or certainty) of x; 1 — ¢ is called the uncertainty degree (or uncertainty) of
x. The set of all BUI granules is denoted by 5. A BUI vector (or a vector of BUI granules) is written in the form (x,¢) = ((xl-, ci))?:l
where x = (x,-)l'_'= G [0,1]" and ¢ = (c,-)[’_'= G [0, 1]" are the vector of evaluation values (evaluation vector) and the vector of certainty
degrees (certainty vector), respectively.

The interval values (closed intervals) considered in this work are closed subintervals [a, b] C [0, 1], and the set of all such interval
values is denoted by Z. We may also consider some simple operations for closed interval. For any a, a,, b, b,, k € [0, +00) we consider
the operation k[a;,b;]=[ka,,kb,] =[a,,b]k and the operation [ay,b] + [ay,b,] = [a + a,, b + b,]; sometimes we may restrict the
operation results to [0,1] for closeness. For the degenerated intervals, we write [a,a] = a for all a € [0, 1].

Throughout this work, the concerned probability spaces (R, M, P) are equipped with c-algebra M of the set of all Borel measurable
subsets of R, and P are probability measures that are concentrated on [0,1] (i.e., P([0, 1]) = 1). The uniform distribution Ulgp) - M~

[0, 1] on an interval [a, b] is defined such that U, ;(A) = %
[a,a] = {a}, note that Ulgq) = Uta) = 605 where §,, is the Dirac measure for a point w € [0,1], i.e., §,(A) =1 if o€ A and §,(A) =0
otherwise.

Denote by M, the set of all probability measures on the measurable space (R, M), and denote by C; (C; € M,) the set of all
continuous probability measures on (R, .M); that is, for any P € C; and any singleton {x}, P({x}) =0 (note also that P need not
be absolutely continuous). Denote by F; the set of all non-decreasing functions F : R — [0, 1] such that F(—o0) =0 and F(+0)=1;
denote by CF,(C F,) the set of all continuous non-decreasing functions F : R — [0, 1] such that F(0—) =0 and F(1) = 1. For any
probability measure P € M, recall its distribution function Fp € F; satisfying Fp(f) = P((—o0,]). Recall that not all of the functions
in F; can be cumulative distribution functions, and a function in F; can derive a probability measure only when it is continuous from
the right.

where A is the Lebesgue measure on R. For a degenerated interval

3. Uncertainty cognition merging methods for BUI without considering probability environments

In this section, we introduce the concept of uncertainty cognition merging (UCM), which has significant implications in probability
environments and can be applied to all types of aggregation operators with obtained anticipated or expected values. Broadly speaking,
given an uncertain environment (interval or probability information), we can merge any BUI granule into the uncertain environment
and generate new resultant uncertain information that remains within the interval or probability framework. Conversely, when there
is no uncertainty involved in a BUI granule (i.e., ¢ = 1), then the entire merging process degenerates into the evaluation value x of
the BUI granule; thus resulting in either a degenerated interval [x,x] = {x} or Dirac distribution §,.

The philosophic principle of UCM is relatively direct but which may have more derivations and embodiments: if an evaluation
value x is obtained or evaluated with uncertainty but it is sure that the evaluation value is contained in a larger set S (called uncertain
environment, which for example may be an interval or a probability space (.S, F, P)), then we may merge this evaluation value (with
uncertainty) into the uncertain environment S and obtain a resultant subset V of S or obtain a resultant new probability space (S, F, m)
as the uncertainty cognition merging result. Note that in the later definitions we will still apply the probability spaces (R, M, P) (or
(R, M, m)) but with .S =[0,1] Cc R, F being the M restricted to [0,1] and P (or m) concentrated on [0,1].

For example, since the evaluation value x in a BUI granule (x, ¢) is known to be necessarily within the defining space [0,1] (an
uncertain environment S), then if x is obtained or evaluated with full uncertainty (i.e., ¢ = 0), it is natural that we can regard [0,1]
as its UCM result; if x is not with full uncertainty (i.e., ¢ > 0), then we can in general regard a subset V' C [0, 1] as its UCM result
(e.g., I 1_c =clx,x] + (1 = ¢)[0,1] =[ex,cx + 1 — c] whose length is 1 — ¢). Furthermore, with considering probability environment,
we can flexibly obtain some probability spaces (R, M,m) as UCM results by some reasonable cognitions and techniques, as later
analyzed. Subsequently, with such obtained subset V or probability spaces (R, M, m), we can select, if necessary, some representative
or anticipated value for V or take the expected value of the identity random variable X;, (i.e., X;,;(t) = t) with (R, M, m) as some
comprehensive evaluation results that consider both BUI and probability environment in a merged manner.

Without considering additional probability information, for any BUI granule we may take the uncertain environment [0,1] and
have the following UCM method.

UCM method 1 (without probability) Given a BUI granule (x, c¢) € B3, we find a subinterval

I =clx,x]+ (1 -0)[0,1]=[ex,cx+1 -] 1)

of [0,1] as the UCM result according to both x and ¢ of a BUI granule.

In the UCM method, our objective is to obtain a merged subinterval (or probability environment) as a whole in order to derive
representative values from it later on. Therefore, if a BUI has smaller certainty c¢ (larger uncertainty), it is natural for us to consider a
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wider subinterval (or broader domain for the probability environment), and thus we use 1 — ¢ (actually we can also further consider
a monotonic mapping of 1 — ¢ but for simplicity in this work we only consider this most representative case).

With the obtained interval I, ;_. in decision making problems we can often take the middle point of it as the representative or
anticipated value for x. Observe that the middle pointof I ;_. =[a,b]is MID(I, ;_.)=(a+b)/2 =(cx+cx+1-c)/2 =cx+0.5(1 -¢).
Hence, we have the following BUI aggregation method for BUI vectors which is applicable to all known aggregation operators [28, 29]
and is based on the principle of UCM. For any aggregation operator F : [0, 1]" — [0, 1], we define a BUI aggregation H : 3" — [0, 1]
such that H((x,c¢)) = F(z) where z = (zi);':l € [0, 1]" satisfying

z; =¢;x; +0.5(1 —¢;) 2)

That is, z; is the middle point of I, ;_,, for each i € [n].
When there is no uncertainty involved to x; (i.e., ¢; = 1), then z; = x;. Moreover, it is easy to note that the map x - MID(I, ;_.)

is non-decreasing, and the two maps x = MID(I, ;_.) and ¢c = MID(I, ;_.) are continuous.

Example 1. For BUI granules (0,0.7),(0.2,0.5),(0.5,0.2), (0.8, 1) € B, we have

Ty =10,0.31and MID(Iyo3)=0.15; Iy 05 =10.1,0.6] and MID(Iy,5) = 0.35;

Iys05=10.1,0.91 and MID(Iy55)=0.5; Iygo=1[0.8,0.8] and M 1D(Iyg,)=0.8.
4. Some UCM methods for BUI in probability environments
This section discusses two UCM methods considering the influence of probability environments.
4.1. Two UCM methods considering probability information

This segment proposes two UCM methods to generate new merged probability measure with the influence of given additional
probability measure.

The two methods are both grounded in the cognitive principle: greater uncertainty inherent in the initial evaluation (i.e., BUI
granule with smaller certainty degree c) prompts decision makers to seek more objective information (i.e., additional probability
information referenced from external investigative institutions). The subsequent UCM method employs a direct merging style through
a simple convex combination.

UCM method 2 With the additional probability information (R, M, P) (P concentrated on [0,1]), for any BUI granule
(x,¢) € B, we form a new probability measure m (defined on (R, M) and concentrated on [0,1]) as the UCM result:

m=c, +(1-c)P 3)

Remark. The obtained new probability measure is formed by two measures and related to x, c, and P. Precisely we should write it
as the parameterized form m®-¢-P). For convenience, sometimes when there is no confusion arises we apply the concise form without
parameters.

Example 2. Let P be defined such that P =0.5P; + 0.5, 5 where P, has density function p(¢) = 2t. For BUI granules (0, 0.7),(0.2,0.5),
(0.5,0.2),(0.8,1) € B, we have

mO07P) = 015 P +0.158) 5 + 0.750; mO205P) = 0.25 P +0.258 5 + 0.58,,;

m©302P) = 0.4P; +0.68 5;mO81P) = 5 5.

In comparison to the first combination method, the next alternative method is based on the following cognition: we actually only
wish to consider “a part” of P on the neighborhood 1, ;_. of x; it is plausible that the mass of the P on I, ;_. has more influence on
the evaluation value x than those mass that is far from it. Moreover, normalization is often needed since the “part” of P may only be a
positive measure which might not be a probability measure. Hence, conditional probability will be applied, and uniform distributions

will also be used when conditional probability cannot be defined.
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UCM method 3 With the additional probability information (R, M, P), for any BUI granule (x,c) € /3, we form a new
probability measure m as the UCM result such that

P(ANT
_ PN (A € M)) when P(I

>0, m=U hen P(I =0; 4
P(Ix,l—c) x,l—c) m Ix,l—p when ( x,l—c) ( )

c*

where U | is the uniform distribution on 7, ;_

Remark. When P(1, ;_.) =0 and ¢ = I, note that m =4,.

Remark. For the definition “m =U Iy when P(I,;_.)=0and ¢ < 1”7, we actually applied some cognitive “substitution”; that is, if
P, _.) =0, then there is no “mass” of P concentrated on I ;_. and hence we may substitute it with the uniform distribution Uy .
This substitution is “full” and “immediate”, and does not depend on the certainty degree c and the length of the interval I, —e- In

the next section we will discuss another substitution method that depends on certainty degree c and the length of the interval I, ;_..

Remark. Note that when P(1, ;_.) >0, m(A) = %
’ X, 1—c

we may also alternatively have a concise form m = P(-|I, _.).

= P(A|I,_.) is the conditional probability of A given I, ;_. and hence

With the merged probability measure m, for a BUI granule (x, c) we can take the expected value of the identity map X;, : R—->R
(X;y@®) =1) w.r.t. (R, M, m) as a more reasonable evaluation result than the original evaluation value x. That is, we can take E(X;;) =
[ Xjgdm= /[0,1] X;qdm. For a BUI vector (x,¢) = ((x;,¢;));_, under aggregation, we may respectively obtain m®i<i-P) and calculate
E = /[0,1] X,,dm%i-P) | and then we can apply any existing aggregation operator to aggregate the obtained vector (EDL ;-

In view of the related expected value, for both UCM method 2 and UCM method 3 the map x — /[0,1] X,;,dm>*P) can be regarded
as a generalization of the map x — MID(I, _.). That is, the map x — cx + 0.5(1 — ¢) can be regarded as the special case when
P= U[O,]] being the uniform distribution on [0,1].

Proposition 1. X,;dm™eV0) = ex +0.5(1 — ¢) holds for both UCM method 2 and UCM method 3.

Proof. (i) (with UCM method 2) Observe that for all x, ¢ € [0, 1], m*¢V01) = cdy +(1 =)y,

/X[ddm@m”w.n):c/X,.ddax+(1—c)/X,.ddU[OJ]zcx+0.5(1—c),
[0,1] [0,1] [0,1]

(ii) (with UCM method 3) Note that when ¢ = 1, then P(I, ;_.) =0, and that when ¢ < 1, then P(I, ;_.) > 0. Therefore, when
¢ <1, we have

/ X,ydm>eUon) = / XiqdU; = EXyll, _.)=MIDU
[0.1] [0.1]

)=cx+0.5(1 -¢)

x,1—c

(where E(X ;4|1 _.) is the conditional expectation of X;, given I, ;_.).
When ¢ = 1, we have

/ X, dm®<Voa) = / X,;4d6, =x=MID(I,).
[0,1] [0,1]

Example 3. Let P be defined such that P = 0.5P; +0.56, 5 where P| has density function p(¢) = 2¢. For BUI granules (0, 0.7), (0.2,0.5),
(0.5,0.2),(0.8,1) € B, we have

m@0-7-P) being with density g(f) = 0(;—45 * X10,0.3]5
1 1 7 20 . t
m(0-20.5.P) MO.WSQ + mO.S(SO_S = ﬁQ + 560_5 where Q has density ¢(f) = 0175 X106l
1 1 4 5 .
m0302.P) - EOAQ + @0-5505 = 6Q + 560.5 where Q has density g(t) = 04 X0.1091}

mOBOLP) — 5
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4.2. Some properties and analyses for the two UCM methods

We mainly discuss continuities and monotonicities related to the two UCM methods. For each P € M, recall its distribution
function Fp € F; such that Fp(f) = P((—0,]). We use the Levy’s metric as the distance d : Mlz — [0,+00) for the discussion of
continuity. Recall that for any two probability measures y,v € M,

d(u,v)=inf{e>0: F,() < F,(t+¢e)+eand F, () < F,(t+¢)+eforallreR}.

Recall that a sequence (F,);?, in M, is said to converges weakly to P € M, (i.e., w—lim,_, P, = P if [ fdP=lim,_, [ fdP, for
all bounded continuous functions f : R — [0,4c0). Then, we know that if w—lim,_ P, = P then (i) lim, d(P.,P)=0 and (ii)
Fp(1) =lim,_,, Fp () whenever Fp is continuous.

r—00

Proposition 2. Let m*<-P) be the probability measure obtained in UCM method 2 and Eq. (3), then

(i) the map x = m™P) is continuous on [0,1];
(i) the map ¢ — m™<P) is continuous on [0,1];
(iii) the map P m*<¢-P) is continuous on M,.

Proof. (i) This holds simply because x — &, is continuous on [0,1].
(ii) For each ¢ € [0, 1] and any sequence (c,);"; L with limc, = ¢, we have for all t € R

5 Fyse (D)= im Fy 5 o) p(0) = lim (c,F(SX(t) + Fp(t) — c,FP(t)) = (Fﬁx ") - Fp(z)) lime, + Fp(0)
= (Féx(z) - Fp(t)) ¢+ Fp(t) = cFy () + Fp(t) = cFp(t) = Fog_y1_oyp(1) = Fieem (1)

and hence lim,_, , d(m™:¢r-P), moe-P)y = 0,
(iii) For each P € M; and any sequence (P,)7? | with w—lim,_, P, = P, we have lim,_,, Fp (t) = Fp(f) whenever Fp is continuous
at t. Since Fp is continuous at t if and only if F, . p) is continuous at t, then

B Fyve ()= 1M Fogy1oyp, (0= F5 (0 +(1 = ¢) lim Fp, (1)
=cF; D+ - )Fp()=Fes5 4 (1-¢)p(1) = Fyyixe.m (1)

whenever F,..p is continuous at t. Hence, lim,_, o, d(m®<rP) m*¢.P)) =0,

Remark. Viewing m®¢-F) as parameterized with x, c and P, the weak-convergence obtained in the above proposition immediately
implies that the expectation related maps x = [ X;;dm™P), ¢ [ X,;dm™>¢P) and P [ X;,dm><P) are all continuous.

Proposition 3. For any two BUI granules (x|, c),(x,,c) € B with x| < x,, let m*1:¢-P) and m*2:¢-P) pe the probability measures obtained
using UCM method 2 and Eq. (3), respectively. Then, E| = [ X;;dm>1¢P) < [ X,,dm>2¢P) = E,.

Proof.
E, :/X,ddm("l'c’P):/X,-dd (c(sx1 +(1—c)P) =c/Xl-dd6xl +(1—c)/X,-ddP

=cx; +(1 —c)/XiddP5cx2+(1—c)/XiddP:/Xiddm("Z*C'P):Ez.

As we showed UCM method 2 has some properties, the drawback of it lies in that the probability distribution P itself plays little role
in the measure merging process while it is its related expected value that matters. Indeed, for any two different probability distributions
P, P,eM,, if [ X;ydP, = [ X;;dP,, then we have [ X;,dm™¢PD) = [ X,,dm*¢F2) for any BUI granule (x,c), irrespective of the
detailed distributions of P; and P,; it will be easy to observe that this is not the case of the UCM method 3.

Although some continuity properties hold for UCM method 2, they do not hold for UCM method 3. Let m®-¢-P) be the probability
measure obtained in UCM method 3 and Eq. (4), and we consider the following examples to show discontinuities: (i) When P = Uos.115
x - m®05-P) js not continuous at 0 and ¢ — m©<¢-P) is not continuous at 0.5. (ii) When x = 0 and ¢ = 0.5, P — m™*¢-P) is not continuous
at Upgs,1)-

We can prove that the desired monotonicity also holds for UCM method 3.

Proposition 4. For any two BUI granules (x|, c), (x,,¢) € B with x| < x,, let m*1:¢P) and m*2¢-P) be the probability measures obtained
using UCM method 3 and Eq. (4), respectively. Then, for any P € My, E; = [, X;qdm1oP) < [0 Xjqdm©2P) = E,.

Proof. For any c € [0, 1], note that sup I, ;_. <suply andinf I, ;. <infI

2.1-c¢ = xp,1=c*

6
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Whenc=1, Ey = [, X;4d6, =x; <x3= [, X;qd8; = E,.
For any ¢ < I, note that (I, ;) = A, ;-) > 0. If Iy ;_ (I, - =9, then we immediately know F, .c.r) > F, x,.p) since
sup Iy, o <inf Il I I, ;_. (1, - = B # @ (whichisa closed interval), for convenience we take the notations I, ;_.\/

Aand I, ;_\I -, =C. Then, we discuss the following five situations, respectively.

xp,1—c

@ If P(, )=P(,, -
(ii) If P(L X1 1—¢) > 0 while P(I. o, 1—c) =0, then we immediately know that P(B) =0 and then m*1:¢P) is concentrated on A while
m®2:¢-P) is concentrated on B (JC. Hence, F ey 2 F yep).
(i) If P, ) > 0 while P(/, l,lfc) =0, then with a similar manner to (ii) we also have F, (,.c.r) > F, (x;.c.P)-
(V) If P, ;_) = P(I,,_.) > 0, then firstly we easily note that F, «,.c.r)(t) 2 F, ) (?) for all 1 € A{JC (since m&1-¢P) is con-

centrated on A|J B while m*2P) is concentrated on B|JC). Secondly, for any € B note that m*1P)([inf I, ;_.,1]) =

Pl b ietD o) [inf I t) = Pt 1y D Th 1 te that f teEB
m,m ([in P )—m. en, we also note that for any 7 € B,

e ) =0, then m>1:6-P) = Uy, and m2:6:P) = U .- Therefore, it is evident that F, ,.c.r) 2 F, .-
, L= Jim

2,1—c

2,]—cvt

. Py 1-c) . C . .
m&1¢P)([inf Ix2,17c,1]) = ﬁm("l*c*”)([mf belfc,t]), which implies for any 7 € B,
. Py, 1-c) .
m®1:¢-P)(B\ [inf Lyt = ﬁm(xz,c,P)(B\[mf I, 1-¢t]). Hence, for any { € B,

m&reP ([inf 1, M =1-mrP(B\[inf I, ;_.,1)>1- m®2¢P)(B\ [inf N )

1.1=c>
=m2P)([inf I, \_.1] U C) 2 m2P)([inf I \_ . 1) = m*2<P)([inf I, ;_,1]).

Consequently, for all r € B we have Fm(x| ep () > Fm<xz,c,p) (#). In summary, Fm(xl,c.P) > Fm<x2,c‘p>.

w) If P(Ixz,l_c) > P(lxl,l_c) > 0, then with a similar manner to (iv) we also have Foep 2 F, ep).

Finally, since F, (x,..p) 2 F, (x,.p), then from measure theory we know

1
E = / Xl-ddm(xl’”*P)=1—§ / (F ey @ + F ey (t=)MdD) =1 — / F emdA
[0,1] [0,1] [0,1]

<1- / F (pemdi= / X, dm™2¢P) = E,,
[0,1] [0,1]

where for any probability distribution function F, F(t—) = li1¥1_ F(y)=sup{F(y) : y € (—,1)}.
Y

5. The substitution UCM method

After analysis, it can be observed that UCM method 2 possesses some related continuity properties which other UCM methods may
not have; however, the method is just with a simple combination, making it easier to overlook the distinctive “shapes” of different
distributions when calculating expected values. On the other hand, UCM method 3 may lack some continuity properties but places
more emphasis on considering the role played by the unique “shapes” of various distributions while obtaining merged measures.

Actually, we have applied a simple “substitution” in UCM method 3 with “m = Ur . when P(I,;_.) =0”. As discussed, this
substitution is too direct and sensitive, which makes it lack continuity properties. That is, even if P(I, ;_.) =€ > 0 is very small but
positive, the merged measure m*“-P) will have the similar “shape” toPon I, |_,, i.e., m**P) is amultiple of P on I, | _,. Nevertheless,
when value P vanishes at I, | _, (i.e., P(I,;_.) =0), the merged measure m**-F) abruptly becomes a uniform one Ur .-

In consideration of the characteristics exhibited by the aforementioned two methods, this section proposes an alternative UCM
method employing substitution that not only ensures some continuity properties but also takes into account the distinct roles played
by different “shapes” within various distributions.

UCM method 4 With an additional probability information (R, M, P), for any BUI granule (x,c) € 3, we form a new
probability measure m as the UCM result such that

m= P(:|I,,_.) when P(I, ;_.) > A1, 1_.) > 0;
P(Ix,]—c) A(Ix,l—c) - P(Ix,l—c)
m= mp('llx,l—c) + TJ-JUIX‘I'C when A(I, ;_.)> P(I,;_.)>0;
m=Uy  when P(I.;_)=0and A(,;_.)>0;
m=4, when A(I, ;_.)=0and P(I,;_.)>0. (5)
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Remark. One can check that the above four situations about values of P(I, ;_.) and A(I, ;_.) together form the total of all possible
situations; that is, given any P([, ;_.), there is one and only one situation among the four situations for it to be related to A(I, ;_,).

PAN - 4)

Py (AeM).

Remark. Recall the probability measure P(-|/
Recall also that (I, ;_.)=1-¢

)1 M= [0,1] (P(I;_.) > 0) is defined by P(A|I,,_.) =

x,1—c x,1—c

Remark. Note that different from the simple substitution in UCM method 3, the substitution applied in UCM methods depends on
certainty degree c.

Remark. There have some equivalent definitions for UCM method 4. For example, we may also equivalently define for the third and
fourth conditions: m = U,X e when P(I )=0and A(1,;_.) > 0; m= 35, when A(I )=0and P(I )>0.

x,1—c x,1—c x,1—c

Example 4. Let P be defined such that P =0.5P; +0.56, 5 where P; has density function p(¢) = 2¢. For BUI granules (0, 0.7), (0.2,0.5),
(0.5,0.2),(0.8, 1) € B, we have the following computations, respectively.

@) Iogs =[0,0.3]; since A(I,;_.) = 4(10,0.3)) = 0.3 > P(I,,_.) = P([0,0.3]) = 0.045 > 0 then

0o7.p _ P10.03) A(10,0.3]) — P(10,0.3])
= a3 MO T g0y e
0.045 0.265
=03 PCN003D+ =53 ooy

Since P(:|[0,0.3]) has density g(r) = “ X003, and Uy 3 has density s(t) = 031[003](0, then m©97-P) is absolutely

0.045 045
continuous with density p; (1) = [%t + ﬁ] . }([0,0‘31(’)

(i) Iypps =10.1,0.6]; since P(I,;_.)=0.675> A, _.) =0.5> 0 then m©205.P) = p(.|[0.1,0.6]) = _Q + 505 where Q has
density ¢(t) = ﬁ * X10.1.0.6)(*) as computed in Example 3.

(ii) Iys0g =[0.1,0.9]; since P(I,;_.) =09 > i, ,_.) = 0.8 > 0, then m©®302P) = gQ + gao_s where Q has density q(1) = 5 -

X10.1,0.9(t) as computed in Example 3.
(iv) Iyg0=10.8,0.81; (I, _.)=0and P(I,_,) >0, then mO80LP) =5, ..

We find UCM method 4 also degenerates into UCM method 1 in sense of calculating expectation.

Proposition 5. /[0 1 X, dm™eV01) = ex +0.5(1 — ¢) holds for UCM method 4.

Proof. Note that U j1(I,.;_.) = A, ;_.). When U (I, ;_.) >0 (i.e., ¢ < 1), we have m™Von) = Uy (|1, ;) = Uy, s when

UpUy1—) =0 (e, ¢ =1), then m&eUon) = =Uj ,_, =6, Using the same deduction to Proposition 1 (i), the result holds.

The maps related to UCM method 4 still do not have continuity properties in all situations as the following examples indicate.
When ¢ =0.5 and P = 6, it is easy to observe that the map x ~ m™-P) is not continuous at 0; when x =0 and P = §; 5, the map
¢ = m™¢P) is not continuous at 0.5; when x =0 and ¢ = 0.5, the map P ~ m*¢P) is not continuous at 5.

However, unlike UCM method 3 which lacks all continuity properties, UCM method 4 retains certain desirable continuity properties
(when the considered probability measure is continuous). Recall that C; (C; € M,) is the set of all continuous probability measures
on (R, M).

x,1—c x,1—c

Proposition 6. Let m™*P) be the probability measure obtained in UCM method 4 and Eq. (5), then the map x — m™P) is continuous on
[0,1] when P € C,.

Proof. Fixing ¢ € [0,1] and P € C|, let (x,)72, be an arbitrary sequence with limx = x; we discuss four situations, respective.
(Firstly, since all the concerned probability measures are concentrated on [0, 1], then it is direct that hmF e P) (D) = Fxe,p) (1)
holds for all ¢t € (—0,0) [ J(1, o).)

@ If P(I,1_.) > A1, 1_.) > 0, then from the continuity of P we easily observe that for any 7 € [0, 1],

PI0.01N 1, ) MM PAOAN 1)

Jim Fope.p (@) = lim P((0,7]1 ] 1) = lim

P(Ix l—c) - rli)rg)P(Ixr,l—L)
hmFP(t)— hm FP(ll’lf - c) FP(I) _ FP(inf le c) P([O t] ﬂ[ ’m c)
- rlirEOFP(sup xr,l—c)‘,IHEOFP(mf Ix,,l—c) Fp(sup I, . o) — Fp(inf I X l— C) P X l— o)

= P([0,1]|1,1-¢) = Fyxer) (D).
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() If AL, ;) > P(I,;_.) >0, then for any 7 € [0, 1],

5im Fy ()= lim PO, 1)

. PU ) PAOANT 1) AU )= PU, i) A0 o)
= lim . + lim .
r—ee )'(Ixr,l—c) P(Ix,,l—c) r—eo j'(Ix,,l—c) A(lx,,l—c)
) P([O,t]ﬂ]xr’]_c) 1 _C_P(Ix,,l—c) A([O”]mlx,,l—c)
= lim + lim :
r—co 1-c¢ r—co l-c 1-c
Tim PO, Iy gme) 1= = im P, 1) lim A0 Ly, 1)
l1-c l-c l-c
PO I -,) N l—c—P(,_) A0.0N1 )
- 1-c¢ l1-c¢ 1-c¢
_ P(Ix,lfc) P([O’ I] ﬂ Ix,lfc) + A(Ix,lfc) - P(Ix,lfc) ’1([0’ I] ﬂ Ix,lfc)
A(Ix,l—c) P(Ix,]—c) A(Ix,l—c) A(Ix,l—c)

= P([0,7]| 1, 1-.) = Fpyixe.p) (D)

(© If Ay ;_.) = P(I,;_.) >0, then there always exists a N > 0 such that (x,)f": N is the possible union of one, two or three
of the subsequences: (x, ()72, (Xg,()e; and (x,,();2, such that rlirgoxal(,) =x and P(Ixal(r),l—c) > }”(ngl(r)»l—c) >0 forall reN,
lim x ):xand A, )> P, ):xand P(I )=A, )>0forall reN,

rooo” 020 Uz(r)717C oy l=¢ o3(r x!,}(,),lfc 63(,),170
respectively. (That is, for each r > N, r satisfies one and only one of the following seven conditions: r € o;(N), r € 6,(N), r € o5(N),
re o (N){Jor,(N), r € 0,(N) Jo3(N), r € 0, (N) J 63(N), r € 6, (N) J 6,(N) | 53(N).) Note that for the possible three subsequences,

we can apply the same deduction in (a) to prove for any t € R, lim F (« ) ),c,m(t) =F, xep()and lim F } ),c,p)(t) =F, xcp (1), and
r—oo ;; o1\ r—-o gy 30

apply the same deduction in (b) to prove for any t € R, lim F ) (t) = F,xc.p)(t). Consequently, for any r € R, lim Fm(X ep()=
r—oo g, 2 r—oo r
Fm(x,L‘,P)(t).

)>0 for all reN, and lim x,
r—00

() If P(I,;_.)=0and A(I,;_.) > 0, then there always exists a N > 0 such that (x,)‘r";N is the possible union of one or two of
the subsequences: (xgl(,));";l and (x(,z(,))r"‘;1 such that lim x, =xand A1 )> P(del(r)’l_c) >0 forall reN, and lim x,

o1(r) Xy (1€ o2(r)
x and A(J ® 1-) > Py 1) =0 for all r € N, respectively. (It is impossible that there exists a subsequence (x,(), with
A 2(r)” =

limx,, =xand P(I, _.)> A,  ;_.)>0.Indeed, if there exists, then we have 0 < lim P(I, _ )< limP(I,,_ UI, ;.=
r—00 7(r)» 7(r)» r—00 7(r)» r—o0o ’ 7(r)»

P (ﬂf’;l(lx’]_c UIx,<,),1—c)> = P(I,,_.) =0, which leads to contradiction.) Note that for the subsequence (x, ()2, we apply a
similar but different deduction in (b); for any ¢ € [0, 1],

lim F

(x
r—oo 010

e @)= HMm PO L;, )

I P(Ix,,l(,),l—c) P([0,1] ﬂ Ix,,l(,),l—c) I A(Ix,,l(,),l—c) - P(Ix,,](,),l—c) A([0,1] ﬂ Ix,,l(,),l—c)
= lim . + lim .
r—eo l(Ixal(,),l—c) P(Ixul(,),l—c) r—oo ’I(Ixal(,),l—c) A(Ixal(r),l—c)
lim PAO.AN L, 1) 1=e=HmPU, 1 ) EmAQO.NN L, 1)
l-c l-c 1-c¢
B P([Ovt]me,l—c) l—c-PU,;_,) A([O,t]ﬂ[x’l_c)
a I-c I—-c l—-c
_ 0 1me=0 M0N0 M0N0
T 1-¢ 1-c¢ l-c - My i—e)

=U;,, 0. =Fy, O=Fyeen®).

For the subsequence (x,,(,);2,, note that m&Ee0¢P) _ gy I

=mxeP)
x,1=c

for each r € N, and it is easy to know that w — lim m™20 ") =
Xoy(r)1=e r—oo
w— limU;

=U
r—oo  Xgy(n-l-e I

() If A(I,,_.)=0and P(I,,_.) >0, then m*rF) =5 _ for each r €N, and it is evident that w — lim m*rP) = w — lim§, =
’ ’ r F—00 r—oco T
5. = mx¢e.P)
= .

In summary, in any situation we have w — lim m&¢-P) = p0.e.P)|
r—oo

Proposition 7. Let m®") be the probability measure obtained in UCM method 4 and Eq. (5), then the map ¢ — m™<P) is continuous on
[0,1] when P € C,.



L. Jin, Y. Yang, Z.-S. Chen et al. Fuzzy Sets and Systems 498 (2025) 109153

Proof. Fixing x €[0,1] and P € Cy, let (c,);2 | be an arbitrary sequence with hm ¢, = c¢; we discuss five situations, respectively.

If (@) P(I,_.) > A1 1_.) >0, or (b) A(I,. ;_.) > P(I,;_.) >0, or (c) A, , c)_P( —)>0,0r(d) P(I,;_.)=0and A(I, ;_.) >
0, then using the very 51m11ar deductions in the (a), (b), (c) and (d) of the proof of Proposmon 6, respectlvely, we also have w—

lim m&¢r-P) = m>-¢-P) But when (e) (I, ;_.) =0 and P(I, ,_.) > 0, we observe that for any ¢ € (—oo, x) | J(x, ®), lim F @ em(t)=
r—oo ’ ’ r—oo r
Fyixep) (1)-
In summary, in any situation we have w — lim m&r¢P) = p(oeP),
r—oo

Proposition 8. Let m™<-F) be the probability measure obtained in UCM method 4 and Eq. (5), then the map P — m®-P) is continuous on
C, (with respect to Levy’s metric).

Proof. Fixing x €[0,1]and ¢ € [0, 1], let (P,)‘r’"_l be an arbitrary sequence with w— lim P, = P; we discuss five situations, respectively.
= r—oo
@ If P(I, _.) > A, _.) >0, then we observe that for any 7 € [0, 1],

PO, ) Am P01 L)

i a0 = i B (00110 = fim =5 725 = =
lim FP (O lim FP (inf Ix l—c) i FP(I) _ FP(il’lf Ix,l—c) i P([0,1] ﬂ Ix,l—c)
llmFP (sup Iy _.)— hmFP (nf1,,_.) Fp(supl,_.)— Fp(infl, ;) P, -.)

= P([0,1]|1, ;_.) = Fpyxe.p) (1).
(b) If )'(Ix,l—c) > P(Ix.lfc) > O’ then for anyf € [0’ 1]’
Jim F e (1) = lim P(10, 111 1)

P(le c) P(O ’]ﬂ x,1— c) I )'(Ix,l—c)_Pr(Ix,l—c) i([o’t]nlx ]—c)

= + lim .

r—>oo /l([ - ‘) P(] - L) r—oo },(] - c) /1(] ,]—c)
_ PUci-) PAOAN Ti—) N Ay 1-0) = PUi—o) A0, 1)
- /1(1):1 c) P(le c) A(Ix,l—c) /l(lx,]—c)

= P([0,1]|1, 1) = Fixe.p) (D).

(c) If A(I, _.) = P(I,;_.) >0, then there always exists a N > 0 such that (P, )2y s the possible union of one, two or three
of the subsequences (P 1(,))r_1, (P 52 (r) )f‘; and (P, (,)) such that w — 11m P, = P and P.(I,;_.)> A, ;_.)>0 forall reN,
- hmP L, =P and AUy _) > P(,,_.)>0forall reN, and w - 11mP L =Pand P(I.;_)= A, ,_)>0forall reN,
respectlvely (That is, for each r > N, r satisfies one and only one of the followmg seven conditions: r € 6(N), r € 6,(N), r € 55(N),
re o (N){Jor,(N), r € 0,(N) Jo3(N), r € 01 (N) J 03(N), r € 6, (N) J 6,(N) | 63(N).) Note that for the possible three subsequences,
we can apply the same deduction in (a) to prove for any 1 € R, hm F (xeby (,))(t) F,xc.p (1) and hm F (e Ew))(t) F,xc,p (), and

apply the same deduction in (b) to prove for any t € R, lim F («
r—o0 m °
Fm(x,c,P)(t)c

(@ If P(I,;_.)=0and A(I,,_.) > 0, then there always exists a N > 0 such that (x,)7?  is the possible union of one or two

of the subsequences: (P, ) (,))r_ and (P, 2(,))r | such that w — hm P, = =Pand A, ;_.)> P 1(,)( _)>0forall reN, and w—
hm Py ="Pand M, _)> Py (yUy ) =0forall reN, respectlvely (Itis 1mp0551b1e that there exists a subsequence (P;()72
w1th w— hrnP oy = P and Ppy(L_.) 2 AL

x,1-c

S P () = F,yxee.p) (D). Consequently, for any t €R, rllglo Fxep) () =

) > 0. Suppose there exists; since Fp is continuous on R, then lim Fp ) )(t) = Fp(1)
r—oc0 7

holds for all t€ 1, _., and therefore 0 = rlirgo F Pm)(sup I i_.)— Fp(supl,;_.) > A(I,;_.) > 0, which leads to contradiction.) Note

that for the subsequence (P, 1(,)) , we apply a similar but different deduction in (b); for any ¢ € [0, 1],

ll)m F (xcp 1m)(z)_ 11m P([0,1]|1,1_.)
— Iim o’l(r)(lx,l—c) P, l(r)([Ot mlxl c + 1im A(lxl c) l(r)(lxl c) }'( OZ n l—c)
r—eo /1(1)(1 c) o-l(r)(lxl—c) r—eo A(lx,l—c) /I(Ix,]—c)
lim P, (0.1 I, I—c=limP, y(I,1-) EmAO.AN I, -)
+ .
l-c¢ 1-c¢ l-c¢
PAO, AN Iy_) 1=—c=P_0) A00,11 Ixi_0)
1-c¢ 1-c¢ l1-c¢
_ 0 + 1—-¢c-0 A([O’t]mlx,l—c) _ A([O’t]mlxl—c)
Tl-c l—c 1—c T M)

10
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=Up, (0.)=Fy, (O=Fyuen(®).
For the subsequence (P,, )%, note that m&eFoe) = g I, =m™eP) for each r € N.

@ If AU, _)=0and P(I,_.) >0, then m*<F) =5 = m>eP) for each r eN.
In summary, in any situation we have w — lim m&r¢-P) = p(e.P),

The corresponding monotonicity still holds for UCM method 4.

Proposition 9. For any two BUI granules (x|, c),(x,,c) € B with x| < x,, let m>1-P) and m*2¢-P) be the probability measures obtained
using UCM method 4 and Eq. (5), respectively. Then, for any P € M, E, = f[O’l] X;ydm1eP) < fIO,ll X, dm*2¢P) = E,.
Proof. For any c € [0, 1], note that sup I, ,_. <supl, ; . andinfl, , . <infl_ ..

Whenc=1, Ey = [, X;4d6, =x; <x3= [, X;qd; = E,.

For any ¢ < I, note that A(I, ;) = A, ;-) > 0. If I ;_ (I, - =9, then we immediately know F, .c.r) > F, r,.p) Since
suply _<infl, I N Iy, 1 = B # ¢ (which is a closed interval), for convenience we take the notations I, ;_\I,, _ =
Aand I, ;_\I -, =C. Then, we discuss the following nine situations, respectively.

(1A) If P(le,l—c) > P(lxz’l_c) > /l(]xl_l_c) =1 —¢, then note that F, «.c.r)(t) 2 F, () =0 forall 1€ A; 1 = F .cp)(t) 2
F (x,c.p) (1) forall t € C. For any t € B, we observe that

P((t,0) NI 1-)  P(t;sup BYV Iy 1-0)  P((t,5up B))

mreP((1,00)) = P((t, 00) 1, 1) =

P(lxl,l—c) P(le,l—c) - P(le,l—c)
P((t, I q_.
L Psup) _ PN, ):P((Ivm)”x ) < meP) (1, o)),
P(Ixz,l—c) P(Ixz,l—c) >

Therefore, F, (.c.p) (1) = 1 = m&1¢P)((1,00)) > 1 — m*2¢P)(1,00)) = F, (5., (1) for all 1 € B. Consequently, F, ;. (t) > F, (x.c.0) (1)
for all r € R.

(1B) If P(Ixz,l—c) > P([xl,l—c) > 1 —¢, then we can apply a similar deduction in (1A) to show F, x,.c.p)(t) > F, x,.c.p)(f) for all € R.

(A) If P(le’l_c) >1l—c> P(Ixz,l—c) > 0, then it is easy to note that F, x..r)(t) 2 F,xye.p)(1) =0 forallt € A JC.Forany € B,
we have the following deduction

P((t,sup BI( I 1-c)

mreP((1, 00)) = m 1P (2, sup B]) = P((1,sup BT, 1) =

P, 120
_ P(tsupBl) _ P((t.sup B]) _ P, 1) P((t,supB]) AUy, 1) — PUy, 1-0) A((t,sup B])
P, 1) 7 Ay -0 T AUy o) PUy ) Ay, 1—¢) Ay, 1-)
Pt b i, g At TPty
M- e Ay, 1-¢) xpl=e

= mt2¢P((a,sup B) < mO2P((1, 00)).
Therefore, F, (x|.c.p)(t) 2 F, r,c.p)(t) for all 1 € R.

(2B) If P(1, )>1—-c> P, ) > 0, then we can apply a similar deduction in (2A).

2,1—c 1,1=c
BA)Ifl—-c> P(le,l_c) > P(IXZ’I_C) >0, it is easy to note that F, i .c.p)(t) 2 F, er)(1) =0 forall 1 € A (JC. For any t € B, we

have

mE1eP(1, 00)) = m*1< (1, sup B])

P, 1-0) Ay 1-e) — PU, 1-0)
xy,1=c P((l,SUpB]lle,l_c)+ x1,1—c x1,1—c

Ur,, . ((t.sup B])

T A0 IV
_ Py 1-) P(@sup BIN Ly 1-0) - AUy 1) = PXLy 120 A((t, sup B])
A ) P, 10 ATy 1) AL 1)

P((t,supB]) 1—c—PU 1_0) A(@,sup B])
= 1-c¢ + 1-c¢ 1-c¢
< P([xz,l—c) P((t,supC]) l—c— P(Ixz,l—c) A((t,supC])

I-c P, ) l-c 1-c

P(Iy,1-0) P(t,supCl Iy 1) Ay q-0) = PU, 1-¢) A((t, sup C])

T, Py, My 1—0) My 1)

11
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PU /1(1,(2,1_5) - P
T ad xp.1-c) A

= mC2eP) (1, 5up C1) = mO24P)((1, 00)).

xz,l—c) xz,]—c)

P((t,5upC]| I,

. (.5upCY)

xz,l—c) xz,l—c)

Therefore, F x.c.p)() 2 F, (xyc.p)(t) for all 1 € R.
@BB)If1—c>PU,, _)> P, _.)>0, then we can apply a similar deduction in (3A).

(4A) If P(I,, 1_.) > P, _.) =0, then we immediately observe that m®>1:¢P) js concentrated on A while m*2¢-P) is concentrated

on B|JC. Hence, F,x.c.r)(t) 2 F, iy c.r) (1) for all t € R.

(4B) If P(1 )> P, 1!,_0) =0, the result holds using similar observation in (4A).

x3,1=c¢

G)If P, )= P(,,, ) =0, then mx16:P) = lel.l—c and m*2:¢:P) = lez,l—c’ and it trivially holds that F, (x,.c.p)(t) 2 F,cy.c.p) ()
for allr € R.
Finally, since F, ,.c.p) 2 F, x,..p), then from the same analysis as discussed earlier

1
E = / X[ddm(xl’c’P):l—E / (F ey + F ey (=)D =1 — / F iemdd

[0.1] [0.1] [0.1]

<l- / Fm(xlg'p)d/1= / Xiddm(X2,c,P) =E,.
[0,1] [0,1]

6. UCM methods in uncertain and probabilistic decision environment

Assuming a high-end vehicle manufacturer is considering increasing production of its branded electric bicycles, the decision-
making process depends on the predicted repurchase rate of these bicycles. If the forecasted repurchase rate exceeds a certain threshold
K, then mass production will occur; if it reaches K, but is less than K, then limited production will take place; otherwise, no
additional production will be made. The manufacturer has four internal experts (E; )f= . who each predict the repurchase rate with
some uncertainty (forming a 4-dimensional BUI vector (x,¢) = ((x;, c,»))?=] ). To eliminate this uncertainty in their predictions, the
manufacturer decides to consult a professional market research firm that can provide a probability distribution P based on historical
data and market research to estimate the repurchase rate. Using UCM method, the manufacturer can fuse four BUI granules and
probability distribution P to generate a 4-dimensional real prediction vector which can be weighted averaged to obtain an ultimate
comprehensive result as reasonable predicted value for repurchase rates and be applied to make further decisions accordingly.

For each BUI granule (x(i), c(i)) (i € [4]), 100x(i)% represents the predicted repurchase rate by E; and c(i) is his/her certainty
about the prediction. Suppose P =0.5P; +0.56, 5 and (x,¢) = ((0,0.7),(0.2,0.5),(0.5,0.2), (0.8, 1)) as in Example 4. We next compute
the expected repurchase rates respectively.

Elz/Xiddm(0.0.7,P):/f.pl(l)dz: / t- 13—0[+ %]d

[0,0.3]
10 [ 24433 10033 | 530.32
== dt tdr=— =2 4 2222 —0,0340.1325=0.1625;
3 / 18 33 18 2 *
[0,0.3] [0,0.3]
Ez—/dem(OZOSP)_/de[ 0+2 05] Z /X'ddQ+@/X‘dd5os
@277 " 27 27 ) 27 [ it
(0.1 (G.1]
7 062 0.12] | 20
=L it _ar+ 20 05= 1|26 01T 20 45 0264037=0.63;
27 / 0.175 +27 27(0.175) 2 |t *
[0.1,0.6]
Ey= /X Am©502P) — /de[9Q+ 505 /X,ddQ+— 0.5
2
=g / 10—4dt+— 05= Q—O—] +0.278 = 0.444 4+ 0278 = 0.722;
[0.1,0.9]

E, = / X;qdmO801P) = / X;gd8g=0.38.

With the obtained four expected repurchase rates, we take their mean E = (1/4) Z;L 1 E; =0.25(0.1625 + 0.63 + 0.722 + 0.8) =
0.578625. That means the resultant comprehensive expected repurchase rate is 57.8625%. If we set K; = 70% and K, = 50%, then the
recommended course of action is to manufacture a limited quantity of the branded electric bicycles.

This uncertainty merging method reflects the decision makers’ preference order, which prioritizes the predictions of internal
experts (as they are more trusted). If the experts hold a certain attitude, their predictions are fully believed (i.e., BUI degenerates into

12
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real value). If the experts are partially certain, their predictions still dominate (this can be seen from some conditional probability
definitions in UCM method), while the predictions from external market research agencies serve as supplementary information.
However, if the experts are completely uncertain, we have no choice but to rely entirely on data from market research agencies. The
evaluation and decision model based on UCM method is more practical for real-world decision-making problems.

7. Some discussion and comparison of the three UCM methods

The proposed three UCM methods (in probability environment) have their respective characteristics which may matter in the
choice of them in decision making. _ )
For any fixed x € [0,1] and ¢ € [0, 1], let H(j’:) : M; — M, be related to UCM method j with H;’;(P) =m™P) and j =2,3,4,

respectively. We first note that for any x € [0, 1], H (ij 1>)(P) =6, forall P€M, and all j € {2,3,4}. We also note that for any x € [0, 1],

(i /0>)(P) P for all PeM,; and all j € {2,3,4}. Next we discuss some related “linearity”.

Proposition 10. UCM method 2 has the following property

H&Zj)(apl +(l—a)Py) = aH(ff:)(Pl) +(1- a)H(jfj) (P)

for any a € [0,1].

Proof.

H&ZS(aPl +(l-P)=cs,+(1=-c)aP +(1-a)P)=a(cs,+(1=c)P) +(1—a) (e, +(1 —c)P)

2 2!
= aHZZ (P + (1 = ) HSZ (Py).

The UCM method 3 and UCM method 4 do not have the “linearity” property. For example, consider P; = Ujg 5, P, =Jps, @ =0.5
and (x,¢) =(1,0.5); then H(ff;(aPl +(1-a)P)= H&i‘;(aPl + (1 —a)P;) =65 but
3 3 4 4
aHZZ(P) + (1= ) HE (Py) = aHS (P) + (1 = ) HEY (Py) = 0.5U)g 5 1) +0.55y 5.
The linearity of UCM method 2 can sometimes be effectively demonstrated and applied in decision-making processes. For instance,
if a probability distribution P; is obtained early on from historical statistics, we can merge it with another probability distribu-

tion H &2;(1)1) to calculate an expected value E| = [ X;ydH &2;(1)1)- Subsequently, if a new probability distribution P, is obtained

later using updated statistics, we can create an updated merged probability distribution H &ZS(Pz) with a new expected value E, =

f X;ydH &25 (P,). By assigning equal weights to the initial and updated distributions and deriving an updated probability distribution

P =0.5P, +0.5P,, we obtain the corresponding updated expected value E = [ X;,d H (§2>) (0.5P; +0.5P,). In fact, if linearity holds true

in this context, then we only need to calculate H<2>(P2) to obtain £ =0.5 dedH<2>(P1) +05/ X,ddH<2>(P2) =0.5E,+0.5E,
instead of recalculating everything from scratch. ThlS showcases evaluation con31stency that may be sought by rigorous evaluators;
however, it does not imply that linearity is universally required across all evaluators or decision-making scenarios.

The following property we discuss appears to be purely theoretical at present and may have limited relevance to practical decision-
making problems.

(n) (n+1) o\ ()
For j=2,3,4, the map (H<’>> : M, — M, (n € N) is conventionally defined such that ( <’>) (P)=H"> (<H</>) (P))

(x,¢) (x,¢) (x,¢)
with <H<j> )( o,

(x,¢) (x,¢)

Proposition 11.

(n) (n)
(i) For any fixed x € [0,1], ¢ € (0,1] and P € M,, w — lim (H<2;> (P)=6,; (H&Z(;) (P)=P forallneN.
n— X

(n)
(ii) For any fixed x € [0,1], ¢ € [0,1] and P € M,, (H<3>) (P)= HZ¥(P) for all n € N. (That is, if P(I,,_,) > 0 then

(x,¢)

(n) (n)
(H<3>) (Py=P(|I,,_.) forall n €N, and if P(I,,_.) =0 then (Hjjj)) (P)=U,,,__ forallneN,)

(x,¢)

(n)
(iii) For any fixed x €[0,1], c €[0,1] and P € M, (H&“:)) (P)= H¥(P) for all n €N.

x,1—c

(n)
Proof. (i) We firstly show that (H (<2‘>)) (P)=(1-(1—=¢)")6,+ (1 —c)"P for all n € N. Using induction, on the one hand, suppose

(5)" )= == cy)s, + (1 - 0P, then

13
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(x,0)

(n+1) (n)
(1) <P)=H<2><(H§?;) (P)>=c5x+(1—c)((l—(1—6)")5x+(1—c)"P)
=co+(1—0)8, — (1= 6, +(1 =)' P=(1-(1—c)") 5, + (1 —c)"*'P.
(1)
On the other hand, (H(jfj)) (P)=HZZ(P)=cb,+(1—)P = (1-(1-0)) 6, +(1 - c)' P holds true for n=1.

(n)
Therefore, if ¢ € (0, 1], then w — lim (H<2>) (P)=w— lim ((1= (1= ))&, +(1 - c)"P) = . (Indeed, it is easy to observe
n—co n—oo

(x,¢)

(n) (n)
(H(iz;) (P)=46, for all n € N.) It is also easy to observe (H&z(;) (P)=P forall neN.

(n) (n+1)
)> 0, then H<>(P) = P(-|I,,_.); using induction, (H<3>) (P) = P(|I,,_,) implies (H(f;) (P) =

(i) If PU o) oy

x,1—c

(n)
HE <(H<3>) (P)) = H3Y (PO -0) = (PO -0)) (o) = PCIL o). T P(IL ) =0, then HS(P)=U,,,_; using

(x,0) (x,0) (x.0)

(x,0) (x,0) (x,0) (x,0) x.l-c’

(n) (n+1) (n)
induction, (H(ff:)) (P)=Uy__, implies <H<3>> (P)y=H> (<H<3>) (P)) =H<> (fo,17c> =Up Cl_0=U;

(n)
Hence, (H(fj)) (P)=HZ>(P) forall neN.

(n)
(iii) If P(I,;_.) > A1, _.) > 0, then H*>(P) = P(|I,,_.); applying the similar induction in (ii), we have <H<4>) (P) =

(x,¢) (x,¢)

4 4 Py 1-0) Ay 1—e)—PUy 1-) :
H&S(P) =PI _0). If AU, _.) > P(I,;_.) > 0, then H&;(P) = mp(.ux,l,c) + WU&H (note that it
is concentrated on I and with ( H*>(P)) U, ,_.) > AU ) > 0); using induction, ( H<*> o (P) = MP(-|I )+

x,1—c (x,0) x,1—-c/ = x,1—c gl g £l (x,0) - A 1—) x,1—c

My 1—)=PUy1_)

A 1—c) Ur,..

c

implies H<4> (ntl) (P)= H<4> H<4> m P )= H<4> H<4>(P) — H<4>(P) (lI )= H<4>(P)
p (x.c) T xe) (x.c) T T(xe) (x.c) - (x.¢) x1=-¢/= Hxe) :

(n)
If P(I,.;_.)=0and A(J, ;_.) >0, applying the similar induction in (ii), we have (Hé“;) (P)= H(f:‘;(P) =Ur .- If Al ;_.)=0

(x,¢) (x,c)

(n) (n+1) (n)
and P(I,,_,) >0, then HZ'>(P) = 5,; using induction, (H(jfj)) (P) = 6, implies (H(f(“:)) (P)=H* ((H<4>) (P)) -

(n)
4 _ s _py<d 4 _ <4
H (6,) =5, = HS¥(P). Hence, (H(;;) (P)=HZ>(P) forall neN.

8. Conclusions

We proposed, analyzed, and compared four UCM methods for merging BUI granules with probability measures. UCM method 1 is
purely interval-based and defined simply by combining intervals. The other three UCM methods operate within probability environ-
ments. UCM method 2 transforms a BUI granule into Dirac measure and generates a new probability measure using a combination
form that has good continuity properties but lacks distinguishability of probability measures. Although lacking in continuity proper-
ties, UCM method 3 offers better distinguishability than the previous method. Finally, substitution UCM method (UCM method 4) is
mainly defined based on well-defined combinations of conditional probabilities and uniform distributions; it exhibits better continuity
properties than UCM method 3. We demonstrate that all three UCM methods result in Dirac measure when there is no uncertainty
involved in the given BUI granules.

The expectation values associated with the four UCM methods are as follows: UCM 1 merely yields its representative value
¢x+0.5(1 — ¢), while all the expectation values (of identity random variable) for the other three UCM methods, [ X;,dm, degenerate
into c¢x + 0.5(1 — ¢) when the given probability measure is uniform distribution. Furthermore, all four UCM methods exhibit desirable
monotonicities.

We present practical applications in business decision-making and provide several numerical examples to demonstrate their utility
and potential. Furthermore, we conduct further discussions to highlight the distinctive characteristics of the three UCM methods (in
a probabilistic environment), which may be considerations for decision-making.

Although we employ conditional probability and conditional distribution, our methodology diverges from Bayesian analysis. For
instance, in UCM method 4, if A(I,;_.) > P(I,;_.), the fused probability takes into account both P(:|I,,_.) and Uy,  simultane-
ously based on a specific ratio. Our approach also exhibits connections with Dempster-Shafer theory [37,38]. For example, while
determining the ultimate fused probability distribution, we explore various techniques for allocating mass with a quantity of 1 — c.
In future research endeavors, we will delve deeper into more suitable UCM methods and further investigate their associations with
Bayesian analysis, Dempster-Shafer theory, and mass allocation [37-40].
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