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Abstract

The Accelerated Failure Time model presents a way to easily describe survival regression data.
It is assumed, that each observed unit ages internally faster or slower, depending on the covariate
values. To use the model properly, we want to check if observed data fit the model assumptions.
In present work we introduce a goodness-of-fit statistics based on modern martingale theory. On
simulated data we try to estimate empirical properties of the test for various situations.

1 Introduction

Let us observe survival data representing time which passes from beginning of an experiment until
some pre-defined failure. We suppose that the data may be incomplete in a way that some objects
may be removed from the observation prior to reaching the failure, which we call right censoring. We
want to model the dependence of the time to failure on available covariates. The Accelerated Failure
Time model (AFT, Buckley&James 1979) presents an alternative to the most widely used and well
described Cox proportional hazard model (Cox, 1972). In the AFT model, we assume the log-linear
dependence
log T}" = —Z fo + i,

where T, i = 1,...,n, are the real failure times, Z; = (Z;1,..., Zi)T covariates, By the vector of real
parameters and ¢; (iid). Denote C; the censoring times, T; = min(T}, C;) the times of the end of
observation and A; = I(T; < C;) noncensoring indicators. Suppose T, and C; independent for all i.
We observe independent data (T}, A;, Z;), i = 1,...,n.

We assume T;* to be continuous. Denote F;(t) = P(T;* < t) their distribution function, f;(¢) density,
S;(t) = 1 — F(t) the survival function, a;(t) = limp~o P(t < T} < t+ h|T; > t)/h = f;(t)/Si(t) the
hazard function and A;(t) = fot a;(s)ds the cumulative hazard. For the AFT model, we have

a;(t) = ag(exp(Z] Bo)t)exp(Z] Bo).

We assume that the baseline hazard «g(t) is completely unknown and is estimated nonparametrically.

If we want to work with time-dependent covariates, the generalization of Lin&Ying (1995) may be
used, in which the failure times are taken as

T;
e = hi(T7, Bo) = / eZi (9B s,
0
The data may be represented as counting processes, denote N;(t) = I[(T; < t, A, =1),Y;(t) = I(t < T;),
intensities \;(t) = Y;(¢)a;(t) and cumulative intensities A;(t) = fot Ai(s)ds. All functions and processes
are on an interval ¢ € [0, 7], where 7 < 0o is some point beyond the last observed survival time. It can



be shown, that under the model assumptions, A;(t) are the compensators of corresponding processes
N;(t) with respect to Fy = o {N;(s),Yi(s),X;,0<s<t,i=1,..,n} (Fleming & Harrington, 1991).
Therefore M;(t) := N;(t) — A;(t) are Fiy-martingales (Doob-Meier decomposition). The log-likelihood
for the data can be then rewritten with the help of the counting processes as

It) = Z/O (log(ai(s))dNi(s) — Yi(s)u(s)ds) ,

and by taking the derivative with respect to model parameters we get the score process U(t, 3). For
estimation of the parameters we solve the equations U(3) = U(r,8) = 0.

We present a goodness-of-fit statistics for the AFT model based on martingale approach and resampling
techniques for time-invariant covariates and for an important subclass of the time-varying covariates.
On simulated examples we study the empirical properties of the test in various settings.

2 The test statistics - time-invariant covariates

We use similar notation as Lin et al (1998), using time-transformed counting processes. Let

N (t,8) = Ni(te %'9), V(4 B) = Yilte %%), i=1,..n.

(2

n

Se(t,8) =Y Y (t,8), Si(t,8) =Y Y (t,8)Z,
=1

i=1
* _ Sf(t’ﬂ) 1 _ K J(S) *
E (taﬂ)* SS(t,ﬁ)’ Ao(t)*/o Sé(t,ﬁ)dN.(s’ﬁ),

for J(s) = I(Sg(t,B) > 0). Ag(t) is the well-known Nelson-Aalen estimator of Ag(t). With some
algebra, the score process may be rewritten as

U(5) =3 [ Qs.8)(Zi = B (5, 8N (5.5,

sa(s)

with Q(s, ) = ( o (5] +1). The estimated parameters 3 are taken as those minimizing ||U(3)||, because

the score process is not continuous in 3. It can be shown, that with Q1 (s, 3) = 1 or Qa(s, ) = 1 5i(s, B)

T n

instead of Q(s, ), the estimated parameters are consistent and n (B — Bo) converge to a zero mean
Gaussian process. In further examples, we use simply Q(s, ) = 1. Denote the martingale residuals

M%mzwwmiéwammww

and their empirical counterparts

M%@=MwmjAW@meﬁ)

With some algebra, it can be shown that

Ut o) = 3 [ Qo Po)(Z — B (s S s, o).
i=1



The proposed test statistics is

n

W(t)=n"2" f(Z)I(Z; < 2)M; (. ),

i=1

where f is a bounded function and z is a vector of constants. Denote f; := f(Z;)I(Z; < z). We want
to find a statistics that is easy to replicate and has the same limiting distribution. Denote

S (t,
S8 =S fVrs.8), By p) = S0

)
In(t) = %Z A fifo(t)tZs, fy(t) = % Z figo()tZ;,

where fo(t) and go(t) are the baseline densities of e§ and T,e?! Bo respectively. Let fy and fy be
their empirical counterparts with kernel estimates fo(t) and go(t). Take G;, i = 1,...,n as iid standard
normals, let

Uf =Y /0 Q(s. B)(f; — E3 (s, 8))dM; (s, )G,

Uep) =Y / Q5. 9)(Z — E* (s, )N} (5, )G

Take 3* as the solution of the equation

U(B) =U().
We prove in the appendix, that W (¢) has asymptotically the same distribution as
. 1 R R t R
W0 = =UF(05)+ Vi (fu(0) + [ fr(o)daos.0)) (3 5)
0

1 /t N . A . N
B~ S (876)d(‘40(576)_‘40(8aﬁ*))
Vi Jo
We can compute W (t) for the studied data set and replicate W(t) many times. For testing we may use

supiejo,]|W(t)|  or

W (t)
SUPie[o,7] ‘ \/TT@)‘

with a suitable variance estimator. If the statistics computed from W (t) exceeds (1 — «)% of the
statistics from the replicated W (t), we reject the hypothesis that the data follow the AFT model.

3 The test statistics - one jump in covariates

We can also work with time-dependent covariates Z;(t). Lin & Ying (1995) proposed representing the
failure times via following time transformation:

*

7
= hi(Tf o) = [ A s,
0

where ¢; are (iid). Take the transformed counting processes as

Ni(t,8) = Al (hi(T3, B) < 1), Yi'(t, B) = I(hi(T3, B) = 1),

(3



the processes Sg, ST, E*, Ay, Mi(t, B) and U(B,t) are then computed similarly as with fixed covariates.
Constructing the test is not entirely similar, because the weights f; = f(X;)I(X; < z) cannot be used.

The simplest case would be, if the covariate represents an additional influence which is added in given
time s; for each observed individual,

1 t>5
Zi(t):{ 0 t<sz.

This means that at the time s; the observed individual starts to age faster or slower. We easily show,
that
hi(t, B) = min(t, s;) + €’ (t — s;) "

For the statistics W (t) = == 3 f;M;(t), the weights can be chosen as f; = I(s; < z) for some z, i.e.

z = median(s;) etc. Or we can simply sum all the residuals (f; = 1).

With this weigths and transformed counting processes we compute S¥, U]g and U® in the same way
as before. The resampled process is constructed as before, only with

fn(t) = %Z Aififot)(t—si)T, fr(t) = % Z figo(t)(t —si)*

and it has the same limiting distribution as W (t).



4 Simulation study

We try using the proposed test in various situations. We want to study the empirical power of the test
against certain alternatives for various sample sizes. Each time we consider noncensored data and a data
with about one quarter of the observations randomly and independently censored. As test statstics,
we took sup|W (t)| and sup| W) | with the variance estimated form the resampled processes. Both

varW (t)
statistics were computed over [0, 7] and over four separated subintervals divided by quartiles of T;e*:#
or h;(T;, B) The hypothesis that the AFT model holds is rejected on the significancy level of 5%, if the
observed statistics exceed 95% of the replicated statistics. In the case with the division into quartiles,
we reject the model whenever we would reject in one of the quartiles. Each time, 500 samples were
generated and for each sample, W(t) was generated 200x. To examine the empirical power, we generate
data from different models and observe the proportion of rightfully rejected samples. To see if the tests
hold the significance level, we generate from the AFT model itself and observe the proportion of

wrongfully rejected samples.

4.1 Constant covariates

First we generated data from the Cox model ;(t) = eZ#a(t) with lognormal baseline hazard LN(5,1).
The covariates Z; were taken as values from N(3,1) with 8 = 1. For the weights f; = f(Z;)I(Z; < 2)
we took f(Z;) = Z; and f = 1 and z = median(Z;) and z = 10%quantile(Z;). Samples of 1000
observations were tested to determine which weights suit this alternative best (Tab.l). It is clear

Test [0, 7] quartiles

Statistics sup|W (¢)| supl| \/%7‘;/@ || sup|W ()] sup| \/%7“)/@ ’
Censoring NC C NC C NC C NC C

x median 0 0 0 0.042 0 0.014 0 0.048
x  10%q 0.102 0.040 0.132 0.148 0.292 0.270 0.316 0.252
1  median | 0.002 0 0.140 0.126 0.024 0.016 0.144 0.140
1 10%q 0.364 0.090 0.406 0.120 0.582 0.264 0.614 0.226

Tab. 1: The proportion of rightfully rejected samples from the Cox model for various weights f;

that the weights f; = I(Z; < 10%q.Z) yield the best empirical power against the alternative of the
Cox model. We now use these weights for testing samples of various sizes (Tab.2). The results below
indicate, that with increasing sample size the empirical power gets higher, however, for a reasonable
power a great number of observations is still needed. Standardising with the deviation process and
dividing into quartiles adds some power. With censoring, the power diminishes greatly.

Test [0, 7] quartiles

Statistics sup|W (¢)| sup| \/%T)(t) | | sup|W(t)]  sup| \/%T)(t) |
Censoring | NC C NC C NC C NC C
100 0.010 0.006 0.022 0.012 0.048 0.0564 0.052 0.048
200 0.018 0.032 0.024 0.024 0.062 0.076 0.076 0.074
500 0.174 0.022 0.146 0.066 0.308 0.106 0.340 0.124
1000 0.364 0.090 0.406 0.120 0.582 0.264 0.614 0.226
2000 0.816 0.160 0.874 0476 0.982 0.614 0.982 0.602

Tab. 2: The empirical power against the Cox model for various sample sizes



When we generated data from the AFT model with the same baseline distribution, covariates and f,
the empirical level of significance was in almost every case below 5%, sometimes even smaller than 1%.

4.2 Time-varying covariates

Consider data with a single jump in one covariate, Z;(t) = I(t > s;). First, we generated data from the
Cox model a;(t) = exp(Z;(s)B)ao(t) with lognormal baseline distribution LN (5,1) and 8 = 1. The
times to jump s; were generated as (iid) e~ + LN(4,1). We applied the test of the AFT model with
weights f; = I(s; < median(s;)). For the results see Tab.3. Without standardising with the estimated
standard deviation process \/varW () or dividing into quartiles, the empirical power is surprisigly
zero. Observing the nonstandardised statistics in the quartiles separately yields better results, the
power increases with the sample size. With the standardising, the power is even higher, and for each
sample size stays approximately the same regardless of dividing into quartiles or censoring.

Test [0, 7] quartiles

Statistics | sup|W (t)|  sup| \/%7”)/(0} sup [W(t)|  sup| \/%7”)/(&
Censoring | NC  C NC C NC NC C
100 0 0 0082 0.068 0.012 0.020 0.102 0.084
200 0 0 0.442 0.444 0.026 0.046 0.472 0.492
500 0 0 0.984 0.992 0.168 0.216 0.988 0.992
1000 0 0 1 1 0.680 0.682 1 1
2000 0 0 1 1 1 1 1 1

Tab. 3: The empirical power against the Cox model with a time-varying covariate

When we generated data from the AFT model with the same setting instead, the empirical level of
significance was almost every time below 5%.

Next, we generated data from the AFT model with one confounding covariate, with 7} satisfying

e = fOT"* eZiB+XiB2qt with Z;(t) same as above, X; independent, generated from N(3,1) and
b1 = P2 = 1. We test whether the model holds if we try fitting it using just the covariate Z;. For
results, see Tab.4. For some reasons, using the statistics plain without standardising or dividing into
quartiles, the power gets lower with more observations. However, if we standardise by the standard
deviation process or observe the statistics in the quartiles separately, the empirical power is in some
cases even better than in the previous setting. Also censoring does not diminish the power much.

Test [0, 7] quartiles

Statistics sup|W (¢)| sup| \/%T)(tﬁ sup [W(t)]  sup| \/%T)(t)‘
Censoring | NC C NC C NC C NC C
100 0.210 0.238 0.270 0.224 0.438 0.374 0452 0.366
200 0.110 0.386 0.458 0.460 0.682 0.630 0.678 0.626
500 0 0.100 0.852 0.776 0.928 0.904 0.932 0.920
1000 0 0 0.992 0.984 0996 0.992 0.996 0.996
2000 0 0 1 1 1 1 1 1

Tab. 4: The empirical power against the AFT model with an ommited covariate




5 Appendix

We now prove the asymptotic equivalency of W (t) and W(t) First we work with fixed covariates and
then we generalize the proof also for time-dependent covariates.

5.1 Preliminaries

We will treat the covariates Z; as random variables. Suppose, that:

(i) Z; are bounded.

(ii) (N}, Cf, Z;) are (iid), with Cf being time-transformed censoring times.

(iii) @, E*, E% and %S + have bounded variation and converge almost surely to continuous functions
q, €, ef and sy, respectively.

(iv) Cr have a uniformly bounded density.

(v) fn(t) and fy (t) have bounded variation and converge almost surely to f%(¢) and f(t), respectively.

Lin et al (1998) shows, that under i-iv for d,, — 0:
sup|s—go|<a, IU(B) = U(Bo) +nA(B — Bo)ll/(n? +nl|8 — foll) = op (1), (1)

sup|s—pol<a, 1% (Ao(8) = Ao(B0)) = b (1) (8 = o) | = o (1), 2)
where A = [ q(t)E[Y{(t, B0)(Z1 — e(t))®*]d(cwo(t)t) and b(t) = — fot e(s)d(ap(s)s).

N|=

5.2 Convergence for sums of N/ and Y*

First, we show in a similar way, that under (i)-(v):
supjs—goj<a, In "7 D fi(N7 (,8) = N7 (£, B0)) = f(t)n= (B — Bo)l| = op(1), (3)
nE Y fiY (4 8) = Yt Bo)) + (60 (B = Bo)| = op (1), (4)

where fy and fy are from above.

SUP|B—Bol<dy

Assume first, that § < 6y We have
n2 Zfi(Ni*(t, B) — N*(t,By)) = n~ ZfiAi[I(ﬂ*eziTB <) = (TP P < )]
=n Y RAI(T) < temPP) — I(T] < te™7P0))
=Y filidlte %P < TF < te 40P
—n3 SRl < Tre 2P0 < 42l (Bo=B))

From Lemma 1 of Lin&Ying (1993) follows, that

n=2 > fi(N (8 B) = Ni(t,80)) —n 2 E Y fi( N} (£, 8) = N} (t, B0))| = op(1)

SUP|B—Bo|<dy

and analogically for Y*. It suffices to compute the expectation of the sum of indicators. Because
TZ-*eZiTﬁO are (iid), we have
EIt < Tre?i fo < e Bo=P)] = P(t < Tye?i Po < te? (Po=h))
= Fy(teZ! Bo=Py _ Fy(t) = fo(t)t(eZ Bo=B) — 1) + op(1)
= fo)tZ (B — Bo) + op(1).



We used the Taylor expansion for § — 5y twice. For 8 > [y we get the same result. Conditioning on
A;, we have

nE S SN B) — NE (1 B)) = (3 Fibbafo()12)7 (3 — o)V + 0p(1)
n® FH(1)(8 — Bo) + op(1).

Similarly for Y;*, we have

T3NSV (4 8) = Y ( Bo)) = nT 3 Y AT > te AP — I(T, > tem % o)
=n"2 Zfil[t > min(Ti*eZiTﬁO,CieZiTBO) > teZiT(ﬁo_ﬂ)],

if B> Bo. We assumed, that also CjeZ %0 are (iid) and therefore min(T;, C;)e Z{Bo are also (iid) with
a density gg. Computing the expectation and using the Taylor expansion, we get

nE Y RO (0 8) ~ Y (6 60) = (3 fugo001 )" (Bo — BV + op(1)
= anY( )(Bo — B) +op(1).

5.3 The convergence of the statistics W () and W(¢)

We show the asymptotical equivalence by proving the convergence of finite-dimensional distributions
and tightness, with the help of multivariate functional central limit theorem given by Pollard (1990).

0 =% 5 48 4
f Z M (t, Bo) + Zfl (M (¢, B) = M; (t, o))
Z £iM; (£, Bo) + Z Fi(NF (£, ) = N} (£, Bo))
Zfl [ (v ot ) - 77 5. poyiots)
Applying (3) and adding and substracting Y;*(s, B)dAo (s) and Y;*(s, Bo)dAo(s, B) we get
W(0) == 30 KM (. 6o) + b £ ()5 — o)
1 t o, S
-+ Zf/o Y7 (s, fo)d (Ao(s, B) — Ao(s))
1 : k A
T2 S [0 ) = ¥ (s Ao (s) + 0 (1)
With the help of (1) and (2) we have

%( Ao (s, B) — Ao(s)) = %(A Ag(s 50)_ ( ))"_bT(t)n%(B—ﬂo)—i—oP(l)
=n ROUR 0 )



We apply (4) on the last term of W (¢) and then (1) for n2(3 — 8y) = n=2 A~U(By) + op(1):
W0 = S A0 50 0 (00 + FeiAo) (-0
Z/ dM*( ,50)771*%/0 S¢(s, Bo)db” (s)A™*U(Bo) + op(1)

\FZ / 5, B0))AM (s, Bo)

= (10 / eao) — [ L5yte i) AU+ 0r)
The limiting process can be found similarly as in Lin et al (1998). Write
)=n"2 Y M(tBy),  Uumz(t)=n"2> Z;M;(t,Bo0), Unmr(t)=n"2 f;M;(t,Bo).

For fixed t, each of the processes is a sum of iid zero-mean terms and therefore the finite-dimensional
convergence of (Upr, Uprz, Uprr) follows from multivariate central limit theorem. For each ¢, M (¢, Bo),
Z;M*(t, Bo) and f; M} (t, Bp) can be written as sums and products of monotone functions, and therefore
are manageable in sense of Pollard (1990), p.38. It then follows from the functional central limit theorem
(Pollard, 1990, p.53) that (Uns, Uprz, Upr) is tight and converges weakly to a zero-mean Gaussian
process, say (War, Wza, Warr). By the Skorokhod-Dudley-Wichura theorem (Shorack & Wellner,
1986, p.47), an equivalent process (Uar, Unrz, Uprr) in an alternative probability space can be found,
in which the convergence becomes almost sure. Becausee Q(t,5o), E*(t, Bo), E}(t, Bo), %Sf(t,ﬁo),
fn(t) and fy (t) have bounded variation and converge almost surely to ¢, e, ef, sf, f%(¢t) and f{ (),
respectively, then W (t) converges in DI0, 7] to

/0 AW s (s) — / e1(5, Bo) AW () + ¢ (¢) /O " () AWz — T (1) /0 " a(5)els, Bo)dWar,

where c(t) = f3(t) + fo T (s)dAo(s fo s7(s, Bo)db(s), which has zero mean and covariance function

T

o(t1.12) =E( [ et uanti ) + 70047 [ ats)20 = ol o o)

[/Otz(h — (s, Bo))dM; (s, Bo) + ¢ (t2) A~ / $)[Z1 — e(s 750)}61]\/[;(5750)] )

For W (t), we have

(1) 1Uf<t,3>+ﬁ( /fy Jdo(s >) (3 B

Vi
/stﬂ

— Y [ B B0t 5.6+ = (e + [ v adosd)) (B-5)

E>
o

—
[V2)

Q
v
S~—"

~ Vi [ 8 Bab(s) (3= ) +or(1)

IZ/ B))dM; (s, B)G;
( /fy )dAo(s / —S(s )) ATYU(B) + op(1).



We used (1) for

Nl

@

n: (B —p7)=n"2ATU(B) +op(1)

and (2) for
n? (Ao(t, B) = Ao(t, 8%)) = 6" (t)n> (B — B) + op(1).

The score process satisfies U(3*) = U () and therefore we see that W( ) consists of the same parts as
W (t), with o, M (t, Bo), fn(t) and fy (t) replaced with B, GiMi* (t, B), fN( ) and fy (t). The resampled
martingale residuals G; M/ (t, B) have the same distribution as their theoretical counterparts, and the
kernel estimates of fy and go converge to the real densities. Therefore W(t) has the same limiting
finite-dimensional distributions as W (t). Tightness follows also by the same arguments as for W ().

5.4 Time-varying covariates

For the case with the one-jump covariate, the results (1) and (2) of Lin et al (1998) hold with assump-
tions slightly changed to accomodate Z,(t) as processes. The results (3) and (4) for the sums of the
processes N and Y;* hold also, with

ZAfoO t—S) Zfzgo t_Sz

We take

hi(t, B) = min(t, s;) + €’ (t — s;) 7T, hiY(t, B) = min(t, s;) + e P (t — s;)T.

(2

Assume first, that 8 < 3y We have
nh Y SN (18) = NP (o)) = n7E 3 AT (h(T ) < 1) — I(h(T' o) < )]
=072 Y [T < b Nt B)) — I(TF < hit(tBo))]
=072 [iNI[h Nt Bo) < TP < byt B)]
= 7175 Zszzlt < hi(Ti*,ﬁO) S hz(hz— (tvﬁ)aﬂo)]

Agaln it suffices to compute the expectation of the sum of indicators. Because h; (T}, 5p) are (iid) and
hi(h; ( B), Bo) = min(t,s;) + e =P (t — s;)T, we have

BI[t < hi(T7, Bo) < hi(hi ' (t, 8), Bo)] = Fo(t < hi(T;7, Bo) < hi(hi (£, B), Bo))
= Fy(min(t, s;) + P78 (t — 5;,)%) — Fy(t).

For t < s; the term is zero, for ¢ > s; using Taylor expansion for 8 — 5y we get

= Fo(si + €77 (t = 5:)) = Fo(t) = fo(t)(si + ™77 (t — s:) —t) + 0p(1)
= fo(t)(t = si)(e™ ™7 = 1) + 0p(1) = fo(t)(t — s:)(B = o) + op(1).

For 8 > By we get the same result. Merging the two cases and adding into the sum we get fin(¢) as
shown above. In similar way we obtain also fy (¢).
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