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Chapter 1

Introduction

The choice of a suitable model is essential for both control and decision making when dealing with complex
systems. One way to face complexity is the principle of adaptivity, i.e. using models which evolve during
their use. The demand for adaptivity of the model leads to the recursive estimation of its parameters,
i.e. permanent updating of its parameter estimates by the new data. In other words, statistics describing
estimates are corrected by newly acquired data. The model should be chosen from a sufficiently rich family
of models to capture all properties of the modelled system. Naturally, computational cost associated with
estimation of parameters of the model grows with complexity of the model. If the modelled system is non-
linear, its model should be non-linear too. In this paper, we study finite probabilistic mixture of linear
models. The finite mixtures provide a universal approximation of almost any probabilistic density function
[1] and thus can be successfully used in modelling of complex systems. Invoking the principle of adaptivity,
we seek an efficient recursive estimation of the mixture model parameters.

The resulting model can be then used both for control and decision making tasks. Universal algorithms
for mixture-based control [2] were derived, but quality of the resulting control strategy strongly depends on
the quality of the estimated model. Practical experience indicates that this is a weak element of adaptive
control and that an improvement of the estimation part improves the overall control quality. Hence, we try
to develop better estimation algorithms for the mixture model. The control algorithms [2] as well as efficient
structure estimation algorithms were derived using the Bayesian theory [3]. The unknown model parameters
are treated as random variables and all subsequent task are defined in terms of posterior distributions of the
parameters rather then thier point estimates.

The recursive Bayesian estimation evaluates the posterior distribution on parameters at time ¢ as an
update of the the posterior distribution at time ¢t — 1 using the Bayes’ rule and the data acquired at time
t. The recursion starts at ¢ = 1 with update of the prior distribution which must be chosen before the
estimation starts. The posterior distribution obtained by the Bayes’ rule may not be, however, analytically
tractable and thus unsuitable for the next update.

In practice, mostly such prior distribution is used so that the posterior distribution in each estimation
step has the same functional form as the prior distribution. Hence, just the sufficient statistics determining
the posterior density are updated. Such a prior distribution is then known as conjugate with the observation
model. For example, conjugate prior distribution is available for all models from the exponential family. If
the conjugate prior does not exists the exact recursive estimation can not be achieved. In such a case, we
seek approximate recursive estimation. This is the case of the probabilistic mixture model. Using the exact
Bayesian update, the complexity of posterior density grows exponentially with number of the data samples.
The quasi-Bayes algorithm [4] [2] or a modification of the EM algorithm [1] are examples of approximate
algorithms facing this problem.

This paper introduces a new approximate estimation method, which can be viewed as a generalization
of quasi-Bayes algorithm. The basis of both approaches is finding the approximate posterior density in
particular (well manipulable) class of densities.

The new algorithm finds the optimal projection of the correct Bayesian density into the selected class
of densities. The projection is optimal in the sense of Kulback Leibler distance [5]. It should be mentioned
that the Kullback Leibler distance is not symmetric. Algorithm presented in this paper minimizes the
Kulback Leibler distance with the argument order, which conforms with Bayesian principles [6]. An algorithm
minimizing the Kullback Leibler distance with arguments in different order can be found in [7].
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Chapter 2

Notions and notations

x* denotes the range of x, x € x*.

T denotes the number of entries in the vector x.

= means the equality by definition.

xy is a quantity (vector) x at the discrete time labelled by t € t* = {1,...,i}.

Zie 1S an i-th entry of the vector x;. The semicolon in the subscript indicates that the symbol following it
is the time index.

Tp_ s a subvector of the vector xy. gy = (Thy, - -+, Tist)-

x(kl) =xp,..., 2.

x(t) = x(1-t).

z(t) is an empty sequence and reflects just the prior information if t < 1.

d is data array, d is data record at time t (vector with entries (dy,- - - v, ) ).
© unknown parameter, finite-dimensional vector

fym are the letters reserved for probability density functions(pdf).

f(de|d(t — 1),0) means model of the system.

fe(de|d(t — 1),0.) is component of the mizture.

m0(©) denotes prior density of the unknown parameter ©.

m(0]d(t)) = m(©|G:) means (approzimate) posterior density of the parameter © determined by the

sufficient statistic Gy.

o s the proportion sign, h & g means that function h equals to the function g up to the normalization. Ie.
ho— g
Jn Ja

0 1is the model order.

D( || ) means the Kullback-Leibler distance[5]. This "distance” is familiarly used in Bayesian analysis as
the measure how good the second pdf approximates the first pdf. For conciseness, the Kullback-Leibler

distance is referred to as the KL distance. D (f H g) =/[fln (g)
I'(z) means gamma function, I'(x) = f0+°o t*~ 1 exp(—t)dt.

Yo (x) is digamma function, 1o (x) = Blnal;(m).

0 denotes identity matriz. Le. 0;; =1 iff i = j, otherwise §;; = 0.

® denotes the Kronecker product of two matrices
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Agreement 1 (Multimatrix, multivector) Multimatriz of type m,n

Mll o Mln

Mml o an

s a mathematical object, where M;; is either matriz or multimatriz. Hence matriz is a multimatriz. Multi-
matriz need not be a matriz. Definition of Multivector is analogical.

Agreement 2 (Multimatrix indexing) For M being a multimatriz of type m,n the following notation
is used:

M;; is ij-th entry of M.
Mlj
M,; is multimatriz :
Mmj
Mo is multimatric (M, -+, Miy).

Moo means the same as M.We use this notation when we want to stress that M is a multimatriz (matriz).

Agreement 3 (Other Matrix notations) Let’s M be a matriz of type m,n and ¢ some scalar. Let’s
define the following operations:

M =+ ¢ is matriz of type m,n, (M *c¢);; = M;; £c.

exp(M) is matriz of type m,n, (exp(M));; = exp (M;;).

max M is scalar with maximal value of M.

vecM 1is column vector of length m xn containing all columns of M.

|M| is determinant of matriz M.



Chapter 3

Basic elements and tools

3.1 Recursive parameter estimation

The task of recursive parameter estimation is to determine the posterior density m(0|d(t)) based on the
knowledge of

e last posterior density m_1(0|d(t — 1))
e new data record d;
e model of the system f (dt\d(t -1, 9) parameterized by unknown parameter © .

The algorithm starts from prior pdf my(©) = m(©|d(0)). We assume existence of the sufficient statistic G;
for posterior pdfs, i.e.

m(O]d(t)) = m(O]Gy).

Next, consider that the actual data record d; doesn’t depend on all historical data d(t — 1) but only on
a subset ¢y—1 = (dy—1,di—a, -+ ,di—p). Hence,

Fdi]d(t —1),0) = f(di|dr—1,0).

The standard Bayesian approach determines m;(©|G;) as
m(01Gr) o< f(dt|pi—1,0)m—1(O|Ge-1). (3.1)

3.1.1 Recursive parameter estimation with conjugate pdf

The considered approach (3.1) can be effectively used in the case when (@) is conjugate pdf to the system
model f(dt|¢t,1, @). In such a case, 7:(0]G;) has the same functional form as 7((©). Hence, we can get

m(©|Gy) = w(O|Gy), V.

When updating from 7(0|G;_1) to 7(©|G;) it suffices to update the sufficient statistics: (Gi—1,d¢) — Gt.

3.1.2 Recursive parameter estimation without conjugate pdf

If the pdf conjugate to the system model doesn’t exist, the dimension of sufficient statistic grows with
number of data samples. Then, of course, complexity of m; grows as well. In such a case we can proceed in
the following way:

e we choose prior pdf in an arbitrary well manipulable functional form,
e we seek an approximate posterior pdf’s of the same functional form,

e we set, in each step of estimation, the statistic determining the approximate posterior pdf in such a
way that it is ”closest” to the ”correct Bayesian” pdf.

9
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We need to specify what we mean by: ”correct Bayesian” and ”closest” . Let’s have the approxi-
mate posterior pdf m(0|G;_1), which depends on the statistic G;—;. If we handle the approximate pos-
terior pdf 7(©|G;—1) as the correct posterior pdf, the ”correct Bayesian” posterior pdf in the next step
T(O|Gi—1,de, p1—1) is (according to (3.1)) obtained as

A _ fdilpi-1,0)7(O[Gi-1)
T(O|Gt—1,dt, Pr—1) = T F(di]ér1.0)(01Gi1)d6"

The term ”closest” means closest in sense of the KL distance. It means that we want to find G; so that

D (#(01G:1,di, é1-1) || (011)) (3.2)
is minimized.
Remarks 1

1. Applicability of the presented algorithm strictly depends on the complexity of the KL distance. Except
of trivial cases, it is usable only if the KL distance can be evaluated analytically.

2. The algorithm uses the approzimate posterior pdf obtained in step t — 1 as the true posterior pdf in step
t. This leads to error accumulation.

3.2 Dynamic probabilistic mixture

In this paper, we consider the parameterized model of the system in the form of a finite probabilistic mixture:

f(di|pe—1,0) Z aefe(di|per—1,0¢), ¢ ={1,...,¢}, ¢ < oo, where (3.3)

cec*

fc(dt|¢c;t—1; ec)

c-th component given by component parameters ©. and the state

¢eit—1 = subset of ¢y
a. = the probabilistic component weight
© = mixture parameter formed by the component weights and parameters
Qece* = {{@CEGZ}CEC*,az[al,...,ag}Ea*z{aczo, Zaczl}}.
cec*

Before fixing and refining nomenclature related to the mixture, we split the individual components into
so called factors that provide flexibility of the parametric description.

Using the chain rule, the pdfs f.(d¢|¢ci—1,0.) can be written as a product of pdfs of individual entries
of d;. Before applying the chain rule, entries of d; can be permuted and some permutations may lead to
parameterizations with less parameters. This motivates inclusion of permutations into the model description

d — d. with d;c =d;,,, where (3.4)

Jic 18 i-th entry of the permuted indices [1,.. ,d} The assignment (3.4) is applied component-wise and
together with the chain rule give

fc(dt|¢c;t—17 @(') = H fic(dic;t d(i+1)7(jc;ta ¢c;t—17 @’L(‘) = H fic(dic;th/}ic;ta 81(') (35)

IS IS

The additional subscript ¢ of the parameter ©;. indicates that only some entries of ©, may occur in ¢-th pdf
(factor) in (3.5). Similarly, the regression vector ;.. is generally a sub-vector of the vector

[d(i+1),c2c;t’ ¢£:;t—1a 1]/ (36)
Agreement 4 (Nomenclature related to mixtures)

Pdfs: The pdf fo(di|peii—1,0¢) in (3.3) is called parameterized component of a mizture and
a. is the weight of the c-th parameterized component.

The pdf fic(dicit|Vicit, Oic) in (3.5) is called parameterized factor.
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Data: The vector d; containing data measured at time t is called data record.
The vector ¢.—1 1s the observable state of the parameterized component.
The parameterized factor is determined by regression vector ¥;c,; defined as a sub-selection of the vector
[dz‘+1,d°c;t> ¢/c;t—1’ 1]’ (3.6).
The coupling Wic,y = [dic;t, Vi) is called data vector of the factor.

Remarks 2

1. We added the number 1 to the definition of the regression vector, because it helps us to effectively
express the constant shifts in mean values of factors.

2. The adopted dynamic mixture model is not sufficiently general. The component weights should also
depend on the state vector. The choice is driven by our inability to estimate this “natural” and more
realistic model. See discussion in [8]

3.3 Form of the prior and the posterior pdf

According to the general hints in section 3.1.2 we need to choose the prior pdf in a form that is well
manipulable, i.e. analytically tractable.

Agreement 5 (Considered forms of pdfs on ©*) The prior 7(0) = w(0]d(0)) and the posterior
m(O|d(t)) = 7(©|G;) are considered to be of the common form:

m(0|G) = Dig(ky) H Tic(Oic|Sicit), t € {0y U™, where (3.7)
1€1* ,cEC*
G = (’fc;taSOO;t)v
M B(x) = M
B(k) P cer e
each pdf m;c(Oic|Sic:t) is conjugate to the factor fic(d;cy

Di(k¢) is Dirichlet distribution, Diy(ke) =

¢ic;ta eLc)

Parameters ©;., i € i* = {1,... ,dc}, ¢ € ¢, of the individual parameterized factors are mutually conditionally
independent, and also, independent of the component weights . The component weights have Dirichlet
distribution Diy (k) with support on the probabilistic simplex «*.

Dirichlet distribution Di, (k) is recalled and analyzed in Chapter C.4 in detail.

3.4 Notations related to mixtures

In the sequel, we use the following elements: i € i* = {1,... ,do}, c€ect
Factor prediction Zj;y = /fic(dic;t|wic;ta Oic)Tic(Oic|Sicit—1)dOic
d
Component prediction [ = HI"C%t (3.8)
i=1
Estimate of component weight &, = —at (3.9)
ZCEC* '%Cﬁ
QB weight of data  wey = M (3.10)

Zz=1 &c;t—lﬂc;t
o (dicit[icts Oie)Tie(Oie| Sicut—
”Correct” estimate of factor parameters ﬂ'ic(@ic|Sg;t) = fieldiciic: I“)ﬂ-“( ie|Sieit—1) (3.11)
ic;t

Remarks 3

1. The assumption of conjugacy of mic(O4c|Sicit—1) to the factor fic(dicit|Vict, ©ic) implies that
fic(dicit|Vic;t,0ic)Tic(Oic|Sicit—1)

ic;t

evaluate only the statistic Sg;t.

has the same functional form as Tic(O;c|Sicit—1), and thus we need to
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2. As values of Zicr can be very close to zero, it is numerically advantageous to evaluate the weights wet
using Lict = InZies . Licy can be computed directly without evaluating Zc. .

Algorithm 1 we; = EVAL.WEIGHT (Lee:t; Ket—1)
1. For each component ¢ evaluate Hey =K1+ Y, Licy
2. H.;t = H.;t - maXH.;t

o _e(e)
o;t ZC cxp(H.;t)

Remarks 4 w.,; evaluated in this algorithm is the same as defined in (3.10):

3.

w _ exp (Hey —maxHey)  exp(Hey)exp (maxHey)
“ T Y (exp (Hew — maxHaey))  exp(maxHe) 3 oxp (Hey)
K’c;t,flﬁc;t,

’ic;t—lﬂc;t _ Z’%:t*l o CAyc;t—lﬁc;t

Z"{c;tflﬂc;t B Zﬁcztflﬁczt B ch;tflﬂc;t.

Rejt—1




Chapter 4

Problem formulation and general
solution

In this Section, we apply the approximation from section 3.1.2 to the introduced mixture model (3.3). We
=,

—
seek the statistic G; that minimizes D | #(©|Gi—1,dy, pr—1 ) H m(0|G) |, where

f(di|ps—1,0)m(O|G: 1)
f f(dt Wt—l» @)W(@\gt—l)d@
d,é
7T(®|gt71) = Dia("itfl) H 7Tic(®ic|8ic;t71)

i=1,c=1

é d
Z (0% H fic(dic;t W)ic;tv Gzc)
c=1 i=1

ﬁ(@lgt—17 \I]t)

f(di|de-1,0)

In this case, the statistic G, consist of vector k; (of ¢ elements) and multimatrix See;; of type (d, ¢).

The next proposition summarizes the form of #(0|G;_1, Uy).

Proposition 1

7%(@|gt717 ch tDZa "it 1 + (Soc H Tro ]T‘Sj’l‘t 1 Hﬂ-jc jc‘ ]ct (41)
i
Proof:
é d d,é
f(dt\si?t—h 9)7T(9|gt—1) = Q¢ fv:c(dz'c;t|1/)1:c;t,@ic)Dia(Ht—O H 77jr(®jr|5jr;t—1) =
c=1 i=1 j=1,r=1

¢

= § acDZ(x Rt—1 ﬂct H 7T_7r ]T‘S]’It 1 Hﬂ-]c ](| ]ct

jyr=1
r#c

¢

= Zaot 1ﬁctDZoz(/§t 1+5o<, H ﬂ'jr JT|SJ7t 1 Hﬁjc _](| Jct)

Jyr=1 1
r#c J=

This part is pdf, hence it integrates to 1

It's clear that the normalizing integral [ f(di|¢i—1,©)m(O|G;—1)dO = Z Geit—10c;t, hence

c=1

¢ ~ dc

N Qe; —lﬁ’;
ﬂ-(@‘gt—la ‘I’t) = Z c(tA—Ct Dig(Kt—1 + deoc) H 7r]7‘ JT|5jrt 1 H 7ch ]C|870 t)
=1 Do Q15 jir=1 j=1
—_— r#c
= West

13
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i
Proposition 2 (Minimization of KL distance) For G; = {See;1, ki} minimizing
D (#0101, 1) || =(01g)
1t holds:
K¢ € Argmin [Z Wet D (Dia(nt,1 + Je.c) H Dia(nt)>] (4.2)
i c=1

St € Argmin [(1 = we)D (mie(@iclSic-1) || Tic(@iclSicn)) + weuD (Ticl©1clSLLy) || Ticl©iclSic) )| -

Proof:
Instead of working with KL distance, we will evaluate the so called Carridge distance K (ﬁ'(@|gt_1, Uy) ’ ) w(®|gt)) .

Details about this "distance”, it's properties and it's relation to KL distance are discussed in section A.2.

é d,¢ d d,é prop. 8
K| Y weiDialris +0u0) T 73r(©301Sira—) [] mie(©5el8) || Diatre) ] mie®iclSic) | =
c=1 J,r=1 Jj=1 i=1,c=1
r#c
é d,c d da,é prop. 9
= Y wek | Dialreor +0ue) [T wir(©30lSire—1) [T mie(@selSHe) || Dialr) T mie(®iclSica) | =
c=1 J\';=1 Jj=1 1=1,c=1

. e wot | (Dia(fit—l +6.0) H Dz@(f%)) + i K (er(Gjr|Sjr;t—1) H 7Tjr(®jr|8j7";t)> +
c=1 g
it

+ i}c (ch(@jc‘Sch;tfl) H ch(@jc"gjat))
j=1

Let's now temporarily denote
Kje = K (Wj<:(®jc|5jc;t—1) H ch(@jc\Sjc;t))

K = K (miel®3elShhn) || mie(@selSien))

The problem becomes the form

é é (i,é (j,é prop. 12
ch;th (Dia(ﬁt_l + (5.0) H Dia(l‘it)) + ch;t Z Kjr + Z wc;th]Uc =
c=1 c=1 J,r=1 j,c=1

g
é d,é
= > wed (Dl +8uc) || Dialie)) + 3 [weakl + (1 = wea)Kse]
c=1 j,e=1

Now it is clear that minimization of this expression can be done in parts.

Kkt € Argr{lﬁitn zc: (e (Dia(mt_l + do.c) H Dia(/@t))]
" Le=1

Sict € Argmin [(1 — Weit) Koj + wc;thgj} =

lest

= Argin [(1 = wee)K (me(OrclSi—n) || mie(OrclSien)) + ek (mie(@el ) || mie(OrclSice)) |

The proposition 7 says that the argument minimizing Carridge distance also minimizes KL distance.

[

Remarks 5 The previous proposition split the overall problem into two subproblems. The subproblem (4.2)
can be solved in general, as presented in section 4.2. Solution of the second subproblem depends on the choice
of the system model. Solution for the Normal models is presented in chapter 5.
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4.1 General algorithm

Following the proposition 2 we sketch the general algorithm of one mixture estimation step. We naturally
suppose that ¥,.; can be obtained from d(t) .

Algorithm 2

Inputs - Fejt—1, Seest—1, Veei
Outputs - Feit, Seet

1. For each factor ic evaluate Ly = InZjcy
2. Weyy = EVAL WEIGHT (Leet, Ke;t—1) (Algorithm 1)
3. k¢ € Argmin,, > [22:1 Wet D (Dia(lit_l + Jec) H Dia(lﬁjt))}

. ic(Oic|Sicit—1) fic(dict[Vic;t,Oic
4. For each factor ic evaluate S, so that mi(©;c|SL,) = = (Oic|Sicse 1)%:@( it Wicit Oic)

5. For each factor ic evaluate
Sz’c;t S Arg min&,at {(1 - wc;t)D (Wic(@ic‘sic;t—l) H 7Tic(®ic|8ic;t)) + wc;tD (Wic((_)ic|$7;lé;t) H 7Tic(®ic|5ic;t)):|

Steps 1,4,5 depends on the specific choice of the system model, step 2 is solved, and step 3 is discussed
in the next section.
4.2 Minimization with respect to x;

The following proposition converts the problem of KL distance minimization of k-part to minimization of
an algebraic expression.

Proposition 3 (Minimization with respect to «;)
For k; minimizing

iwc;m (Diatrer+00c) || Dialro)
c=1

Koyt € Argmin { é {ln (T (Keit)) — ﬂc;tfc;t} —1In (1" (i: ﬁc;t>> }

c=1

it holds

where
We c
Sc;t = (77[]0 (Kc;tfl) + Ki’tl - 7/}0 (Z Rejt—1 + 1>> .
ct— c=1

Proof: According to proposition 29, which evaluates KL distance of two dirichlet pdfs, it is clear, that we can
minimize

é é
g Wet Z(Ki—1, K, C) = E We:t Zeit , Where
c=1

c=1
é

Z(ki-1, e 0) = Y I (T (R550)) = Rjietho (K1 + 05)] = 111@(2 Ket) = D Fidho (Z Ret—1 + 1)
c=1 j=1 c=1

j=1

C C

gwc;tzc;t = 3w [m (T (Kjt)) — Kjut <¢O (K1) + ‘SJH _

Kjit
j=1c=1 Jit—1

In (F (Z Iic;t>> - Z K00 (Z Kest—1 + 1) =
c=1 J c=1
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o

= D I (T (i) — mjietbo (jir—)] ZmZém = -

h

{m ) el <>

- Z [ (kjie)) = Kjse <¢0 (Kjse—1) + P Yo <Z Ket—1 + 1)) —In (F <Z Iic;t))
j=1 7 c=1 c=1

st

i
Proposition 3 yields the following algorithm.

Algorithm 3 ke = NEW_KAPPA (we,;, Ke:t—1)

1. For each component ¢ evaluate &..p = g (Ket—1) + —== — 1y (Zle Ket—1 + 1)

Kejt—1

2. Kei € Argmin {Zi:l {hl (T (k) — Kj;tfj;t} —1In (F (EZ K/c;t))}
Remarks 6

1. Minimization of the term (4.2) can be simply approzimated by changing D (Dia(lil) H Dia(/@))

into square of the Euclidean norm ||k1 — ko||?. The problem is then transformed into minimiza-

tion of min Y we||lr — x.||> which has explicit solution: x = > w.x.. Applied to our case it yields
x c C
Kt = Kt—1 + W, which is identical to the solution obtained using the quasi-Bayes algorithm [4].

2. The minimization problem in step 2 must be solved numerically or by suitable approximation. For
detailed solution of this problem see [9].

We have completed all steps which can be done on this general level. In the next parts of the paper, we are
dealing with the special case of the factors.



Chapter 5

Application to normal factors

In this chapter, we assume the parameterized factor to be dynamic Gaussian pdf with parameters ©;. =
(0ic,Tic), where 0. is so called vector of regression coefficients and ;. is noise variance of the factor.

0 b )2
exp (_ (dzc;t ezcwzc,t) >

fic(dic;t|wic;ta 620) = Ndic;t (eécwic;ta Tic) = \/2711'77‘“;
We don’t need to introduce a shift in the mean value, because the regression vector can contain number
1. See Remarks 2. The shifting constant is then placed to the corresponding place of the vector of regression
coeflicients.
The prior conjugate to this model is the Gauss inverse Wishart pdf with parameters Sic;e = (Viests Viest),
where v;. is scalar count of degrees of freedom and Ve, is so called extended information matrix (symmetric,

2’/‘1‘(3

o o

positive definite, of type (Uic.t, Vicit) )-

7Tic<@ic‘8ic;t) = GiWGm,mc(‘/ic;ty Vic;t) X T;e

o et e {— b (Vieg [~ 1,64 [ 1, m}
Tic

The details and important properties of this pdf are outlined in the appendix C. Note that the matrix
Vie can be equivalently manipulated through its L'DL decomposition (i.e. with lower triangular matrix
L;c and diagonal matrix D;. which fulfills the relation V;. = L}_.D;.L;.). Next, the matrices L;. and D;.
can be equivalently expressed via matrix C;., vector éic and scalar ?D;.. The relations between individual
representations can be found in section C.2.2.

Because all three representations described above are equivalent, we will not formally distinguish between
them. If Vj. is a statistic of GiW factor, under the terms L;., D, éic, Cic, 1%D;. we automatically mean the
parts of corresponding representation of the matrix Vj..

Now, we specify the steps 1,4,5 in the general algorithm 2 for Normal factors.

5.1 Evaluating Z;.,
Zic 1s defined as
Iic;t = /,f‘ic(dic;t|wic;t7 @ic)ﬂ'ic(@ic|8'ic;t—1)d@ic = /Ndic;t (ez{c'(/)ic;taTic)GiWQic,’ric(‘/ic;t—la Vic;t—l)deicdric-

According to the proposition 24, Z;.,; is for normal factors evaluated as:

~0.5
T - F(O.5(Vic;t_1 + 1)) [ Ldl)ic;t—l(l + (:ic;t)] 5.1
icit = a2 0.5(Vic;e—1+1) (5.1)
VAL O 50100 1) (14 o)
where
bict = diey — égc;t_ﬂbic;t = prediction error

Cic;t = wgc;tcic;t—lwic;t

Remarks 7 According to remarks 3, we need to evaluate Lic.y = InZiep. It can be done efficiently via the
product form of (5.1). The following algorithm summarizes this task. Recall that W;c.e = [dic:ts Vicst]-

17
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Algorithm 4 (evaluation of Eic;t) ['ic;t = FACNORM(CZ‘C;t_l, Hic;t_l, LdDic;t_h Vieit—1, \I’ic;t)

1. Fvaluate Cic;t = ¢§C;t0ic;t—1¢ic;t

5 — /
2. Evaluate éic;y = dicyt — aic;tqwic;t

3. Fvaluate
Lit =InTiey = InT(0.5(viee—1 + 1)) — InT (0.50ic_1) — 0.51n ( LdDZ-c;t,1> — 0.5 (1+ Ciext) —

52

éz .
—0.5(Vie;t—1 + 1) In (1 Lot ) —0.51n ()

Jr
LDt —1 (1 + Ciest)

Remarks 8 Function InT' can be evaluated without computing T first [10].

5.2 Evaluating SY

ic;t
According to the proposition 23, Sg;t = [VY, VY] can be evaluated in the following way:
‘/z[c]t = Vic;t—l + \I’icﬁql;c;t (5-2)
Vilé;t = Vigt—1 Tt 1

Using the proposition 28, the relation (5.2) can be in the following way rewritten into the C, é, LD repre-
sentation:

1 A 5 Cicit
ic:t cit—1 icit ic;t 3 icst icit—1 icit
' 1+ Cic;t 14 Cic;t
é2
dnU d ic;t
L Dic;t = L Dic;t—l + Zicit = Cic;t—lwic;t
1 + Cic;t

5.3 Minimizing the KL distance
According to the proposition 2, we need to minimize
(]- - wc;t)D (’”ic(@ic|8ic;t71) H Wic(@ic|8ic;t)) + wc;tD (ﬂ—ic(@ic‘silé;t) H 7ric(®ic|8ic;t))

for each factor ¢ within the component ¢. The minimization can be done factor-vise (see alg. 2), thus we
can simplify the notation by considering one particular factor.

Sic;t—l = (Vvic;t—la Vic;t—l) - (V; V)
Sic;t = (‘/;C;t7 Vic;t) - (V*; V‘)
Sg;t = (Vilc];t—la V%;t—l) - (VU7 VU)
We;t - w

wic;ty \I]ic;ta dt - 1/% \Ila d

Thus, we minimize

min {(1 —w)D (Giwg,(v, V) H Giwg,,,(v*,u*)) +uD (GiWe,T(VUWU) H Giwg,r(vﬁ,u*)) } (5.3)

Ve e

Proposition 4 For V& = (C%,0%, [9D®) u® minimizing (5.3) it holds:

(V*’ LdD*) = arg ‘mtidn‘ (1—w)M (l/, LD, v*, LdD*) +wM (VU7 LU u4, LGIDQ) (5.4)
v® LdD

MO(w,v, L4D,pU, LADU v & LdD4)

(0*.C*) = arg min ¢ (1 —w)G (é,C, v, LUlD,t‘)*,C") + w@G (éU,C’U,uU, L”lDU,@",C") (5.5)
o .CH

GO(0,C,v, 4D,GV ,CU pU, L4DU (4 ,C'H)
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where
ldp ldp#
M (u, LD, L“"D‘) = In (F (0.5V")) +0.50% In (LdDQ> — 0.50%q (0.5v) + O'5VLTD
) Ld AL L) — a1 a1 v e ! a1(4 7S
G (0.C.v, 1"D,0%.C*) = —05m|ce* | o5 [COM | w050 (0-0%) AT (0-0%)

Proof: We use the proposition 22, which evaluates the KL distance of two GiW pdfs. The term const means all
elements not depending on optimized variables (with superscript & ).

_ ldp
D (Gin}T(V7 v) H GiWy . (V*, u‘)) = const+1In (T (0.5V‘)) —0.51n ‘CC* 1‘ +0.50* In <LdD¢)

—0.50%0 (0.50) + 0.5tr [CC‘_l] +

+0.5% {(0 _ é*)/ ot (é _ é") + LdD‘} .

Now we give together the elements containing v* a L4D®.

ld

D Llap#
> — 0.50% g (0.50) + 0.5”} +

D = const+ {ln (F (0.51/‘)) +0.50% In <WD* D

+ {—0.51n ‘CC*_1’ 0.5t [CC‘_l] n 0.5% (9 _ @o)' oa! (g _ @4.)} _
= const + M(v, lp, *, LdD*) + G(é, C,v, 1D, §%, c*)

Remarks 9

1. The proposition 4 changes the problem of minimizing weighted sum of KL distance to two independent
algebraic subproblems. First of them is minimization on two dimensional space (v*, LdD*), the second
is more complex. Both subproblems are solved in next sections.

2. If we approzimate D (GiW(;’r(V, V) H GiWy, (V*, V‘)) with ||V — V|2 + ||v — v*]|?, we can quickly
achieve the result V® =V +wUW | v® = v+ w, which is exactly the same as the quasi-Bayes update

[4]-

5.3.1 Searching for [“D* and v*

Proposition 5 For v®, lYD® minimizing (5.3) it holds:

Rl = (1-w) e+ wi
KoL) lep lapU
o (0.5V‘) —In(0.50%) = T, where (5.6)
T = (1-w) (z/)o (0.50) — In ( L'JZD)) +w (1/)0 (050Y) —In ( LdDU)) -
v Y
—In (O.S(l - w)@ + O.5ww> (5.7)

Proof: We want to find minimum the of the function MO (w, v, lp YU LlapU & LdD") from (5.4). We will
use the differential approach. The general proposition on minimizing 2-variable functions [10] says:

If the function f(x,y) fulfills

%(xo,yo) = 0 (58)
%(fﬂo,yo) =0 (5.9)

dy
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82
Tx‘é(xo,yo) > 0 (510)
82
7ay‘£‘($0,y0) > 0 (511)

% o
Wgy(ﬂco,yo) 57.’;(370,2/0)

2 2 0 (5.12)
%(xoyyo) 0875;(58072/0)

then it has the local minimum in the point (xo,yo).

First, we will solve the equations (5.8),(5.9).

OM (v, LD, v®, LID#*) OM WY, 4DV 4 LiD#)

0=(1-w) ) +w D (5.13)
OM (v, LD, v®, LID#*) OM WY, 4DV 1 LiD#)
0=(1-w) EIEhD +w JLipA (5.14)
Using the relation (B.2), the equation (5.14) becomes the form
v v® Y v®
V‘ v I/U denote <

Using the relation (B.3) the equation (5.13) yields

0=@1-w)0.5 (1/’0 (0.50%) — 1 (0.50) + In (;;)) + w05 <wo (0.50%) — 9o (0.507) + In Gg:))

o (0.50%) —In (1D*) = (1= w) (o (0.50) —1n (D) ) + w (o (0.507) —1n (LUDV))
using (5.16) we get:

I.d P o 051/‘
PT = Gsxs
I (LD4) = I (0.50%) I (0.5X%)
So that
o (0.50%) = In (0.50%) = (1= w) (v (0.50) —n (19D) ) +w (o (0507) 1 (19D} ) —1n (0.5X5)

T

The proposition 15, proves that T < 0. It, together with the proposition 10 implies that the equation (5.6) has
always unique positive solution.

Now we have to check the conditions (5.10) and (5.11).

(B.4)

PMO 0.50% 0.50%  0.50%
— = (1-w) 7 Tw 2 = 2
olaps ldp# ldp# ldp#
(B.5)
PMO
ol (1 —w)0.25¢; (0.50*) + w0.25¢ (0.50%) = 0.25¢1 (0.50%) >0
1%

The second condition holds, because the trigamma function is for positive arguments positive (see proposition
11).
Now we need to evaluate the determinant (5.12)

(B.6)

’MO 0.5 0.5 0.5
LY —(1—w) —w =—
ay‘a Ld.D‘ LdDQ LdD‘ LdD‘
2 2
;Tafy(:co,yo) ng(xo,yo) B 0.25 0.50% o
62f 82f - 4 ‘2 - 4 ‘20.25¢1 (051/ )—
W(x()vyo) m(x())yo) L D L D
0.25

TS [1-0.5v%y; (0.50%)] <0
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The last inequality holds, because the function z1); () > 1,Vz > 0 (See proposition 11).

Straightforward application of Proposition 5 yields the following algorithm. Recall that ¥ = [d, v].
Algorithm 5 (Updating ’D and v) (l¢D* %) = UPDATE DFM(w, C,v,0, \'D, ¥)
1. e=d—0"y, (=¢'Cy

éz

U _ dnU _ |d
2. vV =v+1, DV =Dy &

3. X5=(1 —w)ﬁ—&—wtd"—gU
4. T =(1—w) ¢ (0.50) —In (D)] 4+ w [t (0.50) —In (“DY)] —1In (0.5X5)
5. Solve the equation for v*®: In (0.5V*) — g (0.51/*) =7

6. LA — x5

Remarks 10

1. Step 5 must be solved numerically or using some suitable approrimation.

For detail description of the numerical solution and for proof of unicity of the solution see [9].

5.3.2 Searching for 0% and C*
Proposition 6 For 0% and C* minimizing (5.3) it holds:
C* = CHwez? (5.17)
0* = 0+ wpz (5.18)
where
2= Op, e=d-0y, (=y'Cy
&€ __XXU _ w _[e XU
I+C2X+XU 1+¢| 7 |1+¢X+XxU
U

v v v
[ap ’ X ~ WTapu

We

X = (1-w)

Proof:
We again use the differential calculus to find the minimizer of function

GO (é,c, v, l4p v U U, LdDU,é‘*,C*) — (1-w)C (é,c, v, LdD,é*,c*>+wG (éU,CU,uU, LdDU,é*,c*).
According to the form of function G, it is better to find C"'_1 rather than C®.

e (é,a v, Ldaé*,c*) oG (éU,CU,qu LdDU,é*,C‘)

0 = (1—w) e tw A (5.19)
oG (é,c, v, ldD,é*,c*) oG (éU,CU,yU, LdDU,é*,C*)
0 = (1-w) _ +w i (5.20)
P ohe
Using the relation (B.8) , the equation (5.20) yields:
R P St A O Y § v eV (U
0 = (1—w)ppC* " (0-0%) +wppCt " (07 —0%)
X504 = (1 w) e frw v
= Umwmp e ape
[ — ——
X XU

. X . XU . R xv
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We used the relation 8V = § + hyz which was pronounced in section 5.2.
Using the relation (B.7) , the equation (5.19) yields:
- 1 e Yoh_ g™\ (5 s
0 = (1-w) [0.5(0 C*) + 05775 (9-0%) (0-9 )} +

o {0.5(01]_0.”0,5[5; (éa_m’(gv_g.ﬂ

C* = (- w)CuwC + X (0-0%) (6-0%) + XU (67— %) (¥ — 64)

According to section 5.2 it holds:

0V = O0+hyz , hy = 5.22
thoz s hu = (5.22)
1
: o= Oy (5.24)
It holds:
. R X . XU . XV
(9 - 9*) - §- (XSe) + 550+ hUz)> = —hu g2 (5.25)
T R X . XU . XV
(eU - 9*) = O+hyz— (XSQ + S50+ hUz)) - —hy (XS - 1) P (5.26)
Hence
XU\* XV ?
C* = CHuwgpz +X (hUXS) 22+ XY (hU (XS — 1)) 2z
XXV
c* = O+ {ng +h%]XS] 22 (5.27)
Simplifying the relations (5.27) and (5.21) we get:
52 U
P o e XX - w ’
¢t = OF {(1+<)2X+XU 1+<] =
5 U
w G e X
0® = 0+ L —l—CXS} z

We must now check if the obtained matrix C* is positive definite. The proposition 18 proves that.

We also have to prove that the result is a minimum. l.e we need to show the negative definitness of the Hessian
matrix.

Because the function GO is a matrix function, we must obtain its hessian by formal differentiation with respect
to some vector. Let's define vector z = [vecC*il; i

Hence we want to investigate the hessian of function

GO (é,c, v, ldp gu U U thU,x) =GO (é,c, v, ldp gu U U LdDU,é"',C*).

According to the relation (B.10) it holds:

~ ~ i
P2G(-- - 2) 05C* @ C* 5T w (0 0%)
T ordr v N N ! v -1
O0x0x I (9 _ 90) LTDC‘
IS ( AQ)I
2 0.5C*® C ——=I®(0—10
8 Ga(?ﬂ(ax/,x) _ (1_w) A A* , dp ‘_1 +
—pl @ (0-0%) e,
!
» o _ Y GU _ O#
s 0.5C* & C LdDUI@(e 0 )

Y ) ) ! Y -1
_TDUI® (9U_9$) Wcﬁ
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The relations (5.25) and (5.26)gives:

P XU
L) _
(0-0%) = —hosse
R - XU
U L) _
using it, we get:
=0
P2GO(-- -, z) NP XU o, (X7 /
e = 0.5C* @ C Xhy S5 + X ho (5 —1) [ T@2 | =
[Xho¥s +XVh (%5 - 1) | 1@ X5ca™!
[ 05C*RC* 0
0 xSce™!

(XS5)YO® " is positive definite, because C'* is positive definite and X® is a positive scalar.
The sentences about Kronecker product proves that C* @ C* is also positive definite.
Now is the proposition proven. 0]

Algorithm 6 (Updating § and C) (C*,0%) = UPDATE_C(w, C,v,0, YD, ¥)
1. e=d—0, (=¢'Cy

U _ dnpU _ |d é
2. W =v+1, DV =D+ 5

U
3. X:(l—w)TyD, XU:de”—DU
4. z=CvY

. _ &2 xXxY

6. é*:éJr[ e %}z

5.3.3 Algorithmic Aspects

We become some relations for updating the statistics of GiW distributions in its C,é, LD representation.
Because the current solution uses the L’ DL representation of the statistics, we need to formulate the relations
5,6 in algorithm 6 in the same representation. We can use the proposition 26. It’s clear that the relations
from algorithm 6 can be formulated in the following form : [YV® = YV 4wy, [PV = LY L pydp,
where the scalars wy, ws are obtained by solving the equations:

w1
we = —
C 1 + w1C
wad + w1 (é — d)
w; = —
o 1+wiC
This equations have simple solution
we
w = ——
! 1+ we(
_ wi(14+wi() —wi(é —d)
Wy =
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5.4 Resulting PB algorithm

In this Section, we summarize all the elaborated parts into one consistent algorithm.

Algorithm 7 (PB)

Inputs - FKet—1, Coest—1, éoo;tfla YDeet—1, Veoit—1, Voot

Outputs - Fet, Ceets Geeity Deeit; Voot
1. For each factor ic: Licy = FACNORM(CiC;t,l,GAiC;t,l, LdDic;t,l,uic;t,l, Uieit) - ( algorithm /)
2. Evaluate we;; = EVAL_WEIGHT (Lee:t; Keit—1)- (algorithm 1)
3. Evaluate rey = NEW_KAPPA (wet, Keit—1)- (algorithm 3)

4' For each factor ic: ( LdDic;h l/ic;t) = UPDATE—DFM(wc,ty Cic;tflu Vicit—1, éic;tfla I'd-Dic;tfla \Ilic;t)~
(algorithm 5)

5. For each fO,CtO’f' ic: (Cic;ta éic;t) = UPDATE—C<wc;t7 Cic;t717 Vicst—1, éic;tfla LdDic;tfly \I,ic;t)-
(algorithm 6)



Chapter 6

Comparison of PB and QB algorithms

In this Section, we compare the performance of the PB algorithm with the performance of the standard QB
algorithm. The QB algorithm has been used extensively in real-life applications [11], and it is proven to be
reliable and computationally efficient. Therefore, we study differences of the PB algorithm from the QB in
terms of numerical properties and quality of estimation. The algorithms are based on different objective
criteria for which they are optimal. Therefore, comparison of their behaviour is presented in a subjective
way: arguing what seem to be more "rational”.

In order to compare the analytical properties, we review the QB algorithm. Then, we investigate the
differences between the two algorithms from analytical and computational point of view. Those finding are
supported by experimental results.

6.1 The Quasi-Bayes algorithm
The general QB algorithm uses the following rule(see [4]):

Ky = Ki—1+wy
Tic(Qic|Sicst) <  [fic(dicst|Vicst; Oic)] ™ ic(Oic|Sicst—1)

Let’s mark the statistics corresponding to the QB algorithm by the subscript (). Application of the
general algorithm to the case with Normal factors yields:

Vo=V +wl¥', vg=v+uw, g, = Fet—1+ Wey (6.1)

We would receive exactly this result, if we approximate the KL distances in the PB algorithm with
squares of euclidian norms of the parameter difference (see remarks 6 and 9).

For better comparison of the QB algorithm with the PB algorithm, we rewrite the relations (6.1) in terms
of C.,6, l9D:

Co = C-i—chZZ/ (6.2)

wé?

1+ w(

HQ = é + U)QQZ 5 LdDQ = LdD +

where

o= Oy, é=d-0, (=¢'CY
—w weé

vac = Ty Ve

1+ w¢
6.2 Analytical comparison
Nature of both algorithms allows us to divide the analytical investigation into two parts. In the first part,

we investigate the update of factors. This part is discussed next. In the second part, computing of the new
component weights can be studied, see [9].

25
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a) we, WQe b) We, WQ
@) <
3 3
w w
c) v®, v d) LD*, LiDg,
Q
=
N S,
w w

Figure 6.1: Similar behavior of the QB and PB algorithms for case a)

The figure shows the parameters (v*,vq), ( ldp#, Do), (we, wge), (we, wge) as the func-
tions of w €< 0,1 > for the case a) v = 165.39, 14D = 9.77,é = —0.0140,¢ = 0.59. The
parameters related to PB algorithm are plotted with the thick line. In this case the difference
between the QB and PB algorithms is rather small.

6.2.1 Differences of the algorithms

Note that the expressions for the QB update (6.2), (6.3) are very similar to the expressions for the PB
update (5.17),(5.18). Hence, it suffice to investigate differences between the pairs (v*,vg), (LYD*, l9Dy)
(we, wge), (we, wge). This involves observation of 4 scalar variables, no matter what is the full dimension
of the parameters.

We illustrates differences in behavior on the following examples. Consider the following situations:
a) v =165.39, 19D = 9.77,¢ = —0.0140, ¢ = 0.59
b) v =102.82, %D = 1.14,¢ = —0.7386,¢ = 1.20
The figures 6.1 and 6.2 shows the parameters (1*,vq), (L2D*, 19Dg), (we, wge), (we, wge) as functions

of w €< 0,1 >. The parameters related to the PB algorithm are plotted with the thick line. It is clear, that
values obtained using PB equals to those of QB for w =0, w = 1.

6.2.2 Bahaviour of the PB algorithm

In this Section, we study two particular factors and evaluate marginal distributions of their updates provided
by both algorithms. For better comparison, we will also show the marginal pdf of the correct Bayesian update
(4.1) which is a mixture of two GiW factors.

Consider the GiW factor 7(0|S) = GiWy . (V,v) and denote the associated densities as follows:

trial update 7(0|SY) = GiW, (VY LY) VVU=vV4+00¥ W=p+1
QB update Tl'(@|5Q) = GZ'WQ,T-(VQ, I/Q) Vo=V + wPv’, vg=v—+uw
PB update 7(0|S®) = GiWy ,.(V® v*) result of the algorithms 5 and 6

correct update 7(0) = (1 — w)7(0[S) + wr(O|SY)

Consider the statistics V, v of the GiW factor, updating weights w and actual data vectors of the factor
W, to be:
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wc

a) wce, wQC

c) v®, g

w

b) Wwe, wQe
S
w
d) LdDQ, LdDQ9
S

w

Figure 6.2: Different behavior of the QB and PB algorithms for case b)

The figure shows the parameters (v*,vq), ( Lldps. LdDQ), (we, wge), (W, wge) as the func-
tions of w €< 0,1 > for the case b) v = 102.82, ldp = 1.14,¢ = —0.7386,¢ = 1.20. The
parameters related to the PB algorithm are plotted with the thick line. In this case, the
difference between the QB and PB algorithms is significant.

=]
Nl

=
~—

1.16 0.12 1.96 —1.47
Vo= < 0.12 0.83 ) v - —1.47 6.07 >
v = 102.82 v = 108.06
v (=059 1) U (-0.79 1)
w = 043 w = 0.39

The figures 6.3 and 6.4 shows marginal pdfs of all discussed densities for both cases.
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From visual

inspection of these figures, we can conclude that the PB algorithm can provide results significantly different
from those of the QB algorithm. We also consider behavior of the PB algorithms as reasonable.

6.3 Experimental comparison

Intensive tests consisting of 1396 data sets were done. Data used for this test represent various types of
systems (static, dynamic, multidimensional) and are part of standard testing procedure of new algorithms.
As a quality measure, we used the likelihood [2] of the estimated model. For each set, we evaluated a criterion
h which is the difference between the likelihood obtained by the PB algorithm and the QB algorithm. (i.e
h > 0 if the PB algorithm was better.) The table 6.1 shows the results. Mean value of h over all sets is 6.18.

6.4 Comparing of computational complexity

We compare all 5 steps of the PB algorithm (algorithm 7).

1. This step is needed in both algorithms.

2. This step is needed in both algorithms.

3. We have to find minimizer of a convex function with ¢ variables. There exist a good approximation of

the starting point for iterative numerical algorithm, which warrants quick solution of this task [9].

4. Solution of one-dimensional nonlinear equation must be found. However, a good approximation which
always leads to solving the equation in a few steps was found [9].

5. This step has the same complexity in both algorithms.
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a) 7(0[S), =(O[SY), #(0) b) 7(6|S*), 7(]Sq), #(0)
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Figure 6.3: Marginal pdfs of the QB and PB updates for the case a)

The left part shows original factor (dashdot), its trial update (dotted) and the correct
Bayesian update (thick), i.e. the mizture of the two mentioned factors. The right part
shows how the QB update (dashdot) and the PB update (solid) approximates the correct
Bayesian update (thick). It can be seen that the PB update is in this case flatter then the
QB update which concentrates on smaller interval.

a) w(0[S), =(O[SY), #(0) b) m(OS*), 7(8]Sq), #()

—~~ \ —~~
> / \ >
~— s \ ~— ak
& ! &

Figure 6.4: Marginal pdfs of the QB and PB updates for the case b)

The left part shows original factor (dashdot), its trial update (dotted) and the correct
Bayesian update (thick), i.e. the mizture of the two mentioned factors. The right part
shows how the QB update (dashdot) and the PB update (solid) approximates the correct
Bayesian update (thick). It can be seen that the PB update in this case better approrimates
the correct pdf.

condition | number of sets | percentage
h>0 1125 80.6%
h <0 271 19.4%
abs(h) < 2 1126 80.6%
h>2 251 18.0%
h <=2 19 1.4%

Table 6.1: Results of experimental comparison
The table shows some conditions for h
and number of sets fulfilling each con-
dition.
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Addressing the previous considerations, we conclude that computational cost of numerical evaluation of
the PB algorithm is comparable to the computational cost associated with the QB algorithms. Detailed case
study of the computational costs of both algorithms can be found in [12].
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Conclusions

This work describes a novel and efficient algorithm for recursive estimation of finite probabilistic mixture.
The algorithm has the potential of providing more accurate results than the well-established quasi-Bayes es-
timator. This improvement is important as mixtures represent a universal approximating tool for modelling
of non-linear stochastic systems. Therefore, mixture models can be used to address complex control and
decision-making problems in changing environments, such as multiple-participants decision making. Each
participant (or group of participants) can be modelled by a component of the overall mixture model. All
subsequent decision-making task can be easily formalized within the consistent formal framework of proba-
bilistic mixture models. We believe, that the algorithms presented in this paper will be an important part
of this framework.
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Appendix A

Proximity meassures

A.1 Kullback-Leibler distance

Kullback-Leibler distance measures well proximity of a pair of pdfs. Let f,g be a pair of pdfs acting on a
common set z*. Then, the Kullback-Leibler distance D(f||g) is defined by the formula

o(fll) = [ s (L) an (A1)

For conciseness, the Kullback-Leibler distance is referred to as the KL distance.

A.2 Kerridge distance

We can rearrange the expression of KL distance:

[rom(E8) o= [ rome) a- [ emo) ds (A2

It’s clear that the first element doesn’t influence the result when minimizing the KL distance with respect
to the function g(x). We define so called Kerridge distance:

Let f, g be a pair of pdfs acting on a common set z*. Then, the Kerridge distance K(f||g) is defined by the
formula

K(fllg) = = | f)in(g(a) da (a3
For conciseness, the Kerridge distance distance is referred to as the K distance.

Proposition 7
Argmin D(f[l9) = Argmin K(/]lg) (A4)

Proof:

mginD(ng)—mgin/flng—m’}n{/flnf/flng}—/flanrm;n{/flng}

Proposition 8 )
(Z acfe(a) || oo ) =Y ak (1) || o)) (A.5)
c=1

Proof:

33
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Proposition 9

K (F@hw) || s@ww) =K (£@) || 9@) + £ (h) || o) (A.6)

Proof:

K (1@h) || 9@ew)

- [ 1@k (g()otw) dady =~ [ Fa)hs) (1n(g(a) + In(oly) )dody =
/ F(@)h(y) n(g(x))dady — / F(2)h(y) In(o(y)) dedy =
o) n(g(a))ds — [ hiw) ne(u)dy

Il
E

Il
\
\



Appendix B

Auxiliary propositions

B.1 Properties of the digamma and trigamma functions

digamma g (x) = w
trigamma U1 (x) = %a:(x)

Proposition 10 (Properties of the function h(z) = ¢ (z) — In(x))
o h(x) is for positive arguments increasing and negative.
e h((0,400)) = (—00,0)

Proposition 11 (Properties of the function ; (z))

e i (x) is for positive arguments decreasing and positive.
o zipy (x) > 1,Ve >0

Remarks 11 Proofs of the presented propositions can be found for example in [9].

B.2 Other relations

Proposition 12 Let ¢, we, = 1. It holds:

Z we,t KV, + cht Z Kjr = Z [wet K5, + (1 — weye ) Kje (B.1)

J,e=1 77;3 Jre=1

Proof:

d
chthjc—i-chtZIC],— chtICJL—FZU)Ct ZK:W ZICjC =
j=1

J,c=1 JT;Cl J,c=1 7,r=1
& d,é
_ U
E wet K, + E Kjr — E S WetKje = E , [west Kje + (1 = weu)Kje]
J,c=1 7,r=1 j,c=1 j,c=1

Proposition 13 Let function M be defined as follows:

ld

D Llap#
) — 0.50% (0.50) + 0.5%

ldp

M (v, 1D, v4, DA = In (1 (0.50%)) + 0504 1n< e

35
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The partial derivatives can be evaluated in the following way:

M(v, 14D, %, LldD#& )
oMy, D2, D7) _ g5 (B.2)
o ldps [dp — ldp#
OM (v, LD, ® L*®) - lip
51D, = 05 <1/)0 (0.50%) — 1o (0.5v) + In (LdD¢>) (B.3)
2M (v, LD, ¥, LAD# )
My, D2, D7) g5 V2 (B.4)
02 ldD# ldpa?
O?M (v, LD, ™ v*) -
A = 0.25¢; (0.50%) (B.5)
OP*M(v, 4D, v ™) 0.5 B.6
oD AgADs  © DA (B-6)
Proof: Straightforward evaluation 0

Proposition 14 Let function G be defined as follows:

G (é, C,v, 9D, 6%, C’"') — 05 ’CO*“’ +0.5tr [Ccfl} n 0.5% (é - é")’ o' (é — é")

Then the partial derivatives can be evaluated as follows:

9G(0,C,0% C*% ol Vo (G_is\ (i_ e
L = —050%CTIC+05C + 05 (6 04) (6 0%) (B.7)
OG(0,C, 0% C*) Va5 e
o = —5C (9—9) (B.8)
(B.9)

In order to evaluate the hessian of the function G, we have to formally differentiate it with respect to some
vector. Let’s define vector x = [vecC‘_l,H*].

e (é,c, v, th,x) =q (é, C,v, LdD,é",C")

A~ ~ /
N B T -
g\ T i |
Oxox’ _LZiDI@) (9 _ HQ) LZDC‘ 1
Proof: Almost everything is straightforward a evaluation. Just a little formalism will be recalled. Let's denote
-1
y = vecC*®
82G(-,x)  O2G(-,x)
62G(7$) . ayay/ 39‘8y’
T oxor | &G(ra)  9°G(om)

Ay (ON)  O0MH(6M)

W = 05C*@C* (B.11)
oG(---,x) v “1/s
PG(---,x) v NI\
oGy " ~ 5l e (9 .y ) (B.13)
OG(---,x) Vel
D(O%)D(GMY ap Y (B.14)
O

Proposition 15 Let’s suppose all notations from the section 5.3.1. It holds:

T<0
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Proof:
T = (1—w)o(0.50) + wih (0.507) —In (0.5 ldpt-w LdDU“’XS)
= (1 —w)tp (0.50) + wihy (0.50Y) —In <0.5 ldpt-w ldpU™ ((1 - w)LTVD + wL;/;U>>
= (1 —w)tpo (0.5v) + wipo (0.50Y) —In ((1 —w)0.5v (g)w + w0.50Y ( LTC%Uy_l)
Let's denote z = %. We will now show that the most pessimistic estimate of T = Y (z,w, v, vY) is negative.

It is clear that T <= max, Y (z,w,v,vY)

oY (1 —w)w0.5va” ™ + w(w —1)0.50Vz* 2

ox (1 — w)0.5vz® + w0.50V gw—1)

Now we have to solve the equation %—I =0

(1 —w)w0.52" % (va —vY) =0

U

v
ve—vY =0, = —
v

Because the denominator of the derivativ is always positive, is easy to see, that z = “- is global maximizer of

Y. We proved that Y(z,w,v,vY) <= Yi(w,v,vY) = T(%,w,y, vY)
Next, we analyze the function Y

T (w,v, VU)

T (o,gw (”VU>M> 2 (1= w)0.580 (0.50) + w0.5vp (0.507)) =

VU
—In(0.5v) —wln <V> + 2 (1 — w)0.5¢g (0.5v) + w0.5¢ (0.507))

Now we want to find max,, Y1 (w,v, V)

% =-In (f) — 1o (0.50) + o (0.50Y) = (In(0.5v) — 1 (0.5v)) — (In(0.50Y) — 4o (0.507))

Because the function In z — g () is for positive arguments positive and descending, the derivative %ful is positive
and thus Y is maximized by w = 1. (note that v¥ = v + 1)
We proved T <= Ty(rv,vY) = T (1,v,Y)

To(v,vY) = T3(vY) = 9o (0.50Y) — In(0.50Y)

We know that this function is for positive arguments negative(see proposition 10). We proved T <= Y3(vY) < 0

[

Proposition 16 Let matriz C be regular and matriz A be symmetric and positive definite. Then the matrix
C'AC 1is symmetric positive definite.

Proof:
The matrix A is positive definite, i.e for each y # 0 it holds: 3’ Ay > 0. We want to show that for each
xz#0, 2’C'ACz > 0.

C is regular, hence Cz # 0 for = # 0, hence 2/C'ACx = (Cx)' A(Cx) = 2/ A2 >0 ]
—— =~

Proposition 17 (Determinant of the matrix I4+xx’) Let z be a column vector of the length n. Then

I+ z2'| =142z
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Proof: First, we will prove that x is eigenvector of the matrix (I + zz') with eigenvalue 1 + z'x.
(I+zx)r=x+zd’z=2(1+2"2)=(1+2"2)z

Let's now take such linear independent vectors 1, - -, yz_1, so that 2'y; = 0, Vi. We will prove, that this vectors
are eigenvectors of the matrix (I 4+ zz’) with eigenvalues 1.

(I +za')y; = yi + a2’y = yi +2(2'yi) = vi
l
Proposition 18 Let’s suppose all notations from the section 5.3.2. C*® = C + wezz' is positive definite

Proof: C is positive definite, hence there exists the square root C%: C = C:C%, which is symmetric and
regular.
c*=C? (I-l—wcc_%zz'c_%) ok

Thanks to the proposition 16 it suffice only to prove the posit. definitnes of the matrix:
(I—&-wcC_%zz'C_%) .
According to the proposition 17 , the sufficient condition for the previous matrix to be positive definite is
0<1+we?C 20 %2 =1+wezC 1z
Because z = Cv and 9’2 = (, it suffice to check

0<1+we)/CCl2=14wey'z=1+wc(

xXxv xXXxv
0
>

w1+ (1 -w)
1+¢ 1+¢
The last inequality holds because w < 1 and ( = ¢’z = ¢'Cv > 0 (C is positive definite) H

>0

1+wguC=1



Appendix C

Normal factors and its properties

Because this chapter deals with only one factor in one specific time moment, we can omit the indexes ;...
ie.

fic(dic;t|wic;t7 620) = f(dh[]a @)

C.1 Gauss dynamic pdf

The normal parameterized factor, we deal with, predicts a real-valued variable d by the pdf

F(d]ih, ©) = Na(0', 7), where (1)
© = [6, 7] = [regression coefficients, noise variance] € ©* C (¢-dimensional, non-negative) real variables,
— 0?2
N0, r) = (2rr) %5 exp {—(d 29 ¥) } . (C.2)
r

C.2 Gauss-invers wishart dynamic pdf

C.2.1 Definition

Normal factors belong to the exponential family, so that they possess conjugate (self-reproducing) prior.
This pdf is known as Gauss-inverse-Wishart pdf (GiW).

T—o.5(u+¢3+2)
Z(V,v)

1
GiWe(V,v) = GiWy,(V,v) exp {—2tr (V][-1, 9’]’[—1,0’])} . (C.3)
T
The value of the normalization integral Z(V,v) is described below, together with other properties of this
important pdf.

C.2.2 Parameters

The parameter v is positive scalar. The parameter V is (\i/,\il)—dimensional symmetric positive definite
extended information matriz.

We often manipulate the matrix V' through it’s L' DL decomposition. (i.e. with lower triangular matrix
L and diagonal matrix D which fulfills the relation V' = L'DL)

Let us split the information matrix V' and its L' DL decomposition as follows:

ld Ldypy /7
V.= [ Lde/ ng }, LAy is scalar,
1 0 lip o .
L = [ ldvy,  Lvp, } , D= [ 0 v p } , LD is scalar. (C.4)

Next, the matrices L and D can be equivalently expressed with help of matrix C', vector 6 and scalar
4D defined by:

0
C

W1, = Jeast-squares estimate of 0 (C.5)

-1
Wp-1tlvp-t ( lvr ) = covariance factor of least-squares estimate (C.6)

39
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Proposition 19 It holds:

c = by! (C.7)
6 = Wy-tldvy (C.8)

Proof: The relation (C.7) is clear from the following form of the matrix V.

(1 lvpy D0 1 0
V=LDL = o lvp } { 0 LwD} { ldvp, LwL] (C.9)
[ ldp  ldvps lvp 1 0
= 0 leplep ] [ ldvy, LY, } = (C.10)
[ ldp 4 ldvpr lop ldey, ldvpr v LYy
= lepr lop Ldvy, Lo lwp e, (C.11)

The proof od the second relation is simple.

Wy —1ldey — -1 lvp-1 /-1 W/ lep lddy, — Lo -1 1lder — g

U

Proposition 20 (Alternative expressions of the GiW pdf) GiWg(V,v) has the following alternative
eTpPressions

P—0.5(v++2) 1
GiWe(V,v) = p{—

TEDa P {( lrg — deL)/ D ( re — Ld”’L) + WD” =

P 0.5(v+942) { 1 .
)

1.6 D7) Py —5 [(9 —0)YCY (0 —0) + LdD] } (C.12)

Proposition 21 (Normalization integral)
The normalization integral is

—0.5 o
I(L,D,v) = TD(0.50)4D=05v W’D‘ 90-5 (977)0-5% (C.13)

Repeatedly, we need to evaluate the KL distance of a pair of GilW pdfs.

Proposition 22 (KL distance of GiW pdfs) Let f(©) = GiWe (L, D,v), f(©) = GiWe (E,D,ﬂ) be a

pair of GiW pdfs of parameters © = (0,r) = (regression coefficients, noise variance). Let Dy; stand for the
diagonal element of the matriz D. Then, the KL distance of f and f is given by the formula

A I (0.57) < 3 )
D(fIf) = m (W) ~05In|oC | +0.51/ln< Ld[)> + (C.14)
+05(v — 7)o (0.50) — 0.50 — 050 +0.5tr [CC| +

+ 0.5% [(é—é‘)/é—l (é—é) + WD} .

Proposition 23 (Estimation of the normal factor)

GiWe (Vi—1,vi-1)Na, (0'¢,7)
T dito d©

= G’L'W@U/;g,1 + \Pt\I’;, Vi1 + 1) (015)

Proposition 24 (Prediction of the normal factor) The predictive pdf is known as Student pdf. For
any data vector U = [d,+)']', its values can be found numerically as the ratio

—-0.5

T(0.5(v + 1)) [19D(1 + ¢)]

8 0.5(+1) 7
d — 0 = prediction error

= J'Cy,

fldl¥, L,D,v) where (C.16)

T D
Il
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The relations for evaluating ¢ and é are based on (C, é, LdD) representation of matrix V. We will now show
how to compute these characteristic from L' DL representation without converting between representations.

Proposition 25 (Evaluating (,é in L'DL representation)
¢ = d— L'z
2 WD 2, where WLz =

Proof:

o
Il

d=fp=d— L W’L’)_l "

¢ o= g lvpt WD*(WL’>_1¢
Let's denote

RO

then the characteristics become the form
d— L'y
2 YD1y

TN

U

Remarks 12

1. We can see that with known vector x the evaluation of é consists of computing scalar product of two
vectors. Similarly, because matriz YD is diagonal, evaluation of ¢ consists of "scalar product” of three
vectors.

2. The vector © can be simply computed from the equation YL'x =1). Because WL' is triangular matriz
with unite diagonal, the solving consists of backward run.

Algorithm 8 (Evaluating ¢, é in I’ DL representation) (¢,é) = GETCHARS(YL, [¥D, l%L ¥)
1. Solve ( WL’)71 T =1

2. 6=d— ¥y

3. ¢=2'¥D 1z

C.3 Properties of the operation V + w¥V¥’

This section deals with important operation with GiW parameters. First of all, try to rewrite this operation

into block form. Recall that ¥ = [ 3} } .

ldp 4 ldvp/ lp Lldvy,  lddpr v p LYy,
V=LDL = [ lops Lo Ldvy, wL/wDLwL] (C.17)
d 2 dy
oo - [A[d W{wd wi“ (C.18)

Proposition 26 Let’s the matrices C,0,L, D,V are defined according to (C.4),(C.5), (C.6). Then the

operation
Wy = WV 4wy, LOVA = LV 4 wdy

can be rewritten to

o _ oY
c®* = ¢C 1+w1<zz
1+w1C

z = Cvy
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Proof: First let's prove the part dealing with matrix C. According to the relation (C.7), we need to investigate

the element V8 " — O® We know that YV — vy 4 wi1Pt)’. Using the well known proposition about
inversion it holds: L ) L .
1t
Loy el _ Loy—1 _ w1 VT Y
1+ wy V19

thus:
wq

/
zZzZ
1 + U)1C

Now we will prove the part dealing with 0. Using the relation (C.8), the element 6* can be expressed:

c*=C-

oM — L¢VQ_1 Ly &

Ly =Ly Loy —1
- (1"t Ldy -
( 14wy’ V-1 ) ( V+w2d¢>

I P L _w VI VI gy
1+ wi Wy =1y 2 1+ wi V=1

. Yy =1y wy PV L0
- 0 Ly =1 (1 — w1y d— —L =
* { v 1w V=g ) | 7 1w Bv—14

; Loy -1y wy V=16
= w — =
1+ wi Wv—1y 2 1+ wy! V=14
. Ly =1y - ~ wod+ wi(é—d)
= 0 d—w ') =4 22207
+ 1+ wp! V=14 <w2 w1y ) + 1+ wiC

[

Proposition 27 (Determinant of matrix L'DL 4+ WU’) Let the matrices V, LYV | wectors U, 4 and scalars
é,( be defined as common. w €< 0,1 > . It holds:

|V 4+ wl'|

52
4 ((1 +wl + wfiD)

[V o+ wp

\ Wv] (1 + wC)
Proof:

IL'DL +wWV'| = |L'VD(WDL+wD 3L = |L'VD(I +wD 3 L' WW'L'D"2)/DL| =

\@L‘ = (proposition 17)

L’@) ‘1+ wD 3L/ LDt

IL'DL| (1 +w¥'L™'D"2D 3 [/~'0) =
|L'DL| (1 +wV' L7'D7'L/~1W)
analogically

Wp WplYp 4+ oo’ ‘ Wrl¥p LwL‘ (1 + wy’ =1 lvp-1lyp/-1 V) = ‘ v Wp LYy, (1 +wC)

Lets' denote = L'~'W. 2 is obtained by solving the equation L'z = 0.

n 9
‘I]/L_lD_lL/_l\I/ _ /D—l — T; .
Analogically denote y = YL/~ 14).
n—1 y2
4-:1][}/ I‘wL71 |_’LZJD71 Lleflw:y/ Lwaly:Z 7

Because %L resp. 9D resp. 1) are parts of L resp. D, resp. W, the vector y is part of z. Exactly:

y = (a9, -+, x,) Hence:

n—1 n

vi N~
D, ; — D

i=1
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Using the previous relations we can obtain the following expression:

2
IT=1p=17/—1g _ 1
VLT DL T =+ D

Now it is important to evaluate the first element of the vector z.

T = d— \_dely =d— I_d’l/)L/ \_’l/)L/—lw _ d_e/w =6
52
|L'DL| (1 +w¥'L™'D'L'~'V¥) = |L'DL| (1 +w << + @;))

[

Proposition 28 Let the matrices C,0, L, D,V be defined according to (C.4),(C.5), (C.6). Then the opera-
tion
VA=V 4wV

can be rewritten to

. _ o w /
C 1+w<zz
~ A weé
0 =
2 + 1+w§z
52
ldpe  _  ldp, _We
+ 1+ w¢
z = CvY

Proof:  The first two parts can be simple proven using the proposition 26 and considering w; = wo = w. The
third part can be simply proved using the proposition 27.

apa _ P4 _ VA VIOt wltuip) g, 1+LL€TD) _ lap . v
|lvD#| |V 4| | V] (1 +w) 1 +w(¢ 1+ w(¢
U
C.4 Dirichlet multivariete pdf
C.4.1 Definition
Di,, (k) denotes Dirichlet pdf of a € a* = {ac >0 D e Qe = 1} of the form :
. [Le.ate™! [Teeo T'(ke)
Dig(k)= = B(k) = =<&=&—2.
R IR X0 Sy
C.4.2 Properties
Ge = —p (C.19)
Zc:l Ke
acDig(k) = &cDig(k+ dec) (C.20)
elac k] = ae (C.21)
Proof:
P(ke+1) TI T(ke) ke [T T(kr)
k=1,k+c Ee1 .
B 50 c = = =B c
U6k G TCm+l)  Tomsm o0
ﬁ a"zk_l ﬁ a:k_1+(sk,c
) _ k=1 k=l P
acDin(k) = a B A, CET W = QcDig (K~ )
elac k] = /acDia(/ﬂ)da = dc/Dia(fi + doc)da = G
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Proposition 29 (KL distance of Di pdfs) Let f(a) = Diq(k), f() ( ) be a pair of Dirichlet
pdfs of parameters o = (a,...,q¢) € a* = {ac >0, D eeer Qe = 1}, c* =

Their KL distance is given by the formula

.

ZUTIEDY {m — o) o (k) + In (ngm (v — D)o ( )+1n< E %)
v= z:K V= z:" (C.22)
Moreover it holds: 7 :
Argmin D(f||f) = Argm%inzé: In (T (7)) — &0 (k)] — [In(D(#) — i ()] (C.23)
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